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1. INTRODUCTION

1.1. Quenched and annealed results. Let M be a closed Riemannian manifold
and consider the IID sequence of random diffeomorphisms distributed according to a
measure g on Diffo, (M) with compact support. The random dynamics is then driven
by the product measure p on Diff?S(M)N and a particular realization of the random
dynamics is given by a word w € (DiffS,(M))N. Let FN = FN = fox 1,020 f,.
We also consider the two point motion, which is the induced action Fi¥ on M x M
given by FN x FN ie. FN(x,y) = (FN(x), FN(y)). Below we will often suppress the
dependence on w. Denote by Hf(M) the space of zero mean functions that belong to
the Sobolev space of index p.

For random systems, there are two basic versions of each limit theorem: quenched
and annealed. In a quenched limit theorem, one shows that for a.e. realization w of
the random system that the limit theorem holds. In an annealed limit theorem, one
additionally averages over the entire ensemble of possible realizations w. Naturally, in
the quenched case, one often wants an additional estimate on the set of w where the
limit theorem converges very slowly.

The goal of this note is to provide sufficient conditions for when quenched exponential
mixing and the quenched central limit theorem follow from the annealed versions of
these theorems, which are in principal easier to prove. The conditions that appear in
this paper are not dynamical, and hence should be widely applicable. In particular, the
results in this paper show that in the authors other work [DD25] that the central limit
theorem obtained there is a quenched central limit theorem.

We follow an approach of [DKKO04]. However, our results are stronger because
IDKKO04] considered a fixed observable while we obtain results which are valid for all
sufficiently smooth functions. This extension requires additional work.

The structure of the paper is the following. After some preliminaries in Section [2 we
show that annealed exponential mixing implies quenched exponential mixing in Section
Bl Then in Section [5] we show how to deduce the quenched central limit theorem from
the annealed one.

1.2. Definitions. The following definitions make sense in a wider context of skew
products. Namely let ¢ be an automorphism of a probability space {2 preserving a

Date: March 10, 2025.



2 JONATHAN DEWITT AND DMITRY DOLGOPYAT

probability measure g and consider the map T': Q x M — Q x M given by the formula

(1.1) T(w,x) = (ow, f.(z)),
where for each w the map f,, € Diffo;(M). Then the iterates of T satisfy T"(w,z) =
(0™w, FY(x)). The two main concepts of this paper are the following.

Definition 1.1. We say that the random system 7" enjoys annealed exponential mixing
if there exist p > 0 and « > 0 such that for all A, B € H{(M) we have

‘Eu (/ A(:c)B(fo)dx)

Definition 1.2. We say that the random system 7" enjoys quenched exponential mizing
if there exist p > 0 and o > 0 and a random variable C'(w) such that for all A, B € Hj
and almost every w we have

(1.2) ‘ [awsE e

Given a function A on M denote Sy A(x,w) Z A(F,

< Ce™ || Allyg || Bllag-

< Cw)e M| Allseg || Bl

Definition 1.3. We say that the random system enjoys the annealed Central Limit
Theorem if there exists p > 0 such that there is a map D: H{(M) — R, which is not
identically equal to 0, such that for each A € H}, if z is uniformly distributed on M and

SNA(z,w)

w is distributed according to g then converges as N — oo to the normal

distribution with zero mean and variance D(A).

Definition 1.4. We say that the random system enjoys the quenched Central Limit

Theorem if there exists p > 0 such that there is a map D: HE(M) — R, which is

not identically equal to 0, such that for each A € H§(M), there are random variables

ayn(w),gn(w), such that for almost every w if x is uniformly distributed on M then

SNA(z,w) — ay(w)
qn (w)

and variance D(A).

converges as N — oo to the normal distribution with zero mean

1.3. Counterexamples. In general, quenched and annealed results are inequivalent
even for IID random maps. Our first example shows that even if the annealed dynamics
averages perfectly after a single iterate.

