Solutions of Sample Problems for Third In-Class Exam
Math 246, Spring 2011, Professor David Levermore

(1) Compute the Laplace transform of f(t) = te* from its definition.

Solution. The definition of the Laplace transform gives

T T
L[f](s) = Jim_ 0 e 'te™dt = lim 0 B9t qt

This limit diverges to +oo for s < 3 because in that case

T T T2
/te(?)_s)tdtZ/ tdt = — |
0 0 2

which clearly diverges to 400 as T" — o0.
For s > 3 an integration by parts shows that

T (3=s)t |T T _(3—s)t
/ B9t qp = ¢ & — / C a
0 3—s 0 0 3—s
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= |t
( 5)2) 0
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Hence, for s > 3 one has that
6(3 )T 1
li T
EUI Tliilo (- —s>2) geerd
ol Te(3 s)T (3=s)T
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1
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(2) Find the Laplace transform Y (s) of the solution y(t) of the initial-value problem

d?y  dy
—= +4—=+ 13y = f(t =4 "0)=1

where

cos(t) for 0 <t < 2m,
t pum—
1(#) {t—27r for t > 2.

You may refer to the table on the last page. DO NOT take the inverse Laplace
transform to find y(t), just solve for Y'(s)!

Solution. The Laplace transform of the initial-value problem is

Ly")(s) +4L[Y(s) * 13Lly](s) = Lf1(s),



where

Llyl(s) =Y (s),
Ly](s) = sY(s) —y(0) = sY(s) — 4,
L[y"(s) = s*Y (s) — sy(0) — y'(0) = sV (s) — 45 — 1.
To compute [f](s), ﬁ st write f as
= (1 —u(t — 2m)) cos(t) + u(t — 2m)(t — 2m)

= cos(t) — u(t — 2m) cos(t) + u(t — 2m)(t — 2m)
= cos(t) — u(t — 2m) cos(t — 2m) + u(t — 2m)(t — 27) .
Referring to the table on the last page, item 6 with ¢ = 27 and j(t) = cos(t), item 6

with ¢ = 27 and j(t) = t, item 2 with a = 0 and b = 1, and item 1 with n = 1 and
a = 1 then show that

L[f1(s) = L[cos(t)](s) — Llu(t — 27) cos(t — 27)](s) + Llu(t — 27)(t — 27)](s)
= L[cos(t)](s) — e ™ L[cos(t)](s) + e ™ L[t](s)
=(1—e?™) _E e

s?2+1 52
The Laplace transform of the initial-value problem then becomes
(Y (s) =45 = 1) +4(sY (5) =4) +13Y () = (1 =) 57 >,

which becomes

1
(s*+4s+13)Y(s) —4s—1—-16= (1 — 6_2ﬂ8)ﬁ + 6_2“5? .

Hence, Y'(s) is given by

1 S 1
Y - - 4 17 1 — —2ms\ 7 —2ms — )
(s) 82+4$+13<SjL +(1-e )s2+1+6 52)

Find the inverse Laplace transforms of the following functions. You may refer to the
table on the last page.

2
F(s) = —
@) P = g
Solution. Referring to the table on the last page, item 1 with n = 1 and a = —5
gives
1
te ?)(s) = :
£ite)0) = g
Multiplying this by 2 yields
2
L[2te™™|(s) = :
21¢7(5) = 75

You therefore conclude that
2

£ [m] (t) =2te ™.



3s

b) F(s) = ———
(b) F(s) = o,
Solution. The denominator factors as (s — 3)(s + 2), so the partial fraction

6

decomposition is
5

35 B 35 B % n
s2—5—6 (s—3)(s+2) s—3 s+2°
Referring to the table on the last page, item 1 with n = 0 and a = 3, and with
n =0 and a = —2 gives
1 1
L 3t _ L —2t —
) = 5 L) =
whereby
93t 4 ge_zt] (s).

