CLOSED GEODESICS ON SURFACES:
TOPOLOGY, GEOMETRY, ARITHMETIC
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ABSTRACT. We prove a law of large numbers and a central limit theorem for the norm of the homology class,
i.e., the arithmetic complexity, of closed geodesics of a fixed topological type and length at most L on an
arbitrary negatively curved surface as L — oco. These results contrast with analogous statements obtained
when sampling among all primitive closed geodesics and lead to natural conjectures in the large genus regime.
In the course of the proof we also establish laws of large numbers and central limit theorems for the action
in homology of mapping class groups.
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1. INTRODUCTION

Motivation. Closed geodesics on negatively curved surfaces can be studied from three different points of
view: their topology - e.g., whether they are simple or not-, their geometry - e.g., their length-, and their
arithmetic - i.e., their homology class. See Figure [I] for a schematic diagram. Many interesting questions
arise when studying the mysterious aspects that lie at the center of this diagram, i.e., that connect the three
perspectives one can use to study closed geodesics. In this regard, the main goal of this paper is to provide a
concrete answer to the following illustrative question: How homologically complicated are long non-separating
simple closed geodesics on negatively curved surfaces?

We answer this question in a statistical sense by proving a law of large numbers and a central limit
theorem for the norm of the homology class of non-separating simple closed geodesics of length at most L
on an arbitrary negatively curved surface as L — oo. More concretely, we show there exists a universal
exponent ¢ = ¢(g) € (0,1), such that for any closed negatively surface X of genus g > 2, the norm of the
homology class of most long non-separating simple closed geodesic on X is comparable to the ¢-th power of
their length. Furthermore, we describe the statistics of appropriately rescaled deviations from this exponent
as a non-degenerate normal distribution.

The universal exponent ¢ = ¢(g) € (0,1) admits a dynamical interpretation as the top Lyapunov exponent
of the invariant part of the Kontsevich-Zorich cocycle on the principal stratum of holomorphic quadratic
differentials of genus g > 2. In particular, numerical experiments of Fougeron [Fou20] suggest that (g) N\, 1/2
as g / oo; see Figure [2] for the results of these experiments. This phenomena fits into a series of more general
conjectures of Zorich regarding the asymptotic behavior of the Lyapunov spectra of the Kontsevich-Zorich
cocycle in large genus.
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F1GURE 1. The study of closed geodesics on hyperbolic and negatively curved surfaces.
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FIGURE 2. Numerical computation of the exponent ¢(g) in terms of the genus g > 2.

When sampling over all primitive closed geodesics, and not only over those that are simple and non-
separating, the description of the corresponding arithmetic properties is much more developed. Indeed, work
of several authors [PS87, [Eps87, [Lal89l [Pol91l BLIY, [Sha04] shows that on any closed negatively curved
surface the norm of the homology class of most long primitive closed geodesic is comparable to the square
root of their length. Furthermore, the preferred direction in homology of long closed geodesics is chosen
according to the measure in projective space induced by an inner product. Moreover, a central limit theorem
and a stronger local limit theorem for the joint distribution of the norm and the direction of homology classes
of long primitive closed geodesics can be proved. Unfortunately, the methods in these works cannot be used
to study the main question of this paper. Indeed, it is very hard to detect simplicity of closed geodesics
through coding techniques.

Nevertheless, it is natural to ask whether analogous central limit theorems for the joint distribution of
the norm and the direction of homology classes of long closed geodesics on closed negatively curved surfaces
can hold when we sample only over simple non-separating geodesics. In this setting, our results actually
show that such a central limit theorem cannot hold. Indeed, the order of the rescaling in such a central
limit theorem is incompatible with the order of the rescaling in the central limit theorem we prove. These
notably different behaviours are certainly compatible with the general theory given that the sampling sizes
in each case are drastically different: by work of Huber and Selberg [Hub61], the number of primitive closed
geodesics of length at most L grows like an exponential in L while, by work of Mirzakhani [MirO8b], the
number of simple non-separating closed geodesics of length at most L grows like a polynomial in L of degree
6g — 6, where g > 2 is the genus of the corresponding closed negatively curved surface. Nevertheless, the
conjecture that A(g) \, 1/2 as g /" oo seems to point out a connection between both regimes that fits into a
more general mantra: simple closed geodesics behave like primitive ones in large genus.

The proof of the main results of this paper is based on the effective tracking principle for mapping class
group actions introduced by the first author in [AH21a] and later developed by the second author in [Hon24].
Roughly speaking, this tracking principle states that the action of the mapping class group on the space
of closed curves of a closed surface effectively tracks the corresponding action on Teichmiiller space in the
following sense: for all but quantitatively few mapping classes, the information of how a mapping class moves
a given point of Teichmiiller space determines, up to a power saving error term, how it changes the geometric
intersection numbers of a given closed curve with respect to arbitrary geodesic currents. The relevant geodesic
currents in our setting are the Liouville currents of negatively curved metrics on the surface of interest.

Using this tracking principle one can reduce the original questions about the statistics of the norm of the
homology classes of long non-separating simple closed geodesics on negatively curved surfaces to questions
about the statistics of the action of the mapping class group on the homology group of the surface relative
to its action on Teichmiiller space. These questions in turn can be thoroughly studied using the dynamics
of the Teichmiiller geodesic flow on the principal stratum of holomorphic quadratic differentials and, more
concretely, using the Kontsevich-Zorich cocycle. In fact, a careful application of averaging and unfolding
principles originally introduced by Margulis in his thesis [Mar70] allows one to reduce such questions to
problems concerning the equidistribution of weighted Teichmiiller balls on moduli spaces of Riemann surfaces.

Such problems in dynamics are generally studied using mixing properties of the corresponding flow, in
this case the Teichmiiller geodesic flow, but the additional weights in our case force upon us the use of more
sophisticated mixing limit theorems. Such limit theorems were introduced by Dolgopyat and Nandori in
[DN20] to study general hyperbolic flows. In our setting, mixing laws of large numbers and central limit
theorems for the Kontsevich-Zorich cocycle were proved by the first author and Forni in [AF24]. This work
provides a general framework for upgrading limit theorems to mixing limit theorems under mild ergodicity
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and hyperbolicity conditions. Its application to the Kontsevich-Zorich cocycle in turn relies on works of
several authors [Fil17, BDG™' 21} [ASF22].

Statements of the main results. Let X be a closed, connected, oriented surface endowed with a negatively
curved Riemannian metric. Two closed curves on X are said to have the same topological type if there exists
a homeomorphism of X identifying the corresponding free homotopy classes. Notice that closed geodesics
on X that have the same topological type as a simple non-separating closed curve are precisely those that
are simple and non-separating. Given a closed curve v on X, denote by [y] € H1(X;R) its homology class.
Given a closed geodesic v on X denote by £x () > 0 its corresponding length.

Given a closed curve vy on X and L > 0 consider the finite set & (X, ~o, L) of all closed geodesics v on
X of the same topological type as vy and length £x(v) < L. Endow this space with the uniform probability
measure Px -, 1.

In this paper we prove the following law of large numbers for the norm of the homology class of long closed
geodesics of a fixed topological type; this is the first main result of this paper.

Theorem 1.1. For every g > 2 there exists a constant ¢ = <(g) € (0,1) with the following property. Let X
be a closed, connected, oriented surface of genus g endowed with a negatively curved Riemannian metric, o
be a closed curve on X that is non-trivial in homology, and || - || be a norm on the homology group Hi(X;R).
Then, the random variables

Jog [I[7]II
log ¢x ()
converge in distribution to the point mass at ¢ as L — oo.

on (6(X7 70, L)’PXKY(LL)

Remark 1.2. The convergence in distribution in Theorem is equivalent to

#{v € &(X,v0,L): log|[1]l|/loglx(7) € (¢ —€,5 +¢€)}
ve>0: #6(X, 70, L)

Roughly speaking, Theorem|L.1|shows there exists a universal constant ¢ = ¢(g) € (0,1), depending only on
the topology, i.e., the genus g > 2, of the negatively curved surface being considered, and not on its geometry
or on the topological type of the closed geodesics being sampled, such that the norm of the homology class
of long closed geodesics on the surface of the given topological type is comparable to the ¢-th power of their
length.

In this paper we also prove the following central limit theorem for the norm of the homology class of long
closed geodesics of a fixed topological type; this is the second main result of this paper.

=1.

Theorem 1.3. For every g > 2 there exist constants ¢ = s(g) € (0,1) and V. = V(g) > 0 with the
following property. Let X be a closed, connected, oriented surface of genus g endowed with a negatively
curved Riemannian metric, vo be a closed curve on X that is non-trivial in homology, and || -|| be a norm on
the homology group Hy(X;R). Then, the random variables

log [|[7]]| —log £x(7) - <
log £x (7)

converge in distribution to a Gaussian of mean 0 and variance V as L — oo.

on (&(X,v0,L),Px 1)

Remark 1.4. The convergence in distribution in Theorem [I.3]is equivalent to

Va <b: lim #{v € &(X,70,L): (log||[V]]| —loglx(7) -s)/\/loglx(7) €
fvee #®(X7’707L)

b
2
e " /2 dx.

1
V2V
Remark 1.5. Notice that the statistics considered in Theorem are not well defined if log ¢x () < 1. This

only happens for finitely many of the closed geodesics being sampled. In particular, this does not affect the
limiting distribution obtained.

Remark 1.6. Theorems and apply in more generality. Instead of considering a negatively curved
Riemannian metric, one can consider an arbitrary geodesic current on the corresponding surface; see Theorems

[4:20] and for precise statements.

Roughly speaking, Theorem shows the deviations from the universal exponent ¢ = ¢(g) € (0,1) in
Theorem converge to a normal distribution of mean zero and variance V = V(g) > 0 when appropriately
rescaled. Furthermore, this variance depends only on the topology of the underlying surface and not on its
geometry or the topological type of the closed geodesics being sampled.
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Limit theorems for mapping class groups. Fix a closed, connected, oriented surface S, of genus g > 2.
Denote by 7, the Teichmiiller space of marked complex structures on S;. The mapping class group Mod, of
Sy acts on T, by changing the markings. Denote by dr the Teichmiiller metric on 7.

Given X,Y € 75 and R > 0 denote by M(X,Y, R) the set of all mapping classes g € Mod, such that
0 <dr(X,g.Y) < R. Endow this space with the uniform probability measure Px y, g.

In the course of the proof of Theorem[I.I]we prove the following result of independent interest corresponding
to a law of large numbers for the action in homology of mapping class groups.

Theorem 1.7. For every g > 2 there exists a constant ¢ = ¢(g) € (0,1) with the following property. Let
X, Y € T, be marked complex structures on Sy, let vg € H1(X;R) be a non-zero homology class, and let || - ||
be a norm on the homology group Hy(X;R). Then, the random variables

log [|g-vo|

converge in distribution to the point mass at ¢ as L — oo.

n (M(X,Y,R),Pxy,r)

In the course of the proof of Theorem|[L.3|we prove the following result of independent interest corresponding
to a central limit theorem for the action in homology of mapping class groups.

Theorem 1.8. For every g > 2 there exist constants ¢ = ¢(g) € (0,1) and V =V (g) > 0 with the following
property. Let X, Y € T, be marked complex structures on Sy, let vg € H1(X;R) be a non-zero homology class,
and let || - || be a norm on the homology group Hy(X;R). Then, the random variables

log [|g-voll — d7(X,8.Y) - ¢
dT(Xa gY)
converge in distribution to a Gaussian of mean 0 and variance V. as L — oco.

Remark 1.9. Notice that the statistics considered in Theorem are not well defined if dr(X,g.Y) < 1.
This only happens for finitely many of the mapping classes being sampled. In particular, this does not affect
the limiting distribution obtained.

Remark 1.10. The constants ¢ = ¢(g) € (0,1) and V' = V(g) > 0 in Theorems [L.1} [L.3] [1.7, and [1.§ are the
same. More concretely, ¢ is the top Lyapunov exponent of the invariant part of the Kontsevich-Zorich cocycle
on the principal stratum of holomorphic quadratic differentials of genus g > 2 and V is the variance predicted
by the central limit theorem of Al-Sagban and Forni [ASE22] for this cocycle. We remind the reader that
numerical experiments of Fougeron [Fou20] and conjectures of Zorich predict that ¢(g) \,1/2 as g  oo; see
Figure [2|

Remark 1.11. The proofs of Theorems [I.1] and [I.3] actually require more precise versions of Theorems [I.7]
and [I.§] that apply to bisectors of Teichmiiller space rather than just balls; see Theorems [3.33] and [3:34] for
precise statements.

Remark 1.12. The proofs of Theorems 1.7 and [I.8] can be adapted to obtain other laws of large numbers and
central limit theorems for the action in homology of mapping class groups; see Theorems [3.35] and [3.30] for
examples and Remark [3.37] for an extended discussion.

on (W(X, Yv, R), IPX,Y,R)

Primitive closed geodesics. Let X be a closed, connected, oriented surface endowed with a negatively
curved Riemannian metric. Given L > 0, denote by &(X, L) the set of all primitive closed geodesics v on X
with £x(v) < L. Endow this space with the uniform probability measure Px p,.

Although it will not be used in the rest of this paper, we give a precise statement of a central limit theorem in
work of Sharp [Sha04] for the homology class of long primitive closed geodesics without prescribed topological
type on negatively curved surfaces. The reader might find it useful to keep this result in mind as a point of
comparison while exploring the rest of this paper.

Theorem 1.13. Let X be a closed, connected, oriented surface of genus g > 2 endowed with a negatively
curved Riemannian metric. Identify Hy(X;R) = R29. Then, there exists a positive definite 2g x 2g matriz
Y = X(X) such that, as L — oo, the H1(X;R)-valued random variables

N/ Viex(y) on (6(X,L),Px L)
converge in distribution to a Gaussian multivariate of mean 0 € R2 and covariance matriz 3.

Remark 1.14. The convergence in distribution in Theorem rf_fgl is equivalent to

. . #{’7€®XL /\/EX EA}
CR¥ w =0:
VA CR ith Leb(0A4) =0 Lhm (X, L)

JW/ <Tzl)d

—

X.
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F1GURE 3. The unit ball of the stable norm of a hyperbolic once punctured torus.

Roughly speaking, Theorem [[.13] shows that the norm of the homology class of most long primitive closed
geodesics on an arbitrary negatively curved surface X is comparable to the square root of their length.
Furthermore the direction in homology of these geodesics is chosen according to an inner product, the one
defined by the positive definite matrix ¥ = X(X).

As a direct consequence of Theorem [1.13] one can deduce the following corollary.

Corollary 1.15. Let X be a closed, connected, oriented surface of genus g > 2 endowed with a negatively
curved Riemannian metric and let || - || be a norm on the homology group Hi(X;R). Given 0 < r < R, denote
by A(r,R) C R?9 the annulus of inner radius v and outer radius R. Then, there exists a positive definite
2g x 2g matriz ¥ = X(X) such that

o #Hre8(X,L): log|[y]l| —loglx(v)/2 € (a,b)}
Va <b: lim #6(X, 1)

1 / (—fTZ_lf ) .
= exp | ——— | d7.
(27)29 det(3) Ja(ee,et) 2
In particular, Theorem and Corollary show that a central limit theorem like Theorem |1.13|cannot
hold when sampling over closed geodesics of a fixed topological type. Indeed, the scalings in Theorem
and Corollary needed to get nontrivial limits are incompatible.

Directions in homology. Let X be a connected, oriented surface endowed with a complete negatively
curved Riemannian metric; we allow this surface to have punctures. The stable norm of X is the norm on
the homology group H;(X;R) defined as follows:

n Y1, - -, Yn Piecewise smooth closed curves on X,
el :=inf Y " rilx () Yy il =,
i=1 T1yeeoyTpn > 0.

See Figure [3] for a numerical computation of the unit ball of this norm for a hyperbolic once punctured torus
IMRO5D]. Given a non-zero homology class ¢ € Hi(X;R), denote by [c] € PH;(X;R) its projective class.
The stable norm || - || induces a Borel measure p on PH;(X;R) given by

uw(A) =Leb({c € H1(X;R): 0 < ||| <1 and [¢] € A}).

Regardless of the incompatibility between Theorems and one can still consider the question of
preferred directions in homology for long closed geodesics of a fixed topological type. Although the general
case seems out of reach for the moment, we highlight the following result of McShane and Rivin [MR95a] for
hyperbolic once punctured tori.

