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Abstract. We completely characterize rational polygons whose billiard flow

is weakly mixing in almost every direction as those which are not almost in-

tegrable, in the terminology of Gutkin [Gut86], modulo some low complexity
exceptions. This proves a longstanding conjecture of Gutkin [Gut84]. This

result is derived from a complete characterization of translation surfaces that

are weakly mixing in almost every direction: they are those that do not admit
an affine factor map to the circle.

1. Introduction

1.1. Background and motivation. Planar billiards are an important and well-
studied class of dynamical systems, in particular, because they display, at least in a
simplified form, the main features of the different classes of dynamical behaviours
one can witness in nature; see for instance the survey [Kat05]. Billiards in poly-
gons are a prime example of parabolic dynamical systems, characterized by slow,
i.e., polynomial, divergence of nearby orbits with respect to time. These features
have also attracted the interest of many mathematical physicists studying different
quantum aspects of dynamical systems; see for instance [RB81].

The dynamics of billiards in polygons presents a fundamental dichotomy between
the rational case, in which the phase space is foliated by invariant surfaces and the
non-rational case [MT02]. Rational billiards belong to a class of systems which have
been called pseudo-integrable [RB81], in analogy with the notion of an integrable
system in classical mechanics, where most of the phase space is foliated by invariant
tori.

This paper is concerned with the ergodic theory of billiards in rational polygons.
The main result is a complete characterization of which rational polygons have a
billiard flow which is weakly mixing in almost every direction. We recall that A. Ka-
tok [Kat80] proved that Interval Exchange Transformations (IETs) and linear flows
on translation surfaces are never mixing, hence it is natural to see what billiards
are weakly mixing. Incidentally, together with A. Katok’s absence of mixing re-
sult, our weak mixing theorem confirms that, like the typical measure preserving
transformation, the typical billiard flow is weakly mixing but not strongly mixing.

The study of rational billiards, and of geodesic flows on rational polyhedra, has
a long history. The topological properties of billiard flows on rational polyhedra
were first investigated in [FK36] and later in [KZ75, BKM78]. The ergodic theory
of rational billiards on Lebesgue almost every invariant surface had to wait until
the introduction by G. Rauzy [Rau79], W. Veech [Vee82], and H. Masur [Mas82] of
a renormalization scheme for IETs and their suspensions with respect to piecewise
constant roof functions, commonly known as translation surfaces. Renormalization
has proved to be an extremely powerful tool in the study of ergodic properties
for Lebesgue almost every element of the classes of systems mentioned above. In
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particular, it has lead to the proof of unique ergodicity for Lebesgue almost every
IET [Vee82, Mas82]. However, these results do not apply to rational polygons, since
the latter correspond to an exceptional, i.e., zero Lebesgue measure, set in the space
of all IETs or translation surfaces. Unique ergodicity for Lebesgue almost every
invariant surface of a given rational polygon was nevertheless proved a few years
later in [KMS86] using the renormalization dynamics of the Teichmüller geodesic
flow, introduced in the work of H. Masur [Mas82], and the non-divergence property
of the so-called Teichmüller horocycle flow, introduced by H. Masur in [Mas85].

Results on the conjectural weak mixing properties of IETs and translation sur-
faces, which will be recalled below, have so far not been extended to billiards in ra-
tional polygons, with the exception of special cases including regular polygons with
at least 5 edges [AD16]. Contrary to unique ergodicity, there exist counterexamples
to weak mixing in almost every direction in the wider class of translation surfaces;
for instance, any branched cover of the flat torus provides such a counterexample.
Our results provide, in particular and for the first time, a complete classification of
which translation surfaces are weak mixing in almost every direction. The crucial
breakthroughs on which our work is based are the measure rigidity and orbit closure
results of A. Eskin and M. Mirzakhani [EM18], and A. Eskin, M. Mirzakhani and
A. Mohammadi [EMM15], together with important follow-ups in work of the second
author and A. Eskin [CE15], as well as the work of S. Filip [Fil17] on the dynamics
of the Kontsevich–Zorich cocycle [Kon97], [KZ97], [For02], [For06], [For11].

1.2. Statement of results. A translation surface is a pair (X,ω), where X is
a Riemann surface and ω is a non-zero holomorphic 1-form. The holomorphic
1-form ω induces a singular translation structure on X, giving, in particular, a
locally Euclidean metric on X \ Σ, where Σ is the finite set of zeros ω. These
zeroes correspond to cone type singularities of the metric with cone angles in 2πN.
From this structure we obtain an area form on X and a flow F tθ in each direction
θ ∈ [0, 2π), that preserves the area. Note that, because of the singularities, each
flow is defined only on a set of full measure with respect to the area form. As
mentioned above, these dynamical systems, i.e., flows on translation surfaces, are
much studied and have explicit connections to billiards in polygons, smooth flows
on surfaces, and IETs. For every translation surface, the flow in almost every
direction is uniquely ergodic [KMS86]. While some translation surfaces are not
weakly mixing in any direction, for the typical translation surface, the flow in the
vertical direction is weakly mixing [AF07]. In this paper we completely classify
which translation surfaces have the property that the flow in almost every direction
is weakly mixing. More concretely:

Theorem 1.1. Let (X,ω) be a translation surface and Fθ denote its flow in the
direction θ ∈ [0, 2π). Then, the following are equivalent:

(1) The flow Fθ is weakly mixing for almost every θ ∈ [0, 2π).
(2) The flow Fθ is weakly mixing for some θ ∈ [0, 2π).
(3) There exists no non-zero integer absolute cohomology class in the tautolog-

ical plane of (X,ω), i.e., the plane in H1(X;R) spanned by classes of the
real and imaginary parts of ω.

From the above result we derive a complete characterization of rational polygons
whose billiard flow is weakly mixing in almost every invariant surface, i.e., in almost
every direction, thereby confirming a strong version of a conjecture of E. Gutkin
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[Gut84]. Indeed, Gutkin introduced a class of polyhedral surfaces and stated that
“It is reasonable to expect that for almost integrable polyhedral surfaces outside of
this class the billiard flow is typically weakly mixing”; see [Gut84], page 570. Note
that the terminology of [Gut84] was abandoned already in [Gut86] and, while ra-
tional billiards correspond via doubling to “almost integrable polyhedral surfaces”,
the term “almost integrable” was restricted to the special class he had introduced.

An almost integrable polygon is a polygon drawn on the “grid”, or “lattice” in
the terminology of Gutkin, spanned by reflecting one of the completely integrable
polygons along its sides ad infinitum. The completely integrable polygons are all
rectangles and the (π/2, π/4, π/4), (π/3, π/3, π/3), and (π/2, π/3, π/6) triangles;
see [MT02, §1.4].

In this paper, as a consequence of Theorem 1.1, we prove the following complete
classification of the polygons whose billiard flow is weak mixing in almost every
direction.

Corollary 1.2. The billiard flow in a rational polygon P is weakly mixing on
almost every invariant surfaces, i.e., in almost every direction, unless P is an al-
most integrable polygon or all of its angles are in {π2 ,

3π
2 } and if oriented to have

horizontal/vertical sides, all the horizontal lengths or all the vertical lengths are
commensurable.1

1.3. Related results. Weak mixing for almost every dynamical system in a given
class was proved for certain classes of IETs earlier than for flows on translation
surfaces. Veech [Vee84] proved that weak mixing was typical for IETs with type
W permutations. M. Boshernitzan and A. Nogueira [BN04] gave a different proof
that provided an explicit, natural, full measure set. Nogueira and D. Rudolph
[NR97] showed that the typical non-rotation-class IET is topologically weakly mix-
ing. A. Avila and the third author [AF07] then proved that the typical non-rotation-
type IET and the vertical flow on a typical translation surface of genus at least 2
are weakly mixing. Avila and M. Leguil [AL18] strengthened this to show that in
these situations, weak mixing held off of sets of positive Hausdorff codimension.
In the work closest to this paper, Avila and V. Delecroix [AD16] classified which
Veech surfaces are weak mixing in almost every direction, hence in particular they
established weak mixing in the typical direction for the billiard flow in a regular
polygon with at least 5 edges. More recently effective weak mixing has been a topic
of extensive study [BS14, BS18, BS20, BS21, BS22, For22, AFS23].

The ergodic theory of billiards in non-rational polygons is much less understood.
S. Kerckhoff, H. Masur and J. Smillie proved [KMS86] that there exists a Gδ-dense
set of polygons whose flow is ergodic on the full unit tangent bundle. This result is
based on a fast approximation argument which leverages the unique ergodicity of
rational polygons on almost all invariant surfaces. There is an effective version given
later in [Vor97] which requires super-exponential approximation of the polygon by
rational ones. More recently, the last two authors [CF20] were able to prove that
there exists a Gδ-dense set of polygons whose flow is weakly mixing on the full unit
tangent bundle by an approximation argument which leverages the equivalence of
weak mixing with square ergodicity.

1The horizontal/vertical side lengths are commensurable if all their ratios are rational.
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1.4. Sketch of proof. As is common in the study of weak mixing, we use the
Veech criterion [Vee84] as the main technical tool in our proof. The basic idea of
this criterion is that, if u is a measurable eigenfunction for a flow F on a space X,
so that u ◦F s = e2πiαs · u for some α ∈ R, then, by Lusin’s theorem, if c > 0, ϵ > 0
is small enough, and there exists a time r ∈ R so that

(1) Leb({x ∈ X : d(F rx, x) < ϵ}) > c,

then we get the following restriction on the position of α:

dR(r · α,Z) ≪ 1

Indeed, by Lusin’s theorem, u(F rx) = e2πirα · u(x) needs to be close to u(x) on
a set of x’s of large measure where u is continuous, so e2πirα is close to 1. Under
reasonable compactness assumptions, for the vertical flow on a translation surface
(X,ω) of genus g ≥ 1, if gt denotes the Teichmüller geodesic flow and Xt denotes
the Riemann surface underlying gtω, a vector r⃗ = (r1, . . . , r2g) whose entries satisfy
(1) is precisely given by gt · Im(ω) ∈ H1(Xt,R) ≈ R2g, i.e., by the action of the
Kontsevich-Zorich cocycle [Vee82], [Zor97], [Kon97], [KZ97] on the vector Im(ω) ∈
H1(X,R). The standard strategy to prove weak mixing is based on the fact that the
Kontsevich–Zorich cocycle is isometric [Vee84] or typically expands vectors [For02],
[AV07]; in this case the relevant vector is α Im(ω). This allows one to apply the
Veech criterion to rule out that α is an eigenvalue [AF07].

Complications arise because we only know that dR(r · α,Z) is small. We need
to consider the difference α Im(ω) − n⃗ for an integer vector n⃗ ∈ H1(X,Z) ≈ Z2g

and allow α to vary in R \ {0}. Thus, in order to apply this strategy, one seeks
to show that, given a small interval of “virtual eigenvalues”, i.e., a small interval
J ⊂ R \ {0} and n⃗ ∈ H1(X;Z) so that for all α ∈ J we have

d (gt · α Im(ω), gt · n⃗) < δ,

then, for every such α, there exists sα > 0 so that

d
(
gt+sα · α Im(ω), H1(Xt,Z)

)
> δ

and gt+sαω is in a fixed compact set of moduli space.2

The naive hope would be that one can control the growth of J as it evolves
through the cocyle and guarantee there is a single time s = s(J) > 0 that works
simultaneously for all α ∈ J . Indeed, if Jt := {gt · α Im(ω) : α ∈ J} and we assume

• |gs · Jt| < 1
100 ,

• d(gt+s · β Im(ω), H1(Xt+s;Z)) > 1/50 for some β ∈ J ,
• and gt+sω is in a compact set,

then this is achieved. Unfortunately, this is often not possible, for instance, if the
times at which the first two bullet points are simultaneously satisfied the third bullet
point is never satisfied. This issue leads to our single small interval Jt splitting into
many subintervals. Controlling this splitting phenomena is a cause for much of the
difficulty in our arguments.

Many of our arguments rely on work of the last two named authors [CF20], who
proved strong expansion results in the symplectic complement of the tautological
plane Taut(X,ω) := spanR{Re(ω), Im(ω)} ⊆ H1(Xω;R). These results help us rule

2Here d can be taken to be any fiberwise metric on the cohomology bundle with fiber H1(X,R)
at every Riemann surface X, and it is most natural to consider d = dX to be the Hodge metric

induced by the complex structure of X on H1(X;R).



WEAK MIXING IN RATIONAL BILLIARDS 5

out virtual eigenvalues for almost all directions before any splitting occurs. It is
important to highlight that, although the results in [CF20] represent a significant
novelty with respect to [AF07] and the subsequent works [AL18, AFS23], in which
the splitting is controlled by a probabilistic exclusion argument, the paper [CF20]
deals essentially with a single virtual eigenvalue and not with an interval of virtual
eigenvalues.

Nevertheless, since the projection of any interval of vectors α Im(ω) − n⃗ ∈
H1(X;R) for n⃗ ∈ H1(X;Z) onto the symplectic complement of the tautological
plane, which is equal to the projection of only −n⃗, is a parallel section, the argu-
ments of [CF20] can be adapted, as long as there is no splitting of the interval of
virtual eigenvalues caused by expansion in the unstable direction of the tautological
plane. New ideas need to be introduced to deal with this splitting issue.