3s = 2L[e*](s) + EL[e %] (s) = £[5

5

2_s5-6 °
You therefore conclude that
_ 3s _
L 1{732—3—6}@: 2% 4 S

(s —2)e™3¢

F(s) = —+——.
(c) F(s) s2—4s+5
Solution. Complete the square in the denominator to get (s—2)*+1. Referring

to the table on the last page, item 2 with a =2 and b = 1 gives
s—2

L[e* cos(t)](s) = m .

Item 6 with ¢ = 3 and j(¢) = €* cos(t) then gives
5 —2

Lu(t — 3)e* = cos(t — 3)](s) = e_gsm :

You therefore conclude that
-2
£ [6_38525475—1—5] (t) = u(t — 3)e®=% cos(t — 3).

(4) Consider the matrices
(=2 14 (76
A_<2—|—z' —4)’ B_<8 7)'

Compute the matrices

(a) AT,
Solution. The transpose of A is
r [ —i2 2+
A= (1 +i —4 ) '



(b) A,
Solution. The conjugate of A is

- 2 1—i
A:<2—@' —4)'
(c) A",

Solution. The Hermitian transpose of A is

L (2 2—i
A_<1—z' —4)'
(d) 5A—-B ,

Solution. The difference of 5A and B is given by
[ =110 5415 7 6\ (—7—110 —14145
5A_B_<10+i5 —20)_<8 7)_<2+z'5 —27 )

(c) AB
Solution. The product of A and B is given by

(=2 140\ (T 6
AB—<2+¢ —4)(8 7)

(=2 T+ (1+0)8 —i2:6+ (1+14)-7
—< (2+)7—4-8 (2+i)6—4-7 )

([ 8—i6  T—i5
“\—18+i7 —16+i6)

(f) B7! .
Solution. Observe that it is clear that B has an inverse because

76
det(B) = det <8 7

The inverse of B is given by

B = detl(B) (—78 _76> = <—78 _76) :

>:7~7—6~8:49—48:1.




(5) Consider the matrix

(a)

A-(t 5.

Find all the eigenvalues of A.

Solution. The characteristic polynomial of A is given by
p(Z) = Z2 - tI'(A)Z + det(A) = 22 — 922 —15 = (Z _ 1)2 —16.

The eigenvalues of A are the roots of this polynomial, which are 144, or simply
—3 and 5.

For each eigenvalue of A find all of its eigenvectors.
Solution (using the Cayley-Hamilton method from notes). One has

6 3 -2 3
ava- (02 asse ().

Every nonzero column of A — 51 has the form

aq (_12) for some a; # 0.

These are all the eigenvectors associated with —3. Similarly, every nonzero
column of A + 3I has the form

1 (g) for some ap # 0.
These are all the eigenvectors associated with 5.

Diagonalize A.

Solution. If you use the eigenpairs

G ) 60)
“(h) o2

Because det(V) =1-2 —(—2) -3 =246 = 8, you see that

_ 172 -3
1—_
vi-i(3 7).

You conclude that A has the diagonalization

B (1 3\ (-3 0\l (/2 -3
a=vove= (4 ) (09506 1)

You do not have to multiply these matrices out. Had you started with different
eigenpairs, the steps would be the same as above but you would obtain a different
diagonalization.

then set



(6)

Given that 1 is an eigenvalue of the matrix

2 -1 1
A=|1 1 -1],
0 -1 3

find all the eigenvectors of A associated with 1.

Solution. The eigenvectors of A associated with 1 are all nonzero vectors v that
satisfy Av = v. Equivalently, they are all nonzero vectors v that satisfy (A—I)v =0,
which is
1 -1 1 vy
1 0 -1 vy | =0.
0 —1 2 V3
The entries of v thereby satisfy the homogeneous linear algebraic system
U — U+ VU3 = 0,
(%1 - U3 = 07
— Vg + 2’113 =0.
You may solve this system either by elimination or by row reduction. By either
method you find that its general solution is
V1=, Uy =20, V3=, for any constant «.

The eigenvectors of A associated with 1 therefore have the form

1
al?2 for any nonzero constant « .
1
. d3u o du ) )
Transform the equation e +t i 3u = sinh(2t) into a first-order system of

ordinary differential equations.

