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(1) [2] Given that etA =

(

cos(4t) − 3

4
sin(4t) 5

4
sin(4t)

−5

4
sin(4t) cos(4t) + 3

4
sin(4t)

)

,

solve the initial-value problem
dx

dt
= Ax , x(0) =

(

3
5

)

.

Solution.

x(t) = etAx(0) =

(

cos(4t) − 3

4
sin(4t) 5

4
sin(4t)

−5

4
sin(4t) cos(4t) + 3

4
sin(4t)

) (

3
5

)

=

(

3 cos(4t) + 5 sin(4t)
5 cos(4t)

)

.

(2) [4] Let A =

(

5 4
4 −1

)

. Compute etA.

Solution. The characteristic polynomial is p(z) = z2 − 4z − 21 = (z − 2)2 − 25.
Hence,

etA = Ie2t cosh(5t) + (A− 2I)e2t
sinh(5t)

5

=

(

1 0
0 1

)

e2t cosh(5t) +

(

3 4
4 −3

)

e2t
sinh(5t)

5

= e2t

(

cosh(5t) + 3

5
sinh(5t) 4

5
sinh(5t)

4

5
sinh(5t) cosh(5t) − 3

5
sinh(5t)

)

.

(3) [4] Consider the vector-valued functions x1(t) =

(

t

1

)

, x2(t) =

(

t2

2t

)

.

(a) Compute the Wronskian W [x1,x2](t).

Solution.

W [x1,x2](t) = det

(

t t2

1 2t

)

= 2t2 − t2 = t2 .

(b) Find A(t) such that x1, x2 is a fundamental set of solutions to
dx

dt
= A(t)x

wherever W [x1,x2](t) 6= 0.

Solution. Let Ψ(t) =

(

t t2

1 2t

)

. Because
Ψ(t)

dt
= A(t)Ψ(t), one has

A(t) =
Ψ(t)

dt
Ψ(t)−1 =

(

1 2t
0 2

) (

t t2

1 2t

)

−1

=
1

t2

(

1 2t
0 2

) (

2t −t2

−1 t

)

=
1

t2

(

0 t2

−2 2t

)

.


