Final Exam Solutions: MATH 410
Thursday, 17 December 2009
Professor David Levermore

Remark. This was the hardest final exam I have ever given to a Math 410 class, mostly due to
its length. It was a challenge to an exceptional class. Many in the class rose to the challenge,
with about two thirds earning an A or B. Every problem was done correctly by at least one
student, although no student did them all correctly. I do not plan to give a Math 410 final
exam that is this hard again. — D.L.

1. [10] Let {x,, }nen be a sequence in R. Give negations of each of the following assertions.
(a) For every € > 0 there exists an n. € N such that
m,n>n. = [T, — T, <e€.
Solution. There exists an € > 0 such that for every N € N there exists m,n € N

such that
m,n>N and |z, —z,| >e€.

(b) lim z, = oco.

n—oo

Solution. There are several acceptable answers. The shortest is

liminf z, < co.

n—oo

This could be expanded as
dM >0 such that =z, < M frequently as n — oo,
which could be expanded further as
dM >0 such that Vm e N dn >m such that =z, < M.

You can also obtain the last two answers by first expressing lim z,, = oo either as

n—oo

VM >0 x,>M eventually as n — oo,
or as
VM >0 dm e N such that Vn >m Tp > M,
and then simply negating.
2. [10] Let {a}ren be a nondecreasing sequence in R. Show that it converges if it has a
converging subsequence.

Solution. Let {a,, }ren be a converging subsequence of {ay}ren. Because every sub-
sequence of a nondecreasing sequence is also nondecreasing, the Monotonic Sequence
Theorem states that the convergence of {ay,, }reny implies that

klim ap, = sup{a,, : k€ N} <oco.

—00

Because for every k € N we have k& < ny, the fact {ay }ren is nondecreasing implies that
ag < a,, <sup{a,, : ke N} <oo.

The nondecreasing sequence {ay }ren is thereby bounded above, and therefore converges

by the Monotonic Sequence Theorem. O
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3. [20] State whether each of the following statements is true or false. Give a proof when
true and a counterexample when false.

(a)

If the interval (a,b) is bounded, f : (a,b) — R is differentiable, and f": (a,b) — R
is bounded over (a, b) then the function f is bounded over (a,b).

Solution. This statement is true. First notice that because f : (a,b) — R is
differentiable the Mean-Value Theorem implies that for every z, y € (a,b) there
exists p € (a,b) between x and y such that

fl@) = fly) = f(p)(z—y).

Because f’: (a,b) — R is bounded this implies that for every x, y € (a,b) one has

|f(z) = fy)l = Mz -y,
where M = sup{|f'(x)| : = € (a,b)}. In other words, f is Lipschitz continuous
over (a,b). This was a theorem from the notes that you could have just cited.

Finally, any function that is Lipschitz continuous over a bounded subset of R is
also bounded. Indeed, pick any ¢ € (a,b). Then for every x € (a,b) one has the
bound

@) < 1f+ (@) = fle)l < )+ Mz —cf <[f(e)| + M (b—a).

More generally, any function that is uniformly continuous over a bounded subset
of R is also bounded. [

If {f,}5°, is a sequence of functions such that each f, : [a,b] — R is differentiable
over [a,b], and f,, — f uniformly over [a,b] where f : [a,b] — R is differentiable
over [a, b], then

lim f/(z) = f'(x) for every x € [a,b].

n—oo

Solution. This statement is false. There are many counterexamples. A simple
one is

fn(x> =
but

3=

e — 0= f(x) uniformly over [0,1] because |f,(z)] <+,

f1(0) = —e™ ™ . —1#0=f(0).

r=
A more dramatic counterexample is

1
fulz) = o sin(2"z) — 0= f(z) uniformly over R because | f,(z)| < 5,

but if x = 27 *mm for some k, m € N then

fi(x) = cos(2"F"mr) — 1#£0= f'(z).

n

Because the set of all points having the form 2 *mm for some k, m € N is dense in
R, this example works when the functions f,, and f are restricted to any interval
[a,b] C R with a < b. O
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4. [20] Let f : (a,b) — R be differentiable at a point ¢ € (a,b) with f’(¢) > 0. Show that
there exists a 6 > 0 such that
LS (0—5,0) C (aab) = f(!lﬁ') <f(c)a
z € (c,c+6) C(a,b) = flc) < f(x),

Remark. It is very incorrect to assert that f is decreasing in an interval containing c.
You are being asked to prove the “Transversality Lemma” from the notes.