To prevent splitting we prove via explicit geometric arguments, motivated by
work of D. Davis and the second author [CD18], that there exists a sequence of
partial rigidity times 0 < t1 < t2 < ... with bounded ratio, i.e.,

lim sup
j→∞

tj+1

tj
<∞.

From this we derive additional restrictions on virtual eigenvalues which imply that,
for almost every direction, it is enough to consider only one of the subintervals that
arises from splitting, while, at the same time, the projection onto the symplectic
complement of the tautological space grows.

The arguments outlined above rule out all eigenvalues for almost every direction
on any given translation surface but clearly fails for (X,ω) if there exist α ∈ R\{0}
and θ ∈ [0, 2π) such that α Im(eiθω) ∈ H1(X,Z), i.e., if the tautological plane of
(X,ω) contains a non-zero integral cohomology class. Conversely, when there is
a non-zero integer vector in the tautological plane, we build an affine map to the
circle, which gives a non-trivial continuous eigenfunction in all but one direction,
and a non-constant invariant function in the remaining direction.

2. Acknowledgments

JC acknowledges support of NSF grants DMS-2055354 and DMS-2350393. GF
acknowledges support of NSF grant DMS-2154208. We thank Pedram Safaee for a
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3. Statement of the main theorem and reductions

3.1. Outline of this section. After recalling in section 3.2 background on the
Hodge bundle over the moduli space of translation surfaces and on the Kontsevich-
Zorich renormalization cocycle, and establishing notation, we give in section 3.3 a
complete statement of our main theorem characterizing translation surfaces whose
translation flows are weakly mixing in almost all directions. We then introduce in
section 3.4 a criterion for weak mixing which upgrades the Veech criterion with a
condition derived from partial rigidity of translation flows, based on the notion of
rigidity configurations. Finally, in sections 3.5 and 3.6 we make two reductions.
We show that for our problem it is sufficient to consider the restriction of the
Kontsevich–Zorich cocycle to a hyperbolic rational subbundle given by the sum
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of Galois conjugates of the tautological subbundle. We also make the straightfor-
ward reduction that when eliminating “bad” (non weak mixing) parameters, it is
equivalent to consider circle orbits and horocycle orbits of a translation surface.

3.2. Background. Let M be a moduli space of Riemann surfaces. Given X ∈ M,
consider the decomposition of its complex absolute cohomology into holomorphic
and antiholomorphic 1-forms, that is,

H1(X;C) = H1,0(X)⊕H0,1(X).

Denote by ⋆ : H1(X;C) → H1(X;C) the Hodge star operator, i.e., the unique
complex linear operator on complex absolute cohomology that acts as (−i) on
holomorphic 1-forms and as i on antiholomorphic 1-forms. Denote by ∪ the cup
product on H1(X;C); this is a complex symplectic form. Given α, β ∈ H1(X;C)
their Hodge inner product is given by

⟨α, β⟩X = α ∪ ⋆β;

this is a Hermitian inner product. The (symplectic) orthogonal of a subspace V ⊆
H1(X;C) will be denoted by V ⊥. The Hodge norm ∥ · ∥X on H1(X;C) is the norm
induced by the Hodge inner product ⟨·, ·⟩X . Denote by dX the metric induced by
the Hodge norm ∥ · ∥X on H1(X;R).

Notation: In the following we let for simplicity d denote the metric induced by the
Hodge norm ∥ · ∥ on the real cohomology bundle H1

R with fiber H1(X,R). Namely,
for any X ∈ M and any pair of vector w⃗, w⃗ ∈ H1(X,R) we denote

d(v⃗, w⃗) = ∥v⃗ − w⃗∥ := ∥v⃗ − w⃗∥X .

Abelian differentials considered will always be holomorphic. Let H be a stratum of
Abelian differentials. Recall that the linear action of 2 × 2 matrices on the plane
induces a GL+(2,R)-action on H. This action restricts to an SL(2,R)-action on
H1 ⊆ H, the corresponding locus of unit area Abelian differentials. For t ∈ R,
s ∈ R, and θ ∈ [0, 2π], denote

gt :=

(
et 0
0 e−t

)
, hs :=

(
1 s
0 1

)
, rθ :=

(
cos θ − sin θ
sin θ cos θ

)
.

The bundles over H1 whose fibers above each (X,ω) ∈ H1 are given by H1(X;C)
and H1(X;R) are denoted by H1

C and H1
R respectively; unless otherwise stated, the

fibers of these bundles will always be endowed with the corresponding Hodge inner
products, Hodge norms, and cup products.

Recall that the SL(2,R)-action on H1 extends to H1
C and H1

R by parallel trans-
port with respect to the (flat) Gauss-Manin connection; unless otherwise stated,
when refering to parallel transport, this will always be done with respect to this
connection. The action of the subgroup G := {gt}t∈R on H1

R or H1
C is the (com-

plexified) Kontsevich-Zorich cocycle. Unless otherwise stated, when referring to
the Lyapunov exponents of an SL(2,R)-invariant sub-bundle of H1

R or H1
C, this

will always be done so with respect to the Kontsevich-Zorich cocycle and some
appropriate SL(2,R)-invariant ergodic measure on the base H1.

Given a translation surface (X,ω) ∈ H, denote by |ω| the measure induced by ω
on X, which is given by the smooth non-negative 2-form

i

2
ω ∧ ω = Reω ∧ Imω ,
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vanishing precisely at the zero set Σ of ω. Recall that, when convenient, we record
the position of the zero set Σ ⊆ X of an Abelian differential ω on X by denoting
it by (X,Σ, ω) ∈ H. For any translation surface, that is a pair (X,ω) ∈ H1, let
L2(X,ω) denote the Hilbert space of square-integrable complex values functions
integrable with respect to the area measure |ω|.

3.3. Statement of the main theorem. Given a translation surface (X,ω), its
tautological plane is the plane in real absolute first cohomology spanned by Re(ω)
and Im(ω), i.e.,

(2) Taut(X,ω) := spanR{Re(ω), Im(ω)} ⊆ H1(X;R).

Unless otherwise stated, when referring to weak mixing of a translation flow on a
translation surface, this will be done so with respect to the natural measure induced
by the corresponding Abelian differential. Furthermore, when referring to almost
every direction on a translation surface, this will be done so with respect to the
Lebesgue measure. The following is the main result of this paper.

Theorem 3.1. Let (X,ω) be an arbitrary translation surface. Then, the following
statements are equivalent:

(1) The translation flow on (X,ω) is weak mixing in almost every direction.
(2) The tautological plane of (X,ω) contains no non-zero integer points, i.e.,

Taut(X,ω) ∩H1(X;Z) = {0}.

(3) The translation surface (X,ω) admits no affine map to the circle S1 = R/Z
endowed with its natural translation structure.

(4) The translation flow on (X,ω) is weak mixing in some direction.
(5) The translation flow on (X,ω) is weak mixing in a Gδ, i.e. countable in-

tersection of open sets, dense set of directions.

Most of the implications in Theorem 3.1 follow via standard arguments, with
the exception of (2) implies (1), which encompasses the bulk of the proof. The
implication (5) ⇒ (4) is immediate and (1) ⇒ (5) follows from the standard fact
that weak mixing is a Gδ Property. In addition, we have:

Proof. (4) ⇒ (3) : We prove the contrapositive statement that if the translation
surface admits an affine map to the circle T = R/Z, then there is no direction
such that translation flow is weakly mixing. In fact, any translation flow on (X,ω)
projects under the affine map to a linear flow on T, which is either constant (gen-
erated by the zero vector field), or non-constant. In the first case, the translation
flow on (X,ω) leaves invariant the fibers of the affine map to T, which are generi-
cally circles, hence it is not ergodic, hence not weakly mixing. In the second case,
the pull-back of any non-constant eigenfunction for the linear flow on T is a non-
constant eigenfunction for the translation flow on (X,ω), hence the latter is not
weakly mixing. □

Proof. (3) ⇒ (2): We prove the contrapositive statement that if the tautological
plane of (X,ω) contains a non-zero integer point, then the translation surface (X,ω)
admits an affine map to the circle T = R/Z.

Let us assume that there exists a, b ∈ R such that [aRe(ω)+b Im(ω)] ∈ H1(X,Z).
Let Holω : X → R/Z denote the map defined as follows. Let x0 ∈ X be a fixed
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(regular) point and let

Holω(x) =

∫ x

x0

aRe(ω) + b Im(ω) , for all x ∈ X .

The above map is well-defined independently of the choice of an oriented path with
endpoints x0 and x (with boundary x−x0). In fact, if γ1 and γ2 are oriented paths
both with boundary x−x0, then γ2−γ1 is a cycle, so that, by the assumption that
[aRe(ω) + b Im(ω)] ∈ H1(X,Z),∫

γ2−γ1
aRe(ω) + b Im(ω) ∈ Z .

The map Φ is by definition an affine map from (X,ω) to (T, dθ) with differential

dΦ = aRe(ω) + b Im(ω) . □

Most of this paper is devoted to the proof of the crucial implication (2) ⇒ (1)

3.4. Criterion for weak mixing. Our criterion for weak mixing requires a pre-
liminary definition.

Definition 3.2. Let (X,ω) be an arbitrary translation surface. By an immersed
flat rectangle R ↪→ (X,ω) we mean a smooth immersion of an open horizontal-
vertical Euclidean rectangle R ⊆ R2 into X which is a local isometry with respect
to the singular Euclidean metric induced by ω on X and whose image contains
no singularities of ω. Given parameters V,H, σ, L > 0, a (V,H, σ, L)-rigidity-
configuration of (X,ω) is a pair (J,R), where J ⊆ X is a segment of a horizontal
leaf of (X,ω) and R ↪→ (X,ω) is an immersed flat rectangle satisfying the following
conditions:

(1) J can be flowed upwards up to time L without hitting singularities of ω.
(2) Each horizontal side of R maps bijectively to a subsegment of J .
(3) The vertical sides of R have length V .
(4) The distance along J of the top and bottom points of every maximal vertical

segment of R is H.
(5) The maximal embedded flat sub-rectangle R∗ ⊆ R starting from the base of

R has area |ω|(R∗) = σ.

See Figure 1 for an example. Every rigidity configuration (J,R) on a translation
surface (X,ω) gives rise to a so-called ‘rigidity curve’ by joining the top and bottom
points of any maximal vertical segment of R along J ; in Figure 1 this corresponds
to the curve obtained by joining the red and blue segments.

Notation: Given any translation surface (X,ω) we will adopt the following nota-
tion: for all t ∈ R

(Xt, ωt) := gt(X,ω) .

Definition 3.3. Let (X,ω) ∈ H be a translation surface. Given ϵ > 0 and K ⊂ H,
we say that α ∈ R \ {0} is an (ϵ,K, t)-virtual eigenvalue on (X,ω) if both of the
following two conditions hold

(1) for all (V,H, σ, L)-rigidity configuration such that V ≥ et at least one of
the following hold:

σ < ϵ or dR(αV,Z) < ϵ ;
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J

RR*

Figure 1. Rigidity configuration on a translation surface.

(2) (Veech Criterion) for all L > t such that (XL, ωL) ∈ K,

d
(
gL · α Im(ω), H1(XL;Z)

)
< ϵ;

For readability we will often use H1(Z) for H1(X;Z) when the meaning is clear.
In the next lemma and throughout the remainder of the paper, the word eigen-

value means an eigenvalue for a measurable eigenfunction.

Lemma 3.4. If the vertical flow is ergodic and α is an eigenvalue for the vertical
flow on (X,ω), then for every ϵ > 0 and compact K ⊂ H1 there exists t0 :=
t0(ϵ,K, α) > 0 such that α is a (ϵ,K, t)-virtual eigenvalue for all t > t0.

Proof. It suffices prove the following two statements:

a) If there exists ϵ > 0, K compact and a diverging sequence (ti) ⊂ R, such
that for all i ∈ N there is an (eti , H, σ, L)-rigidity configuration with σ ≥ ϵ
and

dR(αe
ti ,Z) > ϵ ,

then α is not an eigenvalue.
b) If there exists ϵ > 0, K compact and a diverging sequence (ti) ⊂ R, such

that for all i ∈ N we have (Xti , ωti) ∈ K and

d
(
gti · α Im(ω), H1(Xti ;Z)

)
> ϵ ,

then α is not an eigenvalue.

Indeed, because in Definition 3.3 there are only two cases, if there exists ϵ > 0 and
K compact such that, for all t0 > 0 there exists t > t0 with the property that α is
not a (ϵ,K, t) virtual eigenvalue for all t > 0, then there is a diverging sequence (ti)
as in a) or such a sequence as in b).