Solution: Because the equation is third order, the first order system must have
dimension three. The simplest such first order system is

d T T T u
_ — h o /
at T = I3 s wihere ) = u

T3 sinh(2t) + 3z, — t2x, T3 u”

Consider two interconnected tanks filled with brine (salt water). The first tank
contains 100 liters and the second contains 50 liters. Brine flows with a concentration
of 2 grams of salt per liter flows into the first tank at a rate of 3 liters per hour. Well
stirred brine flows from the first tank to the second at a rate of 5 liters per hour,
from the second to the first at a rate of 2 liters per hour, and from the second into a
drain at a rate of 3 liters per hour. At ¢ = 0 there are 5 grams of salt in the first tank
and 20 grams in the second. Give an initial-value problem that governs the amount
of salt in each tank as a function of time.



7

Solution: The rates work out so there will always be 100 liters of brine in the first
tank and 50 liters in the second. Let Si(¢) be the grams of salt in the first tank and
Sa(t) be the grams of salt in the second tank. These are governed by the initial-value
problem

ds; S, S, B
ng_ Sl 52 52 _
o 1000 502 50 $2(0) = 20.

You could leave the answer in the above form. It can however be simplified to

ds, Sy 5 B
H_G_F%_%a 51(0)—2,
dSy  S1 S B
: : th+3 t?
(9) Consider the vector-valued functions x;(t) = o2 | Xa(t) = 3 |

(a) Compute the Wronskian W(xy, Xa](%).
Solution.

4 2
Wxy,xo)(t) = det(t 2;23 g) =3t +9-2t" ="+ 9.

d
(b) Find A(t) such that x;, x5 is a fundamental set of solutions to d_)tc = A(t)x
wherever Wxy,x2](t) # 0.
th4+3
2023

At) = %\I'(t)_1 = @t; 20t) <t42;3 t32) _l

1 a2t 3 -2\ 1 [8 6t—2°
Tgpg\4t 0\ =22 t*+3) g \12t  —43 )

(c¢) Give a fundamental matrix ¥(¢) for the system found in part (b).

W(t
Solution. Let ¥(t) = ( ) Because % = A(t)¥(t), one has

Solution. Because x;(t), x2(t) is a fundamental set of solutions to the system
found in part (b), a fundamental matrix for the system found in part (b) is
simply given by

U(t) = (xi1(t) xa2(1)) = <t42t+23 t;)

(d) For the system found in part (b), solve the initial-value problem

i—j —A(Dx,  x(1)= (é) .



Solution. Because a fundamental matrix W(¢) for the system found in part (b)
was given in part (c), the solution of the initial-value problem is

s (556
(5 a5 D0
(e ) (5) = (M)

Alternative Solution. Because x;(t), x2(t) is a fundamental set of solutions
to the system found in part (b), a general solution is given by

x(t) = e (1) + axa(t) = ¢4 (i; 3) o <t;) |

The initial condition then implies that

x(1) = &, (3) + 0 G) = <24ccllj3cc22> B <(1)> ’

3

from which we see that ¢; = 15 and ¢ = —%. The solution of the initial-value

problem is thereby
t' 43 2 ot — 17+ &
_ 3 1 —
0= (") =1 (5) = (M)

(10) Compute e for the following matrices.

wa=(; 1)

Solution. The characteristic polynomial of A is given by
p(z) =2 — tr(A)z +det(A) =22 — 22 -3 = (2 —1)? — 4.

The eigenvalues of A are the roots of this polynomial, which are 14+2. One then
has

sinh(2¢t)

et =l [cosh(%)l + (A — I)]

= ¢ {cosh(Qt) (é (1)) T Sm};ﬂ <(1) 3)]

g ( cosh(2t) 251nh(2t))
- ¢ sinh(2¢) cosh(2t) )

Alternative Solution. The characteristic polynomial of A is
p(z) =2 — tr(A)z +det(A) =2 — 22 -3 = (2 + 1)(2 — 3).
The associated second-order general initial-value problem is

y' =2y =3y=0, yO0)=w, y(0)=u.
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t
)

This has the general solution y(t) = c1€3 + coe ™. Because y/'(t) = 3c¢1€3 — coe™
the general initial conditions yield

Yo =y(0) = c1 + c2, y1=y'(0) =3c1 — 2.
This system can be solved to obtain
o Yot n C:3yo—y1
1 4 ) 2 4 .

