Numerical Analysis I: AMSC/CMSC 666
Homework 5, due Wednesday, 4 May 2005

(1) Let A,Q € RV*Y be self-adjoint and positive definite with re-
spect to a real inner product (-|-) over R¥. Let s be the
condition number of QA. Prove that

(p[Ap)(r|A~Mr) _ (k4 1)
(p|7)? 4k
for every nonzero p,r € RY such that p = Qr.
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Hint: Lagrange multipliers. Remark: This fact was used in class
without proof to obtain bounds on the error of the A-norm for
the preconditioned gradient method.

(2) Consider R? with the Euclidean inner product. Consider using
the steepest descent (gradient) method to solve the 2 x 2 system

aG)=0) 2=(2)

where x > 1. For an initial guess (¢, 4o)” the initial residual is

(2= () ()

and the steepest descent method produces the sequences
Tp+1 — Tn + a, Tn 7
Yn+1 Yn Sn
() = () e (2).
Sn+1 Sn Sn

r2+s?
Qp=—F—>5.
TS+ KSS

(a) Let e, denote the A-norm of the n'* iterate. Show that

en < (K —1 ) ne
n = K+ 1 (U)
and that this bound is sharp for some initial guess (g, yo)* .
(b) Compute the convergence rate for e, as a function of p =
roso/(r¢+sg). Show that in general this rate is better than
the upper bound given in part (a).

(c) Show that the iterates (z,,y,) all lie on two lines in the
xy-plane.

where
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(d) Does the Euclidean norm of the error always decrease?
Give your reasoning.

Let A € RV*YN be self-adjoint and positive definite with respect
to a real inner product (-|-) over RY. Let Q; and Q2 be two
self-adjoint, positive definite preconditioners for the conjugate
gradient method such that the condition number of ()2 A is nine
times the condition number of ), A.

(a) Show that the function

(e 1\° . . . 1, 00)
1S 1ncreasing over D).
ct1 g )

Remark: This fact was used in class without proof to com-
pare convergence rates of various methods.

(b) Which of the preconditioners will generally produce faster
convergence? How much faster when both condition num-
bers are large? Hint: Use part (a).

Let K € RV*Y be self-adjoint with respect to a real inner prod-
uct (-|-) over RV. For every p{) € RV the Lanczos algorithm
constructs a sequence of vectors pi™ in RV as follows:

oV = Kp® — op®

n—1)

Pt = Kp™ — g, p™ — i, pt forn=1,2,---,

where the coefficients k,, and pu, are given by
(p(n) |Kp(n))
Kp =
(p(n) |p("))
B (p(n) | p(n))
Hn = (1) [ pln-D)

The algorithm halts as soon as p™*!) = 0 for some 7.
(a) Show that the vectors p(™ satisfy the spanning relation

ICn—H (p(O)a K) = Span{p(O)ap(l): o ’p(n)} :
(b) Show that the vectors p{™ satisfy the affine relation
™ e K" + K, (09, K),

forn=20,1,---,

forn=1,2---.

(c) Show that the vectors p(™ satisfy the orthogonality relation
(p(m) \p(")) =0 foreverym<n<mn.
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(5) Let A,Q € RV*N be self-adjoint and positive definite with re-
spect to a real inner product (-|-) over RY. Suppose you know
that

Sp(QA) C [Vmin, Vmaz) C (0,2) .
Set Q1 = ;—F—@Q and Q@ = 201 — Q1 AQ1.
(a) Estimate the convergence rates for the linear iterative meth-
ods with growth matrices I — QA, I — Q1 A, and I — Q- A.
(b) Estimate the convergence rates for the preconditioned gra-
dient and preconditioned conjugate gradient methods with
preconditioners (1 and Q)».
(c) Compare the estimated convergence rates for the seven it-
erative methods above. Giving your reasoning, order them
from slowest to fastest.