Solution. Because f is differentiable at ¢, we have
lim f(l’) B f(C) _ f/(C) )
z—c X —C

Because f’(c¢) > 0 the e-0 characterization of this limit with € = f’(¢) implies that there
exists 0 > 0 such that (¢ — d,c¢+0) C (a,b) and

fx) — flc)

O<|r—¢cl<d = ?—f'(c) < f'(c)
= O<W<2f’(c).
Hence,
v €(c—d,c) = f(z)—f(c)_f(x;:f(c)(x—c)<o
= fz) < flo),
zr € (c,c+0) = f(x)—f(c)—f(x:z:f(c)(:c—c)>0
= [f(x) > f(e)

5. [20] Let f(x) =log(1 + x?) for every x € R. Show that

0 (_1)k+1
flx) = Z T:E% for every x € [-1,1],
k=1

and that the series diverges for all other x € R.

Partial Solution. It is easy to show that the series converges for every x € [—1, 1] and
diverges otherwise.

The convergence when |z| < 1 is best handled by the Alternating Series Test. Indeed,
because the sequence
1 oo < . .
x is decreasing and positive .
k k=1
and because
li = 2k —
oo kL 0,
the Alternating Series Test shows that

o9 1 k
Z( ]{J) l’2k converges .
k=1




The divergence when |z| > 1 follows from the Divergence Test because in that case
1
lim — 2% = 0).
oo ko o0 (#0)
However, this is not a complete solution to the problem because these arguments do
not show that when the series converges, it converges to f(x). O]

Solution. Because 2% € [0, 0) for every x € R, the problem reduces to showing that

o (_1)k+1
log(l+vy) = Z 7 y"  for every y € [0,1],
k=1

and that the series diverges for every y € (1,00). The assertions will then follow upon
setting y = 22 into these results.

Let g(y) =log(1 + y). By direct computation you see that
_ 1 " _ —1 " _ 2 " _ —6
=1, ¢ (y) = Ao ! (y) = arep ¢ (y) =
This should suggest to you that for every k € Z, one has

k—1)!

(k) — _1 k—‘,—l(

W) = (0"
which is easily verified by induction. Because g(0) = 0 while ¢ (0) = (=1)*+'(k — 1)!
for every k € Z,, the Lagrange Remainder Theorem implies that for every y > 0 there
exists p € (0,y) such that

J'(y)

1

= 1
N B (0) o (nt1) () 1
9(y) ;k!g OF S re AR OF
_ n (_1)k+1 yk N (_l)n 1 il
—~ k n+1 (1+p)t!
Because g(y) = log(1 + y) while p € (0,y), it follows that
UL (1) 1 1 1
log(1 +y) — — < m
og(1+y) —~ k 4 n+1(1+p)"+1y nt1”

For every y € [0, 1] we thereby obtain the uniform estimate

n (_1)k+1 1

log(1+y) = > ——"| < -
k=1

Hence,

i (_1)k+1
log(l+vy) = Z ? y" uniformly over y € [0, 1].
k=1

The fact that the series diverges for every y > 1 follows from the Divergence Test
because in that case

1
kli_)n;OEyk:oo(yéO).

The assertions follow by setting y = 22 into the above results. ([l
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6. [20] Determine all a € R for which the following formal infinite series converge. Give
your reasoning.

n

(a) Z 37 log(n)

n=2
Solution. The series converges for every a € [—3,3) and diverges otherwise.

The cases |a| < 3 and |a|] > 3 are best handled by the Ratio Test. Let b, =
a"/(3"log(n)). Because

Y brsr| . log(n+1)[a] _ a|
n—oo |by| n—oo log(n) 3 3

the Ratio Test then implies that this series converges absolutely for |a| < 3 and
diverges for |a| > 3.

The case a = —3 is best handled by the Alternating Series Test. Indeed, because
the sequence

1 OO . . .
is decreasing and positive .
log(n)

n=2

and because )

nl_)IIQlQ log(n)
the Alternating Series Test shows that

1
Z(—l)” Tog() converges .

Y

n=2

The case a = 3 is best handled by Limit Comparison Test, say with the harmonic
series. Indeed, because

1
lim 0g(n) =0,
n—o00 n
and because the harmonic series
E — diverges,
n=2 n

the Limit Comparison Test shows that

= 1
Z diverges .
n=2

log(n)

Alternatively, one could treat this case with the Direct Comparison Test, the Inte-
gral Test, or the Cauchy 2% Test. U

Solution. The series converges for every a € (%, oo) and diverges otherwise.



This is best handled by Limit Comparison Test. Because

k 1
T m koo

one sees that the original series should be compared with the p-series
>4
1-3a "
k=1 k

Indeed, because for every a € R one has

(7).
4 4 a
limki:hm <k4k+1) =1,

k—o0 1 k—o0
30
the Limit Comparison Test then implies that

f: k ’ converges <> f: 1 converges
ver —_— ver .
2\ k11 & 2} &

Because p = 3a for the p-series, that series converges for a € (%, o0) and diverges
otherwise. The same is therefore true for the original series. 0J

7. [20] Let f : [a,b] — R and g : [a,b] — R be Riemann integrable over [a,b]. Show that
f + ¢ is Riemann integrable over [a, b].