The solution of the general initial-value problem is thereby

+ 3yo — et 43t et — et
y(t):y04y1 €3t+ y04 y1€ t__ 7 y0+ I Ur .
The associated natural fundamental set of solutions is therefore
3t 4 3t e3t _ ot
No(t) = ———— N(t) = ——
0( ) 4 ) 1( ) 4 Y
whereby
3t —t 3t —t
A e+ 3e 10 e’ —e 1 4
e = No(t)I + Ni(t)A = — 1 (0 1]t 1 11
1 [2e% £ 2e7t 46 — de!
T\ et —et 2e% 426t

Second Alternative Solution. The characteristic polynomial of A is
p(z) =2 — tr(A)z +det(A) =22 =22 -3 = (2 + 1)(2 — 3).

The eigenvalues of A are the roots of this polynomial, which are —1 and 3.

Because
2 4 -2 4
A—i—Iz(1 2), A—SI:(1 _2),

you can read off that A has the eigenpairs

() C0)
v=(50) e=(s):

Because det(V) = 4, you see that
—1
tA_ tD _1_ 2 2 e_t O 2 2
cr=Verv _<—1 1)Lo ) -1 1
(2 2\ et 0\1[1 =2\ 1[2 2\ (et -2
S \-1 1 0 e*)ga\1 2 ) 4\-11 e3t 2e3t

127 4 2e 4eP —de?
- 4 63t _ 6—t 2e—t + 263t .

Set



6 4
ma=(5 )
Solution. The characteristic polynomial of A is given by
p(2) =22 — tr(A)z 4+ det(A) = 22 — 82+ 16 = (2 — 4)*.

The eigenvalues of A are the roots of this polynomial, which is 4, a double root.
One then has

oA = et [I +t (A — 41)]

w10 2 4
=) (G D)
oa (142t 4t

- ¢ —t 1-2t)"

Alternative Solution. The characteristic polynomial of A is
p(z) =22 — tr(A)z+det(A) = 22 — 82+ 16 = (2 — 4)*.
The associated second-order general initial-value problem is
y' =8y +16y=0,  y(0) =y, ¥'(0)=u1.

This has the general solution y(t) = cie? + cote®. Because y/(t) = 4cie3t +
4egte™ + coett, the general initial conditions yield

Yo =y(0) = c1, 1 =y (0) =4c1 +co.

This system can be solved to obtain ¢; = yy and cs = y; — 4yy. The solution of
the general initial-value problem is thereby

y(t) = yoe' + (g1 — dyo)t e = (1 —4t)e' yo +t ey .
The associated natural fundamental set of solutions is therefore
No(t) = (1 —4t)e",  Ni(t) =te",
whereby

e = No(OI + Ny (H)A = (1 — 4t)e ((1) (1)) +tet (_61 ;l)

w142t 4
¢ —t 1-2t)"

(11) Solve each of the following initial-value problems.

(a) d (z\ _ (2 2 x z(0)) _ (1
dt \y 5 —1)\y/)’ y(0) 1)
Solution. The characteristic polynomial of A = (g _21) is given by

p(z) =2 — tr(A)z+det(A) =22 — 2 — 12 = (2 +3)(2 — 4).
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The eigenvalues of A are the roots of this polynomial, which are —3 and 4. These
have the form l + Z. One therefore has

smh( )

7
2

1, sinh(zt) 39
= e2? [cosh ) + ?2 <52) B )
_ bt cosh 7t —I— 2 smh(7t) % i
- smh (Zt) cosh(1t) — 2sinh(%t) )
The solution of the 1n1t1al—va1ue problem is therefore

() = i) = ()

cosh(% ) + —smh(2 ) % i
)
)

A = % cosh( )I+

1y
= e2

Do condd ™ i) (1)