We first treat a): observe that if (J,R) is a (V,H, σ, L)-rigidity configuration and
x ∈ R then FV x is on a horizontal segment of containing x and its displacement
along this segment is H. Thus there is a set of measure σ > 0, R∗, so that
d(FV x, x) ≤ |H| for all x ∈ R∗. By the minimality of the vertical flow, there
is a dense vertical separatrix and so for every δ > 0 there exists a V0 so that if
V ≥ V0 then the horizontal component of an immersed Euclidean rectangle with
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vertical component V is less than δ. Now let f be a measurable eigenfunction
with eigenvalue α and let K ⊂ X be a compact continuity set of f with measure
|ω|(K) ≥ 1− σ

4 (which exists by Lusin’s theorem). Let δ > 0 be so that if x, y ∈ K

and d(x, y) < δ then |f(x) − f(y)| < ϵ
4 . Thus if x ∈ R∗, x, FV x are in K and

|H| < δ (since by ergodicity we can assume |f | = 1 almost everywhere),

|f(FV x)− f(x)| = |eiV α − 1| < ϵ

4
.

By our choice on the size of K, a set of measure at least σ − 2σ4 > 0 satisfies the
above conditions thereby giving the claim.

We then treat b): in this case the statement is given by [For24, Theorem 4.12]
unless the eigenfunction is actually continuous. In this case there is no need to use
Lusin sets in the proof of the Veech criterion, which therefore holds for any given
compact subset K ⊂ H1. □

Lemma 3.5. For every J ⊂ [−1, 1] measurable with ψ : J → R \ {0} measurable,
for all t ∈ R+, ϵ > 0 and K ⊂ H1, compact, the set s ∈ J so that ψ(s) is a
(ϵ,K, t)-virtual eigenvalue for the vertical flow on hs(X,ω) is measurable.

Proof. Let (1) and (2) be the properties in the definition of a virtual eigenvalue (see
Def. 3.3). It suffices to show that the sets

(i) {s ∈ J : ψ(s) satisfies (1) for some t′ ≥ t} ,
(ii) {s ∈ J : ψ(s) satisfies (2) for some t′ ≥ t}

are both measurable. The first set is measurable because the set

{(V, α) ∈ R+ × R \ {0}|dR(V α,Z) < ϵ}
is open and the set of all V > et such that there exists a (V,H, σ, L) rigidity
configuration with σ > ϵ is countable and depends continuously on s ∈ J . In fact,
for any rigidity configuration V is the vertical length of a transversal closed curve,
homotopic to the union of a vertical segment of length V and a horizontal segment
of length H, hence it is a period of the imaginary part of the Abelian differential.
The sets of such periods is countable since the set of homotopy classes of loops is a
countable set. Each of such periods depends continuously on the parameter s ∈ J .
Moreover, for any fixed homotopy class, its vertical period and the maximal area of
a rectangle R∗ of the associated rigidity configuration vary continuously with the
parameter s ∈ J . In conclusion, there exists a sequence of measurable functions
(Vn) defined on J such that Vn is the vertical length of a rigidity configuration on
the open set Jn := {s ∈ J |Vn(s) ̸= 0}. Such functions are given by vertical periods
on hs(X,ω) of loops, extended by the value 0 outside of the interval on which the
vertical period does not come from a rigidity configuration.

Then we have that

{s ∈ J :ψ(s) satisfies (1) for some t′ ≥ t}

=
⋂
n∈N

(Vn × ψ)−1{(V, α) ∈ R+ × R \ {0}|V > et and dR(V α,Z) < ϵ} ,

hence the set in (i) is measurable.

For the second set for each q ∈ Q+ and n ∈ N let

Wq,n(ϵ) = {(X,ω, α) : d(gq · α Im(ω), H1(Xq;Z)) > ϵ and gq(X,ω) ∈ B(K, 1
n
)}.
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This is an open set and the set we are considering is the set of s ∈ J such that

(hs(X,ω), ψ(s)) ∈
( ∞⋃
r=0

∞⋂
k=1

∞⋂
n=1

⋃
q∈[t+r,t+r+1]∩Q

Wq,n(ϵ−
1

k
)

)c
. □

3.5. Reduction to positive Lyapunov exponents. In working with Definition
3.3 (2) it is enough to work with SL(2,R)-invariant, strongly irreducible subbundles
of H1

R whose top Lyapunov exponent is positive; this guarantees expanding proper-
ties of the Kontsevich-Zorich cocycle in generic directions, leading to a contradiction
with the statement in (2). The reduction to this non-uniformly (partially) hyper-
bolic situation follows from known facts about the Galois theory of affine invariant
sub-manifolds, which we now recall.

Recall that an affine GL(2,R)-invariant submanifold N ⊆ H is an immersed
suborbifold of H locally defined in period coordinates by homogeneous equations
with real coefficients. Denote by k(N ) ⊆ R the smallest real subfield containing
the coefficients of any such set of equations, i.e., the field of definition of N ; this
definition makes sense because the lattice H1(X,Σ;Z) corresponds to integer points
in period coordinates. In general, the field of definition of a subspace/subbundle of
a real/complex vector space/bundle with a prescribed integer lattice is the small-
est real/complex subfield over which homogeneous equations cutting out the sub-
space/subbundle can be found. It is equal to the intersection of the holonomy fields
of all translations surfaces in N [Wri14, Theorem 1.1].

Denote by N 1 ⊆ H1 the unit area locus of N . Recall that, via period coordi-
nates, the tangent space of N at any translation surface (X,Σ, ω) ∈ N is naturally
identified with a subspace3

TN(X,Σ,ω) ⊆ H1(X,Σ;C).

For convenience we consider the bundles

H1
rel,C, TN ⊆ H1

rel,C|N
over H1 and N 1 whose fibers above every (X,Σ, ω) ∈ H1 are given by

H1(X,Σ;C), TN(X,Σ,ω) ⊆ H1(X,Σ;C),

respectively. Notice that, because N is an affine invariant submanifold, TN is
invariant under parallel transport. Notice also that, essentially by definition, the
field of definition of TN is k(M). Denote by p : H1

rel,C → H1
C the natural map

which on fibers send relative cohomology to absolute cohomology.
By the work of Eskin, Mirzakhani, and Mohammadi [EMM15, EM18], every

GL+(2,R) orbit closure in H is an affine invariant submanifold N whose unit area
locus N 1 supports a natural SL(2,R)-invariant ergodic probability measure µ; in an
abuse of terminology we refer to this measure as the affine measure of N 1. Given a
translation surface (X,ω) ∈ H1 whose translation flow (in some direction) we would
like to study, it is natural to consider its orbit closure and the corresponding affine
measure. Unless otherwise stated, when referring to the Lyapunov exponents of the
Kontsevich-Zorich cocycle of an SL(2,R)-invariant subbundle of H1

R or H1
C over an

SL(2,R)-orbit-closure, we will always consider the corresponding affine measure as
the underlying measure.

3Note that, while SL(2,R) orbit closures need not be manifolds, because self-intersection loci

and orbifold loci are closed and SL(2,R)-invariant, ω is a regular point of SL(2,R)ω.
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The field of definition of a flat subbundle E ⊂ H1
C is the smallest subfield of R so

that locally the linear subspace E of H1(X,C) can be defined by linear equations
(with respect to an integer basis of H1(X,Z)) with coefficients in this field. The
trace field of a flat bundle over M is defined as the field generated by traces of the
corresponding representation of the fundamental group π1(N ).

Given a subspace/subbundle V of a complex vector space/bundle W with a
prescribed integer lattice whose field of definition is k ⊆ C, it is natural to consider
the subspace/subbundle in W spanned by all the Galois conjugates of the subspace
V , i.e., by all the subspaces obtained by applying the natural extension of every
field embedding k ↪→ C to V ⊆ W . In this context, we consider the following
theorem of A. Wright.

Theorem 3.6. [Wri14, Theorem 1.5] Let H be a stratum of Abelian differentials and
N ⊆ H be an affine invariant submanifold with field of definition k(N ) ⊆ R. Then,
the field of definition of p(TN ) ⊆ H1

C|N 1 is also k(N ). Also, if Gal(N ) ⊆ H1
C|N 1

denotes the subbundle spanned fiberwise by all the Galois conjugates of p(TN ), then
the field of definition of Gal(N ) is Q.

As Theorem 3.6 guarantees Gal(N ) is defined over Q, there exists a subbundle
Gal(N )R ⊆ H1

R|N 1 with field of definition Q such that

Gal(N ) = Gal(N )R ⊗R C.
Notice that Gal(N ) and Gal(N )R are invariant with respect to parallel transport.

Let Λ(N ) ⊆ H1
R|N 1 the fiberwise lattice over N 1 whose fiber above every trans-

lation surface (X,ω) ∈ N 1 is given by the intersection of the fiber of Gal(N )R
at (X,ω) with the integer lattice H1(X;Z) ⊆ H1(X;R). This construction gives
rise to a fiberwise lattice precisely because the field of definition of Gal(N )R is Q.
Furthermore, this fiberwise lattice is invariant with respect to parallel transport.

Lemma 3.7. For any compact set K ⊂ H there exists a constant cK > 0 such that,
for every X ∈ K and every v⃗ ∈ Gal(N )R ∩H1(X,R) we have

d
(
v⃗, H1

Z

)
≥ cKd

(
v⃗,Λ(N )

)
.

Proof. Let H1
T denote the toral bundle over the moduli space M of Riemann sur-

faces, that is, the quotient bundle H1
T := H1

R/H
1
Z. The projection of the sub-

bundle Gal(N )R onto H1
T is a closed (toral) subbundle since Gal(N )R is defined

over Q. Let us assume that the inequality in the statement does not hold, then
there exists a compact set K ⊂ H and a sequence (Xn, v⃗n) such that Xn ∈ K and
v⃗n ∈ Gal(N )R ∩H1(Xn,R) such that

d
(
v⃗n, H

1(Xn,Z)
)
≤ d

(
v⃗n,Λ(N ) ∩H1(Xn,R)

)
/n .

Let πT : H1
R → H1

T denote the canonical projection. Since the restriction H1
T|K is

a compact space, there exist (X, v) with X ∈ K and v⃗ ∈ Gal(N )R ∩H1(X,R) such
that after passing to a subsequence

Xn → X , πT(v⃗n) → πT(v) ∈ H1(X,T) .
By the above inequality we have that πT(v⃗n) → 0, hence πT(v) = 0 ∈ H1(X,T).
Since 0 ∈ πT(Λ(N )), it follows that

dT

(
πT(v⃗n), πT(Λ(N ))

)
→ 0
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and, moreover, since πT(Λ(N )) ⊂ πT(H
1
Z) = {0}, we have that

dT

(
πT(v⃗n), πT(Λ(N ))

)
= dT

(
πT(v⃗n),0

)
The latter identity is equivalent to

d
(
v⃗n,Λ(N ) ∩H1(Xn,R)

)
= d

(
v⃗n, H

1(Xn,Z)
)
,

hence we have reached a contradiction and the statement is proved. □

By Lemma 3.7, since for every translation surface (X,ω) ∈ N , the line R Im(ω) ⊂
Taut(X,ω) ⊂ Gal(N ), it follows that whenever (by the Veech criterion)

lim
t→∞,
Xt∈K

d
(
gt · α Imω,H1(Xt;Z)

)
= 0 ,

we also have

lim
t→∞,
Xt∈K

d
(
gt · α Imω,Λ

)
= 0 .

With this in mind, we state the following result of S. Filip, which states that
the subbundle Gal(N ) ⊆ H1

C|N 1 has no zero Lyapunov exponents; this guarantees
expanding properties for the Kontsevich-Zorich cocycle in generic directions, leading
to a contradiction with the Veech criterion.

Theorem 3.8. [Fil17, Corollary 1.3] Let H be a stratum of Abelian differentials,
N ⊆ H be a GL+(2,R)-orbit-closure, and µ be the corresponding affine measure
on N 1. Then, the Lyapunov exponents of the Kontsevich-Zorich cocycle on the
subbundle Gal(N ) ⊆ H1

C|N 1 with respect to the affine measure µ are all non-zero.

3.6. From rotations to horocycles.

Proposition 3.9. Let H be a stratum of Abelian differentials over a moduli space
of Riemann surfaces M and (X,ω′) ∈ H be a translation surface whose translation
flow in a set of directions of positive Lebesgue measure is not weak mixing. Then,
there exists ψ ∈ [0, 2π), such that, for (X,ω) = rψ(X,ω

′), the set S ⊆ [−1, 1]
of s ∈ [−1, 1] for which the vertical flow Φ(s) := {ϕt(s)}t∈R of hs(X,ω) ∈ H is
ergodic, but not weak mixing, has positive Lebesgue measure. Furthermore, there
exists a measurable function

α : S → R \ {0}
such that for every s ∈ S there is f(s) ∈ L2(X,ω), an eigenfunction of the vertical
flow of hs(X,ω) ∈ H with eigenvalue α(s) ̸= 0, i.e., for every t ∈ R, the following
holds,

f(s) ◦ ϕt(s) = e2πiα(s)t · f(s).

To prove Proposition 3.9 we establish in Corollary 3.11 that for a one-parameter
strongly continuous family of unitary flows, the pairs of the parameter and the set
of eigenvalues of its infinitesimal generator is Borel. We were surprised that we did
not find this in the literature, though that may be from not knowing the correct
references. If this is not known, perhaps the reason is that for applications, there
are general arguments that are good enough. For example, it is easy to show the
set is analytic and for our purposes we could have used the Jankov-von Neumann
selection theorem.
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Lemma 3.10. Let Us denote the unitary (Koopman) operator on L2(X,ω) given
by the time-1 map of the vertical flow ϕ1(s) on hs(X,ω). The set

{(s, α) ∈ [−1, 1]× R : eiα is an eigenvalue of Us}

is Borel measurable.