Solution. The shortest route to a proof uses the Lebesgue Theorem. Let Dy, Dy, and
Dy, denote the points in [a, b] at which f, g, and f + g respectively are discontinuous.
It is clear that Dy, C DyUD, because f + g is continuous at every point where both f
and g are continuous. Because f and g are Riemann integrable over [a, b], one direction
of the Lebesgue Theorem implies that Dy and D, have measure zero. Because the union
of two measure zero sets also has measure zero, and because any subset of a measure
zero set also has measure zero, it follows that Dy, C Dy U D, has measure zero. The
other direction of the Lebesgue Theorem then implies that f + ¢ is Riemann integrable
over [a, b]. O
Alternative Solution. Let € > 0. Because f and g are Riemann integrable over [a.b],

the Darboux Theorem implies that there exist partitions P/ and P9 of [a.b] such that

0SU(LP)~ LU P <5, 0<U(g P~ LIf.FY) < 5.

Set P. = P/ v P9. Then
U(f +9,P) <U(f,P.) + Ulg. P.) < U(f. P!) + Ulg, P?),
L(f +g,P.) > L(f, P.) + L(g, P.) > L(f, P!) + L(g, P?) .
Upon combining the above inequalities you find that

0<U(f+g, P)—L(f+g,P)

< U PI) ~ LU P)) + Ulg. P9) ~ L(g.PY) < 5+ 5 = c.
Because such a P. can be found for every € > 0, the Darboux Theorem implies that
f + ¢ is Riemann integrable. O
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Remark. The second solution gives a lot more. It is just a few steps away from showing
that the intergral of f + ¢ is the sum of the integrals of f and g.

8. [20] A function f : [a,b] — R is said to be Holder continuous of order o € (0, 1] if there
exists a C' € R, such that for every z,y € [a, b] one has

[f(x) = f)l < Clz -yl

Let f : [a,b] — R be Holder continuous of order a € (0, 1].

(a)

Show that f is uniformly continuous over [a, b].
Solution. Let € > 0. Set § = (¢/C)a. Then for every z,y € [a, b] we have
r—yl<d = |flx)=flyl<Clz—y|" <Cd" =e.

Hence, f is uniformly continuous over [a, b]. O

Show that for every partition P of [a, b] one has
0< U(f,P)—L(f,P) < \P|QC(b—a)

Solution. Let P = [zg, 1, - ,x,] be any partition of [a,b]. Then

n

0<U(f,P) = L(f,P) = (M — my) (w — 1),

k=1
where
my = sup{f(z) : = € [vg_1, 2k}, my, = inf{f(z) : = € [vg_1, 2]} .

Because f is continuous over each [ry_1, zx], by the Extreme-Value Theorem there
exists points Ty, z;, € [Tx_1, x| such that my, = f(Tx) and my, = f(z;). The Holder
continuity of f the gives

n

0<U(f.P) = L(f,P) =Y (f@k) — flay)) (@r — z61)

k=1
n

<O [Tk — | (w — m) -
k=1

Because Ty, ), € [xg_1, 2] you have
|Tp — 2y <o — 251 <max{z, — Ty : m=1,--- ,n} =|P|,

whereby

0<U(f,P) ~ L(f,P) < C Y |P*(a — min)
k=1

n

= CIPI* ) (wx —xx-1) = C|P[* (b—a).

k=1



9. [20] Let {gn}nen be a sequence of real-valued functions over D C R, and {M,, },en be
a sequence of real numbers such that |g,(z)| < M, for every x € D and n € N. Show
that

Z M, <o =— Z gn(x) converges uniformly over D .
n=0 n=0

Remark: You are being asked to prove the Weierstrauss M-Test.

Solution. The Absolute Comparison Test states that
i M, <oco = i gn(z) converges absolutely for every z € D.
n=0 =0
You must show that this pointwise convergence is uniform. Equivalently, if you introduce
@) =Y a@. @)=Y a6,
k=0 k=0

then you must show that f,, — f uniformly over D.
Let € > 0. Because Zzio M, < oo there exists n. € N such that

o0
n>n, = ZMk<€'
k=n+1

Then for every n > n, and every x € D one has

[fol@) = f@)] = D gr@) =D gel@)| = > gl)
k=1 k=1 k=n+1
<3 g < S M<el
k=n+1 k=n+1
Hence, f, — f uniformly over D. O

10. [40] For each n € Z, define f, : [0,1] — R by f,(z) = nze 2.
(a) Sketch the graph of a typical f, over [0, 1].