Example 1.5. Let w, € (T%)N be uniformly distributed on T¢ and let f,(z) = x + w;.
Then oy = FNz are IID uniformly distributed on T? so the system enjoys annealed
exponential mixing. However, in this case zy = x¢ + Wy where

N—-1
(1.3) Wy = an,
n=0

so letting A = e/ B = =) for some k # 0 we see that | [ A(z)B(EN (z))dz| = 1
for all N. Thus the system does not have quenched mixing. It is also possible to show
that in that case quenched Central Limit Theorem does not hold.
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Next we give two examples where quenched exponential mixing and the quenched
central limit theorem hold, but the annealed result fails.

Example 1.6. (a) Let g be a linear Anosov map of T?. Let w, be IID integer valued
random variables where P(w, = —k) = %% for k < 0 and P(w, = 1) = P(w, = 2) =
1 —0.001¢(3

—C(). Let f, = g*°. Then FY = g~ where Wy is given by (1.3). Using the
.001 factor, it is easy to see that E(w,) € [1,2], so by the Strong Law of Large Numbers
for almost every w we have that Wy > N for large N. Then [ A(z)B(¢"~z)dz decays
exponentially due to the exponential mixing of g. On the other hand letting A and B
be as in the previous example we see that [ A(x)B(F"~x)dx = dw, o whence

E (/ A(:U)B(FWNx)dx> =P(Wy =0).

Since .
P(Wy =0)> Y P(Wy_y = k)P(wy_1 = —k) > CN?,
k=N

the annealed correlations for this system decay only polynomially.

(b) Now define f,, as in part (a) but suppose that w, takes values £1 with probability
1/2. Then the quenched Central Limit Theorem holds, but annealed one fails (see
[DDKN?23] for details).

We note that Examples [L.6[a) and (b) are special cases of so called generalized
(T, T~) transformations. More information on limit theorems for these systems can
be found in [DDKN22b, DDKN22a].

1.4. Deriving annealed results from the quenched ones. Here we recall the basic

tools for deducing annealed results from the quenched ones. We will work in the general
framework of skew products (1.1)).

Proposition 1.7. Suppose that the skew product (1.1) satisfies queched exponential
mizing (1.2)) and that corresponding prefactor C(w) has a power tail:

P,(C(w) > R) < K/R",
for some K,k > 0. Then annealed exponential mizing holds.

Proof. Note that | [ A(z)B(F)z)dz| < min {C(w)e >V, 1} | Al[32 || Bl[3z. The expecta-
tion of the first factor is bounded by e=*N/2 4+ P, (C(w) > e*N/?) < e7oN/2 4 [emraN/2)
completing the proof. O

The next result allows us to obtain the annealed Central Limit Theorem from the
quenched one, see [DDKN22al Lemma 5.6].

Proposition 1.8. Suppose that the skew product (1.1)) satisfies the quenched Central

Limit Theorem and moreover that the quenched variance satisifes that qn(w)/V N con-
verges in Law as N — oo to a constant ¢ = q(A) while the quenched drift satisfies that
aN—\/%) converges as N — oo to a normal distribution with zero mean and variance ®(A).

Then the annealed Central Limit Theorem holds, that is, if w is distributed according
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to p and x 1s uniformly distributed on M then SyAlwe) converges in law as N — oo to

a normal random variable with zero mean and variance D(A) = D(A)q(A) + D(A).

1.5. Deriving quenched results from the annealed ones. Our main results allow
to obtain the quenched limit theorems from more easily accessible annealed results. We
work in the setting of IID random systems. The following are the main results of this

paper.

