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3. MATRIX EXPONENTIALS

3.1. Introduction. Consider the vector-valued initial-value problem

dx
(3.1) s = Ax, x(tr) = %y,

where A is a constant, nxn, real matrix. Let ®(¢) be the natural fundamental matrix
associated with (3.1) for the initial time 0. It satisfies the matrix-valued initial-value
problem
d®

3.2 — =Ad P0) =1
(32 Poae. e0)-1
where I is the nxn identity matrix. We assert that ®(¢) satisfies

(i) @(t+s)=®(t)®(s) foreverytand sinR,

(i) ®()P(—t)=1 for every ¢ in R.

Assertion (i) follows because both sides satisfy the matrix-valued initial-value problem

v
v _ AV ¥(0) =®(s),
dt
and are therefore equal. Assertion (ii) follows by setting s = —t in assertion (i) and

using the fact ®(0) = L.

Properties (i) and (ii) look like the properties satisfied by the real-valued exponential
function e, but they are satisfied by the matrix-valued function ®(t). They motivate
the following definition.

Definition 2.1. The matriz exponential of A is the solution of the matrix-valued
initial-value problem (3.2). It is commonly denoted either as e or as exp(tA).

Given e, the solution of the initial-value problem (3.1) is given by
x(t) = ell7A%,
while a general solution of the first-order differential system in (3.1) is given by

&1

c
x(t) = ec, where c = |

Cn

In this section and the next we will present methods by which you can compute e,

Remark. It is important to realize that for every n > 2 the exponential matrix et4 i
not the matrix you obtain by exponentiating each entry! This means that

S

tal

taio
. (a1 a2 tA € €
if A= ( then e # ptaz gtaz | -

a1 Q22

In particular, the initial condition of (3.2) implies that ¢’ = I, while the matrix on
the right-hand side above has every entry equal to 1 when ¢ = 0.



You can see from (3.2) that for every positive integer k£ one has the identity

d
(3.3) DFe!® = AFe!® | where D = T
The Taylor expansion of e'* about ¢ = 0 is thereby
— 1
(3.4) et = = tPAF =T+ tA+ 1PA* + LAY+ LAY 4
k=0

where we define A° = I. Recall that the Taylor expansion of e is
1
et =" o a"tt =1+ at + Lo + 1aPtP + Lattt 4
k=0

Motivated by the similarity of these expansions, the textbook defines e/* by the infinite
series (3.4). This approach dances around questions about the convergence of the
infinite series — questions that are seldom favorites of students. We avoid such questions
by defining e to be the solution of the matrix-valued initial-value problem (3.2), which
is also more central to the material of this course.

3.2. Computing Matrix Exponentials. Given any real nxn matrix A, there are
many ways to compute e! that are easier than evaluating the infinite series (3.4). The
textbook gives a method that is based on computing the eigenvectors and (sometimes)
the generalized eigenvectors of A. This method requires different approaches depending
on whether the eigenvalues of the real matrix A are real, complex conjugate pairs, or
have multiplicity greater than one. These approaches are covered in Sections 7.5, 7.6,
and 7.8 of the textbook, but these sections do not cover all the possible cases that can
arise. We will cover that method in Section 4 of these notes. Here we present another
method that covers all possible cases with a single approach. Moreover, this method is
generally much faster to carry out than the textbook’s method when n is not too large.
Before giving the method, we give its three ingredients: a matrix version of the Key
Identity, the Cayley-Hamilton Theorem from linear algebra, and natural fundamental
sets of solutions of higher-order differential operators.

3.2.1. Matriz Key Identity. Just as the scalar Key Identity allowed us to construct
explicit solutions to higher-order linear differential equations with constant coefficients,
a matrix Key Identity will allow us to construct explicit solutions to first-order linear
differential systems with a constant coefficient matrix.

Definition 3.2. Given any polynomial p(z) = mpz™ + 2™ L+ -+ Tp12 + T,
and any nxn matrix A we define the nxn matrix p(A) by

p(A) = TA™ + T A"+ T A I

The polynomial p(z) is said to annihilate A if p(A) = 0.
It follows from (3.3) and the definition of p(A) that

(3.5) p(D)e™® = p(A)e.
This is the matrix version of the Key Identity.



Let p(z) be a polynomial of degree m that annihilates A. We see from the matrix
Key Identity (3.5) that

p(D)e™ = p(A)e' = 0.
This means that each entry of e'* is a solution of the m*-order scalar homogeneous
linear differential equation with constant coefficients

(3.6) p(D)e =0.

Moreover, you can see from the derivative identity (3.3) that each entry of e satisfies
initial conditions that can be read off from

(3.7) DFe!A| = AFeA =AF fork=0,1,---,m—1.
t=0 t=0

This shows that the entries of e'* can be obtained by solving the initial-value problems
(3.6-3.7) provided you can find a polynomial that annihilates A.

3.2.2. Cayley-Hamiltion Theorem. You can always find a polynomial that annihilates
the matrix A because the Cayley-Hamiltion Theorem states that one such polynomial
is the characteristic polynomial of A.

Definition 3.3. The characteristic polynomial of an nxn matrix A is
(3.8) pa(z) = det(Iz — A).

This polyinomial has degree n and is easy to compute when n is not large. Because
det(2I— A) = (—1)"det(A — zI), this definition of pa(z) coincides with the textbook’s
definition when n is even, and is its negative when n is odd. Both conventions are
common. We have chosen the convention that makes pa(z) monic. What matters most
about pa (z) is its roots and their multiplicity, which are the same for both conventions.
As we will see in Section 4 of these notes, these roots are the eigenvalues of A.

An important fact about characteristic polynomials is the following.
Theorem 3.1. (Cayley-Hamiltion Theorem) For every nxn matrix A

(3.9) pa(A)=0.
In other words, every nxn matrix is annihilated by its characteristic polynomial.

Reason. We will not prove this theorem for general nxn matrices. However, it is easy
to verify for 2x2 matrices by a direct calculation. Consider the general 2x2 matrix

A — (all alz) ‘
Q21 G2
Its characteristic polynomial is
zZ—a —a
pa(z) =det(Iz — A) = det( _a2111 L ;222)
= (Z - CL11)(Z - a22) — Q21012
= 2> — (a11 + )z + (ar1a92 — azas2)

=2 — tr(A)z + det(A),



where tr(A) = ay; + ags is the trace of A. Then a direct calculation shows that

pa(A) = A? — (@11 + axn)A + (a11022 — asa12)l

2
a2 a2 10
= — (a1 +a + (a11a92 — as1a
<a21 CL22) (a1 22) <a21 CL22) (ay1a29 21012) (O 1)
_ afy + a2a21  (a11 + agz)ars _ ((an +ag)an (a1 + axn)ap
(a1 + age)as  azas + CL222 (a1 + ag)as (ain + ag)asn

+ 11022 — Q2104712 0
0 11022 — A21012

—0,
which verifies (3.9) for 2x2 matrices. O

3.2.3. Natural Fundamental Sets of Solutions. The solutions of the initial-value prob-
lems (3.6-3.7) are given by

(3.10) e = No(O) I+ Ny (H)A + -+ N, 1 (HA™
where Ny(t), Ni(t), - -, Np—1(t) is the natural fundamental set of solutions associated
with the m!"-order differential operator p(D) and the initial time 0.