Theorem 1.16. Let X be a hyperbolic once punctured torus and vy be a simple non-separating closed curve
on X. Denote by p the measure induced by the stable norm of X on PH1(X;R). Then, the PHy(X;R)-valued
random variables

[[A/]] on (®(X7 7o, L)’ PXﬂoyL)

converge in distribution to p as L — oo.

Remark 1.17. In [MR95al, McShane and Rivin show that the stable norm on the homology group H;(X;R)
of any hyperbolic once punctured torus X is highly non-smooth in the sense that its unit ball has a corner at
every line intersecting the integer lattice Hy(X;Z); compare to the case of Theorem where the direction
in homology is chosen according to an inner product.



6 FRANCISCO ARANA-HERRERA AND POUYA HONARYAR

Open problems. The previous discussion naturally leads to the following open problems of interest.

Problem 1.18. Show that the universal exponent ¢ = ¢(g) € (0,1) in Theorems and [1.§
satisfies the asymptotics ¢(g) \(1/2 as g / co.

Problem 1.19. Given a negatively curved surface, characterize the measure on the projectivized homology
group of the surface that records the statistics of the direction in homology of long closed geodesics of a
prescribed topological type. In particular, does this measure coincide with the measure induced by the stable
norm?

Problem 1.20. For an arbitrary negatively curved surface, give an asymptotic formula, as L — oo, for
the number of closed geodesics of a given topological type and length at most L that belong to a prescribed
homology class.

Organization of the paper. In §2] we cover the preliminaries on Teichmiiller theory that will be used
throughout the rest of the paper. In we prove Theorems and above. Furthermore, we prove
stronger versions of these theorems that apply to bisectors of Teichmiiller space; see Theorems and
The corresponding mixing limit theorems, key ingredients in the proofs, are introduced as Theorems [3.1
and In §4] we prove Theorems [I.1] and above. Furthermore, we prove stronger versions that apply
to arbitrary filling geodesic currents; see Theorems [£.20] and The tracking principle, see .7} and the
technical tools needed to handle the case of non-filling closed curves are also discussed in detail in this section.

Acknowledgements. The authors would like to thank Alex Eskin, Giovanni Forni, and Anton Zorich for
very enlightening conversations on the subject of this paper.

2. PRELIMINARIES

Outline of this section. In this section we give a brief overview of the objects and terminology that will
be used throughout the rest of this paper. With the exception of the discussion on Hubbard-Masur functions
and on central limit theorems for the Kontsevich-Zorich cocycle, see Theorem [2.5] the material presented in
this section is standard.

Quadratic differentials. A holomorphic quadratic differential ¢ on a Riemann surface X is a differential
which in local coordinates z has the form f(z)dz? for some holomorphic function f(z). Such a differential
has a well defined notion of area,

lqll == Area(g) = /X gl

More precisely, the differential ¢ induces a singular flat metric on X. If in local coordinates z = = + iy
then the metric is given by da? + dy?; the zeroes of the differential correspond to singularities of this metric.
The area of ¢ is the total area of this metric. Denote by Q(X) the complex vector space of all holomorphic
quadratic differentials on a Riemann surface X and by S(X) C Q(X) the sphere of all such differentials of
unit area. We sometimes denote quadratic differentials by (X, ¢q) to record the Riemann surface X they are
defined on.

Teichmiiller and moduli spaces. Fix a closed, connected, oriented surfaces S; of genus g > 2. Denote
by 7, the Teichmiiller space of marked complex structures on S;. The spaces Q(X) and S(X) for X ranging
over T, can be arranged into bundles Q7, and Q'7, of marked quadratic differentials on S,;. Denote by
Mod, the mapping class group of S,. This group acts properly discontinuously on 7,, QT,, and Q'T, by
changing the markings. The corresponding quotients M,, OM,, and QlMg are moduli spaces of complex
structures and quadratic differentials on S;. Denote by 7: Q7, — T, and by 7: M, — M, the natural
forgetful maps.

The Masur-Veech measure. The bundle Q7, can be identified with the cotangent bundle of 7,. In
particular, it supports a canonical volume form. The restriction of this volume form to Q'7, induces a
smooth measure i called the Masur-Veech measure. This measure is invariant under the marking changing
action of Mod, on Q'7;. Denote by u its local pushforward to the quotient space Q' M,; we also refer to
this measure as the Masur-Veech measure. Independent works of Hubbard and Masur [Mas82] [Vee82] show
that the measure p on Q' M, is finite. Later we introduce a particular normalization of this measure that
will be useful for our purposes; see (2).
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Singular measured foliations. Denote by MJF, the space of singular measured foliations on S; up to
isotopy and Whitehead moves. The set of isotopy classes of weighted simple closed curves on S, embeds
densely into MF,. Furthermore, geometric intersection numbers extend continuously to a pairing i(-,-) on
MUF,. Train track coordinates induce a natural integral piecewise linear structure on MJF,. A particular
example of such coordinate system is provided by Dehn-Thurston coordinates, which identify MF, with
$3973 where ¥ := R?/(+1), via intersection and twisting numbers with respect to a fixed pair of pants
decomposition; see [PH92, §1.2]. In particular, MF, carries a natural Lebesgue class measure v called
the Thurston measure. This measure is invariant under the natural Modg-action on MJF,. We consider
the normalization of the Thurston measure induced by the symplectic structure described in [PH92, §3.2].
Denote by PMF, the projectivization of MF, under the Ry action that scales transverse measures and by
[A] € PMF, the projective class of A € MF,.

The Hubbard-Masur theorems. Every quadratic differential ¢ on a Riemann surface X gives rise to a
pair of singular measured foliations R(q) and I(¢g) on X. If in local coordinates z = x + iy the differential ¢
corresponds to dz? then R(q) corresponds to the measured foliation induced by |dz| and J(q) corresponds to
the measured foliation induced by |dy|; the zeroes of ¢ correspond to the singularities of the foliations. We
refer to R(¢q) and I(q) as the real/vertical and imaginary/horizontal foliations of q. These constructions give
rise to Modg-equivariant maps R, 3: Q7T — MF,,.

The following theorem of Hubbard and Masur [HM79] allows us to parametrize Q(X) in terms of vertical
foliations across all X € 7.

Theorem 2.1. Given X € Ty and a singular measured foliation n € MF, there exists a unique quadratic
differential ¢ = ¢(X,n) € Q(X) such that R(q) = n. Furthermore, the map q¢ € Q(X) — R(q) € MF, is a
homeomorphism. The analogous result holds for imaginary foliations.

We say that a pair of singular measured foliations (n,() € MF, x MF, fills the surface if the sum of
their geometric intersection numbers with any singular measured foliation is positive. Denote by Arr, C
MF 4 x MF, the set of non-filling pairs of singular measured foliations. The following theorem of Gardiner
and Masur [GM91] allows us to globally parametrize Q7 in terms of real and imaginary foliations.

Theorem 2.2. Given a filling pair of singular measured foliations (n,¢) € MFg x MF,\ Apmr,, there
exists a unique quadratic differential ¢ € QT4 such that R(q) = n and I(q) = (. Furthermore, the map
(R, 9): QTy = MFy x MF 4\ Az, is a homeomorphism.

The Teichmiiller geodesic flow. A half-translation structure on a surface S is an atlas of charts to C on
the complement of a finite set of points ¥ C S whose transition functions are of the form z — 4z + ¢ with
c € C. Every quadratic differential ¢ induces a half-translation structure on the Riemann surface it is defined
on by considering local coordinates on the complement of the zeroes of ¢ for which ¢ = dz?. Viceversa,
every half-translation structure induces a quadratic differential on its underlying surface by pulling back the
differential dz? on the corresponding charts.

The group SL(2,R) acts naturally on half-translation structures by postcomposing the corresponding
charts with the linear action of this group on C = R2. In particular, the group SL(2,R) acts naturally on
QT, preserving Q'7,. For every t € R and every 6 € [0,2n] denote

(1) (e 0 [ cosf —sinb
“W=N 0 et ) "7\ sing cosf )

The flow induced by the action of the one-parameter subgroup {a;}ter C SL(2,R) is the Teichmiiller geodesic

flow. For every 6 € [0,2n] and every ¢ € Q7, one can show ry = e?’q. In particular, the action of

SO(2) C SL(2,R) preserves the fibers Q(X) of Q7, and the fibers S(X) of Q'7,. The SL(2,R) and Mod,
actions on Q7, commute. In particular, there is a well defined SL(2,R) action and a well defined Teichmiiller
geodesic flow on QM.

Stable and unstable foliations. Every gy € Q17; supports strongly stable, central, and strongly unstable
leaves given respectively by

a®(q0) ={q € 917} | ®(q) = R(qo)},
a“(qo) = {aeqo | t € R},
" (qo) ={q € Q' Ty | S(q) = S(qo0)}-
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These leaves give rise to topological foliations F*°, F¢, and F"* called the strongly stable, central, and
strongly unstable foliations of Q'7,. The stable and unstable leaves of gy € Q' T, are given by

a*(q0) = {g € Q" | [R()] = R(q0)]} = | J ™ (q0),
teR
a"(g0) :={g € Q" Ty | [3(9)] = [S(@))} = | a:0**(0)-
teR
These leaves give rise to topological foliations F* and F* called the stable and unstable foliations.

Leafwise measures. Given n € MF,, denote by MF,(n) C MF, the open, dense, full-measure subset of
singular measured foliations on S, that together with n fill the surface. Fix g € Q'T,. By Theorem [GMO91],
the restriction $|qs(q): @®(q0) — MFg(R(qo)) is a homeomorphism. Denote by fi4:(4,) the pullback to
a®(qo) of the Thurston measure v on MF,(R(qo)). Analogously, one can define a measure fiqu (4 on the
unstable leaf a*(qp).

Given n € MF,, denote by M]:;(n) C MF, the subset of singular measured foliations { € MF4(n)
such that i(n, () = 1. Fix go € Q'7;. By Theorem [GMO91], the restriction $|nss(qo): a*(q0) — M}—é(%(qo))
is a homeomorphism. Denote by pi4ss(q,) the pullback to a®(qo) of the conned-off Thurston measure on
M]-";(?R(qo)). Analogously, one can define a measure jiquu(q,) on the strongly unstable leaf " (qo).

We normalize the Masur-Veech measure p on Q17; so that locally

(2) dﬂ = d,uau d,uass = d/,Las d/,Lauu.

Strata and compactness. Denote by Ql’E(l) - Ql’ﬁ, and Qlj\/lg(l) - Ql./\/lg the principal strata of
marked/unmarked, unit area, holomorphic quadratic differentials on S, that is, the corresponding subsets
of differentials with 4g — 4 distinct zeroes of multiplicity one. The complements of these strata, the so-called
multiple zero loci, are zero measure subsets of the respective Masur-Veech measure classes.

A saddle connection of a quadratic differential is a geodesic in the corresponding singular flat metric
connecting two singularities and having no other singularities in its interior. Given ¢ € Q'M,, denote
by lmin(g) > 0 the length of the shortest saddle connections of q. For every § > 0 consider the subset
K5 C Q' M,(1) of quadratic differentials ¢ € Q' M, (1) such that fmin(g) > 8. By work of Masur, see for
instance [MT02, Proposition 3.6], these subsets are a compact exhaustion of Q' M,(1).

Fiberwise measures. Denote by m the pushforward to 7, of the Masur-Veech measure i on Ql’ﬁl under
the natural forgetful map; we refer to this measure as the Masur-Veech measure on 7;. This measure is Mod,
invariant and smooth. Denote by {sx}xc7, the disintegration of the Masur-Veech measure fi along the
fibers of the forgetful map 7: Q'7, — 7,. More precisely, for every X € 7, there exists a unique probability
measure sy on S(X) = 7"!(X) such that the following disintegration formula holds,

(3) di(X, q) = dsx(q) dm(X).

The fiberwise measures sx are actually smooth and one can make sense of the disintegration above at the
level of volume forms. By [ABEMI2al Theorem 2.2], the measures sx give zero mass to the multiple zero
locus.

Denote by m the local pushforward to M, of the measure m on 7, under the natural quotient map.
Equivalently, m is the pushforward to M, of the Masur-Veech measure u on Q'M, under the natural
projection. We refer to this measure as the Masur-Veech measure on M,. The following disintegration
formula at the level of moduli spaces also holds,

du(X, q) = dsx(q) dm(X).

Extremal length. Given a Riemann surface X and a simple closed curve «y on it, one can define the extremal
length of v with respect to X in two equivalent ways. Analytically, it can be defined as

gp ('7)2
== sup ————,
pp Area(p)

where the supremum runs over all conformal metrics p on X of non-zero, finite area, and £,(y) denotes the
infimum of the p-lengths of simple closed curves homotopic to . Equivalently, it can be defined geometrically
as

EXtX (’y)

1
EXtX (’}/) = lgf m,
where the infimum ranges over all embedded cylinders C' on X with core curve homotopic to v and mod(C)
denotes the modulus of the cylinder.
In independent works, Jenkins and Strebel [Jen57, [Str66l, [Str75l [Str76] showed these two a priori different
notions of extremal length are actually equivalent. As a direct consequence of Theorem 2.1} the notion of
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extremal length with respect to any X € 7, can be extended to a unique continuous 2-homogeneous function

on MF,.

The Hubbard-Masur functions. Theoremimplies that, for every n € MF, the projection m: QT, —
7T, restricts to a bijection from R~!(n) onto 7,. In [HMT79], Hubbard and Masur actually proved that
this restriction is a homeomorphism and, furthermore, a diffeomorphism onto its image when restricted to
R=1(n) N Q' T,(1). In particular, for every ¢ € Q'T,, the projection 7: QT; — T, is a homeomorphism onto
7, when restricted to a*(¢q) and a diffeomorphism onto its image when restricted to a®(q) N Q'7,(1). The
analogous fact also holds for unstable leaves. The Hubbard-Masur functions, introduced in [ABEM12b], are
the unique smooth, positive functions A=, \T: Q'7,(1) — R such that for every (X,q) € Q'T,(1) ,

dfﬁ(X) =" (Q) dm, (,uocs(q))(X)a
A(X) = X (q) dF (e () (X).

The Hubbard-Masur functions can be defined in the following alternative way. By Theorem [21] for every
X € T,, the maps R, 3: 91T, — MF, are homeomorphism onto MF, when restricted to Q(X). Moreover,
these maps are piecewise smooth isomorphisms onto their image when restricted to Q(X) N Q'7,(1); see
for instance [MirO8al, Lemma 4.3] or [Dumi5, Theorem 5.8]. Consider the subset Ex C MJF, of singular
measured foliations of unit extremal length with respect to X and denote by vx the conned-off Thurston
measure on Ex. By [ABEMI2D, Proposition 2.3], the Hubbard-Masur functions A=, AT: Q!'7,(1) — R+
are the unique smooth, positive functions such that, for every (X, ¢q) € Q'7,(1),

d((R]sx)) vx)(q) = A" (q) dsx (q),
d((Ssx)) vx) (@) = A (q) dsx (q).

Directly from this definition one can check that the Hubbard-Masur functions are Modg-invariant. Further-
more, in [AH23]| it is proved that the Hubbard-Masur functions are SO(2)-invariant and coincide everywhere
on Q'T,(1). We denote by A: Q'T;(1) — R the corresponding function and refer to it as the Hubbard-
Masur function.

The Hubbard-Masur constant. For every X € 7, consider
AX) :=v({n € MF, | Extx(n) <1}).

A direct computation using the definitions above shows that
(4) A = [ Madsxla)
5(X)

Combining results of Dumas [Dum15] and Gardiner [Gar84], Mirzakhani showed that the value of A(X) is
independent of X € 7,. We denote this constant by A = A(g) > 0 and refer to it as the Hubbard-Masur
constant.

The Teichmiiller metric. The Teichmiiller metric dr on 7, quantifies the minimal dilation among quasi-
conformal maps between complex structures on S;. More precisely, for X,Y € 7, one defines

ar )= toe (gt K().

where the infimum runs over all quasiconformal maps f: X — Y in the homotopy class given by the markings
of X and Y, and where K(f) denotes the dilations of such maps. See [FM12, Chapter 11] for more details.
The action of Mod, on 7, preserves this metric. This metric is complete and its geodesics correspond to
projections to 7, of Teichmiiller geodesic flow orbits on Q'7;. In [Ker80], Kerckhoff proved the following
formula.