Theorem 1.9. Suppose that p is a measure supported on Diff. (M), r > 1 and that
the associated two point motion FL¥ enjoys annealed exponential mizing, i.e. there exists
p > 0 such that for A, B € H5(M x M),

([ At B ey )| < CllAlgl Blge

Then F' satisfies quenched exponential mizing, that is, for all s > 0 there exists 5 such
that for almost every w there exists C' = C(w) such that for all A, B € Hj

(1.4)

(1.5)

/ A(FEN2)B(FN Fg)da

w

< CNHAHHSHBHHngk

Next we discuss the quenched CLT. For this we will need to describe the variance of
the resulting distribution. Given a function B on M x M let

S¥(z,y) = ZB F"z, F™y)

and let

(1.6) D(B)=E (/ B2d$dy) +2 Z:E (/ B(z,y)B(F, Fky)dxdy) :

In the proof of Theorem below, we will apply this formula where B has either
the special form B(z,y) = A(x) — A(y) or B(x,y) = A(z). In these cases a simple
calculation using that [[ A(z)A(F*(y))dz dy = 0 yields that

(1.7) D(A(z) — A(y)) = 2D(A) and D(A(z)) = D(A).

Theorem 1.10. Suppose that (1.4)) holds and for each function B(x,y) € H5(M x M)
we have that S§ satisfies the Central Limit Theorem with polynomial convergence of
characteristic functions, that is: there exists n > 0 such that for each &

(1.8) E (// eisg(gc’y)&/\/ﬁdxdy) — ¢ PBE2 L O (N7T).

Then with probability 1, for each A € H it holds that as N — oo that N~1/2Sy(A)
converges to a normal random variable with zero mean and variance D(A).

The same result holds with H replaced by C;—the space of zero mean Holder func-
tions.

We note that the hypotheses of Theorem hold for systems with spectral gap
[Goulb, Thm. 3.7], see the discussion in the proof of [DD25, Thm. 7.13] for details.
Hence we obtain:
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Corollary 1.11. If the generator of the two point motion has a spectral gap on H
for some s € R then quenched exponential mixing holds on H{ with p > 0, and the
quenched Central Limit Theorem holds for C" functions with r > |s|.

Acknowledgments. The first author was supported by the National Science Founda-
tion under Award No. DMS-2202967. The second author was supported by the National
Science Foundation under award No. DMS-2246983.

2. PRELIMINARIES

In this section we recall some standard facts and introduce notation that will be used
below.

2.1. Harmonic Analysis. Below we will make extensive use of the Sobolev spaces
H§. In particular, in all the arguments below we will work with a fixed Fourier basis
M of L*(M). These are the eigenfunctions ¢; of the Riemannian Laplacian A. We fix
a basis ¢; of eigenfunctions of the Laplacian A that are normalized so that ||¢;|/z2 = 1.
For a zero integral function A write A = ). a;p;, where each a; € R. Then we define
the s-Sobolev norm by:

1= 2 lail A

(2.1) IA]
1€EN

Below we will use some basic estimates on these functions, such as
(22) |9illa = X2 and [|éillco < CXY,

which follow from the Sobolev embedding theorem.
Below we will make use of the Weyl law for the eigenvalue of the Laplacian. One
consequence is the following, which we state as a lemma as we will use it several times.

Lemma 2.1. (Weyl Law) Suppose that M is a Riemannian manifold of dimension d
and {\;}ien are the eigenvalues of the Laplacian. Then there exists C' such that the
number of eigenvalues of norm at most \ is at most CAX¥?. In particular,

2N
is finite as long ast < —d/2.

Proof. To begin, let b, the number of eigenvalues of magnitude less than or equal to
n. Then the sum in question is bounded above by Zn’o‘(bn — b,_1) where a = —t.

Summation by parts shows that e
N N
> by = bur) =0 by — Y (7% = (n— 1))y
n=0 n=0
By the Weyl Law, b, < n%2. Thus the sum is convergent as long as a > d/2. OJ

We will also use below the usual Sobolev embedding theorem:

Lemma 2.2. (Sobolev embedding theorem) Let M be a closed, smooth Riemannian
manifold. Then: C*(M) C H*(M) C C*~%2(M).
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2.2. Probability. Throughout the rest of the paper, we will write P and E for the
probability and expectation of a random variable; when we do this we are exclusively
taking expectations over the random dynamics w.

We will use a couple of different concentration inequalities. The first one is Azuma’s
inequality.