Proof. We use the spectral theorem. Denote the interval {eiθ : θ ∈ [ j
2k
, j+1

2k
]} by

Ij,k and let gj,k be a polynomial in z, z̄ so that |gj,k(eiθ)− 1| < 1
k for all θ ∈ Ij,k in

the interval and |gj,k(eiθ)| < 1
k for all θ ∈ Ij−1,k ∪ Ij,k ∪ Ij+1,k. Let Gk = {gj,k}2

k

j=0.
Let {fℓ} be an orthonormal basis and Us be the unitary (Koopman) operator

given by ϕ1(s). Define

Ek(fℓ, ϵ) = {{s} × [
j

2k
,
j + 1

2k
] : j ∈ {0, . . . , 2k − 1}, |⟨fℓ, gj,k(Us)fℓ⟩| > ϵ}.

The set of eigenvalues of ϕ1(s) is the set of atoms of the spectral measures of Us.
This is the set of pairs (s, eiψ) where ψ belongs to the set

A1 :=

∞⋃
ℓ=1

∞⋃
n=1

∞⋃
M=1

∞⋂
k=M

Ek(fℓ,
1

n
).

Indeed, if σs,fℓ is the spectral measure given by Us and fℓ then

∞⋃
M=1

∞⋂
k=M

Ek(fℓ,
1

n
)

contains any (s, ψ) so that σs,fℓ({eiψ}) > 1
n and is contained in the set of (s, ψ) so

that σs,fℓ({eiψ}) ≥ 1
n .

We now show that Ek(fℓ,
1
n ) is measurable for all k ∈ Z and ℓ, n ∈ N.

Since for every h ∈ L2(X,ω) and for all a, b ∈ N, the map s 7→ ⟨h, Uas (U∗
s )
bh⟩ =

⟨h, Ua−bs h⟩ is continuous as a map from [−1, 1] to C (the Euclidean topology on
[−1, 1] is the same as the Strong Operator Topology on the operators), and since
gj,k is a polynomial, the set {s ∈ [−1, 1] : |⟨h, gj,k(Us)h⟩| > ϵ} is open and thus
measurable. Thus its product with any interval is measurable. It follows that
Ek(fℓ,

1
n ) is measurable and so is A1.

□

Let {U ts}t∈R be the group of unitary operators on L2(X,ω) of the flow {ϕt(s)}t∈R
(given by composing with the elements of {ϕt(s)}t∈R) and let As be the self-adjoint
operator such that iAs is the infinitesimal generator of {U ts}t∈R.

Corollary 3.11. The set

{(s, α) ⊂ [−1, 1]× R : α is an eigenvalue of As}

is Borel.

Proof. For every s ∈ [−1, 1], let As be the (not necessarily bounded) self-adjoint
operator such that iAs is the infinitesimal generator of {U ts}t∈R. Let (id, 2k) :
[−1, 1]× R by (id, 2k)(s, α) = (s, 2kα). Define

E
(q)
k (fℓ, ϵ) = {{s} × [

j

2k
,
j + 1

2k
] : j ∈ {0, . . . , 2k − 1}, |⟨fℓ, gj,k(U

1
2q
s )fℓ⟩| > ϵ}.
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The set of (s, ψ) so that ψ is an eigenvalue of As is

B̂ :=

∞⋃
ℓ=1

∞⋃
n=1

∞⋃
N=1

∞⋂
q=N

∞⋃
M=1

∞⋂
k=M

(id, 2q) · E(q)
k

(
fℓ,

1

n

)
This claim can be proved by an argument similar to the one given above in the proof
of Lemma 3.10 with in addition the following observation: if σs,f is the spectral
measure for the infinitesimal generator of {U ts}t∈R of the function f ∈ L2(X,ω),
then

(s, α) ∈
∞⋃
M=1

∞⋂
k=M

(id, 2q) · E(q)
k (f, ϵ) ⊂

(s, α) : σs,f

⋃
j∈Z

{j2q + α}

 ≥ ϵ

 .

Because σs,f is a finite measure4, (s, α) ∈ B̂ implies α is an eigenvalue for As. □

Proof of Proposition 3.9. Because(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
=

(
1 0

tan(θ) 1

)(
sec(θ) 0

0 csc(θ)

)(
1 − tan(θ)
0 1

)
,

for θ /∈ {±π
2 } the translation flow in direction θ on (X,ω) is not weakly mixing iff

the vertical flow on h− tan(θ)(X,ω) is not weakly mixing. To find ψ, we choose a
density point of the measurable set of θ so that the flow in direction θ is not weakly
mixing. So in any neighborhood of ψ the set of non-weakly mixing directions has
positive measure and thus for any c > 0 we have that for a positive measure set S
of s ∈ (−c, c) the vertical flow on hsrψ(X,ω) is not weakly mixing. With this in
hand, by Corollary 3.11 says that

B := {(s, α) ⊂ [−1, 1]× R : α is an eigenvalue of As}

is a Borel set and {s}×R∩B is at most countable. By [Kec95, Theorem 18.10] we
have a measurable section α : S → R such that α(s) is an eigenvalue of As.

□

4. Proof of (2) implies (1) in Theorem 3.1

This section proves the results we need for the main implication of this paper,
namely that the absence of a non-zero integer vector in the tautological plane
implies that the flow is weakly mixing in almost every direction.

The first result we establish in section 4.1 concerns the abundance of (V,H, σ, L)-
rigidity configurations. The next result in section 4.2 interfaces the restrictions
coming from rigidity configurations with the Veech criterion. In section 4.3 we
quote the main technical result from [CF20] which proves a strong result on the
growth of vectors in the so-called balanced subspace of the cohomology bundle. We
also adapt this result to take advantage of our reductions in section 3.5. With these
ingredients in hand we complete the proof.

4Thus, limq→∞ σs,f

(⋃
j∈Z\{0}{j2q + α}

)
= 0.
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4.1. The existence of (V,H, σ, L)-rigidity configurations. We now aim to
prove the following proposition, which, under basic compactness assumptions, pro-
vides rigidity configurations with uniform parameters.

Proposition 4.1. Let H1 be a stratum of unit area Abelian differentials. Then, for
every compact set K ⊆ H1, there exist constants L0 = L0(K) ≥ 1 and C = C(K) ≥
1, such that for every (X,ω) ∈ K and every L ≥ L0, there exists a (V,H, σ, L)-
rigidity-configuration (J,R) of (X,ω) with the following properties:

(1) L/C ≤ V ≤ C · L.
(2) σ ≥ 1/C.
(3) If 0 < t < logL is such that (Xt, ωt) ∈ K, then H < C · e−t.

Proof. Fix a compact subset K ⊆ H1 and let L0 = L0(K) ≥ 1 be such that for
every Abelian differential in K, the union of all downward prongs of length L0

starting from every singularity of the differential intersects every horizontal leaf;
if any such downward prong first hits a singularity, we consider the corresponding
vertical saddle connection instead. Such L0 can be found using a covering argument
over K. From now on we consider an arbitrary parameter L ≥ L0.

Let (X,ω) ∈ K and denote by Φω := {ϕω,t}t∈R the vertical flow of (X,ω). We
partition X, modulo sets of |ω|-measure zero, into embedded flat open rectangles
with convenient geometric and dynamical properties. Consider all downward prongs
of length 2L starting from every singularity of ω; again, if any such downward prong
first hits a singularity, we consider the corresponding vertical saddle connection in-
stead. From the start and end of every such downward prong shoot rays in all
possible horizontal directions until they hit one of the prongs, potentially the same;
this always happens because horizontal saddle connections decompose translation
surfaces into horizontally periodic and horizontally minimal components. The con-
nected components of the complement of the downward prongs and horizontal rays
give the desired partition into embedded flat open rectangles.

Notice that, by construction, if I denotes one of the horizontal sides of such
a rectangle, then one never hits a singularity of ω if one flows I upwards up to
time 2L; compare to the first condition in the definition of rigidity configurations.
Indeed, if this was not the case, then I would have to have been split by one of the
vertical prongs. We warn the reader that this decomposition into rectangles is not
the same as a decomposition into towers of height at least 2L because when flowing
the base of a rectangle upwards one could meet the base of a different rectangle,
but never a singularity, at a time strictly less than 2L.

Notice the number of rectangles is bounded by a number cH depending only on
the stratum. Denote by R′ ⊆ X the corresponding rectangle of largest area; this
rectangle has area at least 1/cH. The construction above ensures R′ has vertical
length at most 2L and so it must have horizontal length at least 1/2cHL. Denote
by J ′ ⊆ X the base of R so that

|J ′| ≥ 1/2cHL.

Now let 0 < ϵK ≤ 1 be the minimum between 1 and the length of the shortest
saddle connections of Abelian differentials in K. Consider the compact subset
K ⊆ K′ ⊆ H1 defined as

K′ :=
⋃

0≤s≤log(2)−log(ϵK)

gsK.
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We now split our analysis into three different cases:

(1) (Xlog(L), ωlog(L)) ∈ K′.
(2) (Xlog(L), ωlog(L)) /∈ K′ and the minimal return time of the vertical flow Φω

of (X,ω) to J ′ is at least L/10.
(3) (Xlog(L), ωlog(L)) /∈ K′ but the minimal return time of the vertical flow Φω

of (X,ω) to J ′ is at most L/10.

Case 1: (Xlog(L), ωlog(L)) ∈ K′. As above, denote by 0 < ϵK′ ≤ 1 the minimum
between 1 and the length of the shortest saddle connections of Abelian differentials
in K′. Consider the leftmost horizontal subsegment J ⊆ J ′ of length equal to
min{ϵK′/2L, |J |}.
Claim: The minimal return time of the vertical flow to J is at least LϵK′/2.

Proof. Let γ′ be the simple closed curve obtained by taking a vertical trajectory
that returns quickest to J and then closing it up along J ; by the Gauss-Bonnet
theorem, this curve is homotopically non-trivial.

Denote by glog(L)γ
′ the parallel transport of this curve to (Xlog(L), ωlog(L)). The

assumption that (Xlog(L), ωlog(L)) ∈ K′ guarantees the length of glog(L)γ
′ is at least

ϵK′ ; if not, tightening this curve to a flat geodesic would produce a saddle connection
of length less than ϵK′ . The upper bound |J | ≤ ϵK′/2L ensures the horizontal
segment of glog(L)γ

′ has length at most ϵK′/2. It follows that the vertical segment
of glog(L)γ

′ has length at least ϵK′/2. Pulling back to the original differential we see
that the vertical segment of γ′ has length at least LϵK′/2, proving the claim. □

We now construct the desired rigidity configuration. Consider the interval ex-
change transformation T given by the first return map of the vertical flow to J and
denote by I the longest interval of this transformation. Consider the flat rectangle
R obtained by flowing I upwards until it returns to J ; in this case the rectangle is
embedded and not only immersed. The desired rigidity configuration is given by
the pair (J,R).

We now show this pair satisfies the desired conditions for an appropriate choice
of constant C = C(K) > 0. First, by the construction of R′, we know that J
can be flowed upwards up to time 2L without hitting a singularity of ω. Notice
also that the horizontal segment of any rigidity curve of (J,R) has length at most
|J | ≤ ϵK′/2L. The number of intervals in the interval exchange transformation T
is bounded by a number dH depending only on the stratum. In particular,

|I| ≥ |J |/dH = min{ϵK′/2dHL, |J ′|/dH} ≥ min{ϵK′/2dHL, 1/2cHdHL}.
Recall that the vertical length of R is at least LϵK′/2. Furthermore, because ω has
total area 1, the vertical length of R is at most

1/|I| ≤ max{2dHL/ϵK′ , 2cHdHL}.
Finally, the total area of the rectangle R∗ = R can be bounded as follows,

|ω|(R∗) = |ω|(R) ≥ |I| · LϵK′/2 ≥ min{ϵ2K′/4dH, ϵK′/4cHdH}.
We conclude that (J,R) has the desired properties if

C = C(K) ≥ max{ϵK′/2, 2/ϵK′ , 2dH/ϵK′ , 2cHdH, 4dH/ϵ
2
K′ , ϵK′/4cHdH}.

Case 2: (Xlog(L), ωlog(L)) /∈ K′ and that the minimal return time of Φω to J ′

is at least L/10. Furthermore, we will use the condition that (Xt, ωt) ∈ K for
0 < t < logL introduced in the third item of the statement of the proposition. Let
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J = J ′, let T be the interval exchange transformation given by the first return map
of the vertical flow to J , and let I be the longest interval of this transformation.
Consider the flat rectangle R obtained by flowing I upwards until it returns to J ;
in this case the rectangle is embedded and not only immersed. The desired rigidity
configuration is given by the pair (J,R).

