Existence and uniqueness of solutions to an Initial Value Problem

Theorem 1. The initial value problem y' = H(y,t), y(to) = yo has a unique solution y : [ty — €, o +¢] — R”
for small enough € > 0 if H is nice enough. To be more precise, “H nice enough” means that H is continuous
and there is a neighborhood U of (yg,ty) and a constant M so that ||H(y,t) — H(z,t)|| < M||ly — z|| for
all (y,t) and (z,t) in U. (This is known as being Lipschitz in y.) For example, if H is differentiable with
continuous derivatives it is nice enough.

For example, the IVP ' = |y|, y(0) = 0 must have a unique solution since H(y,t) = |y| is Lipschitz. But

. 3/2
y' = y'/3, y(0) = 0 has two solutions y; (t) = 0 and ya(t) = { (()2t/3) ior i i 8 The above theorem does
or t <

not apply since H(y,t) = y'/3 is not Lipschitz, essentially because its derivative approaches oo as y — 0.
Proof: Let X (¢,8) be the space of continuous functions f: [ty — €, + ¢] — RF so that ||f(t) — yo|| < 6 for
all t € [tg — €,tg + €]. We have a map 7: X (€,0) — X(¢,0) given by 7(f)(t) = yo + j;to H(f(s),s)ds. For
example, if k =1,ty =0, yo = 1, f(t) =3, and H(y,t) = y*> — t? then 7(f) is the function g so that

t t
g(t):1+/H(f,s)d5:1—|—/56—52d5:1+t7/7_t3/3
0 0

The idea of the proof is first that solutions of the IVP are the same as fixed points of 7, that is, functions
y so that y = 7(y). This is true since d7(y)/dt = H(y,t). Next we show that 7 has a unique fixed point. To
do this, choose any function y; in X (e, §), for example the constant function y; (¢t) = yo. Then let yo = 7(y1),
ys = 7(y2), etc., 80 Ypnt1 = 7(yn). If we can show the functions y,, approach a limit y then

7(y) = lim 7(y,) = lm yn11 =y
So we have at least one solution y. We show it is unique by showing 7 is contracting, that ||7(y) — 7(2)|| <
ly — z[| if y # .

Now for the gory details. Pick 6 > 0 so {(z,t) € RF x R | ||z — yo|| < 6, |t — to] <} C U. Choose N
so ||H(x,t)|] < N for all (x,t) with ||z — yo|| < ¢ and |t — to| < J. Choose € > 0s0 € < J, € < 1/(2M) and
€ < d/N. If fis in X(¢,0) define || f|| to be the maximum of ||f(t)|| for ¢ € [tog — €,to + €¢]. Thus ||f — g]]
measures how far apart two functions are.

We have skipped over the well-definedness of 7. If f € X (e, ) is there any guarantee that 7(f) € X (e, d)
also? In particular, is ||7(f)(¢) — yo|| < 0 for all t? We have

t t t
IIT(f)(t)—yoH:H/t H(f,s>ds|\§\/t |\H<f,s>\|ds|sw/t Nds| = NJt — to] < Ne < 6

so 7 is well defined.
Pick f,g € X(€,9). There is a t1 € [tg — €,to + €] so ||7(f)(t1) — 7(g)(t)|| = ||7(f) — 7(g)||- We have

() = 7(@)l] = I (F)(tr) — 7(g)(t2)]] = ||/t CH(f.s) - H(gs)ds|

< |/t H(f,5) - H(g s)| ds| < |/t " M|f(s) — g(s)]|ds]

0

ty1
<| [ 6l = glldsl = s — ol 1] < 2rells ~ gl
to

So ||7(f) = T(g)|| < ||f — gl|/2 since we have chosen € so Me < 1/2.
Notice that

ynt1 = ynll = 17 (yn) = 7(yn-0)I| < lyn = yn-1ll/2
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Thus for any t € [to — €,to + €] we have ||yn11(t) — Yn (O] < [|[Ynt1 — ynl| < A/27"1 where A = |y — 11]|.
Consequently lim,, ... y,(t) exists since y,(t) = y1 + S7 g4 1(t) — v:(t) and the series 22 i1 (t) — i(t)
converges absolutely by comparison with with X%, 4/2"~! = 2A. Thus we may define a limit of the functions
Yn by y(t) = lim,,— o0 yn(f). Note that