Earlier in the course we showed that you can compute the natural fundamental set
No(t), Ni(t), -+, Ny_1(t) by solving the general initial-value problem
(3.11) pDy=0, yO0)=w, YO =p. -, y"0)=yn.

Because p(D)y = 0 is an m'™-order linear equation with constant coefficients, you do this
by first factoring p(z) and using our recipe to generate a fundamental set of solutions
Yi(t), Ya(t), -+, Y, (t). You then determine ¢y, ¢a, - - -, ¢, so that the general solution,

y(t) = a1 Yi(t) + coYa(t) + - + e Y (1) ,

satifies the general initial conditions of (3.11). By grouping the terms that multiply
each yg, you can express the solution of the general initial-value problem (3.11) as

y(t) = No(t)yo + Ni(t)y1 + -+ + N1 () Y1 -
You can then read off Ny(t), Ny(t), - -+, Ny—1(t) from this expression.

3.2.4. Our Method. Our method to compute matrix exponentials has three steps.
1. Find a polynomial p(z) that annihilates A. Let m denote its degree.

2. Compute Ny(t), Ni(t), -+, Np—1(t), the natural fundamental set of solutions
associated with the m*-order differential operator p(D) and the initial time 0.

3. Compute the matrix exponential e* by the formula (3.10).

By the Cayley-Hamilton Theorem, you can always find a polynomial of degree n that
annihilates A — namely, the characteristic polynomial of A given by (3.8). For now,
this is how you will complete Step 1. Later we will see that sometimes you can find a
polynomial of smaller degree that also annihilates A. However, when the characteristic
polynomial has only simple roots then no polynomial of smaller degree annihilates A.



Once you have a polynomial of degree m < n that annihilates A, you compute the
natural fundamental set of solutions Ny(t), Nyi(t), - -+, N,u—1(t) by solving the general
initial-value problem (3.11). For now, this is how you can complete Step 2. We will
present an alternative way to do it in Section 3.4.

Once you have the natural fundamental set No(t), Ni(t), - - -, Np—1(t), you just have
to apply formula (3.10) to compute e'®. If m > 2 this requires computing the powers
of A that appear and doing the matrix addition. If m = 2 this only requires doing the
matrix addition because only I and A appear in formula (3.10).

We now illustrate this method with examples.

A (22).

Solution. Because A is 2x2, its characteristic polynomial is
p(z) =det(Iz — A) = 2° — tr(A)z +det(A) =2 — 62+ 5= (2 = 5)(2 — 1)
Its roots are 5 and 1. The associated general initial-value problem is
y' =6y +5y=0,  y(0) =y, ¥(0)=u.

Its general solution is y(t) = c1e® + cpe’. Because y/(t) = Hcie’ + cpel, the general
initial conditions imply

Example. Compute e for

yo = y(0) = c1e” + o€’

y1 =14 (0) = 5c1e” + ce” = 5ey + ¢y
Upon solving this system for ¢; and ¢, you find that
_ Y11= Y _ o~
4 4
The solution of the general initial-value problem is therefore

5y0 -y 56t _ 65t 65t _ 6t

Yo +

:Cl+c27

C1 C2

Y1 — Yo 5¢
t) =

You then read off that the natural fundamental set is

5et — et et _ ot
No(t) =——F—,  MNlt) =

Formula (3.10) then yields
e = No(t)I + Ny (t)A

B 56t _ 65t 1 0 65t _ 6t 3 2 B 1
=1 o)t 1 \23)73

Example. Compute e for
-3 -1
A= ( 4 1 ) '

Solution. Because A is 2x2, its characteristic polynomial is
p(z) =det(Iz — A) = 2> — tr(A)z + det(A) = 2* + 2z + 1 = (2 + 1)%.



It has the double real root —1. The associated general initial-value problem is

Y +2y +y=0, y(0)=vo, Y'(0)=1u.

Its general solution is y(t) = cie™" + cote™. Because y/(t) = —cie”
the general initial conditions imply

t

Yo = y(0) = c1e® + c20e” = ¢y,

1 =15 (0) = —c1e® — c30e° + e’ = —¢; + ¢
Upon solving this system for ¢; and ¢, you find that

1= Yo, C2 = Yo+ Y-
The solution of the general initial-value problem is therefore
y(t) = yoe " + (yo +y1)te™ = (L +t)e " yo +te 'y .
You then read off that the natural fundamental set is
No(t) = (1 +t)e ™", Ni(t) =te .
Formula (3.10) then yields
e =1+t T+te A

o —t ]_ 0 —t _3 _]_ _ 1_2t _t
=L+t (o )t e )7 Lee ava)

Example. Compute e for
A= (g _g) .
Solution. Because A is 2x2, its characteristic polynomial is
p(z) = det(Iz — A) = 2% — tr(A)z + det(A)
=2"—4z+13 = (2 —2)* + 3%.
It has conjugate roots 2 £ 3. The associated general initial-value problem is
y' =4y + 13y =0,  y(0) =y, ¥(0)=u.

Its general solution is y(t) = ;e cos(3t) + coe? sin(3t). Because

Y/ (t) = 2c1e* cos(3t) — 3cie? sin(3t) + 2cpe* sin(3t) + 3cpe? cos(3t),
the general initial conditions imply

Yo = y(0) = c1e° cos(0) + c2e”sin(0) = ¢ ,

y1 = y'(0) = 2¢1€° cos(0) — 3cye”sin(0) + 2c9€” sin(0) + 3cze’ cos(0) = 2¢; + 3ey .

Upon solving this system for ¢; and ¢, you find that

_ Y1 — 2o

¢1 =Y, C2 3

— cote™t + coe”

t
)
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The solution of the general initial-value problem is therefore
2
y(t) = yoe* cos(3t) + % e* sin(3t)
= (e* cos(3t) — 2 sin(3t)) yo + 1€* sin(3t)y;

You then read off that the natural fundamental set is

No(t) = e*(cos(3t) — 2sin(3t)), Ni(t) = €L sin(3t)
Formula (3.10) then yields
) 10\ 6 —5
=e t(cos(3t) -3 Sln(?)t)) (O 1) + el 3 sin(3t) (5 _2)
_ o cos(3t) + 3 sin(3t) —2sin(3t)
2 sin(3¢) cos(3t) — 3sin(3t) ) -
Example. Compute e for
0o 2 -1
A=1-2 0 2
1 -2 0
Solution. The characteristic polynomial of A is
z =2 1
p(z) =det(Iz —A)=det| 2 2 2| =2+4—-4+4z+42+2
-1 2 =z

=24+ 92=2(2+9).