Let us verify this pair has the desired properties for an appropriate choice of
constant C = C(K) > 0. First, by the construction of R′, we know that J can
be flowed upwards up to time 2L without hitting a singularity of ω. Now recall
that |J | = |J ′| ≥ 1/2cHL and notice that, by area considerations, |J | ≤ 10/L. In
particular, the length of the horizontal component of any rigidity curve of (J,R) is
at most |J | ≤ 10/L. Furthermore,

|I| ≥ |J |/dH ≥ 1/2cHdHL.

Notice that, by our assumption on the minimal return time of Φω to J ′ = J , the
vertical length of R is at least L/10. Furthermore, area considerations ensure the
vertical length of R is at most

1/|I| ≤ 2cHdHL.

Notice that the embedded flat rectangle R has area at least 1/dH times the area of
the rectangle R′ constructed above. In particular, the total area of the rectangle
R∗ = R can be bounded as follows

|ω|(R∗) = |ω|(R) ≥ |ω|(R′)/dH = 1/(cHdH).

We conclude that (J,R) has the desired properties if

C = C(K) ≥ max{10, 2cHdH, cHdH, 10}.
Case 3: we construct the desired rigidity configuration under the assumptions

that (Xlog(L), ωlog(L)) /∈ K′ and the minimal return time of Φω to J ′ is at most
L/10. Recall that one never hits a singularity of ω if one flows J ′ upwards up to
time 2L. In particular, if 0 < s < L/10 denotes the minimal return time to J ′, then
ϕω,s|J′ must be a horizontal translation by some amount w ∈ R. Furthermore, by
induction, for every n ∈ N such that ns < 2L, ϕω,ns|J′ is a horizontal translation
by nw. Denote k := ⌈L/s⌉ − 1 ∈ N; notice that ks < L. To construct the desired
rigidity configuration (J,R) consider J to be the union of all horizontal translations
of J ′ by nw for 0 ≤ n ≤ k and R to be the immersed flat rectangle obtained by
flowing J ′ upwards up to time ks.

Let us verify this pair has the desired properties for an appropriate choice of
constant C = C(K) > 0. First, by construction, the horizontal segment J can be
flowed upwards up to time 2L − ks ≥ L without hitting any singularities of ω.
Notice also that the vertical length of R is

ks = (⌈L/s⌉ − 1)s ∈ [L/2, L].

Flowing J ′ upwards until it returns to itself yields the embedded flat rectangle
R∗ ⊆ R. In particular, the area of R∗ is at least the area of R′, i.e.,

|ω|(R∗) ≥ |ω|(R′) ≥ 1/cH.

To complete the proof we make use of the assumption (Xlog(L), ωlog(L)) /∈ K′ to
control the length of the horizontal components of rigidity curves of (J,R). Notice
that, under this assumption, if L > et and (Xt, ωt) ∈ K, then, by definition of K′,

L > 2et/ϵK.
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We claim the horizontal component of any rigidity curve of (J,R) has length

k|w| = (⌈L/s⌉ − 1)|w| ≤ 1/L ≤ ϵKe
−t/2.

Indeed, begin by noticing that, if we assume without loss of generality that w ≥
0, then the subinterval of J ′ of length |w| starting from its left endpoint travels
upwards injectively for time at least L. By area considerations,

(3) |w| ≤ 1/L ≤ ϵKe
−t/2.

In particular, recalling the definition of k, it follows that

(4) k|w| = (⌈L/s⌉ − 1)/L ≤ 1/s.

Now let γ be a rigidity curve of (J,R) and denote by gtγ the parallel transport of
this curve to (Xt, ωt) ∈ K. By the Gauss-Bonnet theorem, γ is homotopically non-
trivial. In particular, gtγ has length at least ϵK; if not, tightening this curve to a flat
geodesic would produce a saddle connection of length less than ϵK. Furthermore,
by (3), the horizontal component of gtγ has length at most ϵK/2. It follows that the
vertical component of gtγ has length at least ϵK/2. In other words, e−ts ≥ ϵK/2.
From this and (4) we deduce the desired bound:

k|w| ≤ 1/s ≤ ϵKe
−t/2.

We conclude that (J,R) has the desired properties if

C = C(K) ≥ max{1, 2, cH, ϵK/2}. □

4.2. Localization in the tautological plane. In this section we prove that rigid-
ity configurations can be applied to sharply constrain (candidate) eigenvalues along
the unstable line in the tautological plane.

In the localization argument, it is necessary to estimate Hodge norms of the
Poincaré duals of homology classes of loops over compact sets of the moduli space.

Given a translation surface (X,ω) and a closed piecewise geodesic curve γ on it,
denote by [γ] ∈ H1(X;Z) its homology class, by #[γ] ∈ H1(X;Z) the corresponding
Poincaré dual, and by ℓω(γ) the length of γ with respect to the singular Euclidean
metric induced by ω on X. The following estimate relating the Hodge norm of the
Poincaré dual of a closed piecewise geodesic curve on a translation surface to its
flat length will be useful for our purposes:

Proposition 4.2. Let H1 be a stratum of unit area Abelian differentials. Then,
for every compact set K ⊆ H1, there exists a constant C ′ = C ′(K) ≥ 1 such that
for every translation surface (X,ω) ∈ K and every closed piecewise geodesic curve
γ on X, the following estimate holds:

∥#[γ]∥X ≤ C ′ · ℓω(γ).

Proof. The statement can be derived from this result follows directly from [AF08,
Lemmas 3.2 and 5.5]. We sketch below a more direct argument for the conve-
nience of the reader. The stable norm on H1(X,R) induced by the flat metric of a
translation surface (X,ω) is defined as

∥h∥ω = inf{
σ∑
i=1

|ri|ℓω(γi) : h =
[ σ∑
i=1

riγi

]
∈ H1(X,R)} ,
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where γ1, . . . , γσ are integral cycles. Since H1(X,R) is a finite dimensional vector
space the Poincaré dual of the Hodge norm and the stable norm are equivalent,
that is, for all (X,ω),

0 < inf
h∈H1(X,R)

∥h∥ω
∥#h∥X

≤ sup
h∈H1(X,R)

∥h∥ω
∥#h∥X

< +∞ .

In addition, both the Hodge norm and the stable norm depend continuously on
(X,ω) ∈ H1, hence for every compact subset K ⊂ H1, there exists a constant
C ′(K) > 0 such that

C ′(K)−1 ≤ inf
h∈H1(X,R)

∥h∥ω
∥#h∥X

≤ sup
h∈H1(X,R)

∥h∥ω
∥#h∥X

≤ C ′(K) .

In particular, for all (X,ω) ∈ K and rectifiable loop γ, we have

∥#[γ]∥X ≤ C ′(K)∥[γ]∥ω ≤ C ′(K)ℓω(γ) .

□

Given a translation surface (X,ω) one can decompose its cohomology group

H1(X;R) = Taut(X,ω)⊕ Bal(X,ω),

where Taut(X,ω) is the tautological plane introduced in equation (2) and Bal(X,ω)
is the so-called ‘balanced’ space, i.e., the symplectic complement (orthogonal) of the
tautological plane with respect to the cup intersection form (Hodge inner product).
Recall that we can further decompose

Taut(X,ω) = R · Re(ω)⊕ R · Im(ω).

In this context, denote by BalH the bundle with fiber Bal(X,ω) at each (X,ω) ∈ H,
and Taut+H the unstable tautological subbundle, that is the 1 real dimensional
subbundle whose fiber is R Im(ω) at (X,ω).

πBal : H
1
R → BalH,

πTaut+ : H1
R → Taut+H,

the corresponding projections.
The following result will later be used in a parameter exclusion argument in the

proof by contradiction of (2) implies (1) in Theorem 3.1.

Proposition 4.3. Let H1 be a stratum of unit area Abelian differentials over a
moduli space of Riemann surfaces M. Then, for every compact set K ⊆ H1, there
exist constants C ′′ = C ′′(K) ≥ 1 and t0 := t0(K) > 0 with the following property.
Let (X,ω) ∈ H1 be any translation surface. Consider t ≥ t0 such that the following
conditions hold:

(1) (Xt, ωt) ∈ K.
(2) There exists m⃗ ∈ H1(Xt;Z) such that d (gt · α Im(ω), m⃗) < 1/[2(C ′′)2].

Suppose α ∈ R \ {0} has the property that dR(V α,Z) < 1/C ′′ for all V > et/C ′′

whenever (X,ω) has a (V,H, 1/C ′′, L)-rigidity configuration. Let βt ∈ R be such
that πTaut+(m⃗) = gt · βt Im(ω) ∈ H1(Xt,R). Then,

dR(α, βt) ≤ C ′′ · ∥πBal(m⃗)∥ · e−t.
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Proof. For the rest of the proof fix a compact set K ⊆ H1. Let L0 = L0(K) ≥ 1 and
C = C(K) ≥ 1 be as in Proposition 4.1 and C ′ = C ′(K) ≥ 1 be as in Proposition 4.2.
Define the constants t0 = logL0 and

C ′′ = C ′′(K) := max{20C2, C + 2C ′ + C ′C, 20C}.
Now let (X,ω) ∈ H1 be a translation surface whose vertical flow is ergodic and α, t
be as in the statement of the proposition. In this setting we write

m⃗ = a Im(ωt) + b Im(ωt) + πBal(m⃗).

for some a, b ∈ R. If β := βt ∈ R is such that πTaut+(m⃗) = gt · β Im(ω), then

(5) a = β · et.
Condition (2) above ensures that

(6) |b| ≤ 1/[2(C ′′)2] and ∥πBal(m⃗)∥ ≤ 1/[2(C ′′)2].

Consider now a (V,H, σ, L)-rigidity-configuration of (X,ω) for some parameters
V,H, σ, L > 0, let γ be a corresponding rigidity curve, and gtγ be its parallel
transport to Xt. Denote by [γ] ∈ H1(X;Z) the homology class of γ and by gt[γ]
its parallel transport to H1(Xt;Z). Letting ∩ be the pairing between cohomology
and homology on Xt we get

m⃗ ∩ gt[γ] = a Im(ωt) ∩ gt[γ] + bRe(ωt) ∩ gt[γ] + πBal(m⃗) ∩ gt[γ].
Notice that m⃗ ∩ gt[γ] ∈ Z. It follows that
(7) dR(a Im(ωt) ∩ gt[γ],Z) ≤ |b| · |Re(ωt) ∩ gt[γ]|+ |πBal(m⃗) ∩ gt[γ]|.
Directly from the definitions we see that

(8) Im(ωt) ∩ gt[γ] = e−t · V, Re(ωt) ∩ gt[γ] = et ·H.
By the Cauchy–Schwarz inequality

(9) |πBal(m⃗) ∩ gt[γ]| ≤ ∥πBal(m⃗)∥ · ∥#gt[γ]∥
By Proposition 4.2,

(10) ∥#gt[γ]∥ ≤ C ′ · ℓωt
(gtγ) = C ′ · (e−t · V + et ·H).

Putting together (5), (6), (7), (8), (9), and(10) we deduce

dR(V · β,Z) ≤ et ·H/[2(C ′′)2] + C ′ · ∥πBal(m⃗)∥ · (e−t · V + et ·H).(11)

Consider now the subset U = U(X,ω, t, m⃗) ⊆ R given by

U := {ρ ∈ R : d(gt · ρ Im(ω), m⃗) ≤ 1/2C ′′}.
By definition, α, β ∈ U . Notice that if ρ, ρ′ ∈ U , then the following holds:

dR(ρ, ρ
′) = d(ρ Im(ω), ρ′ Im(ω)) = e−t · d(gt · ρ Im(ω), gt · ρ′ Im(ω))

≤ e−t · d(gt · ρ Im(ω), m⃗) + e−t · d(gt · ρ′ Im(ω), m⃗)(12)

≤ ·e−t/C ′′.

In particular, we deduce the following bound on the diameter of U ⊆ R:
diamR(U) ≤ e−t/C ′′.

Consider now a finite increasing sequence L1, . . . , Lk ∈ R such that

(1) L1 = et.
(2) Lk = et/[2(C ′′)2 · ∥πBal(m⃗)∥].
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(3) Li ≥ 5C2 · Li+1/C
′′, ∀i = 1, . . . , k − 1.

By the choice of the constant C ′′ > 0 the bound 5C2 ·(1/C ′′) ≤ 1/2 holds, so finding
such a sequence is always possible. As t ≥ t0 and (Xt, ωt) ∈ K, Proposition 4.1
provides (Vi, Hi, σi, Li)-rigidity-configurations (Ji, Ri) of (X,ω) such that for every
i = 1, . . . , k:

(1) Li/C ≤ Vi ≤ C · Li.
(2) σi ≥ 1/C.
(3) Hi ≤ C · e−t.

For every i = 1, . . . , k denote by γi a rigidity curve on (X,ω) corresponding to the
rigidity configuration (Ji, Ri) obtained above. Applying (11) to the rigidity curves
γi shows that for every i = 1, . . . , k,

(13) dR(Vi · β,Z) ≤ et ·Hi/[2(C
′′)2] + C ′ · ∥πBal(m⃗)∥ · (e−t · Vi + et ·Hi).

