Numerical Analysis I: AMSC/CMSC 666
Homework 4, due Friday, 15 April 2005

(1) Let (-|-) be an inner product over CV. The associated vector
norm of y € CV is given by

lyll = v (yly),

while the induced matrix norm of A € CN*¥ is given by

A
||A||:max{% : yE(CN,y7éO}.

(a) Show that if A is self-adjoint with respect to the inner
product that then
|A|l = psp(A) = max{|A| : A € Sp(A)}

(b) Show that if A is self-adjoint with respect to the inner
product that then

A
||A||:max{% : yECN,y#O}.

(c) Show that [|A*A|| = ||A]|? for every A € CV*N | where A*
is the adjoint of A with respect to the inner product.

(2) Consider A € R**? written in the form

_f[a+b c—d
A_(c—i-d a—b)’ where a, b, ¢, d € R.

Compute the following explicitly in terms of a, b, ¢, and d.

(a) psp(A) = max{|A| : A € Sp(A)}, where Sp(A) is the spec-
trum of A.

(b) pxum(A) = max{|A| : A € Num(A)}, where Num(A) is the
numerical range of A, which is defined by

Num(A) = {y? Ay : y € C?, yy =1}.

(c) ||Al|2, the matrix norm induced by the Euclidean norm over
C2.



(3) Consider A € R**? written in the form

A= (Z—i—{—_fi Z:i), where a, b, ¢, d € R.

(a) Compute ps,(Gy) as a function of a, b, ¢, and d. Identify

the values of a, b, ¢, and d for which the Jacobi method
converges.

(b) Do the same for the SOR method as a function of a, b, ¢,
d, and w.

(4) Find examples of matrices A and G such that

A>0, psp(G)<1, but ||G||A21
(5) Consider the N x N matrix
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a2 —a 0 0
_1r 2 _1
A A A
A= 0 _% .. 0 ,
: S 2 1
A A
o -~ 0 -1 1

where A > 0. Give upper bounds for ps,(G).



