
MATH 310: Homework 6 Due Monday 7/30/2012

1. Suppose that n is a positive even integer with n

2
odd. Prove that there do not exist positive [10 pts]

integers x and y with x2 − y2 = n.

2. Let m ∈ Z. Prove that if 3 ∤ (m2 − 1) then 3|m by contradiction. [10 pts]

3. Let x be a positive real number. Prove that if x− 2

x
> 1 then x > 2: [30 pts]

(a) By a direct proof.

(b) By proving the contrapositive.

(c) By contradiction.

4. Prove that for all n ∈ N that 3|(n3 − n): [20 pts]

(a) Directly with cases.

(b) Using induction.

5. Show that ∃!x ∈ R, x5 + 2x3 + x− 5 = 0. [10 pts]

6. Prove by induction that n3 ≤ 3n for n ≥ 4. [10 pts]

7. Prove by induction that 7|(32n − 2n) for every nonnegative integer n. [10 pts]

8. Define a1 = 1, a2 = 4 and an = 2an−1 − an−2 for n ≥ 3. Show that an = 3n− 2 for all n ∈ N
by strong induction.

9. Prove or disprove each of the following: [20 pts]

(a) There exists a real number x with x2 < x < x3.

(b) If A,B,C are sets and A ∩B = A ∩ C then B = C.

(c) Every nonzero rational number is the product of two irrational numbers.

(d) Every odd integer is the sum of three odd integers.