Proposition 2.3. [Ste97, Thm. 1.3.1] (Azuma’s inequality) Suppose that Xi,..., X,
18 a martingale difference sequence. Then

)2
P > A <2exp < = ) .
( 2 ) 25 X

n
DX
=1
The second concentration inequality applies to sums of Bernoulli random variables.

Proposition 2.4. [CL06, Thm. 4] Let Xi,...,X, be independent random wvariables
with P(X; = 1) = p; and P(X; = 0) =1 —p;. Let X =Y X;. Then

i=1

P(X >E(X)+ A) <exp <_2(E(X))\—|—)\/3)) :

3. EXPONENTIAL MIXING

Here we show that exponential mixing of the two point motion implies exponential
mixing. The idea is that one can study the decay of correlations of for a basis of Hj
comprised of eigenfunctions of the Laplacian, and deduce that most words exhibit good
decay for all the low modes in this basis.

Proof of Theorem[1.9. By interpolation it is sufficient to prove the result for s suffi-
ciently large, so we assume in the computations below that s > p + (3d/2).

Let ¢; be an orthogonal basis consisting of eigenfunctions of A. Then Agoj:/\?goj,
sl = 1 and [|gsllys = AZ. Denote

(3.1) Piims = / (10 F™)(g; 0 F™**)da.

Then
E(pijnk) =E(pijor) = O (Af)\?e—ak> 7

B0 0) = Blos00) = [ [ eile)ostulosFrayp(Fy)dady = 0 (3 xr e+

where we have used 2-point mixing for the function ¥ (x,y) = pi(z)p:(y), which
satisfies
2 2 p+d/2 2
el < Iéller < Cllgillzs < Cllill o = € (AF2)".
See, e.g. [Hor76, Thm. A.7] for the second inequality, ||p1¢2]|cr < Clleiller @2l cn-
Hence by Chebyshev’s inequality for any 5 > 0,

(3.2) P (|9s | > nALTNET e PF) < O 2 A2 NT 20200k,
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From Lemma , >, A, is finite for o > d/2. By the Borel Cantelli Lemma the above
events could happen only finitely many times if ¢ > d. Hence for such ¢, and almost
every w, there exists N, such that for n > N, and all 4, j, k:

(3.3) |9ijinge] < ATTIAET PR,
Decomposing A =}, a;p;, B =3, bjp;, we obtain using (3.3) that

‘ / A(FN2)B(FN g da

,J
Note that
(3.4)

1/2 1/2
D las Xt < (Z\ai|2>\?s> (Z )\?p+2t_28> < ||A|

7

1/2
2p+2t—2s
A 7

As before, by the Weyl Law the last term is finite for s > p + ¢ + d/2. If this condition
on s holds, then we obtain the same estimate on Z |b;] A?H as well.

J
Note that if s > p+ (3d/2), we can choose t so that both t > d and s > p+t+ (d/2),
so the above estimate holds and we obtain the result. O

Corollary 3.1. Under the assumptions of Theorem for almost every w we have
that for each A € H{ with s > p+ (3d)/2 and for almost all x:

N
> A(Fjxz) =0 (N'*Fe).
n=1

Proof. This follows from ([1.5) and [DDKN22Dh, Lemma 8.1]. That lemma says that if
N

X, is a stationary sequence of random variables such that ]E[(Z X,)?] < CN? then
n=1

Sy /Nmax{pl/2+e converges almost surely to zero. We apply this fact to the random
variables X,, = AoF"(z) where w is fixed and x is uniformly distributed on M. By(|L.5))
we have for i < j that [E[X;X;]| < min(C,ie =" A| He |Al|Z0). Summing over i and
. . n 2 2

j we conclude that there exists C, such that E[(3_;_, X;)*] < C(nlnn)||Al|7, and the
conclusion follows. 0J

Remark 3.2. Note that if A is fixed first then the result follows from annealed mixing
and Fubini Theorem, the novelty of this result is that the set of ws of full measure could
be taken independent of A.