Theorem 2.3. For any pair of marked complex structures X,Y € Ty,

dr(X,Y) = max log M .
neMF, EXtX(n)

The Hodge inner product. Let X be a closed Riemann surface. Consider the Hodge decomposition of its
complex cohomology group

H'(X;C) = H"(X)® H”'(X)
into holomorphic and anti-holomorphic 1-forms. On this cohomology group consider the Hodge intersection
pairing

O |

(o, B)x = : /Xa/\ﬁ.
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This pairing is Hermitian, positive definite on H%°(X), and negative definite on H%!(X). The Hodge inner
product {-,-)x on H*(X;C) is the unique Hermitian inner product given by the Hodge intersection pairing on
HY9(X), the negative of the Hodge intersection pairing on H%!(X), and which makes H*%(X) and H"!(X)
orthogonal. The Hodge inner product restricts to a real inner product on H'(X,R). By Poincaré duality,
this induces a real inner product on the homology group Hi(X;R). The corresponding norm, the Hodge
norm, will be denoted by || - || x-

The homology bundle. Denote by H, the bundle over Q' M, whose fiber above every point (X, q) is given
by the homology group H;(X;R); such a fiber can be endowed with the Hodge norm || - || x induced by X
via Poincaré duality. The natural SL(2,RR) action on Q' M, lifts to an action on H, via parallel transport
with respect to the Gauss-Manin connection.

More concretely, consider the trivial bundle Iﬁl = Q'7, x Hy(S,;R); the fiber of this bundle above
(X,q) € Q'T, can be canonically identified with the homology group H;(X;R) by using the underlying
marking. The mapping class group Mod, acts on H diagonally. The SL(2,R) action on Q7 extends to an
action on H, by declaring the action on H 1(Sg; R) Ato be trivial. These actions commute and thus one obtains
an SL(2,R) action on the quotient bundle H, := H,/Mod,.

The following important bound is due to Forni [For02, Corollary 2.2].

Theorem 2.4. For every quadratic differential (X,q) € Q17;, every homology class vo € H1(X;R), and
every t € R,

e [volln(g) < larvollx(a,q) < €' llvolln(q)-
As a consequence of Theorem [2:4] it is possible to compute Lyapunov exponents for the cocycle defined
by the action of the diagonal subgroup of SL(2,R) on H, with respect to the Masur-Veech measure p on

Q' M,. Work of Forni [For02, Corollary 2.2] shows that the top Lyapunov exponent of this cocycle belongs
o (0,1); denote this exponent by ¢ = ¢(g) € (0,1).

Central limit theorems. Let 1* be the unique probability measure on the projectivized bundle PH,, which
projects to the Masur-Veech measure y on Q' M, and whose conditional measures on fibers are equal to
Lebesgue probability measures. For every (q,v) € PH, and every ¢ € R denote
lasvllx(asq)

||1]H7T(q)

By the Oseledets theorem, for p*-almost-every (¢, v) € PH,,

o(q,v,t) := log

llm U(W,’U,t) =c

t—o0 t
The following central limit theorem follows from work of Al-Sagban and Forni [ASF22] Theorem 2.1]
but also uses work of Bell, Delecroix, Gadre, Gutiérrez-Romo, and Schleimer |[BDG™21, Theorem 10.1] as a
crucial input to guarantee positivity of the variance.
Theorem 2.5. There exists V =V (g) > 0 such that the random variables
olw,v,t)—t-g
Vit

converge in distribution to a Gaussian of mean 0 and variance V as t — oo.

n (PH,, ")

The variance V = V(g) > 0 in Theorem will be featured throughout the rest of this paper.

Geodesic currents. In [Bon88], Bonahon gave a unified treatment of several seemingly unrelated notions
of length for closed curves on closed, orientable surfaces using the concept of geodesic currents. To define
geodesic currents let us endow the surface S, with an auxiliary hyperbolic metric. The projective tangent
bundle PT'S; admits a 1-dimensional fohatlon by lifts of geodesics on S;. A geodesic current on S, is a
Radon transverse measure of the geodesic foliation of PT'S,. Equlvalently, a geodesic current on Sy is a
m1(Sg)-invariant Radon measure on the space of unoriented geodesics of the universal cover of S;. Endow
the space of geodesic currents on S, with the weak-x topology. Different choices of auxiliary hyperbolic
metrics on Sy yield canonically identified spaces of geodesic currents [Bon88| Fact 1]. Denote the space of
geodesic currents on S, by C4. This space supports a natural R action that scales transverse measures and
a natural Mod, action [RS19, §2]. Denote by PC, the space of projective geodesic currents on Sy. This space
is compact [Bon88, Corollary 5].

Free homotopy classes of weighted, unoriented closed curves on S; embed into C,; by considering their
geodesic representatives with respect to any auxiliary hyperbolic metric. By work of Bonahon [BonS&8|
Proposition 2], this embedding is dense. Moreover, the geometric intersection number pairing for closed
curves on S, extends in a unique way to a continuous, symmetric, bilinear pairing i(-,-) on C, [Bon88|
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Proposition 3|. This pairing is invariant with respect to the diagonal action of Mod,. Singular measured
foliations on S, also embed into C, by considering their geodesic representatives with respect to any auxiliary
hyperbolic metric [Lev&3].

Many different spaces of metrics on S, embed into C, in such a way that the geometric intersection number
of any metric with any closed curve is equal to the length of the geodesic representatives of the closed curve
with respect to the metric. We refer to the geodesic current corresponding to any such metric as its Liouville
current. Examples of metrics admitting Liouville currents include:

e Hyperbolic metrics [Bon&§],

e Negatively curved Riemannian metrics [Ota90],

e Negatively curved Riemannian metrics with cone singularities of angle at least 2w [HP97],
e Singular flat metrics induced by quadratic differentials [DLR10],

e Singular flat metrics with cone singularities of angle at least 27 [BL1S].

A closed curve on S, is said to be filling if it intersects every homotopically non-trivial closed curve on S,.
A geodesic current o € Cg is said to be filling if i(«, 8) > 0 for every non-zero 8 € C,. Relevant examples
of filling geodesic currents include free homotopy classes of unoriented filling closed curves and the Liouville
currents listed above. Denote by C; C C, the open subset of filling geodesic currents on S,.

Constants. Let A, B € R be real quantities and * be a set of parameters. We write A <, B if there exists
a constant C' = C'(x) > 0 depending only on the parameters x such that A < C' - B. We write A <, B if
A =X, B and B <, A. We write A = O,(B) if there exists a constant C = C(x) > 0 depending only on
the parameters # such that |A| < C - B. When the dependencies on * are made clear by the context, we
sometimes drop the subscript .

3. LIMIT THEOREMS FOR MAPPING CLASS GROUPS

Outline of this section. Following [ABEMI12bl [AH23|, [ASF22| [AF24], we begin with a brief overview of
some of the technical tools that will be needed in the proofs of this section. After proving Theorems
and restated in this section as Theorems and we prove more refined versions of them that
apply to sectors and bisectors of Teichmiiller space; see Theorems [3.25] [3.26] [3.00 and [3.94 These results
will be crucial in the proofs of Theorems and the main results of this paper. We finish this section
with a brief discussion of other limit theorems for mapping class groups that can be proved using the same

techniques; see Theorems and

Mixing limit theorems for the Kontsevich—Zorich cocycle. Fix a closed, connected, oriented surface
S, of genus g > 2. Recall that Q' M, denotes the moduli space of unit area, holomorphic quadratic differen-
tials on S, and that H, denotes the bundle over Q' M, whose fiber above every point (X, q) € Q' M, is given
by the homology group H;(X;R); such a fiber can be endowed with the Hodge norm || - || x induced by X via
Poincaré duality. Recall that the one-parameter diagonal subgroup {a;}+er C SL(2,R) introduced in acts
on Q' M, by the Teichmiiller geodesic flow and on H,, by parallel transport with respect to the Gauss-Manin
connection; as explained in these actions extend naturally to all SL(2,R). Recall that 7: Q' M, — M,
denotes the natural forgetful map to the moduli space of complex structures on Sy. Recall that u denotes the
Masur-Veech measure on Q' M,. Let ¢ = ¢(g) € (0,1) be the top Lyapunov exponent of H, as introduced in
Denote by CI(R) the space of non-negative, continuous, compactly supported functions £: R — R. The
following mixing law of large numbers corresponds to [AF24, Theorem 4.25].

Theorem 3.1. Let s: Q' M, — H, be an SO(2)-equivariant, nowhere vanishing, measurable section. Then,
for the random variables

1, Nlas(@)lx(arg)
(5) Ii(s,q) = log = 0 5 ==
t 15(0) |l (q)

for every pair of essentially bounded functions ¢1, P2 € L>=(Q' My, i), and for every function & € CF(R), the
following holds,

© i [ 0 €Uilo, ) onfonn ) = OS]

Let V = V(g) > 0 be the variance of H, as introduced in §2| and Ny be a Gaussian distribution on R of
mean 0 and variance V. The following mixing central limit theorem corresponds to [AF24, Theorem 4.28].

on (Q'Myg, p),

Theorem 3.2. Let s: Q' M, — H, be an SO(2)-equivariant, nowhere vanishing, measurable section. Then,
for the random variables

s ,:i o ||at5(Q)||7T(atq)_ . on 1
(7) Ji(s,q) : 7 (1 @l t <> (Q My, ),
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for every pair of essentially bounded functions ¢1,¢2 € L (Q* My, u), and for every function & € CF(R), the
following holds,

. (1) - Nv (§) - p(¢2)

(8) Jim o, ?1(q) €(Je(s, q)) d2(arq) du(q) = QM) :

The Hubbard-Masur function. Recall Qng(l) C QT7, and Ql/\/lg(l) C QlMg denote the principal
strata of the Teichmiiller/moduli spaces of marked/unmarked unit area, holomorphic quadratic differentials
on Sy. Recall that £1,in(g) > 0 denotes the length of the shortest saddle connections of a quadratic differential
q. Recall that A\: Q'7,(1) — R~ denotes the Hubbard-Masur function introduced in As this function is
Mod-invariant, one can also consider it as a function defined on Q' M, (1). Denote h = h(g) := 6g — 6. The
following estimate is proved in [AH23|, Proposition 3.5].

Proposition 3.3. Let K C M, be a compact subset. Then, for every quadratic differential ¢ € Q' M,(1) N
7= Y(K), the following estimate holds,

/\(Q) jIC gmin(‘])i(hil) .

Recall that S(X) C Q' M, denotes the sphere of unit area, holomorphic quadratic differentials on X € M,
and that sx denotes the fiberwise measure on S(X) induced by the Masur-Veech measure y on Q' M, via
disintegration. Recall that for every § > 0 we consider the compact set K5 C Q'M, (1) of quadratic
differentials ¢ € Q' M (1) with £iin(g) > 6. The following estimate is proved in [AH23| Proposition 3.6].

Proposition 3.4. Let K C M, be a compact subset. Then, for every Riemann surface X € K and every

0 > 0, the following estimate holds,
/ Aq) dsx (q) =k 6.
S(X)\Ks

The Masur-Veech measure in polar coordinates. Recall that 7, denotes the Teichmiiller space of
marked complex structures on S;. Fix X € 7;. Consider the polar coordinates map ®x: S(X) x Ry = 7Ty
which to every ¢ € S(X) and every ¢ > 0 assigns the marked Riemann surface ®x(g,t) := m(arq) € Ty.
This map is a homeomorphism onto 7,4 \ {X} and a diffeomorphism onto its image when restricted to
(S(X) N Q'7,(1)) x Rsg. Denote by Ax: (S(X) N Q'7,(1)) x Rsg — Rso the unique smooth, positive
function such that for every ¢ € S(X) N Q'7,(1) and every ¢ > 0,

(9) d((®x)"(m))(q,t) = Ax(q,t) dsx (q) dt.

For every € > 0 and every ¢ > 0 consider the subset K (t) C Q' M,(1) of quadratic differentials in the
principal stratum of moduli space whose Teichmiiller geodesic flow orbit between times 0 and ¢ spends at
least half of the time in the compact subset K, i.e.,

K.(t) == {g € Q"M,(1): |{s € [0,]: asq € K.}| > t/2}.

Recall that 7: Q'T, — T, denotes the natural forgetful map. The following estimate for the function
Ax: (S(X)NQ'T,(1)) x Rsg — Ry is proved in [AH23| Theorem 3.7]; see also [ABEMI2D|, Proposition
2.5].

Theorem 3.5. For every € > 0 there exists a constant k1 = k1(g,€) > 0 with the following property. Fiz a
compact subset K C T,. Let X € Mod, - K, let ¢ € S(X) N Q' T,(1), and let t > 0 be such that q € K.(t) and
7(arq) € Mody - K. Then, the following estimate holds,

AX (Qa t) = A(a‘t(]) . A(Q) . eht + OIC (emin(atq)i(hil) : émin(‘])i(hil) : e(hinl)t> .

Estimates near the multiple zero locus. Denote by Br(X) C 7, the ball of radius R > 0 centered at
X € T4 with respect to the Teichmiiller metric. Given X € 74, R > 0, K C 7T, compact, and € > 0, denote
by Br(X,K, K.) C T, the subset of points Y € Br(X) N Mod, - K such that the projection to the moduli
space of quadratic differentials of the Teichmiiller geodesic segment from X to Y spends less than half of the
time in the compact subset K. C Q' M, (1). The following estimate corresponds to [AH23| Theorem 3.8];
see also [EMR19, Theorem 1.7] and [ABEM12b| Theorem 2.7].

Theorem 3.6. There exist constants €1 = €1(g) > 0 and k2 = k2(g) > 0 such that for every compact subset
K CTy, every X € K, and every 0 < e < €1,

m(Br(X, K, K.))) < ellr2)E,

Denote by A7, C T, x T, the corresponding diagonal. Consider the map gs: Ty x Ty \ A7, — Q'7, which
to every pair X,Y € T, with X # Y assigns the quadratic differential ¢,(X,Y") € S(X) corresponding to the
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cotangent direction at X of the unique Teichmiiller geodesic segment from X to Y. For every X € 7, and
every V C S(X) consider the sector

Secty (X) 1= {Y € T, \ {X} | ¢,(X,Y) € V}.

Denote by p: Q'T, — Q' M, the quotient map. The following estimate is proved in [AH23, Theorem 3.9];
see also [ABEM12b, Theorem 2.6].

Theorem 3.7. There exists a constant ks = k3(g) > 0 with the following property. Let K C T, compact, let
X ek, let§>0, and let V :=p~1(Ks5) N S(X). Then, for every R >0,

m(Bg(X) N Secty (X) N Mod, - K) <k - "t 4 elh=ra) R,

The following large deviations estimate is proved in [AH23| Theorem 3.10]; see also [Ath06, Theorem 1.1]
for a series of important related results.

Theorem 3.8. There exist constants €3 = e3(g) > 0 and k4 = k4(g) > 0 such that for every 0 < e < €2 and
every t > 0, the following estimate holds,

QI My \ Kc(t) Zg e

Counting mapping class group orbits. Recall that A = A(g) > 0 denotes the Hubbard-Masur constant
introduced in §2. Recall that, given X,Y € 7, and R > 0, we denote by (X, Y, R) the set of all mapping
classes g € Mod, such that 0 < dr(X,g.Y) < R. The following effective counting result corresponds to
[AH23, Theorem 1.1].

Theorem 3.9. There exists a constant k = £(g) > 0 such that for every compact set IC C Ty, every X,Y € IC,
and every R > 0,
AMX, Y R) = — D mg (ethm)
T i mm,) e '

Mean equidistribution of statistical balls. Recall that i denotes the Masur-Veech measure on Ql’ﬁ]
normalized as in and that m denotes its pushforward to 7, under the natural forgetful map. Recall that
dr1 denotes the Teichmiiller metric on 74. The natural marking changing actions of the mapping class group
Mod, of S, on Q'7, and 7T, preserve the measures fi, m, and the metric dr.