Its roots are 0, £:3. The associated general initial-value problem is

nmn

y"+9%' =0,  y0)=yo, Y(O0)=w, y'(0)=y:.
Its general solution is y(t) = ¢; + co cos(3t) + ¢5sin(3t). Because
y'(t) = —3cgsin(3t) + 3¢z cos(3t) y"(t) = —9cy cos(3t) — ez sin(3t)

the general initial conditions imply

Yo = y(0) = ¢1 + co cos(0) + ¢3sin(0) = ¢; + ¢,

y1 = y'(0) = =3¢y sin(0) + 3¢z cos(0) = 3c¢s,

Yo = 4" (0) = —9¢5 cos(0) — 9ezsin(0) = —9cy ,
Upon solving this system for ¢y, co, and c3 you find that

Yy + y2 Y N
L= —17—, Cy = —— C3 = —.

9



The solution of the general initial-value problem is therefore

9
y(t) = Wotba Ve cos(3t) + % sin(3t)

9 9
sin(3t) 1 — cos(3t)
= Yo + Y1+ Yo .
3 9
You then read off that the natural fundamental set is
sin(3t 1 — cos(3t
Not) =1, N1<t>=%, Nty = L0,

Formula (3.10) then yields
etA = No(t):[ + N1< )A + Ng(t

2
_ (1)(1)8 _l_sin(?)t) +1—cos(3t) _02 g _21
00 1 3 ) 1 -2 0
_ (1) (1) 8 _l_sin(?)t) +1—cos(3t) o —28 ;1
00 1 3 ) 4 2 =5
445 cos(3t) 2-2cos(H)40sin(3) A4 cos(3t)~3sin(3t)
_ | 2-2c0s(38) —6sin(3t) 118 cos(31) 22 cos(31) 46 sin(31)
4-dcos(3)13sin(3)  2-2cos(31) 46 sin(30) 415bs(31)
9 9 9

Remark. The above examples show that, once the natural fundamental set of so-
lutions is found for the associated higher-order equation, employing formula (3.10) is
straightforward. It requires only computing A* up to k¥ = m — 1 and some addition.
For m > 2 this requires (m — 2)n® multiplications, which grows fast as m and n get
large. (Often m = n.) However, for small systems like the ones you will face in this
course, it is generally the fastest method.

3.3. Two-by-Two Matrix Exponentials. We will now apply our method to derive
simple formulas for the exponential of any real matrix A that is annihilated by a
quadratic polynomial p(z) = 2z? + w2 + m,. This includes the general 2x2 real matrix

A — <a11 Clm) ’
Qg1  A22
which is annihilated by its characteristic polynomial,
p(z) = det(Iz — A) = 2* — tr(A)z +det(A).
Upon completing the square we see that
p(z) =2+ me+m=(2—pu?-4,

where the mean p and discriminant  are given by
1 2
2 9 ’ 1% T2
There are three cases which are distinguished by the sign of 4.
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e If § > 0 then p(2) has the simple real roots y — v and p + v where v = /5. In

this case the natural fundamental set of solutions is found to be
inh (vt inh (vt
(312)  Nolt) = e cosh(wt) — puent Sy gy SRR
v v

e If § < 0 then p(z) has the complex conjugate roots p — iv and u + iv where
v = +v/—90. In this case the natural fundamental set of solutions is found to be

L Sin(vt)

(3.13) No(t) = e cos(vt) — pe — Ny (t)

_ ot sin(vt)

e If § = 0 then p(z) has the double real root p. In this case the natural funda-
mental set of solutions is found to be

(3.14) No(t) = e — pet't Ni(t) = et .
Notice that (3.14) is the limiting case of both (3.12) and (3.13) as v — 0.

Because p(z) is quadratic, m = 2 in formula (3.10) and it reduces to
e = No(H)T + Ny (t)A .
When the natural fundamental sets (3.12), (3.13), and (3.14) respectively are plugged
into this formula, you obtain the following formulas.

e If § > 0 then p(2) has the simple real roots y — v and p + v where v = /5. In
this case

sinh(vt)
v

(3.15) A = et {cosh(l/t)I + (A — ,uI)} .

e If 6 < 0 then p(z) has the complex conjugate roots u — iv and p + iv where
v =+/—4. In this case

sin(vt)

(3.16) A = et {cos(ut)l + (A — ,uI)] :

14

e If 6 = 0 then p(z) has the double real root p. In this case
(3.17) e = [T+t (A —pul).

For any matrix that is annihialted by a quadratic polynomial you will find that it is
faster to apply these formulas than to set-up and solve the general initial-value problem
for Ny(t) and Ny(t). These formulas are eazy to remember. Notice that formulas (3.15)
and (3.16) are similar — the first uses hyperbolic functions when p(z) has simple real
roots, while the second uses trigonometric functions when p(z) has complex conjugate
roots. Formula (3.17) is the limiting case of both (3.15) and (3.16) as v — 0.

Remark. For 2x2 matrices ¢ = 1 tr(A) while tr(I) = 2. In that case the trace of the
matrix A — pl that appears in each of the formulas (3.15-3.17) is zero. You should use
this fact as a check whenever you use these formulas to compute e** for 2x2 matrices.

We will illustrate this approach on the same 2x2 matrices used in the last subsection.
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Example. Compute e for

A:@ §)

Solution. Because A is 2x2, its characteristic polynomial is
p(z) =det(Iz — A) = 2° — tr(A)z +det(A) =2 — 62+ 5= (2 — 3)* — 4.
It has the real roots 3 £ 2. By (3.15) with x = 3 and v = 2 we see that
sinh(2t)
2

E 10 : 0 1\| 3 [cosh(2t) sinh(2t)
- {COSh(Qt) (0 1) + sinh(2t) (1 0)} - (sinh(2t) cosh(2t) ) -
Remark. At first glance this may not look like the same answer that we got in the

last section — but it is! It is simply expressed in terms of hyperbolic functions rather
than just exponentials. Either form of the answer is correct.

-3 -1
A= ( 3 ) |
Solution. Because A is 2x2, its characteristic polynomial is
p(z) =det(Iz — A) = 2* — tr(A)z + det(A) = 2* + 2z + 1 = (2 + 1)%.

It has the double real root —1. By (3.17) with u = —1 we see that
e =e [T+t (A+T)

L[ o —2 —1\] L (1-2 —t
= Ko )T e 2 )7 e 1)

Example. Compute e for
6 —5
N

Solution. Because A is 2x2, its characteristic polynomial is
p(z) = det(Iz — A) = 2% — tr(A)z + det(A)
=22 —42+13=(2—2)* + 32.
It has the conjugate roots 2 £+ ¢3. By (3.16) with u = 2 and v = 3 we see that
sin(3t)

et =3 {cosh(Zt)I + (A — 31)}

Example. Compute e for

A = e [Cos(Bt)I +

_ [Cos(gt) ((1] (1)) + Sin:())Bt) (;l :Z)}

_ o cos(2t) 4 3 sin(3t) —
- 2 sin(3t) cos(3t

(A — 21)}

~—w|ut
| &
=N
W,
B o~—
—

(O8]

~
~

N—



12

3.4. Generating Natural Fundamental Sets with Green Functions. If A is a
matrix that is annihilated by a polynomial of degree m > 2 then the hardest step in
our method for computing e’ is generating the natural fundamental set of solutions
No(t), Ni(t), -+, Npyu_1(t) by solving the general initial-value problem (3.11). Here we
present an alternative way to compute these solutions.

