Solutions to Second In-Class Exam: Math 401
Section 0201, Professor Levermore
Friday, 16 April 2010

No notes, books, or electrontics. You must show your reasoning for full credit. Good luck!

1. [20] Consider the polynomials

pi(z) =1—2?, po(z) = 2(1 — ), ps(z) = (1 +x).

(a) Show that {p;(z), ps(z), p3(z)} is a basis for P2,
(b) Express ¢(x) = 1+ 3z in terms of this basis.
Solution (a). The set {pi(z), p2(z), ps(x)} is related to the standard basis {1,z, 2%}
of P@ by
1 0
(P1($) pa(7) pg(:c)) = (1 z xz) 0 1

0
1
-1 -1 1

Then {p;(x), pa(x), p3(z)} will be a basis for P? if and only if the matrix above is
invertible. There are many ways we can show this. For example, we can show that

1 0 O
det| O 1 1| =1-(-1)=2,
-1 -1 1
or we can use row reduction to show that
1 0 O 1 0 0 1 00
0 1 1] ~10 1 1]~1]0 11
-1 -1 1 0 -1 1 00 2

The invertiblity of the matrix then implies that {p;(x), po(2), p3(z)} is a basis for P?).

Alternative Solution (a). It is clear that {p;(x), p2(2), ps(z)} € P?. Because the
dimension of P? is three, we only have to show that the set {pi(x), p2(2), ps(z)} is
linearly independent. We do this by showing that

clpl(x) —+ 02]92(517) + Cgp3($) =0 — Cl = Cy =C3 = 0.

This can be done several ways. For example, upon evaluating the linear combination at
r=0,r=—1, and x = 1 we obtain

0 = c1p1(0) + c2p2(0) + c3p3(0) = ¢y,
0 = cipi(—1) + copa(—1) + c3p3(—1) = —2¢,
0 = c1p1(1) 4 copa(1) + csps(1) = 2¢3,

which implies that ¢; = ¢ = ¢3 = 0. Alternatively, if we express the linear combination
in terms of the standard basis {1, z, 2%} of P it becomes

0=ci(1 -2 +c(x—2%) +es(w+2%) =1l + (e +e3)w + (—cy — o +c3)2”.
This leads to the system
01:0, CQ+C3:0, Cl+02—03:0,

which can be solved to show that ¢; = ¢y = ¢3 = 0.
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Solution (b). By setting
1+ 3z = q(x) = cip1(x) + capa(z) + c3p3(2)

=c1(1 —2°%) + co(x — 2%) + c3(w + 2?)

=11+ (cg+c3)x + (=1 — o+ ¢3)2°,
we are led to the system

=1, co+c3 =3, c1+cy—c3=0,
which can be solved to find that ¢; = ¢c; = 1 and ¢3 = 2. We thereby obtain
q(z) = pi(z) + p2(x) + 2ps() -

. [15] Consider the directed graph

1 — 2
T /71
4 «— 3

(a) Label the edges and give the corresponding incidence matrix A for the graph.
(b) Give a basis for the ker(AT).

Solution (a). If we label the five edges a, b, ¢, d, and e as

a
1 — 2
d T e,/ | b
4 «— 3
c

1 -1 0 0
0 1 -1 0
A=10 0 1 -1
-1 0 0 1
0 -1 0 1

Here we used the convention that the vertex at the “base” of the arrow along an edge is
assigned 1 while the vertex at the “point” is assigned —1. Had we flipped this convention
then A would be the negative of the matrix given above.

Solution (b). Because AT is 5 x 4 while rank(AT) =rank(A) = 4 — 1 = 3, we know
that ker(A7T) is two dimensional. By row reduction we see that

1 0 0 -1 0 1 0 0 -1 0
|-t 1 0 0o —1f fo 1 0 -1 -1
0 -1 1 0 0 0 -1 1 0 0
0 -1 1 1 00 -1 1 1
10 0 -1 0 100 -1 0
01 0 -1 —1 010 -1 —1
“loo 1 -1 1|7 ]oo0o1 -1 -1
00 -1 1 1 000 0 0
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We see there are two free parameters in the general solution, which is what we expect
because ker(AT) is two dimensional. We can obtain a basis for ker(AT) by setting each
parameter to 1 while setting the other to 0. This gives the basis

1 0
1 1
1], 1
1 0
0 1

The first of these corresponds to the cycle abed (1 — 2 — 3 — 4 — 1), while the second
corresponds to the cycle bece (2 — 3 — 4 — 2).

3. [20] Define the linear mapping L(X) = AX for every 2 x 2 matrix X where A = (Z 2) :

A basis for 2 x 2 matrices is given by

10 10 01 0 —1
(o) meG ) me() me()

Give the matrix representative of L with respect to this basis.

Solution. Given any finite dimensional linear space U and linear mapping L : U — U,

the matrix representative of L with respect to a basis {uy, ug, -+ ,u,,} of f is the m xm
matrix R such that
(L(w) L(uy) -+ L(uy))=(w uy - uy)R.