We now define a particular class of measures on 7, that keep track of the statistics of the random variables 1
and J introduced in and along Teichmiiller metric balls. Fix X € 7,4, a nowhere vanishing, measurable
section s: Q' M, — Hy, a function £ € CJ(R), and R > 0. Consider the measure r’ﬁf}’]’s,g on 7T, given for
every Y € T, \ {X} by

(10) dﬁlg,[,s,g(y) = &g, (x,v)(5,0(qs(X,Y)))) I, x) (V) dm(Y).

Analogously, consider the measure on 7, given for every Y € 7, \ {X} by

dnf 5, (V) = E(Jar(x,v) (5, 0(a5(X, Y)))) L) (V) dim(Y).

Denote by mg’ I.s,¢ and mg’ J.5.¢ the pushforward of the corresponding measures on 7, under the forgetful
map to M. These measures do not depend on the marking of X € 7, but only on its underlying complex
structure in M,.

The following mean equidistribution result, which we deduce as a consequence of Theorem and the
technical results discussed above, is the main tool used in the proof of Theorem [I.7]

Theorem 3.10. Let s: Q' M, — H, be an SO(2)-equivariant, nowhere vanishing, measurable section, let
$1,¢2 € L (Mg, m) be essentially bounded functions with compact essential support, and let & € CH(R) be
a non-negative, continuous, compactly supported function. Then,

lim ¢ /M ¢1<X>< o) dmﬁ‘},l,s,gm) dm(X)

R—o0
A% m(6) - m(gy) - €(6)
h-m(M,) .

Proof. For simplicity we assume g > 3; the proof for ¢ = 2 requires keeping track of constant orbifold
factors that muddle up the computations. Fix a measurable fundamental domain F;, C 7, of the Mod,
action on Teichmiiller space, a compact subset K C My, and a pair of essentially bounded functions ¢1, ¢2 €
L>* (Mg, m) with esssupp(¢1), esssupp(¢2) C K. Denote by ¢1, 92 € L>(T,4, m) the lifts of these functions
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07Ty Let R > 0and 0 < <1 be arbitrary. Recall that mx ;¢ is the pushforward to M, of the measure
my ¢ on 7, Using and (9) we can write

(11) $1(X) ( P2(Y) dmﬁ?,f,s,g(Y)> dm(X)
M, M,

- / 31(X) ( / Ga(¥) €Ly (x.v+ (5 plas (X, Y>>>>13R<X)<Y>drﬁ<y>> di(X)

( / / #(a) €15, p(0))) Ax (q,1) dsx (0) dt) 4 (X).
To apply Theorem @ we first bound the contributions near the multiple zero locus. By Theorem [3.7]
(12) / 51(X) ( / oy, P70 €05, () A1) dix ) dt) i (X)
/ ( / / #(@)) §(L(s,p(0))) Licy (p(0)) Ax (g, ) dsx ) dt) i (X)

+0k (||<i>1||OC Neb2lloo - 1€]l0o - (5 . ehR +e(h*'€s)R>) .

A symmetric argument using Fubini’s theorem and Theorem [3.7] shows that

(13) (// 7(aeq) g(It(S;p(Q)))ILKa(p(Q))AX(Qat)dSX(Q)dt> dm(X)

/ (/ /S(X m(arq)) 1, (plarq)) E(1(s,p(q))) 1k, (p(q)) Ax(q,t) dsx(q) dt) dm(X)

+0 (161l 163l o - (34 e0-9)7)).

Let €4 = €1(g) > 0 be as in Theorem and €2 = €e2(g) > 0 be as in Theorem Fix an arbitrary
0 < e =¢€(g) < min{ey, e2}. By Theorem

(14) / / #(aa)) 1, (p(ara)) €T (s, p(@))) Lie, (0(0)) Ax (a,2) dsx (q) dt | di(X)
S(X)

/ ( / / #(a19)) 11c; (p(ara)) € (5, p(0))) 1xc; ((9)) 1 . 0y (0(a)) A (a, 2) dsx () dt) dia(X)

+0xc (161l - 92100 - € ]loc - =72 7).
Let r = r(g) := min{xo, x5} > 0. Putting (I1), (12, (13), and together we deduce

(15) $1(X) ( / $2(Y) dmﬁ‘;,f,s,g(m) dm(X)
My My

- ¢1 / / 2 (R(a00)) Licy (p(ae0)) €(Te(5,(0))) L1y (9()) L. 1y (0(0)) Axc (0, ) dsi (q) dt ) dima(X)
S(X)

+0x (I91lloc - g2l - lloc - (8- €M + e =mR) ) .
We are now in a good position to apply Theorem

o~ R o~
(16) / 31(X) </ / @(ﬁ(atq))1K5<p(atq>>e<zt<s,p<q>>>1K5<p<q>>nKEm(p(q))Ax(q,wdsx(q)dt) AR (X)
Fg 0 S(X)

o~ R o~
:/ $1(X) (/ e“/ ¢2(m(atq)) 15 (p(atq)) Marq) (e (s, p(q))) Lis (P(9) L, (1) (P(q)) Mq) dsx (q) dt) dm(X)
F 0 S(X)

g
+0x (16110 - 92100 - g]loc - 672471 - lhmmn)R)

Using Fubini’s theorem and we can write

an [ &) /Re’” [ @@ Ly (p(ara) Aara) €T 5, () Lty (p(0)) Lo (p()) Ala) dsx () it | da(X)
Fg 0 S(X)
R —~ —~
= [ (] e by (ar) Mara) €07 (s, p(@) 31X Licy (@) L 1) (b)) Aa) dsx (a) A (X) ) dt
0 Fg JS(X)

-/ " ot ( [, @aln@a) Lics (ara) Maca) €(T1(5, ) 61 (x(0)) L (0) L, (@) A(@) du(fI)) at
0 ol My
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To apply Theorem [3.1] we first use Theorem [3.8] to write

R
(18) /0 el (/QM p2(m(arq)) L i, (arq) Mazq) E(1¢(s, q)) d1(7(q)) Lre; (@) L. (1) (q) AMq) du(q)> dt

R
- / ot ( / b2 (@) T, (ar) Marg) €To(5. 9)) 61 (m(0)) L, (0) Ma) du(a)) dt
0 Q' M,

+0, (116100 - [92lloc - €lloo - =) .

Recall that the Hubbard-Masur function A: Q* M (1) — Ry is continuous and thus it is bounded on the
compact set K5 C Q' M, (1); a more explicit bound is provided by Proposition Thus, applying Theorem
[3:1] we deduce

Jim o $2(7(arq)) L1k (arq) Macq) E(1i(s,q)) 1(m(q)) L x5 (q) Aq) du(q)

o &(s)
T (M) (/QIMQ o1(m(q)) 1x5(q) Mq) du(tz)) (/@MG b2(m(q)) 1x5(q) Mq) du@)) :

In particular, it follows that,

R
(19) lim e—hR/O eht (/le $2(m(arq)) 1x;(arq) Marq) E(1i(s, q)) ¢1(m(q)) 1k (q) AMg) du@)) dt

R—o0

§() [ at@ i@ xad@) ([ 6@ @ r ).
Q1 M, Q1M,

~ hp(QTM,)
Using , , , , , we deduce
(20) lim ¢~hP / 61(X) ( / ba(Y) dmé‘;,f,s@m) dm(X)
R—o0 M, M,

- T ( L, @) @20 du(q)> ( L, @) 1@ dM(Q))
+Ox (Il - 92l - €l ).

We now incorporate the contributions near the multiple zero locus to the leading term in the previous
estimate. By and Proposition for i € {1,2},

(1) [ @) i M duta) = [ 6r(a) Ma) da) + O [l -0

Q' M,
Using and the definition of the Hubbard-Masur constant A > 0 in we can write, for ¢ € {1, 2},

(22) / ¢i(m(q)) M) du(q) = A ( ¢i(X) dm(X)> = A-m(¢;).
QI M, My
Putting , , and together we deduce
(23) Jim ™M [ (X) ( $2(Y) dmﬁ,z,s,g(yo dm(X)
o Mg Mg
A2 -m(¢y) -m(p2) - E(s

B h- 1(QTM,) + Ok (| 61]loo - |92]lo0 - 1€]loo - 6) -

Taking § — 0 and using the fact that u(Q'M,) = m(M,) we conclude

lim e "* /M $1(X) (/M P2(Y) dmg},],s,g(y)> dm(X)

R—o0
_ A% m(41) m(e2) - £(S) 0
h-m(M,) .

The same arguments, with Theorem used in place of Theorem [3.1] yield the following mean equidis-
tribution result; this is the main tool used in the proof of Theorem [I.§
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Theorem 3.11. Let s: QlMg — Hy be an SO(2)-equivariant, nowhere vanishing, measurable section, let
b1, 2 € L (Mg, m) be essentially bounded functions with compact essential support, and let & € CH(R) be
a non-negative, continuous, compactly supported function. Then,

lim e """ $1(X) (/ $2(Y) dmg},J,s,E(Y)> dm(X)
M,

R—o0 Mg

_ A% -m(¢y) - m(gs) - Ny (€)
h-m(M,) '

Limit theorems for mapping class groups. Recall that, given X € Mg, || - | x denotes the Hodge norm
induced by X on H;(X;R). We also denote by || - ||x the Hodge norm induced by X € 75 on H;(Sg;R),
where, we recall, Sy is the underlying topological surface describing the markings of 7,. Given vy € H1(Sg; R)
a non-zero vector and X # Y € 7,, denote

llvolly
04 (X, Y) = o} .
oY) = TR ) 8 Juollx

With the aim of proving Theorem [I.7, we establish the following bound.

Proposition 3.12. Let vg € Hi(S4;R) be a non-zero vector in homology. Suppose that g € Mod, and
X, XYY" € K are such that g.Y # X and g.Y' # X'. Then,

2 (X, X') + 2dr (Y, Y")

Proof. Under the assumptions of Proposition not only d7(X,g.Y) > 1 but also d7(X’,g.Y’) > 1. In
particular, the quantities considered are well defined. Directly from Theorem we deduce

|opy (X',8.Y") — 0, (X,8.Y)| <

|log [[volx+ — log [|vo|| x| < d7 (X, X") <4,
|[log|lvollg.y” —log||vollg.v| < d7(g.Y,8.Y') <4,
[log [|vollg.y — log [|voll x| < dr (X, 8.Y).
Using these bounds, together with the triangle inequality, we deduce

2d7 (X, X") +2d7 (YY)

|0710 (le gY’) — Ouyg (Xa gY)| S

Given vy € H1(S5,;R) a non-zero vector and X # Y € T,, denote

oo (X,Y) = bdm”wmxrﬁ'

dr(X,Y) < [[vollx

The following estimate will be used in the proof of Theorem[I.3} the proof uses the same types of arguments
as Proposition [3:13]

Proposition 3.13. Let vo € Hi(Sg;R) be a non-zero vector in homology. Suppose that g € Mod, and
X, X")Y,Y' € K are such that g.Y # X and g.Y’' # X'. Then,

2d7 (X, X') + 2dr(Y,Y")
dT(X7 gY)

1700 (X', 8.Y") — 7 (X, 8.Y)| < +2V/dr (X, X') + dr(Y,Y).

Recall that, given X,Y € 7, and R > 0, we denote by M(X,Y, R) the set of all mapping classes g € Mod,
such that 0 < d7(X,g8.Y) < R. Given £ € CS (R), vg € H1(S4;R) a non-zero vector, X,Y € T, and R > 0,
consider the counting function

FfﬂJo(X?KR) = Z S(O'UO(X,g.Y)).
gEM(X,Y,R)

Notice that this counting function does not depend on the marking of ¥ € 7, but only on its underlying
complex structure, i.e., on its projection to M.
Recall h := 6g — 6. With the aim of proving Theorem we establish the following bound.

Proposition 3.14. Let K C T, compact, £ € CJ(R) NC*(R), vo € H1(S,;R) non-zero, and § > 0. Suppose
that X, X', Y, Y' € K are such that d7(X,X’) < § and dr(Y,Y") < 4. Then, for every R > 0,

Feop(X,Y, R) < Fe oo (XY, R+20) + Oxc([[€ller - /%) + Oxc([[€llcr - 6 - "7/ R).
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Proof. For R > 0 denote
Ff(X,Y,R) = > £(04,(X,g.Y)).
gEM(X,Y,R)\M(X,Y,R/2)
By Theorem
Feuo (X, Y, R) = F{ , (XY, R) + Ox([|¢]lc: - "),
By Proposition and Theorem
Fo, (X, R) = > §(0u (X' gY") + Oxc(llglles -3 - "7/ R).
gEM(X,Y,R)\M(X,Y,R/2)
By the triangle inequality,
>, Elov, (X', 8Y")) < > €(ov (X', 8Y")) + Og(|I€lcr)
gEM(X,Y,R)\M(X,Y,R/2) gEM(X', Y, R+25)
Putting everything together we conclude
Feug (X, Y, R) < Feoug (XY, R+26) + Ok ([[¢]loo - €"/%) + Oxc(|[€]lcr - 6 - "7/ R). O
Given £ € CH(R), vg € H1(Sg;R) non-zero, X,Y € T,, and R > 0, consider the counting function
Hf,UO(X’KR) = Z g(Tvo(X’g'Y))'
gEM(X,Y,R)

Notice that, as in the case of F¢ ., (X, Y, R), this counting function does not depend on the marking of Y € 7
but only on its underlying complex structure, i.e., on its projection to M,.

With the aim of proving Theorem [I.8] we establish the following bound; the proof is analogous to that of
Proposition [3.14] but uses Proposition [3.13] in place of Propostion [3:12}

Proposition 3.15. Let K C T, compact, £ € CJ(R) NC*(R), vy € H1(S,;R) non-zero, and § > 0. Suppose
that X, X', Y, Y' € K are such that dr (X, X’) <6 and dr(Y,Y’) < 4. Then, for every R > 0,

Heoo(X,Y, R) < He,oo (X' Y, R+ 28) + Ok ([€]lcr - €"*/%) + O ([€ller - (8- "F/VR+ V5 - ).

Recall that, given X,Y € T, and R > 0 sufficiently large, we endow 9(X,Y, R) with the uniform prob-
ability measure Px y r. We are now ready to prove Theorem which we restate here for the reader’s
convenience.

Theorem 3.16. Let X,Y € T, be marked complex structures on Sy, let vg € Hi(Sg;R) be a non-zero
homology class, and let || - || be a norm on the homology group Hy(S4;R). Then, the random variables

log [lg™"vol|

converge in distribution to the Dirac mass at ¢ as R — oo.

n (m(Xa K R)) PX,Y,R)

Proof. Because norms on finite dimensional vector spaces are comparable, it is enough to prove the desired
statement for the Hodge norm || - ||y induced by ¥ € 7, on the homology group H;(X;R). Furthermore, by
Theorem [3.9] it is equivalent for our purposes to consider the random variables

o Jeollay
dr(X,g.Y) 7 lvollx

Fix a test function £ € CF(R). Our goal is to show that
. Fe (XY R) Fe o (X, Y, R)
24 <l =02 ] 2
24 =R xR = P X v R)

Standard approximation arguments show that, without loss of generality, we can assume ¢ € CF(R) NCYH(R).
We now focus on proving the upper bound in ; the lower bound follows by analogous arguments. For the
rest of this discussion we consider K := B;(X)UB1(Y),0<d <1, and R > 0.

Supppose now X', Y’ € 7, are such that d7 (X, X’) <, dr(Y,Y’) < 4. Then, by Proposition

Feouo (X, Y, R) < Fe oo (X', Y, R+26) + Oxc(l[€ller - €"*/%) + Ok (€ ]lcr - 6 - "/ R).

on (DJT(X, Y, R), PX,Y,R)~

< £(s).

Multiplying by 1z;(x)(X’) - 1g,(v)(Y') we obtain the following inequality, valid for every X', Y" € Ty,
L, x)(X') - 1p, () (Y') - Feo (XY, R)
< gy x)(X') - L) (V') - Feg (XY, R+ 26) + O (€]l - €"/%) + Ok (||€ller - 6 - "7/ R).
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Integrating with respect to dm(Y”’) dm(X’) we deduce

(25) m(B;5(X)) - m(B5(Y)) - Feuo (X, Y, R)

< /T Lp,(x)(X) ( /T ILBé(y)(Y’)Fg,UO(X’,Y',R—F25)drY1(Y’)> dm(X")

g g9

+O0x (M(B5(X)) - m(Bs(Y)) - ]|t - /%) + Oxc (m(Bs (X)) - m(B5(Y)) - [[€ller - 6 - "7/ R).