4. ASYMPTOTIC VARIANCE

To show the equivalence of the quenched and annealed versions of the central limit
theorems we need to control the growth of quenched variances.

Let Sy(A)(x) =Y A(F"z).

< NeT™ 37 Jai] o) AN = NeP® [Z i A?“] [Z sl X5
i J

—
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Lemma 4.1. Under the hypotheses of Theorem for any s > p+3d/2 the following
holds.

(a) For almost every w and all A € Hj there exists K = K(w) such that

(4.1) Vi(A) = /SJZ’V(A)(x)dx < KNJAJ,.

(b) For almost every w and all A € H;

lim VN](VA) =D?*(A) := / A%dx + 221@ ( / A(x)A(F’“:r)dx) .

N—o0

Proof. As in the proof of Theorem let ¢; be a basis of eigenfunctions of A with
||¢ill 2 = 1. Define p; j,x as in (3.1)). Let

Vi = / (Z goz(F"x)> (Z %‘(me)> dr = Z Dijmk-

nn+ke{l,...,N}

We claim that with probability 1, there exists C'(w) such that for all ¢ and j and
N eN:

(4.2) [Vivij| < C(w)NATHAPH,

We will obtain this estimate by estimating the probability that each p; ;. is large and
then applying the Borel-Cantelli lemma. To this end, we define

VNijk = Z Pijn k-
0<n<N—k
First, we estimate Vi ; ;. where |[k| > N%!, which are the easiest. Recall from (3.2)),
that for all ¢, B-2)
(4:3) P (|pijnal > XA emR) < OLATRAS e (02OR,

The sum of the probabilities that one of the events in the previous line occurs for some
N,i,j and k > N9 is

W) XX T T gt S
i,jEN NEN 0<n<N NO1<E<N—k i,jEN

So, for t > 3d/4 and 0 < § < «/2, it follows from Lemma that the above sum is
finite. By the Borel-Cantelli Lemma for any 0 < n < o — 2 there are only finitely
many 4,7,n and k > N®! such that |p; .k > )\fH)\?He_B’“. Thus it follows that for
almost every w, there exists C'(w) such that for all N,4,j, and k > N

: : pi7j7n7k

0<n<N—-k

(4.5) \Vvijkl = < Cw) AN e Pk,

We now turn to the terms where k < N®! for which the p; ;,, decay slower. We
study Vi, ; by dividing into the sum of two terms, one that experiences a good correla-
tion decay, VI,V,@',J” and another that does not, V](;,i,j' Below, we will use repeatedly the
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observation that p; ;i is independent of p; jnier as long as £ > k. To take advantage
of this observation, for |k| < N, let

/ p— .. // f— ..
Pijnk = pz,j,n,k1‘pi’j’n,k|§A€+(t/2))\§?+(t/2)efﬁ\k|7 Pijnk = pl,],n,kl‘pi’j’n’k|>>\§7+(t/2)>\§?+(f/2)efﬁ|k\ )

! o /
VN,i,j,k = E Pi gk Nz,]kl Z pz,]nk?

0<n<N-—k =¢ mod k
O<n<ka
" _ § : § :
VN,i,j,k - pz]nk? N,z,jkf pz]nlm
0<n<N-—k =¢ mod k
OS’I’LSka‘
// "
Nz,] Z VN ,i,7,k0 Nz] Z VN,i,j,k‘
0<k<N 0<k<N

We begin with the term V., that experiences a fast decay of correlations. From

the definition of p} ; , ,, these terms are bounded by X} +/ 2))\§+(t/ 2e=Blk As these terms
are also independent, they form a submartingale. From the bound on the g ; ;. it then
follows from Azuma’s inequality, Proposition [2.3], that there exists ¢ > 0 such that:

P (Viigpe = NONTNH e AMM) < 9exp [—eNSePMZNNT

By bounding the left hand side of the following inequality by at least one of the events
in the previous line happening, and summing over the at most N residue classes mod
k, we get

