Second In-Class Exam Solutions: MATH 410
Monday, 20 November 2006

1. [20] State whether each of the following statements is true or

false. Give a proof when true and a counterexample when false.

(a) If f:(a,b) — R is continuous then f has a minimum or a
maximum over (a, b).

Solution: This is false. A simple counterexample is f :
(a,b) — R given by f(x) = x. This function is clearly
continuous over (a,b). The range of f is (a,b), which does
not have either a minimum or a maximum.

(b) If f: R — R is differentiable and increasing over R then
f' >0 over R.

Solution: This is also false. A simple counterexample is
f:R — R given by f(x) = 3. This function is clearly in-
creasing and differentiable over R with f/(z) = 32?. Hence,
f'(0) = 0, which is not positive.

2. [20] Determine all a € R for which the following formal infinite
series converge. Give your reasoning.
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Solution: The series converges for a € [—1,1) and di-
verges otherwise.

The cases |a| < 1 and |a| > 1 are best handled by the Ratio
Test. Let b, = a"/log(n). Because
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the Ratio Test then implies that this series converges ab-
solutely for |a| < 1 and diverges for |a| > 1.

The case a = —1 is best handled by the Alternating Series
Test. Indeed, because the sequence
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the Alternating Series Test shows that
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The case a = 1 is best handled by Limit Comparison Test,
say with the harmonic series. Indeed, because

log(n
lim g(n) =0,
n—oo n
and because the harmonic series
E — diverges,
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the Limit Comparison Test shows that
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Alternatively, one could treat this case with the Integral
Test or the Cauchy 2* Test. O
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Solution: The series converges for a € [i, o0) and diverges
otherwise. Because
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one sees that the original series should be compared with
the p-series
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This is best handled by Limit Comparison Test. Indeed,
because for every a € R one has
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the Limit Comparison Test then implies that
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Because the p = 4a for the p-series, it converges for a €
(i, o0) and diverges otherwise. The same is therefore true
for the original series. 0J

3. [10] Prove that for every x > —1 one has
(1+2)7 <1+ 1z

Solution: One approach to this problem uses the Lagrange
Remainder Theorem. Define f(z) = (1+x)4 for every z > —1.
Then

flay=1+2)"1,  fla)=-2(1+a)T,

By the Lagrange Remainder Theorem there exists a p between
0 and x such that

f@) = f(0) + f(0)x + 3 f"(p)2*.
Hence,

(1+x)i—1—%$=—%(1+p)_£az2§0.

The result follows. O

A second approach to this problem uses the Monotonicity
Theorem. Define g(z) = (1 +2)1 — 1 — 1 for every z > —1.
Then

g(x) =1 +a2)"1T-1].
Clearly, ¢'(x) > 0 for x € (—1,0) while ¢'(z) < 0 for =z €
(0,00). By the Monotonicity Theorem, ¢ is increasing over
x € (—1,0] and g is decreasing over [0,00). Therefore 0 is
a global maximizer of g over (—1,00), and ¢(0) = 0 is the
maximum of g over (—1,00). Hence, for every z > —1 we have

(1+2)7 —1— Lo =g(z) < g(0)=0.
The result follows. O

A third approach to this problem is based on the observation
that becauce ¢ — i is an increasing function of ¢ over [0, c0),
the result follows if we can show that

1+ <(1+1z)* forevery z > —1.



But a direct calculation (assuming 1 + x > 0) shows that
(1+32)' =14z + F2° + Ha’ + 2
=1+z+ 52 (64 z+ 5a?)
> 142+ 52°(5+ 527)
>14+x.
The result follows. O

. [20] Evaluate the following limits. Give your reasoning.
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Solution: For every x # 1 one has
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Because the right-hand side above is continuous over R, one has
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. [20] Consider the formal infinite series
i (=1)* L2k
— (2k+1)!

(a) Determine all x € R for which this series converges.
(b) Show that if this series converges for some = € R then it
sums to sin(z).

Solution: The series converges to sin(z) for every xz € R. In-
deed, let f(z) = sin(x). Then for every k € N one has

fO (@) = (=1)Fsin(z),  fEF(@) = (=1)" cos(x) .
Because

f0) =0,  fH0) = (-1)*,
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the series is just the formal Taylor series for f centered at 0.
Moreover, we see that the n'" partial sum can be expressed as
a Taylor polynomial approximation in two ways:
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Using the last expression, the Lagrange Remainder Theorem
states that for every z € R
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sin(z) = T3 sin(z) + 2013 cos(p)z?" 3

for some p between 0 and x. Hence, for every x € R
. —~ (=" s 1 243

sin(z) — — age— R

in(z) ;(%H)!x S G
Because for every z € R
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the sequence of partial sums therefore converges to sin(z). O

. [10) Let D C R and f: D — R. Let ¢ be a limit point of D.
Write negations of the following assertions.
(a) “For every sequence {xj}reny C D — {c} one has

2

klim |z, —c] =0 = klim flzg) = 0.
Solution: There exists a sequence {z }ren C D—{c} such

that

klim |z, —c| =0 and lilgninff(xk) < 00.

(b) “For every M € R there exists a 0 > 0 such that for every
x € D one has

O<|lz—¢|<éd = flr)y>M
Solution: There exists M € R such that for every § > 0
there exists x € D such that
O<|z—cl<éd and f(z)< M.