Recall that Li ≤ Lk = et/[2(C ′′)2 · ∥πBal(m⃗)∥] for every i = 1, . . . , k. This to-
gether with the definition of C ′′, the bounds on the rigidity configurations (Ji, Ri)
presented above, and (13) shows that for every i = 1, . . . , k,

(14) dR(Vi · β,Z) ≤ 1/(2C ′′).

Notice now that, as t ≥ t0, since (Ji, Ri) is, for every i = 1, . . . , k, a rigidity
configuration with Vi ≥ et/C ≥ et0/C and σi ≥ 1/C, by the hypothesis on the
eigenvalue α ̸= 0 we derive that

(15) dR(Vi · α,Z) ≤ 1/(2C ′′).

To summarize, we have proved that:

(1) α, β ∈ U ⊆ R.
(2) diamR(U) ≤ e−t/C ′′.
(3) dR(Vi · α,Z) ≤ 1/(2C ′′) for every i = 1, . . . , k.
(4) dR(Vi · β,Z) ≤ 1/(2C ′′) for every i = 1, . . . , k.

We claim this implies that

dR(α, β) ≤ 2 · C · C ′′ · e−t · ∥πBal(m⃗)∥.

Indeed, proceeding by induction, one can show that, using the information up to
step i = 1, . . . , k constraints α and β to belong to the same interval of length
1/(C ′′Vi) centered at some point in the lattice Z/Vi; the bound Li ≥ 5C2Li+1/C

′′

guarantees that Vi+1 ≤ (C ′′Vi)/4, making sure the intervals of virtual eigenval-
ues are not getting split up at any step. For i = k, since Vk ≥ Lk/C and by the
definition of Lk, we have that α and β belong to the same interval of length

1

C ′′Vk
≤ C

C ′′Vk
≤ C2

C ′′Lk
≤ 2 · C · C ′′ · e−t · ∥πBal(m⃗)∥ ,

hence the claim follows immediately. □

4.3. Lattice repelling. The following technical result follows directly from [CF20,
Proposition 5.1]. Roughly speaking, this result shows that if one gets fairly close
to integral cohomology, one can push away from it after a bounded horocycle per-
turbation, thus breaking the Veech criterion and leading to weak mixing.

Notation: We denote below, every t, s ∈ R,

(Xt,s, ωt,s) := gths(X,ω) ∈ H .
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Proposition 4.4. There exist constants 0 < a < b < 1 and 0 < κ < 1 with the
following property. Let H be a stratum of unit area Abelian differentials over a
moduli space of Riemann surfaces M, (X,ω) ∈ H, and N ⊆ H be the SL(2,R)-
orbit-closure of (X,ω). Then, there exist constants t0 = t0(X,ω) > 0, σ =
σ(X,ω) > 0, and a compact set K0 = K0(X,ω) ⊆ H, such that for every SL(2,R)-
invariant, strongly irreducible subbundle F ⊆ H1

R|N of the absolute cohomology
bundle over N with at least one positive Lyapunov exponent, there exists a constant
τ = τ(X,ω,F) > 0 such that for every compact set K ⊇ K0 there exists a constant
γ0 = γ0(X,ω,F ,K) ∈ (0, 1) with the following property. Suppose that s0 ∈ [−1, 1],
that t > t0, and that v⃗ ∈ F ∩H1(X,R) are such that

(1) (Xt,s0 , ωt,s0) ∈ K.
(2) γ := ∥gths0 · v⃗∥ ∈ (0, γ0).

Then there exists a set St,s0 = St,s0(X,ω,F ,K) ⊆ [s0 − e−2t, s0 + e−2t] with

Leb(St,s0) > 2(1− κ−σγσ)e−2t

and such that for every s ∈ St,s0 there exists ℓ := ℓ(X,ω,F ,K, s) > 0 such that

(1) a| log γ| ≤ ℓ ≤ b| log γ|,
(2) (Xt+ℓ,s, ωt+ℓ,s) ∈ K,
(3) ∥gt+ℓhs · v⃗∥ > eτℓκγ.

Motivated by Lemma 3.7 and Theorems 3.6 and 3.8, we would like to apply
Proposition 4.4 when F = Gal(N )R. This subbundle, although SL(2,R)-invariant,
is not strongly irreducible. Nevertheless, following [Fil16, Theorem 1.2], it can
be decomposed as a direct sum of Hodge-orthogonal, SL(2,R)-invariant, strongly
irreducible subbundles. Furthemore, Theorem 3.8 guarantees each component has
at least one positive Lyapunov exponents. In particular, we deduce the following
corollary.

Corollary 4.5. There exist constants 0 < a < b < 1 and 0 < κ < 1 with the
following property. Let H1 be a stratum of unit area Abelian differentials over a
moduli space of Riemann surfaces M, (X,ω) ∈ H, and N ⊆ H be the SL(2,R)-
orbit-closure of (X,ω). Then, there exist constants

• t0 = t0(X,ω) > 0,
• σ = σ(X,ω) > 0,
• τ = τ(X,ω) > 0,
• N = NN ∈ N, and
• a compact set K0 = K0(X,ω) ⊆ H,

such that for every compact set K ⊇ K0, there exists a constant γ0 = γ0(X,ω,K) ∈
(0, 1) with the following property. Suppose that s0 ∈ [−1, 1], that t > t0, and that
v⃗ ∈ Gal(N )R ∩ Bal(X,R) are such that

(1) (Xt,s0 , ωt,s0) ∈ K,
(2) γ := ∥gths0 · v⃗∥ ∈ (0, γ0).

Then there exists a set St,s0 = St,s0(X,ω,K) ⊆ [s0 − e−2t, s0 + e−2t] with

Leb(St,s0) > 2(1− κ−σNσ/2γσ)e−2t

and such that for every s ∈ St,s0 there exists ℓ := ℓ(X,ω,K, s) > 0 such that

(1) a| log γ| ≤ ℓ ≤ b| log γ|,
(2) (Xt+ℓ,s, ωt+ℓ,s) ∈ K,
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(3) κ−1γ1−b ≥ ∥gt+ℓhs · v⃗∥ > eτℓκγ/N1/2.

Proof. By Filip’s semisimplicity theorem [Fil16], the bundle Gal(N )R ∩ Bal(X,R)
over the invariant orbifold N is the direct, Hodge orthogonal, sum of strongly irre-
ducible subbundles: there exists N := NN ∈ N and strongly irreducible subbundles
F1, . . . ,FN over N such that

Gal(N )R ∩ Bal(X,R)|N = F1 ⊕ . . .FN .
Let {πi|i ∈ {1, . . . , N} denote the projection given by the above splitting. For any
v⃗ ∈ Gal(N )R ∩ Bal(X,R), there exists j ∈ {1, . . . , N} such that

∥πj(v⃗)∥ = max{∥πi(v⃗)∥ : i ∈ {1, . . . , N}} .
Notice that as a consequence and by orthogonality

γ := ∥v⃗∥ ≥ γj := ∥πj(v⃗)∥ ≥ ∥v⃗∥/N1/2 = γ/N1/2 .

We now apply Proposition 4.4 to the vector πj(v⃗) ∈ Fj , a strongly irreducible
subbundle with all Kontsevich–Zorich exponents strictly positive.

Suppose ∥v⃗∥ < γ0, hence ∥πj(v⃗)∥ = γj < γ0, so that by Proposition 4.4 the
following holds. For t > t0 such that (Xt,s0 , ωt,s0) ∈ K there exists a set St,s0 ⊂
[s0 − e−2t, s0 + e−2t] such that

Leb(St,s0) > 2(1− κ−σγσj )e
−2t ≥ 2(1− κ−σNσ/2γσ)e−2t

and such that for every s ∈ St,s0 there exists ℓ ∈ N such that (Xt+ℓ,s, ωt+ℓ,s) ∈ K,

a| log γj | ≤ ℓ ≤ b| log γj | and ∥gt+ℓhs · πj(v⃗)∥ ≥ eτℓκγj .

From the above bounds we derive that

a
(
| log γ| − logN

2

)
≤ ℓ ≤ b| log γj | and ∥gt+ℓhs · v⃗∥ ≥ eτℓκγ/N1/2 .

and5

∥gt+ℓhs · v⃗∥ ≤ eℓ∥hs · v∥ ≤ κ−1γ−b∥v⃗∥ = κ−1γ1−b .

By replacing the value of γ0 and a ∈ (0, 1) from the Proposition 4.4 by the values

γ′0 := min(γ0, 1/N) and a′ := a/2 ,

the statement holds and the proof is complete. □

4.4. Proof (2) implies (1) in Theorem 3.1. Throughout this section, the com-
pact set K′ ⊂ H1 is chosen to be large enough so that all of the above results hold
for it (in particular K ⊃ K0 where K0 is as in Corollary 4.5) and we choose K a
larger compact set so that hs(X,ω) ∈ K whenever |s| ≤ 1 and (X,ω) ∈ K′. The
parameter ϵ̂ > 0 will be chosen small enough that a number of smallness condi-
tions in the proof hold. As all of these conditions hold for all ϵ > 0 small enough,
this does not cause issues. Given these terms the Teichmüller geodesic flow time
parameter is chosen large enough (see (16)).

Lemma 4.6. Let α : S → R \ {0} be a measurable eigenvalue section (as in
Proposition 3.9). There exists a compact subset KS ⊂ S with |KS \ S| < ϵ

9 such

that α|KS is continuous. For any compact set K ⊂ H1 and for any ϵ > 0, there
exists t∗ := t∗(ϵ,K) ≥ 2 such that

(16) A(ϵ,K, t∗) := {s ∈ KS : α(s) is a (ϵ,K, t∗)− virtual eigenvalue}

5using the bound on the growth of the Hodge norm [For02, Section 2]
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has positive measure.

Proof. The existence of the compact set KS of large measure and such that α|KS
is continuous follows from Proposition 3.9 by Lusin’s theorem. By Lemma 3.5, for
every n ∈ N, the set

An := {s ∈ KS : α(s) is a (ϵ,K, n)− virtual eigenvalue}

is measurable. By Lemma 3.4, since An ⊂ An+1 for all n ∈ N, and

KS = ∪n∈N\{0,1}An ,

by measure continuity there exists n∗ ∈ N\{0, 1} such that An has positive measure.
We then let t∗ = n∗ and A = An∗ and the argument is concluded. □

Proposition 4.7. Let us assume that there exists a positive measure set of θ ∈
[0, 2π) so that the flow in direction θ on (X,ω), is not weakly mixing. Let K,K′ be
the compact sets defined at the start of this section. There exists ϵ0(K′) > 0 such
that if 0 < ϵ < ϵ0(K′) there exists t0 > 0, s0 ∈ [−1, 1] with the property that

(1) (Xt0,s0 , ωt0,s0) ∈ K′,
(2) the vertical flow Φs0 on (X0,s0 , ω0,s0) has an eigenvalue α0,
(3) the set

E := {s ∈[s0 − e−2t0 , s0 + e−2t0 ] : the vertical flow Φs on (X0,s, ω0,s)

has a (ϵ,K, t0)-virtual eigenvalue αs in B(α0, ϵe
−t0)}

has Lebesgue measure at least 2(1− ϵ)e−2t0 ,

(4) there is n⃗ ∈ Λ(N ) \ {⃗0} such that, for all s ∈ E,

d
(
gt0 · αs Im(hsω), gt0hs · n⃗

)
< ϵ .

Proof. Let α : S → R \ {0} be a measurable eigenvalue section (as in Proposi-
tion 3.9) and let KS ⊂ S and A := A(ϵ̂,K, t∗) = {s ∈ KS : α(s) is a (ϵ̂,K, t∗) −
virtual eigenvalue} be the sets of Lemma 4.6. The parameter ϵ̂ > 0 is to be chosen
later. We choose s0 ∈ (−1, 1) to be a density point of A so that (Xℓ,s0 , ωℓ,s0) ∈ K
for a positive density set of ℓ, which is true for almost every s by [CE15], and define
α0 := α(s0).

We now choose δ > 0 so that

• (s0 − δ, s0 + δ) ⊂ [−1, 1],
• for all 0 < r ≤ δ we have

|(s0 − r, s0 + r) ∩A| > 2r(1− ϵ

9
),

• for all 0 < r ≤ δ,

diam
(
α(KS ∩ (s0 − r, s0 + r)

)
<

1

9
e−t∗ .

For any t0 > max{t∗,− log(δ)} chosen so that (Xt0,s0 , ωt0,s0) ∈ K′ we have

Claim: Let C = C(K) > 0 denote the constant of Proposition 4.1. If ϵ̂ < 1
9C2 ,

s ∈ [s0 − e−2t0 , s0 + e−2t0 ], α is an (ϵ̂,K, t∗)-virtual eigenvalue of the vertical flow
of hs(X,ω) and |α− α0| < ϵ̂e−t∗ , then for every σ ≥ 1/C,

(17) |α− α0| <
2C2

σ
ϵ̂ e−t0 .
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Proof of Claim. Observe that if (J,R) is a (V,H, σ, L)-rigidity configuration for
(X ′, ω′), then we can construct a (V,H ′, σ − |ℓ|V 2, L)-rigidity configuration with
H ′ ∈ [H − |ℓ|V,H + |ℓ|V ] of hℓ(X

′, ω′) for all |ℓ| < σ/(2V 2).6

As a consequence, if (J,R) is a (V,H, σ, L)-rigidity configuration for hs0(X,ω),
since |s − s0| < e−2t0 , under the assumption that V < et0 σ2 we have a rigidity
configuration for hs(X,ω). Considering a sequence of such V1 < V2 < .... < Vk
with consecutive ratio at most C2, V1 ∈ [et∗ , C2et∗ ] and Vk ∈ [σC−2et0 , σet0 ]. Now
because ϵ̂ < 1

9C2 , if

dR(α
′Vi, ni) , dR(α

′′Vi, ni) < ϵ̂

and

dR(α
′Vi+1,Z) , dR(α′′Vi+1,Z) < ϵ̂

then there exists ni+1 so that

dR(α
′Vi, ni+1), dR(α

′′Vi, ni+1) < ϵ̂ .