Observe that in each of the natural fundamental sets of solutions given by (3.12),
(3.13), and (3.14), the solutions Ny(t) and Ny(t) are related by

No(t) = Ni(t) — 2uNi(t).

This is an instance of a more general fact. For the m*™-order equation
(3.18) p(D)y =0, where p(z) = 2™ +m2™ 4 To12 + T,
one can generate its entire natural fundamental set of solutions from the Green function
g(t) associated with (3.18). Recall that the Green function g(t) satisfies the initial-value
problem
(319)  pMD)g=0, g(0)=g0)=-=4""(0)=0, g"V(0)=1.
The natural fundamental set of solutions is then given by the recipe

Np-a(t) = g(t),

Nia(t) = N, (t) +mg(t),
(3.20)

No(t) = Ni(t) + mm-19(t) -

This entire set is thereby generated by the solution g of the initial-value problem (3.19).

Remark. It is clear that solving the initial-value problem (3.19) for the Green function
g(t) requires less algebra than solving the general initial-value problem (3.11) directly
for No(t), N1(t), -+, Nyy_1(t). The trade-off is that you now have to compute the m —1
derivatives required by recipe (3.20).

Example. Compute the natural fundamental set of solutions to the equation
y" +9y =0.
Solution. By (3.19) the Green function g(t) satisfies the initial-value problem
9" +99' =0,  g(0)=4'(0)=0, ¢"(0)=1.

The characteristic polynomial of this equation is p(z) = 2* +9z, which has roots 0, 3.
We therefore seek a solution in the form

g(t) = c1 + cocos(3t) + c3sin(3t) .
Because
g'(t) = —3cy sin(3t) + 3cz cos(3t) g"(t) = —9¢y cos(3t) — 9ez sin(3t)
the inital conditions for ¢(¢) then yield the algebraic system
g0)=c1+c=0, g'(0) =3c3 =0, g"(0) = —9¢c, = 1.
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1
9

1 —cos(3t)
= 5 _

Solving this system gives ¢; = %, Cy = and c3 = 0, whereby the Green function is

g9(t)

Because p(z) = 2 + 92, we read off from (3.18) that m; = 0, m = 9, and 73 = 0.
Then by recipe (3.20) the natural fundamental set of solutions is given by

N(t) = o) = L=
Nu(t) = Nyt +0- (1) = 0.
No(t) = Ni(t) +9-g(t) = cos(3t) + 9 - 1_#8(31&) =1.

Remark. Earlier we had computed the above fundamental set by solving the general
initial-value problem (3.11). You should compare that calculation with the one above.

Example. Given the fact that p(z) = 2z® — 4z annihilates A, compute e' for

01 01
1 010
A_0101
1010

Solution. Because you are told that p(z) = z* — 4z annihilates A, you do not have to
compute the characteristic polynomial of A. By (3.19) the Green function g(t) satisfies
the initial-value problem

9" —49'=0,  g(0)=4(0)=0, ¢"(0)=1.

The characteristic polynomial of this equation is p(z) = 2% — 4z, which has roots 0, £2.
We therefore seek a solution in the form

g(t) = c1 + coe® + cze .
Because
g (t) = 2cye* — 2c3e g"(t) = dcae® + dege™
the inital conditions for ¢(t) then yield the algebraic system
g0)=ci+ca+c3=0, g'(0) =2cy —2¢3 =0, g"(0) =4cy +4e3 =1.

The solution of this system is ¢; = —i and cp = c3 = é, whereby the Green function is

g(t) = _i + éezt + %e_% = i(cosh(Qt) — 1) )
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Because p(z) = 2% — 4z, we read off from (3.18) that 7, = 0, mp = —4, and 73 = 0.
Then by recipe (3.20) the natural fundamental set of solutions is given by

cosh(2t) — 1
No(t) = () = “HED L
sinh (2t
Nu(t) = Ny(1) +0- (1) = D
h(2t) — 1
No(t) = Ni(t) — 4- g(t) = cosh(2t) — 4 - % —1.
Given this set of solutions, formula (3.10) yields
e = No(t)I + Nyi(t)A + Ny(t)A?
1000 0101 010 1\°
_ |01 00| sinh)10 1 0] cosh@)—1f1 010
100 10 2 0101 4 0101
0001 1010 1 010
1 000 0101 20 20
101 00 sinh(2¢) |1 0 1 0 +COSh(2t)—1 020 2
10 0 10 2 0101 4 20 20
0001 1 010 0 2 0 2

14 cosh(2t)  sinh(2t)  cosh(2t) —1  sinh(2t)
1 sinh(2¢) 1+ cosh(2t)  sinh(2t)  cosh(2t) — 1
" 2 | cosh(2t) =1  sinh(2t) 14 cosh(2t)  sinh(2t)
sinh(2¢t)  cosh(2t) —1  sinh(2¢) 1+ cosh(2t)

Remark. The polynomial p(z) = 2® — 4z that was used in the previous example is
not the characteristic polynomial of A. You can check that pa(z) = 2* — 422, We
saved a lot of work by using p(z) = 2% — 4z as the annihilating polynomial rather than
pa(z) = 2% — 422 because p(z) has a smaller degree.

Given the characteristic polynomial pa (z) of any matrix A, you can seek a polynomial
p(2) of smaller degree that also annihilates A guided by the following facts.

e Every polynomial p(z) that annihilates A will have the same roots as pa(z),
but these roots might have smaller multiplicity. If pa(z) has roots that are not
simple then it pays to seek a polynomial of smaller degree that annihilates A.

e If p(z) has simple roots then it has the smallest degree possible for a polynomial
that annihilates A.

o If A is either symmetric (AT = A), skew-symmetric (AT = —A), or normal
(ATA = AAT) then there is a polynomial that annihilates A with simple roots.

In the last example, because A is symmetric and pa(z) has roots —2, 0, 0, and 2, we
know that p(z) = (2 + 2)2(z — 2) = 2% — 42 is an annihilating polynomial with simple
roots. It thereby has the smallest degree possible for a polynomial that annihilates A.
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Justification of Recipe (3.20). The following justification of recipe (3.20) is included
for completeness. It was not covered in lecture and you do not need to know it. However,
you should find the recipe itself quite useful.

Suppose that the Green function g(t) satisfies the initial-value problem (3.19) while
the functions Ny(t), Ni(t), - - -, Ny—1(t) are defined by recipe (3.20). We want to show
that for each j =0, 1, ---, m — 1 the function N;(¢) is the solution of

321)  p(D)y=y"™ +my"V + my"™ P 4+ b1y + Ty =0,
that satisfies the initial conditions

(3.22) NPO) =6y fork=0,1,---,m—1.

Here ;. is the Kronecker delta, which is defined by

1 when j =k,
Ojk = :
0 when j#k.

Because N,,—1(t) = g(t), we see from (3.19) that it satisfies the differential equation
(3.21) and the initial conditions (3.22) for j = m — 1. The key step is to show that if
N;(t) satisfies (3.21) and (3.22) for some positive j < m then so does N;_1(¢). Once
this step is done then we can argue that because N,,_1(¢) has these properties, so does
Ny—o(t), which implies so does N,,_3(t), and so on down to Ny(t).