19(8) = yu @) = (1520951 (8) — v ()] < BZlyira(t) — wi(t)]| < BZ,A/271 =2°7"A

Then for any n we get:
(y(t+h) —y@)/h = H(y(t), )] = [[(y(t + 1) =yt +h) +yn(t+ ) —yn(t) +yn(t) —y(t))/h = H(y(t), 1)]|

<Hlyt+h) =y +WII/IA] + 1[(yn(E + 2) = yn(£)) /= H(y (@), D[] + llyn () — y(@)]]/[R]

t+h
< [(ya(t+h) = yn(t) /b — H(y(t),0)|| +2°7" A/|h] = II/t H(yn-1(5),s) = H(y(t),t) ds||/|h| + 2°7" A/|h|

<| /Hh 1H (yn—1(s),s) — H(y(t),t)||ds/h| +2°7"A/|h|
Now t
H (yn—1(s), ) = H(y(t), DIl < [[H(yn-1(s),5) = H(Yn-1(t), s)I| + [[H(yn-1(t),s) — H(y(t), 1)l
< Mllyn—1(8) = yn—1 ()] + [ H (yn-1(t), s) — H(y(?), )]
= M|| /t H (yn—2(u),u) dul| + [|H(yn-1(t),s) — H(y(t),t)|| < MN|h| + [|H(yn-1(t),s) = H(y(t), 1)l
Pick any ¢ > 0. By continuity of H, if & is small enough and n is large enough, then
MNIh| + [[H (yn-1(t), s) — H(y(t),£)l| <€ /2

for all s between t and ¢+ h. But then as long as we choose n so n > 4 4 log,(A/(|h|€')) we are guaranteed
that ||(y(t + h) — y(¢))/h — H(y(¢),t)|| < €. Consequently, y(t) is differentiable and y'(¢) = limp,_o(y(t +
h) = y(t))/h = H(y(t), ).

So we have at least one solution y. But if z(t) is another solution to the IVP we have ||y — z|| =
I7(y) = 7(2)I| < lly — 2[|/2 and thus ||y —z[| = 0 so y = z. =

The only loose end is showing that if H is continuously differentiable then it is Lipschitz in y. But first
a definition. If A is a matrix let ||A|| be the maximum value of ||Az|| for all z with ||z|| = 1. Then we know
for any x that ||Az|| < [|A]| ||=]].

Choose a ball U centered at (yo,tp) and contained in the domain of H. Pick any (y,t) and (z,¢) in U.
Let a(s) = (sy + (1 — s)z,t) be the path between these two points. We have

H(yJ)—H(z,t):H(a(l))—H(a(O)):/O dH(a(t))/dtdt:/O DHo/(t)dt:/O DH (y — 2,0) dt

Thus . L
||H<y,t>—H<z,t>||s/0 ||DH<y—z7o>\|dts/0 IDH| |ly - || dt < M]ly — ]|

if M is the maximum of ||[DH]|| on U.

Linear algebra note: In fact || A|| is the square root of the maximum eigenvalue of the symmetric matrix
AT A. To prove this: Choose an orthogonal matrix @ so QAT AQT = D a diagonal matrix. If ||x|| = 1 then
||[Az||? = 2T AT Ax = 2T QT DQux. Setting y = Qu, letting d be the maximum of the diagonal entries d; of
D, we have

|Az|]* = y" Dy = Sdiy} < dSy; =d

since ||y|| = ||z|| = 1. On the other hand, if v is the eigenvector for d of unit length then ||Av||? = vT AT Av =
vldv = dvTv = d.