Fix a locally finite, measurable fundamental domain D, C 7, for the action of Mod, on 7g; such a fundamental
domain exists because the corresponding action is properly discontinuous. Then,

(26) /T Lpsx)(X) (/T 1) (Y) Feo (X', Y, R+ 26) dﬁl(Y’)> dm(X")

-> >/

g€Mod,; heMody g

lgp, (X') 1p,x)(X") (/ Inp, (Y) 1py)(Y') Feoo (X', Y, R+ 26) dr”ﬁ(Y/)) dm(X").

9

Fix g,h € Mod,. Recall that p: 7, = M, denotes the corresponding quotient map to moduli space. An
unfolding argument shows that, for every X’ € M,,

(27) | 1, (V) Ly ) (V) Fe (X', Y, R4 26) din(1)
T,

g

— [ Lo, (V) Fea (X', R+ 20) dm(y)

g9

= / ILB(S(Y) (p‘}:.l’Dg (Q(Y/))) 5(0(X17 Yl)) ]]‘BR+25(X/)(Y/) dﬁl(yl)'

Ty

Consider the natural projection P: Q'T, x Hy(S,, R) — H,,. Notice that the map p: Q' T, — Q' M, restricts
to a measurable bijection on 7~!(g.Dy). Consider the section s: Q' M, — H, given by

sg(q) == P(pgil(g.pg)(Q),UO)-

Informally, this section chooses the parallel transport of vy € Hi(Sy;R) above every point ¢ € Q' M,
after identification with a measurable fundamental domain of Q'7,. This section is SO(2)-equivariant by
construction. Furthermore, for every X’ € g.D, and every Y’ € Ty,

Lay(xryr)(3g,p(as (X', Y))) = &(00, (X', Y7)).
In particular, for every X’ € g.D,,
E@(X',Y")) Lppys(xn (Y) d(Y') = dm 0 (V)

It follows that, for every X’ € g.D,

(28) /T L (v) (@, RY))) E@ (X, Y")) Lip 50y (V') dia(Y)

9

— [ Lo ek, Ry Rl (1),

g

As mf}fﬁig is the pushforward to M, of the measure rﬁ?}fﬁf’g on Ty,
- ~ R425 - 5
@) [ @ik, @O AREE ) = [ L0 b, () dmE (1),
g g

As the measures mf}f’?i ¢ do not depend on the marking of X’ € 7,

(30) / 1o, (X') Ly, (x) (X) ( /M L, (2l ko, (V7)) dmﬁéf,?i,g) dm(X’)

g g

= /M 135(X)(Q|;_1D9(X/)) (/M ]lBg(Y)(Bh_l,lpy(Y/))dmfﬁ,?i@) dm(X").

g g
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Putting together 7 , , , and , we deduce
(31) / L, (x)(X') </ L, (v)(Y') Feoo (X', Y, R+ 26) dﬁl(Y’)> dm(X’)
T T

g

- 5 [ g 00 ([ i, 07 i am
gc&Mody heMod, My
As Dy C Ty is locally finite, Theorem [3.10] guarantees that
(82)  lim e MR R7 / L) (Blg.p, (X)) (/ 135<y>(plh.1pg(Y’))dmi’}iz}i,g> dm(X")
ge€Mody heMod, M

Z Z A2 -m(Bs( )ﬂg}?gznﬁ\l Bs(Y) Nh.Dy) - &(s)

g9

g€Mody heMod, (My)
_ A m(Bs(X)) - m(Bs(Y)) - £(<)
B h-m(M,) '
Recall that, by Theorem [3.9]
A2
—hR .
(33) ngnoo e -H#M(X,Y,R) = hm(M,)

Putting together , , and , we deduce

Fea (LY R) o
limsup =221~ < 2" . £().
Rmp (X, Y, R) ¢6)
Letting 6 — 0 finishes the proof of (24)) and thus the proof of Theorem O

Recall that V' = V(g) > 0 denotes the variance of Hy as introduced in § The same arguments discussed
in the proof of Theorem but using Theorem in place of Theorem [3.10] and Proposition [3.15]in place
of Proposition yield a proof of Theorem we restate this result here for the reader’s convenience.

Theorem 3.17. Let X,Y € T, be marked complex structures on Sy, let vo € H1(Sq;R) be a non-zero
homology class, and let || - || be a norm on the homology group Hi(Sy;R). Then, the random variables

log llg ™ .vol| — d7(X,8.Y) - ¢

converge in distribution to a Gaussian of mean 0 and variance V as R — oo.

on (f.)ﬁ(X, Y, R), ]P)X,Y,R)

Mean equidistribution of statistical sectors. To prove Theorems and we will need more precise
versions of Theorems [3.16] and [3.17] that keep track of so-called bisector information. To ease the reader into
these more technical statements we first present the corresponding results for sectors of Teichmiiller space;
the proofs follow arguments similar to those discussed in the proofs of Theorems and so we focus
mainly on setting up the right notation to state the results precisely.

Recall that MF, denotes the space of singular measured foliations on S; up to isotopy and Whitehead
moves, that PMF, denotes its projectivization under the natural R action that scales transverse measures,
and that [\] € PMF, denotes the projective class of A € MF,. Consider the maps R,$: Q' T, — MF,
which to every marked, unit area, holomorphic quadratic differential ¢ € QlT assign its real/vertical and
imaginary /horizontal foliations R(g), S(¢) € MF,. Consider also the induced maps [R], [S]: Q' T, — PMF,.
Given X € T, and U C PMF, denote

Sectu(X) = {Y S 'Tg \ {X} | [%(qS(X, Y)} S U} = SeCt[m]—l(u)ns(X)(X).

Now fix X € 7,, a measurable subset Y C PMF,, an SO(2)-equivariant, nowhere vanishing, measurable
section s: Q' M, — Hy, a function £ € C(R), and R > 0. Consider the measure ﬁl?},u)l’s,g on 7, given for
every Y € T, \ {X} by

(34) de U, Is 5(Y) = f(IdT(x,Y)(&p(qS(Xa Y)))) ]]-BR(X)ﬂSectu(X)(Y) dﬁl(Y)~
Analogously, consider the measure on 7, given for every Y € 7, \ {X} by
(35) dmy 5. e(V) = E(Jarx,v) (5, 0(05 (X, Y)))) L (x)nsecty () (Y) dm(Y).

Denote by mﬁ’u’ I,s,¢ and m# X5, the pushforwards to M, of the corresponding measures on 7, under the
natural forgetful map.

Recall that i denotes the Masur-Veech measure on Q'7,. The following mean equidistribution result for
sectors can be deduced using similar arguments as in the proof of Theorem [3:10]
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Theorem 3.18. Let Y C PMF, be a measurable subset, let s: QlMg — Hy be an SO(2)-equivariant,
nowhere vanishing, measurable section, let ¢1 € L*°(Ty,m) and ¢ € L°(Mgy,m) be essentially bounded
functions with compact essential support, and let & € CF(R). Then,

R—o0

- m - /% 1/([R()]) 61 (v(a)) Ag) dAq).

My

lim e " - $1(X) < d2(Y) dmﬁ,u,l,s,g(y)> dm(X)

Analogously, the following mean equidistribution result can be deduced using the same arguments as in
the proof of Theorem

Theorem 3.19. Let U C PMF, be a measurable subset, let s: Q* M, — H, be an SO(2)-equivariant,
nowhere vanishing, measurable section, let ¢1 € L™(Tg,m) and ¢y € L®(Mgy,m) be essentially bounded
functions with compact essential support, and let £ € CTH(R). Then,

lim e "% ¢1(X)< ¢2(Y)dm§7u,J7s,€(Y)> dm(X)

R— o0 T, M,
_ A-m(¢a) - Ny (§) ~
- A G [ @) o (r(0) Mo ).

Limit theorems for sectors. To promote Theorems [3.1§] and [3:19] to results about statistics of mapping
classes in sectors, we need to control how these statistics vary as we change the data prescribing the sectors
of interest. This requires some technical results from [AH23] which we now summarize.

Given X,Y € T, U C PMF, measurable, and R > 0, denote by M(X,Y,U, R) the set of all mapping
classes g € Mod, such that g.Y € Br(X) NSecty (X). Recall that v denotes the Thurston measure on MF,,
with the normalization described in Recall that Extx () > 0 denotes the extremal length of n € MF,
with respect to X € T4. Given X € 7T,, denote by Tx the conned-off measure on PMF, defined for every
measurable subset A C PMF, by

(36) Ux(A):=v{ne MF,: [n] € A, Extx(n) <1}).

Fix a set of Dehn-Thurston coordinates = of MF,. These coordinates identify MJF, with ¥3973 where
¥ := R?/(£1). We can then identify PMF, with the L' unit sphere in 3973 and endow this space with the
corresponding L' metric, which we denote by d=. Given V C PMF, and § > 0, denote by V(Z,5) C PMF,
the subset of all projective measured foliations at distance at most § from V with respect to the metric
induced by =.

The following technical estimate can be deduced directly from the arguments introduced in the proof of
[AH23| Proposition 9.3].

Proposition 3.20. There exist C = C(g) > 0 and k = k(g) > 0 such that for every set of Dehn-Thurston
coordinates Z of MF g and every K C Ty compact , there exists 6o = do(Z, ) > 0 with the following property.
Let U C PMF, be a measurable set, let 0 < 6 < g, and let X, X" YY" € K be marked Riemann surfaces
such that dr(X,X') <6 and dr(Y,Y') < §. Then, for every R > 0,

#(ON(X,Y, U, R) \ M(X",Y" .U, R+ 26)) <x Ux (OU(E,C - e ")) . B 4 o(h=rF,

Given ¢ € Cf(R) a non-negative, continuous, compactly supported function, vg € H;(S,;R) a non-zero
vector, X,Y € Ty, U C PMF, measurable, and R > 0, consider the counting function

Feof(X.YUR) = Y &(0u,(X.gY).
gEM(X,Y,U,R)
Notice that this counting function does not depend on the marking of ¥ € 7, but only on its underlying
complex structure, i.e., on its projection to M.
The following estimate provides a comparison for statistics of mapping classes in sectors of Teichmiiller
space under small changes of the defining data; the proof is similar to that of Proposition and only
requires the additional incorporation of Proposition [3.20

Proposition 3.21. There exist constants C = C(g) > 0 and k = k(g) > 0 such that for every set of Dehn-
Thurston coordinates = of MF, and every compact set KK C Ty, there exists a constant ég = §o(Z,K) > 0
with the following property. Let & € CFH(R)NCY(R), let vo € H1(Sy;R) non-zero, let U C PMF, measurable,
let 0 < § <8y, and let X, X' Y,Y' € K such that d7(X,X’) <& and dr(Y,Y') < 5. Then, for every R > 0,

F{,Uo(XaYvZ/{)R)
< Feoo (XY, U, R +26) + Oxc(|[€lcr - @x (OUE, C - eF)) - " 4 ")) 4 Ok (|[€ller -6 - "7/ R).
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Given ¢ € CF(R) a non-negative, continuous, compactly supported function, vg € Hi(Sy;R) a non-zero
vector, X,Y € Ty, U C PMF, measurable, and R > 0, consider the counting function

Hf,UU(X’YvZ/l?R) = Z g(Tvo(X’g'Y))'
gEM(X,Y,U,R)

Notice that, as in the case of F¢,,(X,Y,U, R), this counting function does not depend on the marking of
Y € 7T, but only on its underlying complex structure, i.e., on its projection to M.

The following estimate provides a comparison for statistics of mapping classes in sectors of Teichmiiller
space under small changes of the defining data; the proof is similar to that of Proposition [3:15 and only
requires the additional incorporation of Proposition

Proposition 3.22. There exist constants C = C(g) > 0 and k = k(g) > 0 such that for every set of Dehn-
Thurston coordinates = of MF, and every compact set K C Ty, there exists a constant o = do(Z,K) > 0
with the following property. Let & € CJ(R)NCH(R), let vg € Hi(Sy;R) non-zero, let U C PMF, measurable,
let 0 <6 < dp, and let X, X" YY" € K such that dr (X, X') <6 and d7(Y,Y’) < 6. Then, for every R > 0,

HfaUO(XaKu,R)
< Hﬁ,vo (X/, Y/,ua R+ 26) + OlC(”chl . (vX(aZ/[(E, o G,NR)) . ehR N e(h*H)R))
+O0xc([€llcr - (6 - M /VR + V5 - "),

Recall that sx denotes the component above X € 7, of the disintegration of the Masur-Veech measure
m on 7, along the fiber S(X) C Q7 of the forgetful map m: Q'7, — T,. Recall also the definition of
the Hubbard-Masur function A: Q'7;(1) — R introduced in §2. The following result corresponding to
[ABEM12D, Theorem 2.9] is a non-effective analogue of Theorem for sectors of Teichmiiller space. An
effective version also holds, see [AH23, Theorems 9.1 and 9.2], but it requires introducing technical definitions
that will not be needed for our purposes.

Theorem 3.23. For every X,Y € T, and every U C PMUF, measurable with Ux (0U) = 0,

A

Jim e ML UM(X, Y, U, R) = ) (/S(X) 1y (R(g)]) Ma) dsX(tJ)> -

In view of Theorem given X € T4 and U C PMF,; measurable, we consider

TXU) = [ LR M0 dsx(a).
S(x)

The following result, corresponding to [AH23| Proposition 9.13], provides a comparison of these integral for

varying base points X € 7, in terms of the Teichmiiller metric.

Proposition 3.24. Let 0 < 6 < 1 and X, X' € T, with d7(X,X') < 6. Then, for every d C PMF,
measurable, the following estimate holds,

I(X,U) = I(X',U) + 0,y(5).

Given X,Y € 7,, a measurable set Y C PMF, with Ux(U) > 0, and R > 0 sufficiently large, endow
M(X,Y,U, R) with the uniform probability measure Px y g. The following law of large numbers follows
from similar arguments to those introduced in the proof of Theorem [3.16} one should use Theorem [3.18] in
place of Theorem [3.10, Proposition [3.21]in place of Proposition and Theorem [3:23]in place of Theorem
while also appealing to Proposition [3.24

Theorem 3.25. Let X,Y € T, be marked complex structures on Sy, let U C PMF, be a measurable set
with Tx(U) > 0 and Ux (0U) = 0, let vg € H1(S4;R) be a non-zero homology class, and let || - || be a norm
on the homology group H1(Sy;R). Then, the random variables

log [lg™".vo|

m n (DJT(X, Y.u, R)a ]PX,Y,Z/{,R)

converge in distribution to the Dirac mass at ¢ as R — oo.

Analogously, the following central limit theorem follows from similar arguments to those introduced in the
proof of Theorem [3.17; one should use Theorem [3.19|in place of Theorem Proposition [3.22] in place of
Proposition [3.15] Theorem [3:23] in place of [3.9] while also appealing to Proposition [3.24]
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Theorem 3.26. Let X,Y € T, be marked complex structures on Sy, let U C PMF, be a measurable set
with Tx (U) > 0 and Tx (0U) = 0, let vo € H1(S4;R) be a non-zero homology class, and let || - || be a norm
on the homology group H1(S,;R). Then, the random variables
log g~ wol — d7(X,8.Y) <
dT(ngY)

converge in distribution to a Gaussian of mean 0 and variance V as R — oo.

n (m(Xa Ya Z/[7 R)a PX,Y,Z/{,R)

Mean equidistribution of statistical bisectors. We now discuss mean equidistribution results for sta-
tistical bisectors of Teichmiiller space. These results lead to limit theorems that will be crucial in the proofs
of Theorems [[.1] and

Recall that A7, C 7, x 7, denotes the corresponding diagonal. Consider the map g.: Ty x Tg\ A7, — o7,
which to every pair X,Y € 7, with X # Y assigns the quadratic differential ¢.(X,Y) € S(Y') corresponding
to the cotangent direction at Y of the unique Teichmiiller geodesic segment from X to Y. Given X € Ty,
denote by gx: T, \ {X} — Q'T, the map which to every Y # X € T, assigns the quadratic differential
gx(Y) :=qr(X,Y) € S(Y). Fix X € T,, a measurable subset Y C PMF,, an SO(2)-equivariant, nowhere
vanishing, measurable section s: Q' M, — Hy, a function ¢ € CF(R), and R > 0. Consider the measures
fﬁg},u,[,s,g and fﬁg},u,l,s,g on 7, introduced in and . Lift these measures to Q'7, by considering the
pushforwards

ﬁg’},u,l,g = (QX)*(fﬁg,u,I,s,g)a ﬁg,u,m = (QX)*(I?lg,u,J,s,g)

Denote by f1x14.1.s,c and px u,7,5.¢ the pushforwards to @' M, of the corresponding measures on Q'7, under
the natural forgetful map.