(4.6) P (Vi = NATFXET e AIRI) < 2k exp [—eNSePHZNNT
Next, we estimate the terms Vi, ,, with slow decay. Note that by the definition of

pz,] n,k and .
P(p! s # 0) < CXITINE eIk
Also, trivially from ([2.2)),
d/2\d 2
(4.7) 105kl < llgillcollslloo < CAXY

First, we estlmate VXijre As before, the pi; . are independent for different n =1
mod k. From , 1t follows that:

P(Vi e = X NN K]7)

t—d/2 t—d/2 -5

n=¢ mod k
0<n<N-k

<P(A(i,7, N, k, £) > 2Q(i,j, N, k))
Let us obtain an estimate on the expectation of A(i, j, N, k, ().

E[A(,j, Nk, O] < > Plpl,, #0) < Y CAXTINTe Ik < NAPE APt lK

n=¢ mod k n=¢ mod k
0<n<N-—k 0<n<N-k

S AT/ ATH20 g1k 2

Pz‘,j,n,k|
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Note that for as long as ¢ is sufficiently large, it follows that E[A(i, 7, n, k)] < Q. Hence,
P(A(i, 4, N, k, 0) > 2Q(i, j,n, k) <P(A(4, j, N, k, 0) > E[A(4, j, N, k, 0)] + Q(i, 4, n, k))

As A(i, j, N, k,{) is the sum of independent Bernoulli random variables, we can apply
Theorem 2.4} In particular, as E[A(4, j, N, k, )] + Q(i, j, N, k) < 2Q, we find that:

2

(48) AL N0 0) 2 200 o 1) < e (-2

But this gives that

(4.9)  P(V{ipe > ATNTIN [B]7%) < exp(= NN (70 /4,

Now summing over each possible residue class £ mod k, it follows that

(4.10) PV i = ATNTINET) < Bexp(— XN RN (g0 /4).
We now apply the Borel-Cantelli Lemma to Vy, , and Vy

tions (4.6) and (4.10)) that

P (Vi 2 NN T80 4 P (V50 > ATAT NET)

< ZZ Z Z k [exp (_CN.Seﬁ\k\/2/\§)\z> + eXp(_)\?H—dm)\?H—d/zN |k|_5 /4)}

i€N jeN NeN k< NO-1

This is finite as long as ¢ > d/2. Thus for all but finitely many tuples (N, 1, j, k), with
k< N%!' it follows that both

From the above line and (4.5)), it follows that for t > 3d/4 and 0 < § < «/2 for a.e. w,
that there exists C(w) such that that for all N, i, j, k:

Vi {C/ff iR <N
NPT =
NATAT

ik Observe from equa-

4.11
(4.11) Ce=B if s > NOL.

From the definitions it follows that [V ;| < 2> o pcn [Vvijx|- Summing over k we
conclude that there exists ¢ > 3d/4 such that for a.e. w there exists D(w) such that for
all N, 7, and j,

(4.12) [Vivij| < DNATTNET,

To conclude, we can expand an arbitrary A€ H§ as A = ) ;ajp; and argue as in
the proof of Theorem to obtain part (a) of the lemma; this gives the constraint
s >p+(3d/2).

We now start the proof of (b). Define

N N
(4.13) Vn(A, B) = / (Z Ao F’“) (Z Bo Fj) dz.
i=1 j=1
Due to bilinearity, we will write Vy(A) = Vy(A, A) as
Va(A, A) =Y " aia; Vi (@i, 95)-

i7j
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To use this, we begin with the following claim.