(
t( cosh(1t) — Lsinh(Z¢) ) |

- cosh(zgt + 1—73 smh(%t)

wa() =) 6) C6)-0):

Solution. The characteristic polynomial of A = (_1 4 }) is given by

1
— e2

p(z) = 2> — tr(A)z + det(A) = 22 — 22+ 5= (2 — 1)+ 4.
The eigenvalues of A are the roots of this polynomial, which are 1 £ 2. One

therefore has
sin(2t)

et =¢! {cos(%)l + (A — I)}

e fomton ( 9) 220 (0, 1]

t< cos(2t) %m(%)) .

—2sin(2t) cos(2t)

The solution of the initial-value problem is therefore
(x(t)) _ oA (x(O)) oA (1)
y(t) y(0) 1
4 cos(2t)  Llsin(2t)) (1
O\ —2sin(2t) “cos(2t) 1

_ ( cos(2t) + 1 sin(2t) )
—25sin(2t) + cos(2t) )

Remark. You could have used other methods to compute e in each part of the

above problem. Alternatively, you could have constructed a fundamental matrix W (t)
and then determined c so that W(¢)c satisfies the initial conditions.
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(12) Find a general solution for each of the following systems.

(a) Az _ (3 -4\ [z
dt \y L =1)\y
. . . 3 —4\. .
Solution. The characteristic polynomial of A = (1 _1) is given by

p(z) = 2% — tr(A)z +det(A) = 22 — 22+ 1 = (2 — 1)°.

The eigenvalues of A are the roots of this polynomial, which is 1, a double root.
One therefore has

tA _ ¢t (10 2 —4
et =eI+t(A-T)] =e {(0 1) —i—t(l _2)}
(142t —4t
=e
t 1-2t) "
A general solution is therefore given by
f(t) _ tA Cl _t 1+2t _4t Cl
y®)) = \e) "t 1-2t) \e
(142t ¢ —4t
= e ( ; )—l—cze (1_%) .

d [z 2 =5\ (=
b —_ =
0= 2)0)
Solution. The characteristic polynomial of A = <i ig) is given by

p(z) = 2% — tr(A)z + det(A) = 2* + 16.

The eigenvalues of A are the roots of this polynomial, which are +i4. One
therefore has

Ao 204] e (3 ) 25

_ (Cos(4t) + Lsin(4t) —2sin(4t) (4t>) .

sin(4t) cos(4t) — £ sin

A general solution is therefore given by

@8) = (2) - (COS(ZLts)i;(z%t?m(%) cos(;t% S—m%(ifl)l(‘“)) (2)

. <cos(4ts)i:( Z%;in(ﬁlt)) e (COS(ZE s_in%(i)lw)) _

Alternative Solution. The characteristic polynomial of A = (i :g) is

p(z) = 2% — tr(A)z + det(A) = 2> + 16.
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The eigenvalues of A are the roots of this polynomial, which are +i4. Because

o (2-i4 -5 (244 =5
A_”I—( 4 —2—2'4)’ A“‘H_( 4 —2+i4)’

you can read off that A has the eigenpairs

(o (7)) (e (7))

The system therefore has the complex-valued solution

ot (1 J;ZQ) — (cos(4t) + i sin(4t)) (1 J;ZQ)

B (cos(4t) — 2sin(4t) + i2 cos(4t) + i sin(4t))
N 2 cos(4t) + 2 sin(4t) ’

By taking real and imaginary parts, you obtain the two real solutions

xi(t) = Re <ei4t <1 212)) _ (cos(42t)co—S (24ii)n(4t)) |
xo(t) = Tm (e”t (1 +222)) _ (2 cos(24sti)nj(t4i§n(4t)) -

A general solution is therefore

(;ycgg) . (cos(ll;)co—s (24ii>n(4t)) ‘e (2 cos(24§i)nj<L4ii)n(4t)) _

d fz\ _ (5 4\ /[«
dt \y) \-5 1) \y

. . . 5 4\ . .
Solution. The characteristic polynomial of A = (_5 1) is given by

p(Z) = Z2 - tr(A)Z + det(A) = 22 — 624+ 25 = (Z _ 3)2 +16.