From our assumptions, by finite iteration of the above procedure, we derive that

(18) |α− α0| ≤ 2(Vk)
−1ϵ ≤ 2

C2

et0σ
ϵ̂

□

From the claim (with σ = 1/C) we obtain the first three conclusions of the
proposition, if ϵ̂ is small enough to apply the claim and such that

2C2

σ
ϵ̂ ≤ 2C3ϵ̂ < ϵ .

For α0 an eigenvalue of the vertical flow on (X0,s0 , ω0,s0) and by Lemma 3.7,
since αs0 Im(hs0ω) ∈ Gal(N )R, for t0 > 0 sufficiently large, under the assumption
that (Xt0,s0 , ωt0,s0) ∈ K′ there is n⃗ ∈ Λ(N ) such that

d
(
gt0 · αs0 Im(hs0ω), gt0hs0 · n⃗

)
< ϵ̂.

Since Im(hsω) = Im(ω) for all s ∈ R, we have that, by the above Claim,

d
(
gt0 · αs0 Im(hs0ω), gt0 · αs Im(hsω

)
≤ et0dR(αs, α0) ≤ 2C3ϵ̂ .

We have the statement of (4) if we choose ϵ̂ = ϵ/(1 + 2C3), hence the argument is
complete. □

We now prove that (2) implies (1) by contradiction, assuming that (2) is true
and not (1) is true.

Proof. We obtain s0 as in the proof of Proposition 4.7 for ϵ > 0 to be chosen based
on smallness conditions to come. By Proposition 4.7, item (4), there is a single
integer vector n⃗ ∈ Gal(N )R ∩H1(X,Z) so that

gt0hs ·
(
n⃗− αs Im(ω)

)
∈ H1(Xt0,s,R)

6Indeed, consider hℓR and hℓR
∗, the images of R, R∗ under the affine homeomorphism given

by hℓ. These are are parallelograms with horizontal sides and the other sides have holonomies
(ℓV, V ). Each horizontal segment of R∗ has length σ

V
and so if |ℓ| < σ

V 2 then a portion of

each horizontal segment of length σ
V

− |ℓ|V flows under the vertical flow into the top segment of

hℓR
∗ ⊂ hℓJ . Thus we obtain a rigidity configuration on hℓ(X

′, ω′) where the relevant R∗ has
measure σ − |ℓ|V 2
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is small for all s ∈ E ⊂ [s0 − e−2t0 , s0 + e−2t0 ]. Because n⃗ is a non-zero integer
vector and by hypothesis Taut(X,ω) contains no integer points, but it is contained
in Gal(N )R which is defined over Q, it follows that

πBal(n⃗) = πGal(N )πBal(n⃗) := v⃗ ̸= 0 .

By Filip’s Theorem 3.8, v⃗ is contained in the sum of strongly irreducible subbundles
of Bal ∩Gal(N ), each with a positive top Lyapunov exponent.

Because 0 < ∥gt0hs0 · v⃗∥ < ϵ ≪ 1, by Proposition 4.7, item (4), we can now
iteratively apply Corollary 4.5 and Proposition 4.3.

Let u0 = v0 = ∥gt0hs0 · v⃗∥ < ϵ and w0 = 2e−2t0 . Recursively let

(19)

ui+1 =
κ

N1/2
· u1−aτi ,

vi+1 = κ−1u1−bi+1 ,

wi+1 = (1− 2κ−σN−σ/2uσi+1)wi ,

for i = 0, . . . ,m− 1, where

m = min{i : ui ≥
10ϵ

κ
} .

We inductively prove the existence of families of intervals Ii = {Ji,j}ni
j=1 so that

(a) |
⋃
J∈Ii

J | ≥ wi,

(b) For each Ji,j there exists si,j and ri,j so that

Ji,j = [si,j − e−2(t0+ri,j), si,j + e−2(t0+ri,j)] ,

(c) (Xi,j , ωi,j) := gt0+ri,jhsi,j (X,ω) ∈ K′,
(d) vi > ∥gt0+ri,jhsi,j · v⃗∥ ≥ ui,

(e) Each s ∈ [s0 − e−2t0 , s0 + e−2t0 ] is in at most two intervals J ∈ Ii.

The base case is I0 = {[s0 − e−2t0 , s0 + e−2t0 ]}. We now do the inductive step.
We will first apply Corollary 4.5 to build a set of intervals I′i+1, satisfying (a)− (d).
With this in hand, we can throw out some of the intervals to obtain Ii+1 which
satisfies (e) as well and so that

⋃
J∈I′

i+1
J =

⋃
J∈Ii+1

J . Indeed any set of intervals

can be refined to a set of intervals with the same union so that each point belongs
to at most two of the intervals.

Constructing I′i+1: Let J = [s′ − e−2(t0+r
′), s′ + e−2(t0+r

′)] ∈ Ij be given. If

(20) ∥gt0+ri,jhsi,j v⃗∥ ≥ ui+1 ,

we put J ∈ I′i+1 (with the same s and r parameters).
Otherwise we apply Corollary 4.5 with s0 = s′, t0 = t0 + r′ and

γ = ∥gt0+ri,jhsi,j · v⃗∥ < ui+1 .

We take the set of intervals given by the proposition and add them to I′i+1.
Now (20) and Corollary 4.5 first and third conclusion give conclusions (b)-(d).

Conclusion (d) follows from the fact that the previous

∥gt0+ri,jhsi,j · v⃗∥ ∈ [ui, ui+1] ,

and conclusion 2. of Corollary 4.5.
The conclusion on the size of the measure follows inductively from considering

the complement of the Si,j := St,s with t = t0 + ri,j and s = si,j . The largest these
complements can be is if γ is maximal which is when it is equal to ui+1 and, by
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property (e), which is satisfied by the family of intervals Ii, we obtain the coefficient
2 in the definition of wi+1.

We now make conclusions based on this:

Lemma 4.8. For all η0 > 0 there exists ϵ0 > 0 so that if ϵ < ϵ0 then

wm > (1− η0)w0 .

Proof. From the recursion one can check that the uj grow exponentially for ϵ small
enough. The desired bound follows from the definitions and this observation. More
precisely, one can check that for every D > 1 there exists ϵD > 0 such that for
0 < ϵ < ϵD, the following bound holds:

wm ≥
−1∏

j=−∞
(1−Dj)w0. □

Lemma 4.9. For any η1 > 0 there exists ϵ1 > 0 so that whenever ϵ < ϵ1 then

d(gt0+rm · αs Im(hsω), gt0+rmhs · n⃗) < η1 ,

for all s ∈ J ∩ E where J = [s′ − e−2(t0+rm), s′ + e−2(t0+rm)] ∈ Im.

Proof. We consider the sequence of strictly decreasing intervals I1, I2, ..., , Im′ such
that

• s ∈ Iℓ for all ℓ = 1, . . . ,m′, ;
• there exists a strictly increasing function ψ : {1, . . . ,m′} → {0, . . . ,m} with
the property that ψ(1) = 0 and ψ(m′) = m such that

Iℓ := [sℓ − e−2(t0+rℓ), sℓ + e−2(t0+rℓ)] ∈ Iψ(ℓ) , for all ℓ = 1, . . . ,m′ ;

• Iℓ+1 is obtained by applying Corollary 4.5 to Iℓ (and in particular Iℓ ̸= Iℓ+1)
for ℓ = 1, . . . ,m′ − 1.

This gives that

(21) 0 < rℓ+1 − rℓ ≤ −b log ∥gt0+rℓhsℓ · v⃗∥ .
Let βs,ℓ be the unique real number such that

πTaut+(gt0+rℓhs · n⃗) = gt0+rl · βs,ℓ Im(hsω) .

Since αs is a virtual eigenvalue, Proposition 4.3 implies that for t0 sufficiently large,
under the assumption that d(gt0+rl · αs Im(hsω), gt0+rℓhs · n⃗) < 1/[2(C ′′)2],

dR(αs, βs,ℓ) ≤ C ′′∥πBal(gt0+rℓhs · n⃗)∥e−(t0+rℓ) = C ′′∥gt0+rℓhs · v⃗∥e−(t0+rℓ) .

By taking into account that the tautological subbundle is the direct (orthogonal)
sum of the unstable line subbundle Taut+ and of the stable line subbundle, and by
the bound in formula (21) we derive that there exists a constant C ′′′ > 0 (one can
take C ′′′ = eC ′′ + 1) such that

d(gt0+rℓ+1
· αs Im(hsω), gt0+rℓ+1

hs · n⃗) ≤ C ′′′∥gt0+rℓhs · v⃗∥1−b + ϵe−rℓ+1 .

Since by construction (and by the “trivial” upper bound on the growth of the Hodge
norm) we have

∥gt0+rℓhs · v⃗∥1−b ≤ v1−bψ(ℓ) = (κ−1u1−bψ(ℓ))
1−b

≤ κ−(1−b)
(
(
10ϵ

κ
)(
10ϵ

κ
)−b

)(1−b)2

= (
1

κ
)1−b(

10ϵ

κ
)(1−b)

3

,
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by choosing ϵ > 0 so small that

C ′′′(
1

κ
)1−b(

10ϵ

κ
)(1−b)

3

+ ϵ < 1/[2(C ′′)2] ,

the required assumptions are verified by induction for all ℓ = 1, . . . ,m′ starting
with

d(gt0 · αs Im(hsω), gt0hs · n⃗) < ϵ < 1/[2(C ′′)2] ,

a condition that holds by Proposition 4.7 for all s ∈ E ⊂ [s0 − e−2t0 , s0 + e−2t0 ],
hence the desired conclusion follows as the last step of the finite induction. □

We now complete the proof. First observe that there exists s∗ ∈
⋃
J∈Im

J ∩ E .
Indeed, if ϵ < 1/2 is small enough, then wm > 1

2e
−2t0 and since by Proposition 4.7

the Lebesgue measure of the E is at least 2(1 − ϵ)e−2t0 , we have such a s∗. Let

J = [s′ − e−2(t0+r
′), s′ + e−2(t0+r

′)] ∈ Im be the interval s∗ is in.

By Proposition 4.7, item (4), there is n⃗ ∈ Λ(N ) \ {⃗0} such that, for all s ∈ E ,

(22) d
(
gt0 · αs Im(hsω), gt0hs · n⃗

)
< ϵ .

On the other hand, we have that, for s = s∗,

(23) 10ϵ < inf
{
d
(
gt0+r′hs · α Im(ω), gt0+r′hs · n⃗

)
: α ∈ R

}
.

To see this, by our procedure and choice of m, we have

∥gt0+r′hs′ · v⃗∥ ≥ um ≥ 10ϵ

κ
,

hence for s = s∗ (a horocycle parameter value possibly different from s′)

d
(
gt0+r′h·α Im(ω), gt0+r′hs · n⃗

)
≥ κd

(
gt0+r′hs′ · α Im(ω), gt0+r′hs′ · n⃗

)
≥ κ∥gt0+r′hs′ · v⃗∥ ≥ κ · 10ϵ

κ
= 10ϵ .

Equations (22) and (23) are in contradiction, which completes the proof. □

5. Weak mixing for rational polygons

In this section we characterize rational polygons whose billiard flow is weakly
mixing on Lebesgue almost every invariant surface. We introduce the following

Definition 5.1. A translation surface or a rational polygonal billiard has the weak
mixing property if its directional flow is weakly mixing for Lebesgue almost all
directions.

Unfoldings of polygons give cyclic covers of the Riemann sphere. We describe
below the relevant part of the construction following M. Mirzakhani and A. Wright
[MW18, §6].

Let θ1, . . . , θn ∈ (0, π) ∪ (π, 2π) such that θi/π ∈ Q for all i ∈ {1, . . . , n} and∑n
i=1 θi = (n − 2)π. Let k be the least common denominator of the finite set

{θi/π|i = 1, . . . , n} and set qi = kθi/π. For each tuple z = (z1, . . . , zn) ∈ Cn of
distinct complex numbers, let Xz to be the normalization of the plane algebraic
curve

yk =

n∏
i=1

(z − zi)
qi .
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This Riemann surface has an automorphism T given by

T (y, z) = (ξy, z), where ξ = exp(2πi/k) .

The automorphism T generates the deck group for the covering map (y, z) → z.
The surface Xz is a cyclic cover of P1(C).

