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(1) [4] Given the fact that the associated Green function is g(t) = sin(t), use the Green
function method to find a particular solution of

d2x

dt2
+ x =

1

cos(t)
.

Solution: A particular solution XP (t) is given by

XP (t) =

∫

t

0

sin(t − s)
1

cos(s)
ds

=

∫

t

0

(

sin(t) cos(s) − cos(t) sin(s)
) 1

cos(s)
ds

= sin(t)

∫

t

0

cos(s)

cos(s)
ds − cos(t)

∫

t

0

sin(s)

cos(s)
ds

= sin(t) t + cos(t) log(| cos(t)|) .

(2) [6] The functions t − 1 and e−t are solutions of the equation

t
d2y

dt2
+ (t − 1)

dy

dt
− y = 0 .

(You do not have to check this fact.) Find a general solution of

t
d2y

dt2
+ (t − 1)

dy

dt
− y = −t2e−t .

Solution: Because this equation has variable coefficients, you must use the variation
of parameters method. Divide the equation by t to bring it into its normal form

d2y

dt2
+

t − 1

t

dy

dt
−

1

t
y = −t e−t .

Seek a solution in the form

y = u1(t)(t − 1) + u2(t)e
−t ,

where
u′

1
(t)(t − 1) + u′

2
(t)e−t = 0 ,

u′

1
(t)1 − u′

2
(t)e−t = −t e−t .

The solution of this system is

u′

1
(t) = −e−t , u′

2
(t) = t − 1 ,

which can be integrated to obtain

u1(t) = c1 + e−t , u2(t) = c2 + 1

2
(t − 1)2 .

A general solution is therefore

y = c1(t − 1) + c2e
−t + (t − 1)e−t + 1

2
(t − 1)2e−t .