The following mean equidistribution result can be deduced using the same arguments as in the proofs of

Theorems [3.10 and B.18

Theorem 3.27. Let U C PMF, measurable, let s: Ql/\/lg — Hy be an SO(2)-equivariant, nowhere van-
ishing, measurable section, let ¢1 € L>(T,,m), pa € L>®(Q' My, 1) be essentially bounded functions with
compact essential support, and let & € CT(R). Then,

Rli_{n e "B #1(X) (/ v2(q) dﬂ“ﬁ,lj,[,s,&@])) dm(X)
& Ty Q1 M,

- D ( ., 1@ (e X) dﬁ(q)) - < L, 2@ A(q)du<q>> .

Analogously, the following mean equidistribution result can be deduced using the same arguments as in

the proofs of Theorems and

Theorem 3.28. Let U C PMF, measurable, let s: QlMg — H, be an SO(2)-equivariant, nowhere van-
ishing, measurable section, let ¢1 € L>(T,,m), @o € L®(Q'M,, 1) be essentially bounded functions with
compact essential support, and let & € C(R). Then,

H}im e M $1(X) </ v2(q) d/ig,u,J,s,g(Q)> dm(X)
— 00 7’g QlMg

- ( ., 1@ (e X) dﬁ(q)) - < L. e A(q)qu)) .

Limit theorems for bisectors. Given X,Y € 7, measurable subsets U,V C PMF,, and R > 0, denote
by M(X,Y,U,V, R) the set of all mapping classes g € Mod, such that 0 < d7(X,g.Y) < R, g.Y & Secty(X),
and g~1.X € Secty(Y). The following technical estimate is an analogue of Proposition for bisectors of
Teichmiiller space.

Proposition 3.29. There exist constants C = C(g) > 0 and k = k(g) > 0 such that for every set of Dehn-
Thurston coordinates = of MF, and every compact set KK C Ty, there exists a constant ég = §o(Z,K) > 0
with the following property. Let U,V C PMUF, measurable sets, let 0 < 6 < &y, and let X, X' YY" € K
marked Riemann surfaces such that d(X,X') < § and d7(Y,Y’) < 6. Then, for every R > 0,

#ONX,Y,U,V, R\M(X', YUV, R+26)) =k (Tx(0UE,C-e ")) +0y (OV(E, C-e ")) eh B eh=mR

Proof. Let K C T, compact and dg = do(K) > 0 as in Proposition Let U4,V C PMF, measurable,
0<d<d,and X, X' Y)Y’ € K with d7(X, X') < § and d7(Y,Y”’) < 8. Then, for every R > 0,

IM(X,Y, U, V,R)\ M(X',Y' .U, V, R+ 26)
C (M(X,Y,U, R) \ M(X", Y, U, R+ 25)) U (MY, X, V,R) \ MY, X", V, R+ 28)) !
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The desired estimate then follows directly from Proposition [3.20 O

Given ¢ € C/(R) a non-negative, continuous, compactly supported function, vo € H;(S,;R) a non-zero
vector, X,Y € Ty, U,V C PMF, measurable, and R > 0, consider the counting function

Fe 0o (X,Y,U,V,R) := > E(0v,(X,8.Y)).
gEEm(X,Y,L{,V,R)

The following estimate provides a comparison for statistics of mapping classes in bisectors of Teichmiiller
space under small changes of the defining data; the proof is similar to those of Propositions and
but requires using Proposition [3.29]in place of Proposition [3.20}

Proposition 3.30. There exist constants C = C(g) > 0 and k = k(g) > 0 such that for every set of Dehn-
Thurston coordinates E of MF 4 and every compact set IC C T, there exists a constant g = do(=Z, ) > 0 with
the following property. Let & € CH(R) NCY(R), let vg € H1(Sy;R) non-zero, let U,V C PMF, measurable,
let 0 < § <8y, and let X, X' Y, Y’ € K such that d7(X,X’) < § and dr(Y,Y') < 5. Then, for every R > 0,
Fﬁmo (Xa Ya Z/[, V7 R)
< Fepo (X, YUV, R+ 20) 4 Oxc(||€lcr - 6 - "/ R).
+Ox([€ller - (P(OUE, C - &™) + D(OV(E, C - e ")) - e"F 4 el R,

Given ¢ € Cf(R) a non-negative, continuous, compactly supported function, vg € H;(S,;R) a non-zero
vector, X,Y € Ty, U,V C PMF, measurable, and R > 0, consider the counting function

He o (X,Y,U,V,R) := > E(T (X,8.Y)).
geEM(X,Y,U,V,R)

The following estimate provides a comparison for statistics of mapping classes in bisectors of Teichmiiller
space under small changes of the defining data; the proof is similar to those of Propositions and
but requires using Proposition [3.29|in place of Proposition [3.20

Proposition 3.31. There exist constants C = C(g) > 0 and k = k(g) > 0 such that for every set of Dehn-
Thurston coordinates E of MF , and every compact set IC C T, there exists a constant g = §o(=Z, ) > 0 with
the following property. Let & € C(R) NCH(R), let vo € Hi(Sy;R) non-zero, let U,V C PMF, measurable,
let 0 < § <&y, and let X, X' Y)Y’ € K such that d7(X,X’) < § and dr(Y,Y') < 5. Then, for every R > 0,

He oo (X, Y,U,V, R)
< He oo (XY UV, R+26) + Ox(||€]lcr - (5 - "B /VR + V35 - '),
+Ox([€ller - (POUE,C - ™)) + TOV(E, C - 7)) - " 4 h798)),

The following result corresponding to [ABEMI12bl, Theorem 2.10] is a non-effective analogue of Theorems
and Theorems for bisectors of Teichmiiller space. An effective version also holds, see [AH23|, Theorems
10.6 and 10.7], but will not be needed for our purposes.

Theorem 3.32. For X,Y € Ty and U,V C PMF, measurable with x (0U) = Uy (0V) = 0,
lim e "R . 4#M(X,Y,U,V,R)
R—o0

1
= hmM,) (/S(X) Ty ([R(q)]) Mq) d8x(q)> : (/S(Y) Ty ([R(g)]) Mq) d5y(Q)> :

Given X,Y € T,, measurable sets U,V C PMF, with vx(U),7y (V) > 0, and R > 0 sufficiently large,
endow M(X,Y,U,V, R) with the uniform probability measure Px v,y r. The following law of large numbers
follows from similar arguments to those introduced in the proof of Theorems and one should use
Theorem [3.27] in place of Theorems [3.10] and Proposition [3.30] in place of Propositions and
and Theorem [3.32] in place of Theorems [3.9] and

Theorem 3.33. Let X,Y € T, be marked complex structures on Sy, let U,V C PMF, be measurable sets
with Tx (U), 7y (V) > 0 and Ux (0U) =Ty (0V) = 0, let vo € H1(Sy4;R) be a non-zero homology class, and let
|| - |l be @ norm on the homology group Hi(Sg¢;R). Then, the random variables

log [|g™" vo|

dT(ngY)

converge in distribution to the Dirac mass at ¢ as R — oo.

n (MX,Y,U,V,R),Px vuvr)
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Analogously7 the following CLT follows from similar arguments to those introduced in the proofs of The-

orems and [3:26} one should use Theorem [3:28] in place of Theorems [3.11] and [3:19 Proposition [3.31] in
place of Propos1t10ns [3:15) and 3:22] and Theorem [3.32] in place of Theorems [3.9] and [3:23]

Theorem 3.34. Let X,Y € T, be marked complex structures on Sy, let U,V C PMF, be measurable sets
with 7x (U), 7y (V) >0 and Ux (82/1) =Ty (0V) =0, let vg € H1(S4;R) be a non-zero homology class, and let
|| |l be @ norm on the homology group Hi(Sg¢;R). Then, the random variables

log ||g~ ol — dr(X,g.Y) -
dT(Xv gY)
converge in distribution to a Gaussian of mean 0 and variance V as R — oo.

on (M(X,Y,U,V,R),Pxvyuyv,Rr)

Other limit theorems for mapping class groups. Although Theorems [I.7] and [I.§ make reference to
a given vector in homology, it is possible to prove, via similar arguments, analogous limit theorems for the
operator norm, i.e. the largest singular value, of the symplectic matrix representing the linear action of a
mapping class on the homology group of a surface.

More precisely, let p: Mody — Sp(H1(Sg;R)) be the natural symplectic linear representation of the map-
ping class group of S, onto the group of symplectic linear automorphisms of its homology group. Given a
norm || - || on Hi(S4;R), denote also by || - || the operator norm on Sp(H1(Sg;R)), i.e., the function that
records the largest singular value of the corresponding symplectic matrix. The following limit theorems are
analogues of Theorems and and can be proved using similar arguments; see [AF24] Theorems 4.24 and
4.27] for the mixing limit theorems that play the role of Theorems and in the corresponding proofs.

Theorem 3.35. Let X,Y € T, and || - || be a norm on Hi(Sg;R). Then, the random variables
log [|p(g) "l

converge in distribution to the Dirac mass at ¢ as R — oo.

n (DJT(X, }/7 R), ]P)X,YA,R)

Theorem 3.36. Let X,Y € T, and || - || be a norm on H1(Sq;R). Then, the random variables
log|lp(g) "Il — d7(X,8.Y) <
dT (Xa gY)
converge in distribution to a Gaussian of mean 0 and variance V as R — oo.
Remark 3.37. Sector and bisector limit theorems analogous to Theorems [3.25] [3.26}, [3.33}, and [3.34] but for the
operator norm of the symplectic matrix representing the linear action of a mapping class on the homology

group of a surface also hold and can be proved using similar arguments; we avoid stating these results in
detail as they will not be needed in the discussions that follow.

on (M(X,Y,R),Pxy,r)

Remark 3.38. Analogous limit theorems for exterior powers also hold; see [AF24, Theorems 4.24 and 4.27]
for the mixing limit theorems needed in the proofs. This allows one to describe the statistics of all the
singular values of the symplectic matrix representing the linear action of a mapping class on the homology
group of a surface in terms of the full Lyapunov spectrum of the Kontsevich-Zorich cocycle. We highlight
that, as explained in [ASF22], the variances of the central limit theorems for higher exterior powers of the
Kontsevich-Zorich cocycle are not known to be positive.

4. LIMIT THEOREMS FOR CLOSED CURVES

Outline of this section. In this section we give complete proofs of Theorems [I.1] and [.3] We begin
by proving slight variations of Theorems [3.33] and [3:34] that allow one to consider more general notions of
distance; see Theorems and for precise statements. We then proceed to recall the tracking
principle for mapping class group actions introduced in [AH21a] and exploited in [AH21b]. We also recall
the tools introduced in [Hon24] to deal with the case of non—ﬁlling closed curves. We end this section with
the proofs of more general versions of Theorems [[.1] and see Theorems [£.20] and [.21] below.

Generalized distances. For the rest of this section fix a closed, connected, oriented surface S, of genus
g > 2. Recall that 7, denotes the Teichmiiller space of marked complex structures on Sy, that dr denoteb the
Teichmiiller metric on 7,, and that Q'7, denotes the Teichmiiller space of marked, unit area, holomorphic
quadratic differentials on S;. Recall that MF, denotes the space of singular measured foliations on S, and
that ®,S: Q'T, — MF, denote the maps that to every quadratic differential ¢ € Q'7, assign its vertical
and horizontal foliations 3?( ), S(q) € MF,, respectively. Recall that PMF, denotes the space of projective
singular measured foliations on S, and that [n] € PMF, denotes the projective class of n € MF,. Recall
that A7, C 7, x T, denotes the corresponding diagonal and that gs: Ty x Ty \ Ay — Q'T, denotes the map
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which to every pair X,Y € 7, with X # Y assigns the quadratic differential ¢;(X,Y") € Q17; corresponding
to the cotangent direction at X of the unique Teichmiiller geodesic segment from X to Y. Recall that, given
X €Tyand U C PMF,, we denote

Secty(X) == {Y € T, \ {X}: [R(qs(X,Y))] € U}

We now introduce a notion of distance function that generalizes the Teichmiiller metric on 7,. This
definition will later be used to state Theorems and Consider X,Y € T4, U,V € PMF,, and a
continuous function A: U x V — R. Denote by M(X,Y,U, V) the set of all mapping classes g € Mod, such
that g.Y # X, g.Y € Secty(X), and g=1.X € Secty,(Y). We say a function D: M(X,Y,U,V) — R is a
generalized distance function with adjustment A if there exists a function o: M(X,Y,U,V) — R such that
o(g) — 0 uniformly as d(X,g.Y) — oo and

D(g) = dr(X,gY) — A([R(¢:(X,8.Y))], R(qs (Y. g7".X))]) + o(g).
For such a generalized distance function and every R > 0 denote
(37) Mp(X,Y,U,V,R) :={g e M(X,Y,U,V): D(g) < R}.

Recall that h := 6g — 6, that Ql/\/lg denotes the moduli space of unit area, holomorphic quadratic
differentials on Sy, that p denotes the Masur-Veech measure on Ql./\/lg normalized as in , and that m
denotes the pushforward of u to M, with respect to the natural forgetful map. Recall that v denotes the
Thurston measure on MJF, with the normalization described in §2 and that, given X € 7,, Ux denotes the
conned-off Thurston measure on PMF,, defined in (36).

Before discussing statistics we focus our attention on bisector counts with respect to generalized distance
functions. In this context we have the following result generalizing Theorem [3.32

Theorem 4.1. Let X,Y € Ty be marked complex structures on Sy and U,V C PMF, be measurable sets
with Tx (U), 7y (V) > 0 and vx (0U) = Uy (0V) = 0. Suppose A: U xV — R is a continuous function and
D: M(X,Y,U,V) = R is a generalized distance function with adjustment A. Then,

R _ 1 / hAWLID g(p e @5
Rll—r>nooe #mD(X,Y,uvvaR)* hm(./\/lq) L{><V€ d(VX®VY)([77]7[C])

Proof. Fix partitions P(U) of U and P(V) of V such that 7x(9C;) = 0 for every C; € P(U) and Uy (0C2) =0
for every Co € P(V). For every pair (C1,Cs) € P(U) x P(V) denote

A4 (Cy,C1) == sup{A([n], [¢]): ([n], [C]) € C1 x Ca},

A_(C1,Ca) = inf{A([n], [¢]) : ([n], [C]) € C1 x Ca}.