We now prove the key step. Suppose that N;(t) satisfies (3.21) and (3.22) for some
positive j < m. Because Nj(t) satisfies (3.21), so does Ni(t). Because N;_1(t) is given
by recipe (3.20) as a linear combination of Nj(¢) and g(t), while NJ(¢) and g(t) satisfy
(3.21), we see that N;_1(t) also satisfies the differential equation (3.21). The only thing
that remains to be checked is that N;_;(¢) satifies the initial conditions (3.22).

Because N;(t) satisfies (3.21) and (3.22) we see that

m—1
m k
0=p(D)N;(t)],_, = N\ (0) + > 7N (0)
(3.23) e
= NI(0) + Y Tonibjn = NI (0) + Ty
k=0
Because N;_;(t) is given by recipe (3.20) to be N;_1(t) = Nj(t) +m,—;9(t), we evaluate
the (k — 1) derivative of this relation at ¢ = 0 to obtain
NED(0) = NP(0) + g™ 0(0) fork=1,2,---, m.
Because g(t) satisfies the initial condtions in (3.19), we see from (3.22) that this becomes
NEV©O) =06y fork=1,2--,m—1,
while we see from (3.23) that for k = m it becomes
N (0) = N(0) + 7oy = 0.

The initial conditions (3.22) thereby hold for N;_;(t). This completes the proof of the
key step, which completes the justification of recipe (3.20). O
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4. EIGEN METHODS

4.1. Eigenpairs. Let A be a real nxn matrix. A number A (possibly complex) is an
eigenvalue of A if there exists a nonzero vector v (possibly complex) such that

(4.1) Av = )\v.
Each such vector is an eigenvector associated with A, and (A, v) is an eigenpair of A.

Fact 1. If (A, v) is an eigenpair of A then so is (A, av) for every complex a # 0.
In other words, if v is an eigenvector associated with an eigenvalue A of A then so
is av for every complex a # 0. In particular, eigenvectors are not unique.

Reason. Because (), V) is an eigenpair of A you know that (4.1) holds. It follows that
A(av) = aAv = alv = Nav).

Because the scalar o and vector v are nonzero, the vector av is also nonzero. Therefore
(A, av) is also an eigenpair of A. O

4.1.1. Finding Eigenvalues. Recall that the characteristic polynomial of A is defined
by
pa(z) =det(zI — A).
It has the form
pa(z) = 2" + 2" i e T2 T,

where the coefficients 7, m, ---, m, are real. In other words, it is a real monic
polynomial of degree n. One can show that in general

m = —tr(A), T, = (—1)"det(A),
where tr(A) is the sum of the diagonal entries of A. In particular, when n = 2 one has
pa(z) = 2% — tr(A)z + det(A).

Because det(zI — A) = (—1)"det(A — zI), this definition of pa(z) coincides with the
book’s definition when n is even, and is its negative when n is odd. Both conventions are
common. We have chosen the convention that makes pa(z) monic. What matters most
about pa (z) is its roots and their multiplicity, which are the same for both conventions.
Fact 2. A number )\ is an eigenvalue of A if and only if pa(A) = 0. In other
words, the eigenvalues of A are the roots of pa(2).
Reason. If \ is an eigenvalue of A then by (4.1) there exists a nonzero vector v such
that
M —-—A)v=Av—-Av=0.
It follows that pa(A\) = det(A\I — A) = 0.

Conversely, if pa(A) = det(AI — A) = 0 then there exists a nonzero vector v such
that (\I — A)v = 0. It follows that

AWW—Av=AN-A)v=0,
whereby A and v satisfy (4.1), which implies A is an eigenvalue of A. O

Fact 2 shows that the eigenvalues of a nxn matrix A can be found if you can find all
the roots of the characteristic polynomial of A. Because the degree of this characteristic
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polynomial is n, and because every polynomical of degree n has exactly n roots counting
multiplicity, the nxn matrix A therefore must have at least one eigenvalue and can
have at most n eigenvalues.

Example. Find the eigenvalues of A = <§ §>

Solution. The characteristic polynomial of A is
pa(z) =22 —62+5=(2—1)(z—5).
By Fact 2 the eigenvalues of A are 1 and 5.

Example. Find the eigenvalues of A = (11 _21)

Solution. The characteristic polynomial of A is
pa(z) =22 —62+9= (2 —3)%.
By Fact 2 the only eigenvalue of A is 3.

-2 3
Solution. The characteristic polynomial of A is
pa(z) =22 —62+13= (2 —3)* +4= (2 — 3)? +22.
By Fact 2 the eigenvalues of A are 3+ i2 and 3 — 2.

Remark. The above examples show all the possibilities that can arise for 2 x 2 matrices
— namely, a 2 x 2 matrix A can have either, two real eigenvalues, one real eigenvalue,
or a conjugate pair of eigenvalues.

Example. Find the eigenvalues of A = < 3 2).

4.1.2. Finding Eigenvectors for 2x2 Matrices. Once you have found the eigenvalues of
a matrix you can find all the eigenvectors associated with each eigenvalue by finding a
general nonzero solution of (4.1). For an nxn matrix with n distinct eigenvalues this
means solving n homogeneous linear algebraic systems, which might take some time.
However, there is a trick that allows you to quickly find all the eigenvectors associated
with each eigenvalue of any 2x2 matrix A without solving any linear systems.

The trick is based on the Cayley-Hamilton Theorem, which states that pa(A) = 0.
The eigenvalues A\; and Ay are the roots of pa(z), so that pa(z) = (z — A\1)(z — o).
Hence, by the Cayley-Hamilton Theorem

(4.2) 0=pa(A) =(A - MDA = XI) = (A - XI)(A - NI).

It follows that every nonzero column of A — X1 is an eigenvector associated with Aq,
and that every nonzero column of A — A1 is an eigenvector associated with Ag. This
observation also applies to the case where \; = Ay and A — \I # 0. Of course, if
A — \I =0 then every nonzero vector is an eigenvector.

Example. Find an eigenpair for each of the eigenvalues of A = (3 ;)
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Solution. We have already showed that the eigenvalues of A are 1 and 5. Compute

2 2 -2 2
Ao (22, asae (23

Every column of A — 5I has the form

Q@ (_11) for some o # 0,

while every column of A — I has the form

I} G) for some 3 # 0.

It follows from (4.2) that eigenpairs of A are
1 1
() C0)

Example. Find an eigenpair for each of the eigenvalues of A = (11 _21)

Solution. We have already showed that the only eigenvalue of A is 3. Compute

1 -1
aa- (0.

Every column of A — 3I has the form

! G) for some o # 0.

It follows from (4.2) that an eigenpair of A is
1
(- ()

Example. Find an eigenpair for each of the eigenvalues of A = ( 3 2).

