
Modular Forms Homework 2

1. Let p be prime and let x/y be a rational number, where x, y are relatively
prime integers.

(a) Show that if p ∤ y then there is an element of M ∈ Γ0(p) such that
M : 0 7→ x/y.

(b) Show that if p | y then there is an element of M ∈ Γ0(p) such that
M : i∞ 7→ x/y.

(c) Show that Γ0(p) has exactly two cusps.

2. Let Mk(Z) be the set of modular forms of weight k for SL2(Z) whose
Fourier coefficients are integers. Show that Mk(Z) is a free Z-module of
rank equal to the C-dimension of Mk. (Hint: E4, E6, and ∆ have integral
Fourier coefficients.)

3. Let E6 = 1 − 504
∑

n≥1
σ5(n)qn and E12 = 1 + 65520

691

∑
n≥1

σ11(n)qn be
the Eisenstein series of weight 6 and 12 for SL2(Z).

(a) Show that

E2

6 = E12 −
a

691
∆

for an integer a ≡ 65520 (mod 691).

(b) Show that τ(n) ≡ σ11(n) (mod 691) for all n ≥ 1, where ∆ =∑
n≥1

τ(n)qn.
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