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Midterm Exam: AMSC/CMSC 666
Thursday, 17 March 2005
Solutions

Let f(x) = 14+12°. Give the quadratic Chebyschev interpolation
of f over [—1,1]. Give a uniform bound on the error of this
approximation over [—1, 1].

Solution. Quadratic interpolations are determined by three
points. You therefore need the three roots of T3(x), the third
Chebyschev polynomial. By partitioning the upper unit semi-
circle into three equal arcs, the midpoints are at the angles
Z, . The roots of T3(z) are the cosines of these angles
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— namely, —\/é, 0, \/g . Alternatively, you might recall that
T3(z) = 42® — ax, and that T3(1) = 1, thereby inferring that
Tsy(x) = 423 — 3x.

Because f(z) = 1+ 2% over [—1,1] is even, its quadratic
Chebyschev interpolation will also be even. Indeed, it is clearly
given by

p(r) =1+ 16—6:1:2 ,

which clearly satisfies p(x) = f(z) at = = —\/g, 0, \/%

The error of this interpolation is given by

(@) = plw) - f(z) = Sa” —a.
An elementary Calculus One argument yields that |e(z)| <

—e(1) = &. Of course, any number larger than = also bounds
the error. [J

Derive the one- and two-point Gaussian quadrature formulas
such that

[ @ty s

Give bounds on the error of these formulas.
Solution. It is relatively easy to see that the first three monic
orthogonal polynomials are

m(z) =1, pi(z) =2, pg(x):xz—g.

The one- and two-point Gaussian quadrature formulas therefore
have the form

QN =1Ouwo, Q) =1(=/5)u+ (/7).
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Because Q;(1) = %, we see that wy = % By the even symmetry
of the 2% weight, we conclude that w_ = w,. Then because
Q2(1) = 2, we see that w_ = w; = 1. Hence, the one- and

two-point Gaussian quadrature formulas are

Q=102 @ =r(-/5)i+r(/5) L

The corresponding errors can be bound by

1
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(3) Partition the interval [z, ,z,] into n subintervals as
T, =20 <Xy <X << Tp2<Tp 1< Ty ==2T,.

Prove that the linear spline minimizes the integral

Tp
/ V(@) de,

'L
subject to the constraints Y (z;) = y; for i = 0,--- ,n over the
class of functions Y that are continuous over [z,,z,] and are
smooth with bounded derivatives over the subinterval (z;_1, x;)
for every i =1,--- ,n.
Solution. The linear spline is given by

S(a)= Ty + Ty,
Li — Ti—1 Li — Ti—1
when z € [z;,_1, ;] for every i =1,--- | n.
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Let Y be continuous over [z, , z,| with bounded derivatives over
the subinterval (z;_q,z;) foreveryi=1,--- ;n. Set Z =Y —S.
Then Z(x;) =0 for i =0,---,n. Consider the identity

/;R Y ()| dz = /:R 5" () [” dar + 2 /:R Z'(z)S'(z) dz

'L 'L 'L
Zr
+/ (@) dz .
I,
Integration by parts shows that for every ¢ = 0,--- ,n one has

Zi

/ " ) 2() di = §'(5)Z(2)

i—1

—/Z S(2)Z"(z) dz = 0,

Ti—1

whereby

[ 7@ @ o= Z [ s@z@a=o

'L

We thereby see that

/:R |Y’(m)|2dx=/wR\S'(x)\2dx+/wR Z'(2)2 da

L Iy, Zr,

Zr
> / |S'(z)|* d= .

'L

The linear spline therefore minimizes the integral. (]
(4) Let f € C*(S}C). Let

Snf(fli) _ Z fkeikm’

k=—n

where

A 1 4 )
fe = %/_ e~k f(z)dz.

Show there exists an M < oo such that
M
HS"f — fH2 < — forevery n € N.
n2

Here the norm || - |2 is given by

ol = (5= [ ool ac)



Solution. Because f € C'(S';C) we have that
IR 1 ™
1 — £ _— —ikx g/
Zkfk_fk_%r/_re f(z)dz

The integral on the right-hand side above can be bounded by

1 " —ikx ¢t !
3 | r@an <7,
whereby we can bound fk as
| < ”J;k}}w for k#£0.

Because {€%%} .z is orthonormal, we then use Parsval and the
above bound on f; to obtain
2
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k=n+1

Next, you can compare with an integral to argue that

Z k2_/ —ds——

k=n-+1

Alternatively, you can compare with a telescoping sum to argue
that

> > 1 1 1
EZ:F-EZ E:{gti‘z}:ﬁ'
k=n+1 k= n+1 k=n+1

In either case, you obtain the bound

Ismf = £z <27l

This yields the desired bound upon taking the square root of
both sides and setting M = ﬁ”f’”oo O



(5) Consider the definite integral
Zr
17 = [ " 1.

Let Ta(f) and Ma(f) denote the approximations of I(f) by

the trapezoidal and midpoint rules with uniform subintervals

of length A. As A — 0 the Euler-Maclaurin formula states

that the trapezoidal rule satisfies the asymptotic relation
Ta(f) = I(f) + A% + auA* + O(AY).

(a) Use the fact that Ti,(f) = S[TA(f) + Ma([)] to derive
a similar asymptotic relation for the midpoint rule. Your
answer should be in terms of ay and oy.

(b) Extrapolate Ma(f) and M3a(f) to obtain a fourth order
accurate quadrature.

Solution. Because
Ta(f) = I(f) + apA? + oy A* + O(A®)

Tia(f) =1() + 100 A% + L At + 0(A%),
we see that the answer to part (a) is

Ma(f) = 2T A(f) = Ta()

=I(f) — 2asA? = Loy A + O(A®).
It then follows that
Msa(f) = I(f) — 590A% — 181y A" 4+ O(A%),

whereby one obtains the fourth-order accurate quadrature

Qalf) = IMA(f) ; Msa(f)
(f) + L7204A* + O(A)

(f) + 63014A4 + O(AG) .
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