Numerical Analysis I: AMSC/CMSC 666
Homework 2, due Friday, 4 March 2005

(1) Let X be a real inner product space with inner product (-|-).
Let {v,}5°, C X be linearly independent. Let Yy, = (v | vp)
be the entries of the associated Gram matrix. Set dp = 1 and

Y1 Y12 o Yin
5, = det ’Y'21 ’Y.22 7.2n
Yol Yn2 " Vnn

for every n =1,2,---.
(a) Show that every §, is positive.
(b) Consider {u,}°, C X where u, is defined by

71 T Y1(n—1) V1
1 : . : :
Uy, = ————=det . : . .
vV 0n—10p, Ym-11 " V(n-1)(n-1) Un-1
Tn1 T Yn(n—1) Un

Show that the set {u,}> is orthonormal and that

span{uq, - -+ ,u,} = span{vy,--- ,v,}.

(c) Explain why the above recipe is not better than the Gram-
Schmidt algorithm for numerically generating the orthonor-
mal set {u,}5°,.

(2) Let {pn(z)}52, be the sequence of monic polynomials orthogo-
nal over (0, 00) with respect to the real inner product

(f19) = / " f(@) gle) we *da,

where p,, has degree n. Find p,, for n =0,1,2,3,4.
(3) Let f € C™(S*; C). Let

Snf(l') — Z fkeikz’

k=—n
where
~ 1 ™ .
fr = > /_ﬂ e_””f(x) dz .
Show there exists an M < oo such that

15" = £l <

— for every n € N.
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Here || - || is the uniform norm over S™.
(4) Partition the interval [z, zg] into n subintervals as
T =<1 < Ty <+ < Tp2o<Tp_1 < Ty =TR-

Prove that the linear spline minimizes the integral

[ r@pds,

TL
subject to the constraints Y (z;) = y; for i = 0,--- ,n over the
class of functions Y that are continuous over [z, zg| and are
smooth over the subinterval (x;_1,z;) for every i =1,--- n.

(5) Partition the interval [z, zg] into n subintervals as
T =20 <1 <T9 < < Tpo<ZTp-1<Tp =2%TR-
Find the quadratic spline Y that interpolates the data
1 i
7/ Y(z)de =y; fori=1,---,n,
Ty — Tj1

Ti—1

and that satifies Y'(z1) = y;, and Y'(zr) = yr-

Project. Consider the 27-periodic function
f(z) = sign(cos(z)).

Give an analytic expression for fk. Plot a graph over (—m, ) that com-
pares f, S*f, S8f, and S'f. Explain what you see in neighborhoods
r = 47, which is where f has jump discontinuities.