Solution. Because f;(z) = n?(1 —nz)e " is positive over [0, £) and negative over
(%, 1] for any n > 1 your sketch should show that:
e the value of f,(z) increases over [0, 1] from f,(0) = 0 at = 0 to a maximum
of fu() =2 at z =1,
e the value of f,(z) decreases over [1,1] from its maximum of f,() = 2 at
r=1to f,(1) =n?e"at z=1.
This shows that as n increases the maximum value of f, increases as = while its
location moves closer to x = 0. This understanding is helpful for the rest of the
problem. O



(b)

Show that f,, — 0 pointwise over [0, 1].

Solution. Because f,(0) = 0 for every n € N, the convergence of {f,(z)} when
x = 0 is obvious. Now consider the sequence {f,(z)} for z € (0,1]. By 'Hopital
applied twice to the 22 indeterminant form we see that

lim f,(z) = lim — = lim = lim =
n—o0 n—oo en% n—oo re¥r n—oo T2eh®

Notice that the above derivatives are taken with respect to the variable n, which
we consider extended to all R when applying I’'Hopital. Alternatively, rather than
applying I’Hopital you could argue that the limit vanishes because €™ — oo faster
than n?z — oo when z > 0. O

Show that the limit in part (b) is not uniform over [0, 1].

Solution. You must show that there exists € > 0 such that for every m € N there
exists n > m and z € [0, 1] such that f,(z) > e. This is easy to do. In fact, for any
¢ > 0 one has for every n > e that f,(3) =2 > . O

For every ¢ > 0 show that f, — 0 uniformly over [4, 1].

Solution. Let € > 0. You must show there exists n. € N such that for every n > n,
and z € [4,1] one has 0 < f,,(z) < e. Here are two approaches to doing this.

First Approach. First notice that for every z € [0,1] and n > 0 one has the
inequalities

0 < fo(x) =n’ze™ < 2%,
Either by noticing that z2¢™" = f,(§)/6 and using the pointwise convergence of

assertion (b), or by arguing as in the proof of assertion (b) one sees that

lim z%e ™ =0.

n—oo

Hence, there exists n. € N such that for every n > n, one has 2%e™™ < e. It follows
that for every n > n. and x € [0, 1] one has

0 < folz) <2%e™™ <e.
Therefore f,, — 0 uniformly over [4, 1]. O

Second Approach. First notice from part (a) that if % < 0 then f, is decreasing
over [d,1]. Hence, for every n > 1/6 and z € [, 1] one has

0 < fulz) < fn(0).

By the pointwise convergence of assertion (b) applied to the point x = ¢ there
exists n. € N such that n. > 1/6 and that for every n > n. one has f,(0) < e. It
follows that for every n > n, and x € [0, 1] one has

0 < folz) < fu(0) <e.
Therefore f,, — 0 uniformly over [4, 1]. O
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(e) Show that

1
lim fn=1.
n—oo 0

Solution. One integration by parts (v = nx, v = —e™"*) yields

1 1
+ e ndx
=0 0

1
:—716_"—6_"—1—1:1—7hL :
=0 er

1 1
/ fn = / nre ™ dx = —nxe ™
0 0

—nx

=—ne " —e

By I’'Hopital applied to the 22 indeterminant form we see that

1 1
lim 22— fim = =0,
n—oo @ n—oo v
Hence,
1
1

lim fn—l—hmnjL =1.
n—oo Jg n—oo e’

(f) Let g : [0,1] — R be continuous. Show that

1
lim fng =¢(0).

n—oo

Solution. Assertion (e) implies that assertion (f) is equivalent to

n—oo

lim i fa(@) (g(z) — 9(0)) dz = 0.

But this will follow once we show that for every ¢ > 0

limsup/0 fn(2) ‘g(x) - g(O)‘ dr <e.

Let € > 0. Because g is continous at 0, there exists 6 > 0 such that
z€[0,6) = |g(z)—g(0)| <e.

Because ¢ is continuous over [0 1], by the Extreme-Value Theorem it is bounded
over [0,1]. Let M = sup{|g(x)| : z € [0,1]}. Then for every n € N

[ 5@lotw) - g0}z = / F@lot) g0+ [ @lote) g0
S/o fn(x)edx+/5l fn(z)2M dx
6/01 £.(2) dx+2M/61fn(x) dz

Assertion (e) and the uniform convergence of assertion (d) imply that

1 1
lim [ fu(z)dz =1, lim [ fu(z)dz=0.
0 5

n—oo n—oo
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whereby the previous inequality implies that
1

lim sup/ fa(@)|g(z) = g(0)| dz < € lim fo(z)dz +2M lim fo(x)da
0

n—00 n—oo Jq n—oo [s
= 6 .

But as argued above, because this holds for every € > 0, assertion (f) follows. [