-2 3
Solution. We have already showed that the eigenvalues of A are 3 +¢2 and 3 — 2.
Compute
. —i2 2 . 2 2
A—-(3+i2)I= (_2 —i2> , A—-(3-i2)I= (_2 i2> )

Every column of A — (3 —42)I has the form

e C) for some av # 0,

while every column of A — (3 + i2)I has the form

16} (_12) for some 3 # 0.
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It follows from (4.2) that eigenpairs of A are

b (D) (o)

Notice that in the above example the eigenvectors associated with 3 —42 are complex
conjugates to those associated with 3 4+ ¢2. This illustrates a particular instance of the
following general fact.

Fact 3. If (\,v) is an eigenpair of the real matrix A then so is (), V).

Reason. Because (), v) is an eigenpair of A you know by (4.1) that Av = Av. Because
A is real, the complex conjugate of this equation is
AV =)V,
where ¥ is nonzero because v is nonzero. It follows that (A, ¥) is an eigenpair of A. [
The foregoing examples illustrate particular instances of the following general facts.

Fact 4. Let X be an eigenvalue of the real matrix A. If X is real then it has a real
eigenvector. If X is not real then none of its eigenvectors are real.

Reason. Let v be any eigenvector associated with A, so that (A, v) is an eigenpair of
A. Let A = p+ v and v = u + iw where p and v are real numbers and u and w are
real vectors. One then has

Au+iAw = Av =)v = (u+w)(u+iw) = (pu — vw) +i(uw + vu),
which is equivalent to
Au—pu=—-rvw, and Aw — pw =rvu.

If v = 0 then u and w will be real eigenvectors associated with A whenever they are
nonzero. But at least one of u and w must be nonzero because v = u + iw is nonzero.
Conversely, if v # 0 and w = 0 then the second equation above implies u = 0 too,
which contradicts the fact that at least one of u and w must be nonzero. Hence, if
v # 0 then w # 0. U

4.2. Special Solutions of First-Order Systems. Eigenvalues and eigenvectors can
be used to construct special solutions of first-order differential systems with a constant

coefficient matrix. The system we study is
dx
4.3 — = Ax,
(4.3) i
where x(t) is a vector and A is a real nxn matrix. We begin with the following fact.

Fact 5. If (), v) is an eigenpair of A then a solution of system (4.3) is
(4.4) x(t) = eMv.

Reason. Because A\v = Av, a direct calculation shows that
dx d
dt At

whereby x(t) given by (4.4) solves (4.3). O

(eMv) = eMAv = eMAv = A(Mv) = Ax,
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If (A, v) is a real eigenpair of A then recipe (4.4) will yield a real solution of (4.3).
But if A is an eigenvalue of A that is not real then recipe (4.4) will not yield a real
solution. However, if we also use the solution associated with the conjugate eigenpair
(A, ¥) then we can construct two real solutions.

Fact 6. Let (A, v) be an eigenpair of A with A =+ iv and v = u + iw where
and v are real numbers while u and w are real vectors. Then two real solutions of
system (4.3) are

x;(t) = Re(eMv) = e (ucos(vt) — wsin(vt)) ,

4.5
(45) x5(t) = Im(eMv) = e (wcos(vt) + usin(vt)) .

Reason. Because (), V) is an eigenpair of A, by Fact 3 so is (X, V). By recipe (4.4)
two solutions of (4.3) are e*v and MV, which are complex conjugates of each other.
Because system (4.3) is linear, it follows that two real solutions of (4.3) are given by

6)\tv _ 6)\tv

) B e}\tv _I_ 6)\tv
12

xi(t) = Re(eMv 5 )

Because A = p +iv and v = u + 1w we see that

x5(t) = Im(eMv) =

eMv = e (cos(vt) + isin(vt)) (u + iv)
= e [(ucos(vt) — wsin(vt)) + i(wcos(vt) + usin(vt))] ,
whereby x;(t) and x5(t) are the real and imaginary parts, yielding (4.5).

Recall that if you have n linearly independent real solutions x;(t), xa(t), - - -, Xp (),
of system (4.3) then you can construct a fundamental matrix W(t) by

U(t) = (x1(t) xa2(t) - xu(t)) .
Recipes (4.4) and (4.5) will often, but not always, yield enough solutions to do this.

Example. Use eigenpairs to construct real solutions of

dx 3 2
T = Ax, where A = (2 3> .

If possible, use these solutions to construct a fundamental matrix W(¢) for this system.

Solution. By a previous example we know that A has the real eigenpairs

() G 0)

By recipe (4.4) the system has the real solutions

X1@)2:6t<ji) , xﬂf):<9t<1).

These solutions are linearly independent because

W@xmm:@(j_azz%a
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A fundamental matrix for the system is therefore given by

W) = () ) = ()

—el e

Example. Use eigenpairs to construct real solutions of

dx 4 -1
E:Ax, where AZ(l 2).

If possible, use these solutions to construct a fundamental matrix W(t) for this system.
Solution. By a previous example we know that A has the eigenpair

()

By recipe (4.4) the system has the real solution

x(t) = & G) .

Because we have not constructed two linearly independent solutions, we cannot yet
construct a fundamental matrix for this system.

Example. Use eigenpairs to construct real solutions of

dx 3 2
E_AX’ where A—<_2 3).

If possible, use these solutions to construct a fundamental matrix W(¢) for this system.
Solution. By a previous example we know that A has the conjugate eigenpairs

S ) 6 0)

reay C) — ¢ ((cos(2t) + isin(20)) C) . (_C‘;fé?;g)jfg(@)) ,

by recipe (4.5) the system has the real solutions

a0 = (T) = (i)

These solutions are linearly independent because

Wixi, x2)(0) = det (é (1)) —

A fundamental matrix for the system is therefore given by

w0 = el) 00) = (6 ).

Remark. Recipes (4.4) and (4.5) will always yield n linearly independent real solutions
of system (4.3) whenever pa(z) only has simple roots, as was the case in the first and
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third examples above. They will typically fail to do so whenever pa (z) has a root with
multiplicity greater than 1, as was the case in the second example above.

Finally, whenever you can construct a fundamental matrix W(t) for system (4.3) from
special solutions, you can compute e** by using the fact that

A = (1) T(0).

It is easy to check that the right-hand side above satisfies the matrix-valued initial-value

problem (3.2), so it must be equal to e'A.

Example. Compute e for A = (g g)

Solution. In the first example given above we constructed a fundamental matrix W(t)
for the associated linear system. We obtained

Because

w0 - (0 )= (4 1),

and det(¥(0)) =1 — (—1) = 2, we see that

-1
_ 1 1
T(O) = (—1 1) B
whereby

t 50\ 1 /1 —1 1 ty et et 4 Bt
A -1 _ € € L _ 4+ (&
et =W(t)W(0) " = <_et 65t> 5 <1 1 ) =3 (_6t 4Bt et et )

Example. Compute e for A = <_32 §)

Solution. In the third example given above we constructed a fundamental matrix ¥(t)
for the associated linear system. We obtained

W(t) = ( cos(2t) sin(Qt)) .