Let € > 0 be arbitrary. Since D is a generalized distance function with adjustment A, there exists Ry > 0
such that for every g € M(X,Y,U,V) with d(X,g.Y) > Ry, we have

d(X.g.Y) < D(g) + A([R(g5 (X, 8.Y))], [R(gs (Y. g™ . X)]) + e

Thus, by Theorem there exists a constant C' = C(X,Y, Ry) > 0 such that for every C; € P(U), every
Cy € P(V), and every R > 0,

(38) #M(X,Y,C1,C2, R+ A1 (C1,C2) +€) \ Mp(X,Y,C1,Co, R)) < C.
Notice that, by Theorem for every C; € P(U) and every Co € P(V),
(39) limsup e " . #IM(X,Y,C1,Co,R+ AL (C1,Ca) +¢€)
R—o0
1 — - hA(C1,C2)+he
< . . +(C1,C2 .
S h-m(/\/lg) VX(Cl) VY(C2) €

From and we deduce that
limsup e " . #Mp(X,Y,U,V, R)
R—o0

1
N ehe . Z 'pX(Cl) . fy(CQ) . ehA+(C1,C2)
h-m(M,)
(C1,C2)EP(U)YXP(V)

Letting € — 0 we deduce
limsup e " . #Mp(X,Y,U,V, R)

R—o0

1

< - . 3 y . ehA+(C1,C2)
S B mM,) vx(C1) vy (Cs) - e

(C1,C2)EP(U)XP(V)



26 FRANCISCO ARANA-HERRERA AND POUYA HONARYAR

Interpreting the right hand side of this inequality as a Riemann sum and letting the diameter, with respect
to any continuous Riemannian metric on PMF, of the partitions P(U) and P(V) go to zero we deduce

1
(40) limsup e " #Mp (X, Y, U, V,R) < ————— / AL q(mx @ oy ) (], [¢]).-
R—o0 h- m(Mg) Uxy
A similar argument shows that
1
(41) liminf e~ M (X, V.U, V. ) = 5 /u LMD dwx 0 7y)([nl €))-
g x
Putting together and the desired conclusion follows. O

Let ¢ = ¢(g) € (0,1) be the top Lyapunov exponent of Hj, as introduced in Given X, Y € 7,, measurable
sets U,V C PMF, with Ux(U),7y (V) > 0, and R > 0 sufficiently large, endow M(X,Y,U,V, R) with the
uniform probability measure Px ysv,r. The following law of large numbers is a version of Theorem
driven by generalized distance functions; it follows by the same arguments introduced in the proof of Theorem

[41] but using Theorem [3.33] in place of Theorem [3:32]

Theorem 4.2. Let X,Y € T, be marked complex structures on Sq and let U,V C PMUF, be measur-
able sets with 7(U),7(V) > 0 and Ux(0U) = Dy (0V) = 0. Suppose A: U x V — R is continuous and
D: M(X,Y,U,V) — R is a generalized distance function with adjustment A. Let vo € H1(S4;R) be a non-
zero homology class, and let || - || be a norm on the homology group Hy(Sg¢;R). Then, the random variables

log lg~!

.’U0||
d(X,g.Y)

converge in distribution to the Dirac mass at ¢ as R — oo.

n (Mp(X,Y,U,V,R),Pxvuyvr)

Let V = V(g) > 0 be the variance of H, as introduced in §2| The following central limit theorem is a
version of Theorem [3.34]driven by generalized distance functions; it follows by the same arguments introduced
in the proof of Theorem but using Theorem in place of Theorem [3.32

Theorem 4.3. Let X,Y € 7T, be marked complex structures on S, and let U,V C PMF, be measur-
able sets with 7(U),7(V) > 0 and Ux(0U) = Uy (0V) = 0. Suppose A:U xV — R is continuous and
D: M(X,Y,U,V) = R is a generalized distance function with adjustment A. Let vy € H1(S4;R) be a non-
zero homology class, and let || - || be a norm on the homology group H1(Sy4;R). Then, the random variables
log g~ vol — dr(X,8.Y) ¢
dT(X?gY)

converge in distribution to a Gaussian of mean 0 and variance V as R — oo.

on (Mp(X,Y,U,V,R),Px yu,vr)

To proceed with the rest of our discussion we need versions of Theorems [4.2]and [£.3]that work for a slightly
weaker notion of generalized distance function, which we now introduce. A subset 9t* C Mod, is said to
have full density if there exists a pair X,Y € 7, such that

(42) Jim e "M #{g € Mod, \ M*: d(X,g.Y) < R} = 0.
— 00

Notice condition holds for some pair X,Y € 7T, if and only if it holds for any such pair. Consider X,Y €
Ty, U,V C PMF,, and a continuous function A: U x V — R. We say a function D: M(X,Y,U,V) = R is
a weakly generalized distance function with adjustment A if there exists a full density subset 9" C Mod,, a
function o: M* NM(X,Y,U,V) — R with o(g) — 0 uniformly as d(X,g.Y) — oo, and a bounded function
O: (Mody \ ") NIM(X,Y,U,V) — R, such that

(1) For every g € M* NM(X, Y, U, V),

D(g) = d7(X,g.Y) — A([R(4s(X,8.Y))], R(gs (Y, g™ ".X))]) + o(g).
(2) For every g € (Mod, \ 9*) NM(X, Y, U, V),
D(g) =d7(X,g.Y) + O(g).
Just as in , for every R > 0 denote
Mp(X,Y,U,V,R) :={g € M(X,Y,U,V): D(g) < R}

Theorem 4.4. Let X,Y € T, be marked complex structures on Sy and U,V C PMIF, measurable with

vx(U), Uy (V) > 0 and vx(0U) = Dy (0V) = 0. Suppose A: U x V — R is a continuous function and
D:M(X,Y,U,V) — R is a weakly generalized distance function with adjustment A. Then,
1

. —hR _ RA(LICD q( T
Rll_{nooe #mD(vaaquaR> hm(./\/lg) /Z/lxve d<VX®VY)([77]’[C])
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Proof. Let 9" C Mod, be the full density used in the definition of the weakly generalized distance function
D. Define a distance function D": M(X,Y,U,V) — R as follows:

D'(g) = { D(g) if g € M,
& d(X,g.Y) — A([R(qs(X, g.Y))], [R(qs(Y, g7 " X))]) if g € Mod,, \ M*.

Notice D’ is a generalized distance function with adjustment A. In particular, by Theorem 4.1}

(43) lim e " . 4#Mp (X,Y,U,V,R) =

S — hA([LIED q(z 7
o emMy) € @Il

For every R > 0 we can decompose

(44) Mp (X, Y,U,V,R) = (M NMp/(X,Y,U,V,R)) U ((Mod, \ M*) N Mp (X,Y,U,V, R)).
Directly from the definition of D’ it follows that, for every R > 0,

(45) M NMp (X, Y,U,V,R) =M NMp(X,Y,U,V,R)

Since A is continuous on U x V, there exists a constant C' > 0 such that for every g € Mod, \ 9" if
D'(X,gY) < R then d(X,g.Y) < R+ C. In particular, as 9* C Mod, has full density,

(46) lim e "® . #((Mod, \ M*) N Mp: (X,Y,U,V, R)) = 0.

R—o0

Similarly, for every R > 0 we can decompose
(47) Mp(X, Y, U, V,R) = (M NMp(X,Y,U,V,R)) U ((Mod, \ M) NMp(X,Y,U,V,R)).

As the function O in the definition of the weakly generalized distance function D is bounded, there exists a
constant M > 0 such that for every g € Mod, \M* if D(X,g.Y) < Rthend(X,g.Y) < R+ M. In particular,
as M* C Mod, has full density,

(48) lim e " . #((Mod, \ M*) NMp(X,Y,U,V,R)) = 0.

R—o0

Putting together 7 7 7 , , and we obtained the desired conclusion. O

As above, given X, Y € 7,, measurable sets U,V C PMF, with vx (U),7y (V) > 0, and R > 0 sufficiently
large, endow (X, Y,U,V, R) with the uniform probability measure Px y; v r. The following law of large
numbers is a version of Theorem driven by weakly generalized distance functions; it follows by the same
arguments introduced in the proof of Theorem [£.4] but using Theorem in place of Theorem

Theorem 4.5. Let X,Y € T, be marked complex structures on Sy and let U,V C PMF, be measurable
sets with 7(U),7(V) > 0 and vx(0U) = Dy (V) = 0. Suppose A: U xV — R is a continuous function
and D: M(X,Y,U,V) — R is a weakly generalized distance function with adjustment A. Let vg € H1(S4;R)
non-zero, and let || - || be a norm on the homology group H1(Sy;R). Then, the random variables

log [lg™*

|
Mp(X,Y,U,V,R), P
d(X,gY) n ( D( e avv )a X,Y,U,V,R)

converge in distribution to the Dirac mass at ¢ as R — oo.

The following central limit theorem is a version of Theorem driven by weakly generalized distance
functions; it follows by the same arguments introduced in the proof of Theorem but using Theorem
in place of Theorem

Theorem 4.6. Let X,Y € T, be marked complex structures on S, and let U,V C PMF, be measurable
sets with T(U),7(V) > 0 and Ux (0U) = 7y (0V) = 0. Suppose A: U x V — R is a continuous function and
D: M(X,Y,U,V) — R is a weakly generalized distance function with adjustment A. Let vo € H1(Sg;R) be
non-zero, and let || - || be a norm on the homology group H1(Sq;R). Then, the random variables

log ||g~ ol — dr(X,g.Y) ¢
dT(ngY)

on (Mp(X,Y,U,V,R),Px yuvr)

converge in distribution to a Gaussian of mean 0 and variance V as R — oo.
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The tracking principle. Aside from Theorems and above, the main technical tool we will need
to prove Theorems and is the tracking principle introduced in [AH2Ib]. According to this principle,
the action of the mapping class group on the space of closed curves of a closed, orientable surface tracks
the corresponding action on Teichmiiller space in the following sense: for all but a few mapping classes, the
information of how a mapping class moves a given point of Teichmiiller space determines, up to a small error
term, how it changes the geometric intersection numbers of a given closed curve with respect to arbitrary
closed curves. This principle will allow us to recast problems about the statistics of closed curves on surfaces
as problems about the statistics of the mapping class group action on Teichmiiller space, which we will then
tackle using Theorems and

More precisely, recall that C, denotes the space of geodesic currents on Sy and that C; C C, denotes the
subset of filling geodesic currents; see §2 for precise definitions. Recall that Extx (n) > 0 denotes the extremal
length with respect to X € Ty, of a singular measured foliation n € MJF, and that extremal lengths scale
quadratically with respect to transverse measures. Given a € C; and a closed curve 8 on Sy, consider the
function A, g: PMFy x PMF, — R given by

= _logi # —logi | #
Aa,p([n], [¢]) = 1g< Extx(m’ﬁ) og ( Exty(o)'

Furthermore, consider the function D, g: Mod, — R given by
Dap(g) =1logi(e, g™ ".5).

The following is a non-effective reformulation of the tracking principle in [AH21al Theorem 1.1].

Theorem 4.7. Let 8 be a closed curve on Sy and X,Y € T,. Then, there exists a full density subset
M = M*(B, X,Y) C Mody and a function o: M* — R with o(g) — 0 uniformly as d(X,8.Y) — oo such
that for every filling geodesics current o € C; and every g € M* we have g.Y # X and

Da;ﬁ(g> = dT(X7 gY) - Aa,ﬂ([%<q‘s(X’ gY))]? [é}%(qs (Y? g_lX))]) + 0<g)

Non-filling closed curves. We now discuss some technical aspects that will need to be considered in the
proofs of Theorems and in the case of non-filling closed curves. These aspects do not need to be taken
into account in the case of filling closed curves; the reader is invited to consider this case in first instance as
they read through the proofs of Theorems [I.I] and [[.3] Proofs of the technical results we now discuss can be
found in [Hon24], where they were first introduced.

Let 8 be a closed curve on S,. Denote by Stab(3) € Mod, the stabilizer of 3, i.e., the set of mapping
classes of S, that preserve the homotopy class of 5. Denote by Stab®(3) C Stab(8) the reduced stabilizer
of 3, i.e., the set of mapping classes that can be homotoped to homeomorphisms fixing S pointwise. The
symmetry group of 3 is defined to be the finite group

Sym(8) := Stab(8)/Stab”(5).

The following result is a direct consequence of the definitions.

Lemma 4.8. Let 8 be a closed curve on Sy. Then the map
Stab*(8)\Mod, — Mod,, - 8, Stab*(B)g — g .3
is #Sym(f3)-to-one.
Let 8 be a closed curve on S,. Consider the set
MFy(B) :={ne MF,: p+nis filling}.

Denote by PMF4(8) € PMF, the projectivization of MF 4 (). Following [ES22, Theorem 3.19], Stab™(53)
acts properly discontinuously on PMF (). The difficulties introduced by the fact that Stab®™(3) is infinite
for a non-filling closed curve 8 can be tackled by constructing a fundamental domain for the action of
Stab®(3) on PMF4(). Some control over the geometry of such a fundamental domain, e.g., in terms of
train track coordinates, is also important. When £ is a simple closed curve, such a fundamental domain was

first constructed by Rafi and Souto; see [ES22], Proposition 8.4]. The case when f is an arbitrary closed curve
is handled in [Hon24] using similar arguments. We now summarize the main properties of this construction.

Proposition 4.9. Let 3 be a closed curve on S,. Then there exists an open set Dg C MF 4(58) which together
with its relative closure Dg C MF 4(B) has the following properties:

(1) g DsNDg =0 for every g € Stab™(B).

(2) MF4(B) = UgQStab*(B) g.Dg.

(3) The boundary 0Dg C PMF, is piecewise linear.

(4) Tx(0Dg) =0 for every X € T,.
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We are now ready to discuss the technical results in [Hon24] that will be needed in the proofs of Theorems
@ and @ For concreteness, fix a set of Dehn-Thurston coordinates = of MJF,. These coordinates identify
MUF, with 3973 where ¥ := R?/(£1). We can then identify PMF, with the L' unit sphere in ¥3973
and endow this space with the corresponding L' metric, which we denote by d=. Throughout the ensuing
discussion, given a closed curve § on Sy, we consider the fundamental domain Dg C PMF,(F) and its
relative closure Dy C PMF4(53) as in Proposition For any € > 0 define

(49) D% :={n € PMF,: d=(8,Dp) < ¢},
(50) Dy :={n € Dg: d=(B,0Dg) > €}.
The following is the first technical result from [Hon24] we will need.

Proposition 4.10. Let a € C; be a filling geodesic current, 3 be a closed curve on Sy, E be a set of Dehn-
Thurston coordinates on MFg, and X,Y € T, be marked complex structures on Sg. Then, there exists a
constant eg = €o(a, 5,2, X,Y) > 0 and a bounded function O: DIR(X,Y,DJFEE",PM]:S,) — R such that for
every g € M(X,Y, D;E’,PMFQ) we have ’

Do p(g) = dr(X,8.Y) + O(g).

Theorem [£.7] together with Proposition guarantees that the function d, g is a weakly generalized
distance function with adjustment A, g in the sense described in the following corollary.

Corollary 4.11. Let o € C; be a filling geodesic current, 3 be a closed curve on Sy, = be a set of Dehn-
Thurston coordinates on MFg, and X,Y € T, be marked complex structures on Sg. Then, there exists a
constant €y = €o(a, 5,2, X,Y) > 0 such that the restriction of Dy g to DJ?(X,KDEEE",PM}'Q) is a weakly
generalized distance function with adjustment the restriction of Ay g to D;EEO X PMF,.

The following technical result of [Hon24] controls overcounting in our setting by using the fundamental
domain introduced in Propositon

Proposition 4.12. Let 3 be a closed curve on Sy and X,Y € T, be marked complex structures on S,.
Then, there ezists a full density subset M* = M* (B, X,Y) C Mod, such that for every set of Dehn-Thurston
coordinates £ on MF, and every € > 0, there exists a constant Ry := Ro(8,X,Y,E,€) > 0 such that the
following map is injective:

(M(X,Y, Dz, PMFy) \ M(X,Y, Ry)) N M* — Stab”™(8)\Mod,, g+ Stab™(8)g.

The final issue that needs to be addressed is making sure that every coset in Stab®(3)\Modg, or at least
most of them, are being accounted for by our methods. To this end we use the so-called standard map
introduced in [Hon24], whose main properties we now review. Let 5 be closed curve on S; and X,Y € 7, be
marked complex structures on S,. Given this data there exists a map std: Stab*(8)\Mod, — Mod,, called
the standard map, which to every coset Stab®(8)g € Stab®(3)\Mod, assigns the, basically unique, element
g’ = std(Stab*(8)g) € Stab®(j3)g such that g".Y lies in or close to Sectp,(X) C Tg4; notice that any such
map is automatically injective.

The main property of the standard map is that for most cosets Stab*(8)g € Stab™(5)\Mody, if g’ :=
std(Stab*(5)g) € Mod,, then g'.Y" € T, belongs to the sector based at X € T, defined by an arbitrarily small
thickening of the fundamental domain Dg. More precisely, given a filling geodesic current o € Cy, a closed
curve § on Sy, and L > 0, denote

¢(a, B, L) := {Stab*(B)g € Stab*(8)\Mod,,: i(a, g~ *.8) < L}.
Furthermore, given a closed curve § on Sy, we say a subset €* C Stab*(8)\Mod, has full density if for any
filling geodesic current « € Cy,

Jim L™". #{Stab*(B)g € (Stab*(8)\Mod,) \ €*: i(a, g '.3) < L} = 0.

Notice that condition holds for some « € Cj if and only if it holds for any such a. With this terminology
the main properties of the standard map can be described as follows.