For the given basis {F1, Fy, E3, E4} of 2 X 2 matrices, direct calculations show that

L(Eg) = AE2 = (Z ) :2) = CLE2 + bE4,

a 01 b a
L(Eg) = AEg = (b ) (1 0) = <a b) = bEl +CLE3,
a 0
Because these calculations show that
a 0 b 0
0 a 0 b
(L(Ey) L(E:) L(Es) L(E)) = (Ey E, E3 Ej) b 0 a ol
0 b 0 a
the matrix representative of L with respect to the basis { £y, Es, E3, Ey} is
a 0 b 0
0 a 0 b
b 0 a O
0 b 0 a



4. [15] Construct monic polynomials pg, p1, pe, and ps of degrees 0, 1, 2, and 3 respectively
that are orthogonal with respect to the inner product

(f,9) = /_1 f(z) g(z) 2*da.

Solution. By applying the Gram-Schmidt procedure to {1, z, 22, 23} you obtain the
monic orthogonal polynomials

po(l') =1,
B (1,z)
p(x) =z — ) 1,
I PR
pa(w) = (1,1 1 <p1,p1>p1( )
pg(l’) _1,3 <17I > <p1,SL’ > (ZL’) . <p2,x > 2($)

- <1a1> - <p1>p1

while direct calculations show that

1 1
<1,1>:/ x4dz:%$5 :%,
1 1
(1,$2>:(x,:£):/1x6d:£:%:£7 1:%,
1 1
(x,2°%) = (2, 2%) = /1x8da: =iz’ 1 =2,
The Gram-Schmidt procedure therefore yields
pQ(ZL') =1,
pl(x):$_01:I>
po(z)=a*-2-1-0-2=2"-2,
p3(z) =2 —-0-1-1.2-0- (2" - 2)=2" - Iz,

where in the last step we used the fact that (po, %) = (22, 2%) — 2(1,2°%) = 0.

5. [15] Find all real values of ¢ for which the matrix

1 -1 0
A=|-1 ¢ -1 is Hermitian positive .
0 -1 1

Be sure to give your reasoning!

Solution. Because c is real, the matrix A is Hermitian. It will therefore be Hermitian
positive if and only if the determinants of its principle minors are all positive. These



determinants are
1 1 -1 0
1 C):c—l, det| -1 ¢ —-1]=c—2.
0o -1 1

It is clear that all of these determinants are positive if and only if ¢ > 2. Therefore A
is Hermitian positive if and only if ¢ > 2.

1

det(1) =1, det<

Alternative Solution. Because c is real, the matrix A is Hermitian. It will therefore
be Hermitian positive if and only if all of its pivots are positive. By row reduction we
obtain

1 -1 0 1 =1 0 1 -1 0
A=-1 ¢ —-1|~[0 c—1 =1~ |0 ¢c—1 -1 ,
0o -1 1 0o -1 1 0 0 1—%
where we must assume that ¢ # 1. The pivots are given by
1 e—1, 1ot -2
c—1 c¢—1

It is clear that all of these pivots are positive if and only if ¢ > 2. Therefore A is
Hermitian positive if and only if ¢ > 2.

Remark. The two approaches to the solution given above are related by the general fact
that the n'* pivot of A for n > 1 is given by det(A, )/ det(A,_1), where A, denotes the
n' principle minor matrix of A, while the first pivot of A4 is a;; = det(A;). So showing
that the pivots all are positive is equivalent to showing that the principle minors all
have a positive determinant.

. [15] Consider the plane W C R* spanned by (1 1 -1 —1)T and (1 -1 1 —l)T.
Equip R* with the Euclidean inner product.
(a) Find the point in W that is closest to the point (1 0 1 O)T.

(b) Give the shortest distance from W to the point (1 0 1 O)T.
Solution (a). Let

1 1 1
11 -1 d 10
W = 1 5 Wy = 1 5 aln u = 1
—1 -1 0
The point in W closest to u is given by the orthogonal projection of u onto WW. Because
wiwy =0, Wi W, =wiwy =4, wiu=0, wiu =2,

we see that {wy, wy} is an orthogonal basis for W and that the orthogonal projection
of u onto W is therefore given by

wlu wlu ) )
Pu = T TW2:0W1+§W2:§W2.

Wi
The point w in W that is closest to u is thereby

w=Pu=tw,=(} -} L "



Alternative Solution (a). Let

1 1 1
1 -1 0
A= 101 | and u= |,

-1 -1 0

The point in W that is closest to u is given in terms of the least least squares solution
with respect to the Euclidean inner product of the overdetermined system

A (Cl) =u.
(&)

Specifically, the point w in W that is closest to u is given by

w=A (Cl> , where AT A <Cl> = ATu.
Co (&)

Because
1 1
r. (1 1 -1 =1\[1 -1] /40
AA_(l -1 1 -1 -1 11 \0o 4)”
-1 -1
1
r (1 1 =1 =1\[o] (0
Au_<1—11—1 1]~ \2)-
0
we see that

b))

whereby ¢; = 0 and ¢y = % The point in W that is closest to u is thereby

wea (D) =5 =1 3 -

2

N[

Solution (b). The shortest distance from W to u is |ju — w|| where

1 1 1

0 ! 1

u—w= 2l =17
1

0 —3 3

One thereby sees that this distance is

lu—wil = /(3)2 + ()2 +
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