N[ =
VR
[Er—
—_ |
—_
~

—sin(2t) cos(2t)

vor= (550 o) (0 1)1

we see that W(0)~! = I, whereby

Because

e )
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4.3. Two-by-Two Fundamental Matrices. Recipes (4.4) and (4.5) will always yield
n linearly independent real solutions of system (4.3) with which you can construct a
real fundamental matrix whenever the characteristic polynomial pa(z) only has simple
roots. For 2x2 matrices they will fail to do so whenever pa (2) = (z—u)? and A—pul # 0.
In that case p is the only eigenvalue of A and recipe (4.4) yields the solution

x(t) = efv,

where the vector v is proportional to any nonzero column of A — pI. Then if w is any
vector that is not proportional to v, you can construct a second solution by the recipe

(4.6) Xo(t) = eMw +t e (A — pul)w.

This is just eAw where €4 is given by (3.14). You can always take the vector w to be
proportional to the transpose of any nonzero row of A — puI. You can then construct
the fundamental matrix

U(t) = (x1(t) xo(t)) .

This will yield a fundamental matrix only when A is 2x2.

Example. Construct a real fundamental matrix for the system

dx 4 -1
E:Ax, where A:<1 2).

Solution. The characteristic polynomial of A is

pa(z) = 2 = tr(A)z +det(A) = 22 =62+ 9 = (z = 3).

1 -1
A (1Y),

we see that A has the eigenpair
1
(-0))

Because

Recipe (4.5) yields the real solution

Recipe (4.6) with w = (1 —1)T yields the second real solution

-l ()
() e ) (7).

A real fundamental matrix for the system is therefore given by

(1 1+
Tt) =e (1 —142t)
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4.4. Diagonalizable Matrices. If recipe (4.4) yields n linearly independent solutions
of the first-order system (4.3) then they can be used to directly construct e'*. The key
to this construction is the following fact from linear algebra.

Fact 7. If a real nxn matrix A has n eigenpairs, (A, v1), (A2, Va), -+, (An, Vi),
such that the eigenvectors vy, vs, - -+, v, are linearly independent then
(4.7) A=VDV |
where V is the nxn matrix whose columns are the vectors vy, vo, -+, v,, — i.e.
(4.8) V=(vi vy -+ V),
while D is the nxn diagonal matrix
N 0O -0
(4.9) p- |0 %
) 0
0 0 M\
Reason. Underlying this result is the fact that
AV=A(vi vy - v,)=(Avi Avy, -+ Av,)
= ()\1V1 )\2V2 cee )\nvn)
(4.10) A0 0
:(V1 Vg e vn) O A2 =VD.
oo o 0
0 - 0 \,

Once we show that V is invertible then (4.7) follows upon multiplying the above relation
on the right by V1.

We claim that det(V) # 0 because the vectors vy, v, - - - | v,, are linearly independent.
Suppose otherwise. Because det(V) = 0 there exists a nonzero vector ¢ such that
Vc = 0. This means that

&1
Co
0:Vc:(V1 Vo oo vn) | =avitcevet+ -+, v,

Cn
Because the vectors vy, va, - -+, v, are linearly independent, the above relation implies
that ¢y = ¢g = -+ = ¢, = 0, which contradicts the fact c¢ is nonzero. Therefore
det(V) # 0. Hence, the matrix V is invertible and (4.7) follows upon multiplying
relation (4.10) on the right by V1. O

We call a real nxn matrix A diagonalizable when there exists an invertible matrix V
and a diagonal matrix D such that A = VDV L. To diagonalize A means to find such
a V and D. Fact 7 states that A is diagonalizable when it has n linearly independent
eigenvectors. The converse of this statement is also true.
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Fact 8. If a real nxn matrix A is diagonalizable then it has n linearly independent
eigenvectors.

Reason. Because A is diagonalizable it has the form A = VDV ! where the matrix
V is invertible and the matrix D is diagonal.

Let the vectors vy, vo, ---, v, be the columns of V. We claim these vectors are
linearly independent. Indeed, if 0 = c¢;vy + vy + - -+ 4+ ¢, v, then because V =
(vi va -+ vy) we see that

@]

C2
0201V1—|—02V2—|—'-'—|—Cnvn:(vl Vg - Vn) . | =Ve.

Cn

Because V is invertible, this implies that ¢ = 0. The vectors vy, v, - - -, v,, are therefore
linearly independent.

Because V = (V1 Vo - Vn) and because A = VDV ™! where D has the form
(4.9), we see that

(Avl Avy, --- AVn):A(Vl Vo e Vn)
= AV =VDV~'V = VD
MO0 - 0

o

= ()\1V1 )\2V2 cee )\nvn) .

Because the vectors vy, vy, ---, v, are linearly independent, they are all nonzero. It
then follows from the above relation that (A1, vy), (A2, va), -+, (A, v,,) are eigenpairs
of A, such that the eigenvectors vy, vo, - - -, v,, are linearly independent. O

Example. Show that A = (g g) is diagonalizable, and diagonalize it.
Solution. By a previous example we know that A has the real eigenpairs

() C0)

Because we also know the eigenvectors are linearly independent, A is diagonalizable.
Then (4.8) and (4.9) yield

v=(h) e=(08)-

Because det(V) = 2, one has
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It follows from (4.7) that A is diagonalized as
171 1 10 1 -1
_ -1_ -
v ()68 )

_32 ?)) is diagonalizable, and diagonalize it.

Solution. By a previous example we know that A has the conjugate eigenpairs

e ())e (o (B))

Because we also know the eigenvectors are linearly independent, A is diagonalizable.
Then (4.8) and (4.9) yield

(11 (342 0
v=(i L) om0 l)
Because det(V) = —i2, we have

1 - —1 1 /1 —i
-1 _ _ =
ViS50 )0 )

It follows from (4.7) that A is diagonalized as

o111\ (342 0 (1 —
— 1_ -
A=VDV _2<i —z)( 0 3—1‘2) <1 z>

le _21) is not diagonalizable.

Solution. By previous examples we know that A only has one real eigenvalue 3 and
that all eigenvectors associated with 3 have the form

aG) , for some a # 0.

Because A does not have two linearly independent eigenvectors, it is not diagonalizable.

Example. Show that A = (

Example. Use Fact 8 to show that A = (

Remark. While not every matrix is diagonalizable, most matrices are. Here we give
four criteria that insure a real nxn matrix A is diagonalizable.

e If A has n distinct eigenvalues then it is diagonalizable.
o If A is symmetric (AT = A) then all of its eigenvalues are real (\; = );), and

it will have n real eigenvectors v; that can be normalized so that V;FV;c = 0j-
With this normalization V=1 = V7T,

o If A is skew-symmetric (AT = —A) then all of its eigenvalues are imaginary
(Aj = —);), and it will have n eigenvectors v; that can be normalized so that
ViV = Ojk. With this normalization V~! = V*.

e If A is normal (ATA = AAT) then it will have n eigenvectors v; that can be
normalized so that V;vk = 0. With this normalization V-l =V*
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Matrices that are either symmetric or skew-symmetric are also normal. There are
normal matrices that are neither symmetric nor skew-symmetric. Because the normal
criterion is harder to verify than the symmetric and skew-symmetric criteria, it should
be checked last. The first two examples that we gave above have distinct eigenvalues.
The first example is symmetric. The second is normal, but is neither symmetric nor
skew-symmetric.