Claim 4.2. For a.e. w and each 1, 7,

tin 28 o a8 | [ e 12| [ oo e

1<k

Proof. To begin, observe that:

Viv(di, 65) = / Zmﬁz S () (F(2)) + il ™ (@) (F()) do

k=1 0<n<N—k
= /N¢i¢j dx + Z VN,igk + VNjik
k=1
By the ergodic theorem, almost surely,
N "Wy — E { / pig; o F* dx}

Thus we would like to show that the following line is dominated, so we can pass to
the limit:

YTV, V;
_1 . . — . . N,i,j,k N?jvi»k
N VN(¢’L7¢]) /Cbngj dz_l_kz:% { N + N ] :

By (4.11)), the terms Vi, j /N are dominated since |V ;x| /N is bounded independent
of N by C(w)k™* which is summable in k. So we can pass to the limit and conclude
that almost surely:

h]{[HN_lVN(SOi,%):/%Sﬁjdx‘*‘;E[/@OFk%de] +E[/¢i¢jopkd$7}

as desired. 0

Let us now conclude by using the claim. As before write A = 3. a;p;. Then we
do the following computation, which we will subsequently justify:

(14 R DI
(4.15)

- 3 oo ( [ e (2> [e@erya +2| [ o dx])
(4.16) = / Adz+2) E { / A(x)A(F’“(m))dw}

1<k
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In order to pass from the first line to the second, we need to know that Z a;a;Vn(¢i, ¢;)/N
i,J

is dominated. This follows from the estimate on Vi (¢;, ¢;) = Vi, ; in (4.11)), which

says that for t > 3d/4,

Z |0Jz| ‘aj’ HJ/\][V((bwgbj)’ < Z |az| |Clj| D(w))\f—kt)\?-i-t < D(w) (Z |az| )\gﬂ—t) <Z |CL]’| )\;;-&-t)
i,j i J

i,J
But by (3.4)), the terms in parentheses are finite as long as s > p + ¢t + d/2, which we

can ensure as we chose s > p + 3d/2. Thus we can pass from (4.14]) to (4.15]).
Next we need to check that the expression in (4.15]) is absolutely summable in i, j, k

so we can rearrange it to pass to line (4.16). Note that

S Jaul o] [E [/momx}

1,7,k
(4.17) <O ail Jag | NP2 =

i?j

<D lail lal I6illo | 6] 2ere*

i7j7k

2
> ad Af“]

i

where we have used the exponential mixing hypothesis in the first inequality. For the

right-hand expression in (4.17)), consider:
O lal A2 < O s XY AT,

The right term is finite as long as ¢ > d/2 by Lemma . In order to take t > d/2
and have the left term be finite as well, we need that A € H® where s > p + d/2 by
definition of the Sobolev norm. Thus as A € H?® by assumption, is summable, so
we may pass to line and we are done. 0

We now record an additional estimate on D(A) that will be useful later.

Lemma 4.3. Suppose as in Theorem that we have annealed mizing on Hf. Define

D(A, B) ::/Ade+2ZE [/ABodex] ,
k=1

so that D(A, A) = D(A). Then for any A, B € H}, it follows that:
ID(A) = D(B)| = |[D(A— B,A+ B)| < [|[A = Bly; || A+ B

M} My

Proof. There are two facts used above. The first is that D(A)—D(B) = D(A—B, B+ A).
This follows from exponential mixing in , which shows that the series defining these
two quantities are absolutely convergent and hence can be rearranged. The second is
the estimate D(A, B) < C|[A|[4z[|Bllz which holds because the norm of the kth term

in the definition of D is [|Al|3z|| Bllsze™** from annealed exponential mixing (T.4). O
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5. CENTRAL LiMIT THEOREM

We are now ready to prove Theorem [I.10]

Proof. To fix the notation, we prove the result for Sobolev spaces; the proof for smooth
functions is identical.

We divide the proof into several steps, each of which simplifies what we must check
until we have reduced to checking convergence of the characteristic function at rational
frequencies.

Step 1. Let N,, = m® with a > 1/n where 7 is the convergence rate in ((1.8]). It
suffices to prove that for a.e. w and each A € Hg(M) that (N,,)"/25V=(A) converges
to N'(0,D(A)).