The differential

ωz =

n∏
i=1

(z − zi)
θi
π −1dz = y

n∏
i=1

(z − zi)
−1dz

is holomorphic on Xz and such that (see [MW18, Lemma 6.1])

T ∗(ωz) = ξ · ωz = exp(2πi/k)ωz .

Lemma 5.2. [MW18, Lemma 6.1], [DT02] For any polygon with interior angles
θ1, . . . , θn ∈ (0, π) ∪ (π, 2π) as above, there exists z = (z1, . . . , zn) ∈ Cn such that
its unfolding is the cyclic cover (Xz, ωz).

Lemma 5.3. A rational polygonal billiard has the weak mixing property if and only
if its unfolding has the weak mixing property.

Proof. The directional flows of a rational polygonal billiards are a subset of the
directional flows of its unfolding, hence a rational polygonal billiard has the weak
mixing property if its unfolding has it.

Conversely, since directional flows of a rational polygonal billiards form a subset
of positive measure (a non-trivial closed interval) in the set of directional flows of
its unfolding, it follows from the main Theorem 3.1 that the unfolding has the weak
mixing property if the rational polygonal billiard has it. □

Let P be a polygon with angles θ1, . . . , θn ∈ (0, π)∪(π, 2π) such that θi/π ∈ Q for
all i ∈ {1, . . . , n} and

∑n
i=1 θi = (n− 2)π. Let k be the least common denominator

of the finite set {θi/π|i = 1, . . . , n}.

Corollary 5.4. If k ̸= 1, 2, 3, 4, 6, then P has the weak mixing property.

Proof. If P does not have the weak mixing property, neither does its unfolding
(Xz, ωz), hence by the main Theorem 3.1, the unfolding has an integer point
(that is, an element of H1(Xz,Z)) in its tautological plane H1

taut(Xz,R) = R ·
Re(ωz) + R · Im(ωz). Since the automorphism T leaves ωz invariant, it also leaves
the tautological plane invariant and acts in it by a rotation of angle 2π/k. Since
T : H1(Xz,Z) → H1(Xz,Z), that is, it preserves the integer lattice, it follows that
the tautological plane contains a lattice with a k-fold rotational symmetry, with
k ̸= 1, 2, 3, 4, 6, which is a contradiction since it is well-known that no such lattice
exists (as it can be proved as an exercise). □

It remains to examine the cases of k = 1, 2, 3, 4, 6.

The case k = 1 cannot occur by the condition
∑n
i=1 θi = (n− 2)π, since not all

angle θi can be integer multiples of π.

The cases k = 2, 3, 4, 6 include all almost integrable polygons according to E.
Gutkin’s definition [Gut84] and all polygons of ∆-class according to the definition
of Gutkin and A. Katok [GK88] (see [GK88, Defs. 2 and 3]).
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Definition 5.5. [Gut84], [Gut86], [GK88] A polygon P is called almost integrable
if the group GP generated by reflections in the sides of P is a discrete subgroup of the
group E(R2) of rigid motions of the plane or, equivalently, if it is homothetical to
a polygon drawn on the lattice generated by the unfolding of a completely integrable
polygon. Given a completely integrable polygon ∆, a polygon is called of ∆-class if
its sides are parallel to the lines of the lattice generated by the unfolding of ∆.

Remark 1. By the expression “polygon drawn on the lattice generated by the
unfolding of a completely integrable polygon” it is meant a polygon whose boundary
is a subset of the graph (grid) in R2 obtained by applying the group of reflections
of an integrable polygon to the polygon itself.

Gutkin and A. Katok proved in [GK88] that, for any set of polygons of ∆ class
with fixed combinatorics (that is, fixed number of connected components of the
boundary, fixed number of vertices and angles at each vertex) and sufficiently many
edges (at least 5 when ∆ is a rectangle and at least 4 when ∆ is a triangle), for
any irrational angle θ there is a Gδ dense set of polygons with weakly mixing direc-
tional flow in direction θ. We will completely characterize below almost integrable
polygons with the weak mixing property. In fact, we prove a strong version of the
statement “reasonably expected” by Gutkin (see [Gut84], page 570) that almost all
polygons which are not almost integrable have the weak mixing property.

The case k = 2 corresponds to polygons with vertical/horizontal edges, and we
treat this later.

Corollary 5.6. If k = 3, 4, 6, a polygon P does not have the weak mixing property,
if and only if its unfolding (Xz, ωz) is a branched cover of a flat torus. This torus
is rectangular if k = 4, and hexagonal if k = 3 or k = 6.

Proof. In this case the automorphism T acts on the tautological plane as a rotation
of order 3, 4 or 6. By Theorem 3.1 if P does not have the weak mixing property,
then the tautological plane contains a non-zero integer vector. Since T preserves
the integer lattice H1(Xz,Z) and has no non-trivial real eigenvectors, it follows that
the tautological plane contains two linearly independent integer vectors, hence it
contains a sublattice of the integer lattice. This sublattice is rectangular for k = 4
and hexagonal if k = 3 or k = 6. In other terms, there exists a matrix A ∈ GL(2,R)
such that

A

(
Re(ωz)
Im(ωz)

)
∈ H1(Xz,Z⊕ iZ) .

Let then Hol : Xz → C be the multi-valued map defined as (for a given regular
point x0 ∈ Xz)

Holz(x) =

∫ x

x0

ωz , for all x ∈ Xz .

The map Holz is well-defined modulo the lattice A−1(Z ⊕ iZ), hence it defined a
holomorphic map from Xz to the torus C/A−1(Z⊕ iZ).

Conversely, if the unfolding (Xz, ωz) is a branched cover of the 2-torus, then
(Xz, ωz) does not have the weak mixing property, since non-trivial eigenfunctions for
linear toral flows lift to non-trivial eigenfunctions for directional flows on (Xz, ωz).

□

Corollary 5.7. If k = 3, 4, 6, a polygon P does not have the weak mixing property
if and only if it is almost integrable.
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Proof. By definition a polygon P is almost integrable if the group GP generated
by reflections with respect to its edges is an infinite discrete subgroup of the group
E(R2) of rigid motions. There are only 4 such groups generated by reflections
on the side of the integrable polygons: rectangles, equilateral triangle, triangle
(π/2, π/4, π/4) and triangle (π/2, π/3, π/6). Let T∆ denote the torus corresponding
to the integrable polygon ∆. Then P is almost integrable if and only if there exists
an integrable polygon ∆ such that the unfolding of P is a branched cover of T∆.
Indeed, is P is almost integrable, then it is drawn on the graph or “grid” generated
by reflections of the integrable polygon ∆, hence the unfolding of P is a branched
cover of T∆ (see [Gut86]); conversely, if the unfolding of P is a branched cover of a
torus T∆, it implies that the surface generated by reflections of P is a finite cover of
the plane, hence the subgroup generated by such reflections is a discrete subgroup
of the group E(R2) of rigid motions. It then follows from Corollary 5.6 that if P
does not have the weak mixing property, then P is almost integrable. Conversely,
if P is almost integrable then its unfolding is a branched cover of a torus, hence it
does not have the weak mixing property (see for instance [Gut84, §3]). □

Corollary 5.8. If k = 2, then P has the weak mixing property if and only if its
horizontal side lenghts, as well as its vertical side lengths, are not commensurable.

Proof. In this case T = −Id on the tautological plane. If P does not have the weak
mixing property, by Theorem 1.1 there exists an element aRe(ωz) + b Im(ωz) ∈
H1(Xz,Z)\{0}. Since the edges of the polygon are horizontal or vertical the length
of the horizontal/vertical edges are linear combinations with integer coefficients of
the half the length of waist curves of horizontal/vertical cylinders. Since the class
aRe(ωz) + b Im(ωz) is integral a ̸= 0 or b ̸= 0. It follows that the lengths of
horizontal cylinders belong to a−1Z or the lengths of vertical cylinders belong to
b−1Z, hence the horizontal or the vertical edges of the polygon are commensurable.

Conversely, if either the horizontal, or vertical, edges of the polygon have com-
mensurable lengths, it follows that heights of vertical, or horizontal, cylinders are
commensurable, that is, they are integers up to a dilation factor. It is then possible
to define a translation map from Xz to the translation circle R/Z by mapping every
cylinder to a height segment modulo Z so that the image of each waist circle is a
single point. Such a map extends continuously to the whole surface Xz since it is
the union of horizontal, or vertical, cylinders and all singular leaves at the boundary
of cylinders are mapped to the origin of R/Z. By Theorem 3.1, it follows that the
polygon P does not have the weak mixing property. □

Example 1. Among triangles, only (π/2, π/4, π/4), (π/2, π/3, π/6) (which are
integrable) and (2π/3, π/6, π/6) (which is almost integrable) do not have the weak
mixing property.

Proof. By Corollary 5.4, a triangle has the weak mixing property unless the least
common denominators of the ration of its angles to π is k = 2, 3, 4, 6. The case
k = 2 cannot occur for triangles. In the case k = 3, the triangle is necessarily
equilateral, that is (π/3, π/3, π/3), hence completely integrable. In the case k = 4,
the triangle is necessarily (π/2, π/4, π/4) which is also integrable. In the case k = 6,
the triangle could be (π/2, π/3, π/6), which is integrable, or (2π/3, π/6, π/6). The
latter triangle is almost integrable since it is drawn on the lattice generated by the
completely integrable polygon (π/2, π/3, π/6), hence by Corollary 5.7 it does not
have the weak mixing property. □
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6. Open problems

We conclude the paper with a list of open problems. An asterisk * indicates
problems which we believe are beyond the reach of current methods.

6.1. Billiards in rational polygons and translation surfaces.

(1) * Prove an explicit upper bound on the Hausdorff dimension of the set of
directions that are not weakly mixing whenever this set has a non-empty
complement. Note, that it is unclear to us how to have an explicit upper
bound for the set of directions with an eigenvalue coming from the strong
stable direction. We feel that questions like this about the behavior of
the cocycle are of interest independent to applications to the weak mixing
property.

(2) Prove polynomial lower bounds for the speed of convergence of Cesaro
averages of correlations for the vertical flow (Masur-Veech) typical surface
and for almost all directions in Veech surfaces. That is, show that for almost
every (X,ω) there exists an exponent σ > 0 and that there exist Lipschitz
functions f, g ∈ Lip(X,ω) so that, for all sufficiently large T > 0,

1

T

∫ T

0

∣∣∣∣∫
X

f ◦ ϕt · g d|ω| −
∫
X

fd|ω|
∫
X

gd|ω|
∣∣∣∣ dt > T−σ .

(3) Prove polynomial upper bounds for the speed of convergence of Cesaro
averages of correlations in almost all directions in non-arithmetic Veech
surfaces, that is, that there exists an exponent τ > 0 such that for all
smooth functions f , g on X there is a constant Cf,g such that

1

T

∫ T

0

∣∣∣∣∫
X

f ◦ ϕt · g d|ω| −
∫
X

fd|ω|
∫
X

gd|ω|
∣∣∣∣ dt ≤ Cf,gT

−τ .

(4) Prove a (hopefully genus independent) upper bound on the Hausdorff di-
mension of the set of directions that are topologically weakly mixing but
not weakly mixing. Note that by Theorem 1.1 the translation surfaces with
no weakly mixing direction have no topologically weakly mixing direction.

(5) * (A. Katok) Prove that the translation flow on the unit tangent bundle to
every translation surface (X,ω) is relatively mixing in the following sense:
for any functions f , g ∈ L2(X ×T) orthogonal to the subspace of invariant
functions (that is, by ergodicity in almost all directions, for any functions
f , g with zero average on almost every invariant surface in X × T)∫

X×T
(f ◦ ϕt)gd|ω|dθ → 0 .

The proof when (X,ω) = (T2, dz) is the flat torus is not difficult. In the
higher genus case a result on typical equidistribution of large circles, rele-
vant to this question, was given by the second author and Hubert [CH17].

(6) Construct a translation surface (X,ω) such that its (forward) Teichmüller
orbit is recurrent to a compact set, its vertical flow is not weakly mixing
and it has an eigenvalue α such that, for all n⃗ ∈ H1(Z),

d(gt · α Im(ω), gt · n⃗) → ∞ .
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This will be even more impactful if the example is Birkhoff and Oseledets
generic point for the Teichmüller flow and the Kontsevich–Zorich cocycle
respectively.

(7) * Are the translation flows on non-arithmetic Veech surfaces rigid in almost
all directions? Alternatively, mild mixing (that is, without rigid factors)?

6.2. Billiards in non-rational polygons.

(1) Find explicit conditions for the billiard flow of a non-rational polygon to
be weakly mixing (on the whole unit tangent bundle).

(2) * (Boshernitzan) Does there exist a polygon with minimal billiard flow?
(the conjectural answer is negative). Note that one can think of this as a
counterpoint to the classic question, does every polygonal billiard have a
periodic orbit.

(3) * Does there exist a polygon with mixing billiard flow? (the conjectural
answer is yes on the basis of numerical simulations on acute triangles).

(4) * Is the billiard flow in a polygon topologically transitive, or ergodic, or
weakly mixing, or mixing for almost all choices of its angles? (the conjec-
tural answer is positive for weak mixing, hence for ergodicity and topolog-
ical transitivity. It is more uncertain for mixing).
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