Proposition 4.13. Let 5 be a closed curve on Sy, = be a set of Dehn-Thurston coordinates of MFy, and
X,Y € T, be marked complex structures on Sy. Then, there exists an injective map std: Stab™(5)\Mod, —
Mod, with the following properties:
(1) If g’ = std(Stab*(B)g) for some g € Mod,, then g’ € Stab®(3)g.
(2) There exists a full density subset € = €*(B,=, X,Y) C Stab®(8)\Mod, such that for every a € C;
and every € > 0, there exists Lo = Lo(a, 8,2, X, Y, €) > 0 such that

std(€*\ €(a, B, L)) € M(X, Y, Dys, PMF,).
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Integrals. In the course of the proofs of Theorems and it will be convenient to have alternative
descriptions of the integrals featured in Theorems .1 and @ Given a € C; denote

cla):==v({ne MF, | i(a,n) <1}) >0.
A similar constant can be defined for an arbitrary closed curve 3 on S, as follows. Recall that
MFy(B) :={ne MF,: p+nis filling}.

Following [ES22, Theorem 3.19], we know that Stab® (/) acts properly discontinuously on MF,(8). Denote
by v the local pushforward to the quotient Stab™(8)\MJF4(8) of the restriction of the Thurston measure v
to MF4(B). In this context define

¢*(8) = v ({Stab” (B) € Stab® (B)\MF, (8): i(8,m) < 1}).

Corollary [ES22] Corollary 8.5] guarantees this constant is positive and finite. The next results follow directly
from the definitions but we record them here explicitly for future reference.

Proposition 4.14. Let a € C; be a filling geodesic current. Then, for every Y € Ty,

= exp | —hlog1 a# %
C(a)_/prg p( hlog < ; Exty(@))d v ([€])-

Proposition 4.15. Let 3 be a closed curve on Sy and 2 be a set of Dehn-Thurston coordinates of MF,.
Then, for every marked complex structure X € Ty,

* = —hlogi I — v .
c</3>/DBexp< hlog ( Extx(n),/a))m([nb

Corollary 4.16. Let o € C; be a filling geodesic current, let B be a closed curve on Sy and = be a set of
Dehn-Thurston coordinates of MF . Then, for every pair of marked complex structures X,Y € Tg,

cla)-e'(5) = [ s (1D d(mx & 7y ) ([, ).
DB XPMfy

Counting. It will be convenient for us to have an asymptotic formula for the cardinality of €(«, 8, L). The

following result was originally proved by Mirzakhani [Mirl6, Theorem 1.1] and Erlandsson and Souto [ES22]

Theorem 8.1]; for effective versions see [AH21bl Theorem 1.1] and [Hon24].

Theorem 4.17. Let a € C; be a filling geodesic current and 3 be a closed curve on Sq. Then,

1 *
=———-¢la)-c .
i )¢ 0)
Statistics estimates. One last set of ingredient we need to prove Theorems and are a couple of
elementary estimates on the statistics under consideration. Recall that if 8 is a closed curve on S, then [f]
denotes its homology class. Given a homologically non-trivial closed curve 8 on Sq, X,Y € 74, and a norm
|| - || on H1(Sq;R), for every g € Mody such that g.Y" # X denote

. 1 -1
oAl ale) = I

Analogously, given a filling geodesic current « € C;, a homologically non-trivial closed curve 3 on Sy, and a
norm || - || on Hq(Sy;R), for every g € Mod, denote

lim L™" . #¢(a,p, L)
L—o0

o (g .= 10818 1Al
@B logi(a,g=1.08)
With this notation, the first elementary estimate we need, which is concerned with the statistics of Theorem
[I3] can be stated as follows.

Lemma 4.18. Let 8 be a homologically non-trivial closed curve on Sy, X,Y € T, be marked complex
structures on Sy, and || - || be a norm on Hi(Sy;R). Suppose o € C;, M >0, and g € Mod, are such that

(1) gY # X.
(2) |Dap(g) —dr(X,gY)| < M.
(3) min{|o! L (g)], [0k 5(g)} < M.
Then, the following estimate holds,
2
-1 -1 M
Ua g — 0 g S . .
7058 = 7xv s @)1 < oD )] dr (X 2 1))
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Proof. Suppose for simplicity that |UH I 5(8)] < \aﬂ("uyﬁ(g)|; the proof in the other case is analogous. This

implies d7(X,g.Y) < |Dqy 5(8)|- Furthermore, by condition (3), we have
(51) | logllg™".[8]ll] < M -|Da5(g)l-
Condition (2) ensures that
1 1 < M
Da,ﬁ(g) dT(X7gY) - ‘Da,ﬁ(g” ’ dT(X7gY) .
From and we conclude that
2 2
I 11 M M
o —0 < < — .
7008 = T8 = G g v) = windDa (@) dr (X8 V)]

(52)

O

Recall ¢ = ¢(g) € (0,1) denotes the top Lyapunov exponent of Hy as introduced in Given a homologi-
cally non-trivial closed curve 5 on Sy, marked complex structures X,Y € 7,, and a norm || - || on Hq(Sg;R),
for every g € Mod, such that g.Y # X denote

A () = ellg Bl —dr(X.gY) <
e dr(X.g.Y)

Analogously, given a filling geodesic current « € C;, a homologically non-trivial closed curve 3 on Sy, and a
norm || - | on Hi(S,;R), for every g € Mod,, such that i(a, g *.3) > 1 denote

gy . loglle™ ]l ~ logila,g7".5) - ¢
0 logi(a,g~1.5)
With this notation, the second elementary estimate we need, which is concerned with the statistics of
Theorem can be stated as follows; the proof is analogous to that of Lemma [4.18

Lemma 4.19. Let 8 be a homologically non-trivial closed curve on S,, X,Y € T, be marked complex
structures on Sg, and || - || be a norm on Hy(Sy;R). Suppose a € C;;, M >0, and g € Mod, are such that
(1) gY # X.
(2) i(a,g 1Y) > 1.
(3) |Da,p(g) —dr(X,8.Y)| < M.

(4) mind|7l L&)l Ik} o(e)] < M.
Then, the following estimate holds,

7_H I Al MV + M
e (8) Ty < e O (X V)]

Proofs of the main results. We are now ready to prove Theorems and We will actually prove

more general versions, for arbitrary geodesic currents, which we now state. Given a filling geodesic current

a € Cy, a closed curve 8 on Sy, and L > 0, consider the finite set ®(a, 8, L) of all homotopy classes of

closed curves v on X of the same topological type as /3 and satisfying i(«,y) < L; in other words, we require

v € Mod, - 5. Endow this space with the uniform probability measure Py g 1. Recall that [y] € H1(Sg;R)

denotes the homology class of a closed curve v on S;. Recall that ¢ = ¢(g) € (0,1) denotes the top Lyapunov
9

exponent of H, as introduced in §2] The following is a generalization of Theorem such result can be
recovered by letting « be the Liouville current of the corresponding negatively curved Riemannian metric.

Theorem 4.20. Let o € C; be a filling geodesic current, B be a closed curve on S, that is non-trivial in

homology, and || - || be a norm on the homology group Hy(X;R). Then, the random variables
Jog ||Vl
(6] L) P
log’l,( ) n ( (a?ﬁ7 )? X,’yo,L)
converge in distribution to the point mass at ¢ as L — oo.
Proof. Recall that Theorem guarantees that
1
h-m(M,)

In particular, to prove the desired result, it is enough to show that for every non-negative, compactly sup-
ported function with one continuous derivative £ € CF(R) N C!(R),

lim L~ 3 Eonp(8) = 7

oo Stab* (8)g€ ¢ (a,6,L) +m(My)

Jim L7 #¢(a, B, L) = c(a) - c*(B).
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For the rest of this discussion we fix £ € CF(R) N C!(R) and show that

(53) liminf L~" - 0l (@) > ———— - e(a) - () - £(6),
foes Stab(mgze:e(a,ﬁ,m ’ h-m(My)
(54) fmsup L7 S0 elolhi) < gy elo) () €69

Stab(8)g€€(a,B3,L)

Denote by Dg € PMF,(B) and Dg C PMF,(B) the fundamental domain and its relative closure
introduced in Proposition Fix a set of Dehn-Thurston coordinates Z of MF,. Let € > 0 be arbitrary.
Recall the definitions of the sets Dyz C PMF,(B) and D+€ CPMFyin and ( . Fix marked complex
structures X,Y € 7,. By Proposmlonu there exists a full density subset 9)?* M*(5,X,Y) € Mod, and
Ry := Ry(B,X,Y,=,€) > 0 such that the following map is injective:

(M(X,Y, Dy, PMF,) \ M(X,Y, Ro)) N M* — Stab*(8)\Mod,, g+ Stab™(8)g.
In particular, for every L > 0, the following map is well defined and injective:
(Mp, ,(X,Y,Dz%, PMFy,log L) \ M(X,Y, Ry)) NIMN* — €(a, B,L), g+ Stab™()g
Thus, as £ is non-negative, the following bound holds for every L > 1:
(55) > celle) = > Eon(8)).
Stab* (8)ge€(w,B,L) gE€E(Mp,, 4 (XY, Dy %, PMF,,log L)\M(X,Y,Ro)) N~

Now let €g = €o(a, 3,2, X,Y) > 0 be the minimum of the corresponding constants in Proposition [4.10]
and Corollary Proposition and fact that ¢ has compact support guarantee the existence of M =
M(a, 8,2, X,Y,€) > 0 such that supp(¢) C [~M, M] and for every g € M(X,Y, DIL, PMF,),

BE
(56) |Da,s(g) — dr(X,8.Y)| < M.
In particular, by Lemma if g e M(X,Y, D+E:°, PMF,) satisties Ulj‘('!lyﬁ (g) € supp(§), then

o) 5(8) — ok ly 5(8)] < M?/dr (X, 8Y).
As £ is Lipschitz, we deduce that, under the same conditions,
€0l (e >> Skl 5 @) < ligller - M?/dr (X, 8.Y).
In particular, by Theorem [3 and (56). as ¢ is non-negative,

3 £(ol ()

gG(memﬁ (X,Y,D_,EE,PM}'g,log L)Y\M(X,Y,Rp))NIMI*

GO > E(oxly,s(8)) + Oxvare(L" - (log 1) ™).
gEMp,, 5 (XY, D55, PMF, log L)\M(X,Y,Ro))NIM*

Putting together and we deduce
> k@)
Stab*(8)ge€(a,B,L)

> 3 £l 5(g)) + Oxyare(L" - (log L) ™).
gEMp,, 5(X,Y, Dy 5, PMF,,log L)\M(X,Y,Ro))NIM*

In particular, taking L — oo,

limnf L™" > g0l ()
Stab* (8)g€€(,8,L)
(58) > Timinf L S £kl 5(®)).
gEMp,, 4(XY, Dy T, PMFglog L)\M(X,Y,Ro))NIMN*

Notice that condition (3) in Proposition guarantees Vx (0D %) = 0. We can thus apply Theorems
FIZIL and and the fact that 9* C Mod,, has full density, to deduce

Lli_>ngO L= Z f(Ug(Hyg@))
g€(Mp,, , (X,Y,D5 S, PMF,,log L)\M(X,Y,Ro))NNM*

:;_ : hAa,s (<)) q(m o
nmM,) O /Dﬁéxpw_f d(wx ©vy)([n]. [¢]).
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Putting together and we obtain
liminf L~ - 3 (ol (g))

L—oo
Stab*(8)gee(a,B,L)

1
S S / M Aes (1D 4wy @ Ty ) ()], [¢])
h-m(M,) ) D, xPMF, ( -
Letting € — 0 yields
h I
lim inf L > £(00,5(8))
Stab*(8)ge¢(a,B,L)
1
> &(s / ehAes LD q(wx @ By ) ([n], [€])
hm(./\/lg) ( ) DgxPMF, ( ) [ } [ ]

Finally, Corollary allows us to conclude the proof of :

L —h I
liminf L7% - > oy 5(8) > hm(M,)
Stab*(B8)ge€(w,B,L)

We now prove . Again, fix a set of Dehn-Thurston coordinates = of MJF, and marked complex
structures X,Y € T,. Let ¢ = ¢o(a, 5,2, X,Y) > 0 be the minimum of the corresponding constants
in Proposition and Corollary Consider the standard map std: Stab™(8)\Mod, — Mod, and
the corresponding full density subset €* = €*(5,2, X,Y) C Stab*(8) introduced in Proposition m Fix
0<e<eandlet Lo = Lo(a, 5,2, X,Y,€) >0 be as in Proposition Thus,

std(€* \ €(av, 3, Lo)) € M(X, Y, D35, PMF,),

In particular, for every L > 0 we get an injection,

(@) - c*(B) - (<)

(60) std: (€(a, 8, L)\ €(, B, Lo)) N € = Mp, ,(X,Y,DiS, PMFy,logL).
As €* C Stab®(3)\Mod, has full density,
limsup L " - 3 (ol (g))
Lmveo Stab* (8)g€€(cv,8,L)
61 = limsup L~" - ol .
(61) msup > £(00,5(8))

Stab* (8)€(€(a,8,L)\€(a,3,Lo))NC*

As the map in is injective and a & is non-negative,

(62) > Sohh(e)) < > E(on 5(8))
Stab*(8)€(€(a,8,L)\&(x,8,Lo))NE* gEMp,, (XY, DS, PMF, logL)

Now, Proposition and fact that £ has compact support guarantee the existence of a constant M =
M(a, 8,2, X,Y,£) > 0 such that supp(§) C [-M, M] and for every g € M(X,Y, D;fEO,P/\/l]:g)7

(63) |Da,s(g) — dr(X,g8.Y)| < M.
The same arguments introduced above, in particular, Lemma allow one to deduce that, if g € M(X,Y,
D;EEO,PM.FQ) satisfies a(ll"lg (g) € supp(§), then
el h@) — ok @)l < ligller - M2 /dr (X, g.Y).
In particular, by Theorem [3.9]and (63)), as ¢ is non-negative,

3 £l (g)
gE€Mp, 4 (XY, D} S, PMF, log L)
< 3 €X'y 5(8) + Oxyare(L" - (log L))

gE€Mp,, 4 (X,Y,D;;fE PMF,,log L)

Taking L — oo we deduce

liin sup L~" - Z 5(01‘1-,!3(@)
—00
gEMp,, 4 (XY, DFC, PMF, log L)
(64) < limsup L™"- Z f(Ug(HYﬁ(gD
L—oo

gEMp, 4 (XY, DFS PMF, log L)
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Notice that condition (3) in Proposition guarantees ﬁx(aDg_fE) = 0. We can thus apply Theorems
and [4.5] to deduce the following:

lim L 3 &0kl 5(8)

L—oo

gEMp,, 4 (XY, Di%, PMF,,log L)
1
65 I T / M Aa s (LD g5y © 7y ) ([l 1C]).
(65) Eern LY x @7y (. 1)
Putting together , , , and we obtain
lim sup L. > (ol (g))
—00

Stab* (8)g€€(e,B3,L)
1
<m0 [ e a7y ) (o, [C]).
h-m(M,) DILXPMF,
Letting € — 0 yields
. —h M-
hin—?olip L Z g(Uaﬁ (8))
Stab*(8)g€€(a,B,L)
1
<1 9. / s (LD 4(5x @ 7y (], (<))
h-m(M,) DixPMF,
Finally, condition (4) in Proposition and Corollary allow us to conclude the proof of :

lim sup L~" - 3 oll(g) < c(a) - ¢ (8) - £()- O

1
L—o0 Stab(8)gee(a,B,L) ~ hom(My)

Recall V' = V(g) > 0 denotes the variance of H as introduced in The following result is a generalization
of Theorem [I.3} such result can be recovered by letting a be the Liouville current of the corresponding
negatively curved Riemannian metric. The proof follows the same arguments as Theorem [1.20] but uses
Theorem in place of Theorem and Lemma [4.19in place of Lemma [4.1§

Theorem 4.21. Let a € C; be a filling geodesic current, B be a closed curve on Sy that is non-trivial in

homology, and || - || be a norm on the homology group H1(X;R). Then, the random variables
log |[7]ll - logi(a,7) - s

log i(a, )
converge in distribution to a Gaussian of mean zero and variance V as L — oo.

on (®(aaﬂa L)v]PX,'yo,L)
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