Indeed, suppose that we have convergence along this subsequence. Then, given an
arbitrary N choose m so that N,, < N < Np,+1. Then

Sy _ Stw , SN = Snu  Swu [ [Nu |
VN VN, VN VN, N '

By Theorem [1.9] for almost every w there exists C'(w) such that

< C(w)]|A]

75 Min (1, ne_'gk) .

‘ / A(F"z)A(F"*2)de

Summing over N < n < n+k < N,, it follows that E[(Sy — Sn,,)?] < C(N —N,,)In N,
so the second term converges to zero in probability due to the Chebyshev’s inequality.
Also, the third term converges to zero due to the Slutsky’s theorem and our assumption
that the CLT holds along V,,. Invoking again Slutsky’s theorem we see that the central
limit theorem holds for all N.

Step 2. It suffices to prove that the quenched Central Limit Theorem holds for a
‘H¢ dense set of functions.

Indeed let A be a dense collection of functions satisfying the quenched Central Limit
Theorem. Take A € H§ and let h be a compactly supported smooth test function on
R. Let J denote the support of h. We need to show that

1) R R e R R

where fp denotes the density of the normal random variable with zero mean and variance
D. Fix >0 and take A€ A such that || A-Al|3; <e. By Lemma |ID(A)-D(A)| <Cye.

Now write

/h(SN(A>>dx:/h Sn(A) d:c—l—/ h<SN(A)> o Sn(A)
VN VN vN VN
Since A € A the first term for large N is ¢ close to [, h(u)fp(4)(u)du and whence it
is Cye close to [, h(u)fp(a)(u)du. From the mean value theorem, the second term is

dz.
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smaller in absolute value than

Sn(A)(x) _ Sn(A)(z)
VN VN

|hllcre? + ||| comes <£L‘ :

. 51/3> |

By Lemma [4.1{(a) and Chebyshev’s inequality the above expression is O(g'/3). Since &
is arbitrary (5.1) holds for all h, and hence A satisfies the quenched CLT.

Step 3. Observe that since H; contains a countable dense set, it is enough to show
that the quenched CLT holds for a fixed function A € Hj.

Step 4. Almost surely, the functions ®4 y (&) = / SNA@EVN g are equicontinu-
ous with respect to V.

Indeed ®4 x(0) = 1, taking the first derivative gives:

o (A .
OcPun = —ZSN\(/N)@) SN (A@ENVN gy

Note in particular that 0:® 4 y(0) = 0 (since A has zero mean), and by Cauchy-Schwarz,

0:Pan(§)] < (/%ﬂl’)dz> 1/2

By Lemma (a), it follows that [ N~1S%(A)(x)dx < K| A|
a bounded function. Thus ®4 y(§) is equicontinuous.

2 .
% and hence [0:® 4 n| is

Combining Steps 1-4 above and we see that it suffices to show that for almost every w
that @4 n (&) — e PAWE/2 for all rational € restricted to the sequence N, from Step 1.
Hence it suffices to show that the converges holds for a fixed (rational) &.

Next, from (1.7) if B(z,y)=A(x) then D(B)=D(A), while if B(z,y)=A(z)— A(y)
then D(B) = 2D(A). Next let

Zy(w) = /ez‘ESN(A)(ac)/\/JVdQ,j _ o ED(A)/2.

We claim that Zy,  converges to zero almost surely. Indeed by (1.8) E(Zy) = O(N™")
and in addition,

E (Zy ZN)ZE([ / ez‘sst)(zWNdm_e52D<A>/2] [ / eiast)(yWNdy_e52D(A>/2D
B < / / SN () (@)—Sn (A) ) /VN dmdy) 4 D)

_ 26—5217(A)/2E (m/eiESN(A)(x)/\/ﬁ dm)

_o—E2D(4) + O(N—n)+e—g2p(a) _2€—§2D(A)/2(6—§2D(A)/2 + O(N‘??)):O(N—’?) .
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Now from our choice of N,, and the term in the above line, Chebyshev’s inequality gives

that lim [ e®vmW@Egp—c=EPA/2 for almost every w completing the proof of the

m—ro0
theorem. ]
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