The eigenvalues of A are the roots of this polynomial, which are 3 £ 4. One
therefore has

sin(4t)

et =t {cos(llt)I +

_ [cos(llt) (é (1)) 4 2old) <_25 _42)]

_ <cos(4t) + Lsin(4t) sin(4t) ) .

- — 3 sin(4t) cos(4t) — 5 sin(4¢t)

(A — 31)]

1
A general solution is therefore given by

(5) =em () = (UL ) ()

3 (cos(4t) + %sin(llt) a sin(4t)
=cie ( —2sin(4t) 0 cos(4t) — Tsin(4t))



Alternative Solution. The characteristic polynomial of A = (_55 le) is

p(Z) = Z2 - tr(A)Z + det(A) = 22 — 624+ 25 = (Z _ 3)2 +16.

The eigenvalues of A are the roots of this polynomial, which are 3 +i4. Because

o (24 4 e (2404 4
A—(3+z4)1—<_5 _2_i4), A—(3—z4)I—<_5 _2+Z.4),

you can read off that A has the eigenpairs

() (e ()

The system therefore has the complex-valued solution

oy [ =2 . )
Bt <1 - i2) = e*(cos(4t) + isin(4t)) (1 B 2.2)
T —2 cos(4t) — i2 sin(4t)
— ¢ \cos(4t) + 2sin(4t) + i sin(4t) — i2 cos(4t) )

By taking real and imaginary parts, you obtain the two real solutions

xi(f) = Re (6(3+i4)t (1 :21'2)) =e” (008(4_t2) (fsé(i)l(zlt)) ’
xa(t) = Im (6(3+i4)t (1 :inz)) = e <s1n(z;s)2 S—mz(j?s(zlt)) '

A general solution is therefore
z(t)\ —2 cos(4t) 4ol —2sin(4t)
y() ) = \cos(4t) + 2sin(4t) 2 \sin(4t) — 2 cos(4t) ) -

(13) Sketch the phase-plane portrait for each of the systems in the previous problem.
Indicate typical trajectories. For each portrait identify its type and give a reason
why the origin is either attracting, stable, unstable, or repelling.

(a) Solution. Because the characteristic polynomial of A is p(z) = (2 — 1)?, one
sees that © =1 and § = 0. Because

2 -4
a-1=(3 5)

we see that the eigenvectors associated with 1 have the form

Q@ (%) for some o # 0.

Because =1 > 0, 6 = 0, and ag; > 0 the phase portrait is a counterclockwise
tunst source. The origin is thereby unstable. The phase portrait should show
there is one trajectory that emerges from the origin on each side of the line
y = x/2. Every other trajectory emerges from the origin with a counterclockwise
twist.



(b)

Llu

15

Solution. Because the characteristic polynomial of A is p(z) = 22 + 16, one
sees that 1 = 0 and § = —16. There are no real eigenpairs. Because u = 0,
0 = —16 < 0, and a9; > 0 the phase portrait is a counterclockwise center.
The origin is thereby stable. The phase portrait should indicate a family of
counterclockwise elliptical trajectories that go around the origin.

Solution. Because the characteristic polynomial of A is p(z) = (z — 3)? + 16,
one sees that © = 3 and § = —16. There are no real eigenpairs. Because
p=3,0=—16 <0, and as; < 0 the phase portrait is a clockwise spiral source.
The origin is thereby wunstable. The phase portrait should indicate a family of
clockwise spiral trajectories that emerge from the origin.

A Short Table of Laplace Transforms

L[t"e™](s) = # for s > a.
L[e cos(bt)](s) = ﬁ for s > a.
Ll sin(bt)](s) = m for s> a.
LE(1)](s) = (=1)" T (s) where J(s) = L[j(t)](s)
Lle"jt))(s) = J(s — a) where J(s) = L[j(t)](s)
(t—c)j(t —c)l(s) = e J(s) where J(s) = L[j(t)](s)

and v is the unit step function .