4.5. Computing Matrix Exponentials by Diagonalization. We are now ready to
give a direct construction of the matrix exponential e** when A is diagonalizable.

Fact 9. If the real nxn matrix A has n eigenpairs, (A1, v1), (A2, va), -+, (An, Vi),
such that the vectors vy, va, - -+, v, are linearly independent then
(4.11) et = VPVt

where V and D are the nxn matrices given by (4.8) and (4.9).
Reason. Set ®(t) = Ve'PV =L It then follows that

g<I>(t) _ 4 (VePV) = v eLeDy-1 _ypedy- - AvePy-l - A®(1),
dt dt dt
whereby the matrix-valued function ®(t) satisfies
d
—®(t) =AP(?).
Sa(1) = AB(1)

Moreover, because P = I we see that ®(¢) also satisfies the initial condition
®(0)=Ve’PV I =VIV!I=VV =1

Therefore ®(t) satisfies the matrix-valued initial-value problem (3.2), which implies
®(t) = A whereby (4.11) follows. O

Formula (4.11) is the textbook’s method for computing e'* when A is diagonalizable.
Because not every matrix is diagonalizable, it cannot always be applied. When it can
be applied, most of the work needed to apply it goes into computing V and V=1, The

matrix e'P is simply given by

eMt 0
(4.12) eo | O e
S
0 0 et

Once you have V, V7! and €'P, formula (4.11) requires two matrix multiplications.

Example. Compute e for A = (g g)

Solution. By a previous example we know that A is diagonalizable with A = VDV !

where
(1 1 (10 o, 1/1 =
v=(h1) ee(os) vieal )
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By formulas (4.11) and (4.12) we therefore have
_ 1/1 1\ [e 0 1 -1
tA _ o Dy-1_ *
seve =g ()6 )6
11 1\ (e =€t 1 [ttt &St —¢
=5 21 1) et et ] T st et et et )

Example. Compute e for A = <_32 ?’))

Solution. By a previous example we know that A is diagonalizable with A = VDV !

where
(1 1 (3 +2 0 11 =i
V_<i —z')’ D_< 0 3—2’2)’ v _§<1 z)

By formula (4.12) we have

By formula (4.11) we therefore have

3t 12t ;
tA o tD —1 . e 1 1 e O ]. —1
er=Verve =5 (z —z') ( 0 e_m) (1 i

B e_‘"’t 1 1 e i\ e_?’t Qi2t | =i _joi2t 4 jo—idt
- 9 7 —1 6—i2t Z'e—i2t - 9 Z'ei2t _ i€_i2t ei2t + e—i2t
B 6_‘% 2cos(2t) 2sin(2t)) Gt cos(2t)  sin(2t)

2 \—2sin(2t) 2cos(2t)) —sin(2t) cos(2t) ) -

Remark. Because A is real, e must be real. As the previous example illustrates,
the matrices V and D may not be real, but will always combine in formula (4.11) to
yield the real result. In particular, formula (4.11) allows you to directly compute e
without computing a fundamental set of real solutions as an intermediate step.

Remark. Formula (4.11) is a far more efficient way to compute e than formula (3.10)
whenever A is diagonalizable and is not annihilated by a polynonial of small degree, as
is usually the case when n is large. This is because computing all the powers A needed
in formula (3.10) becomes more time consuming for larger matrices. For example, it
can require up to n3 multiplications for each power of A needed beyond the first. This
means that if A is annihalated by a polynomial of degree m then formula (3.10) can
require at least (m — 2)n® multiplications. In contrast, formula (4.11) typically requires
at least (n+ 1)n? multiplications. This efficiency can be understood from the fact that
if A is diagonalizable with A = VDV ! then

AF¥ = VD*V~ for every positive integer k .

Once A has been diagonalized, you can therefore compute A* by first computing D¥,
which requires (k — 1)n multiplications, and then computing VD*V~! which requires
another (n + 1)n? multiplications. This contrasts with the (K — 1)n® multiplications it
takes to compute A* directly.



29

4.6. Generalized Eigenpairs. So far the only method we have studied for computing
a fundamental matrix of system (4.3) for a general nxn matrix A is the method for
computing e** given in Section 3. The eigen methods presented so far in this section
only yield n linearly independent solutions when A is either diagonalizable or 2x2.
We now show how to extend eigen methods so that they yield n linearly independent
solutions of system (4.3) for any nxn matrix A.

Definition. If )\ is an eigenvalue of a matrix A then a nonzero vector v that

satisfies

(4.13) (A — MI)fv =0 for some positive integer k
is called a generalized eigenvector of A associated with A, and (), v) is called a
generalized eigenpairof A. The smallest k such that (4.13) holds is called its degree.
Remark. A generalized eigenvector v is an eigenvector if (4.13) holds for k£ = 1.

The following fact generalizes recipe (4.6), which we used to construct a second
solution for 2x2 matrices that are not diagonalizable.

Fact 10. If (\,v) is a generalized eigenpair of A of degree k then a solution of
system (4.3) is
tk—l

(k—1)!

(4.14) x(t) = eM <V +t(A=AN)v+---+ (A — )\I)k_lv) .

Reason. By (4.13) and (4.14) you see that

(A — MDx(t) = e ((A — M)V +t(A - AD)v 4+ (kt]:)! (A — AI)kv)

=M <(A — M)V +t(A - ADV A4+ (ktk__z)' (A — )\I)k_lv) :
Then differentiating (4.14) and using the above relation yields
d—X(t) = e (V +t(A=AN)v+---+ L (A — )\I)k_lv)
dt (k—1)!
by’ te k—2
+e ((A—)\I)V—l—---—l- i —2)l (A —I) v)
= Ax(t) + (A — \I)x(t)
= Ax(1).
Therefore x(t) given by (4.14) is a solution of system (4.3). O

The reason the above recipe yields n linearly independent solutions of system (4.3)
is the following fact from linear algebra.

Fact 11. If A is an nxn matrix and ) is an eigenvalue of A that is a root of pa(z)

with multiplicity m then there exists m generalized eigenpairs, (A, vy), (A, va), -+,

(A, Vin), such that the generalized vectors vy, va, - -+, v,, are linearly independent.

Remark. The proof of this fact is far beyond the scope of this course. However, you
do not need to know the proof of this fact to use it.
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Fact 11 does not give you a simple way to compute the m generalized eigenvectors
Vi, Vo, +++, V. If n is not too large then you can compute m linearly independent
solutions of the algebraic system

(A —M)"v =0.

However if m and n are both not small then computing the powers (A — A\I)™ might
take some time. In general you can start by looking for all solutions of

(A= A)v=0.

If there are m linearly independent solutions of this system then you are done. (This
will be the case when A is diagonalizable.) Otherwise you can look for all solutions of

(A = \I)>v=0.

There will be solutions of this system that are not solutions of the previous system. If
there are m linearly independent solutions of this system then you are done. Otherwise
you continue to the next power. You will always find solutions of the system associated
with each successive power that are not solutions of the previous system until you have
found m linearly independent generalized eigenvectors. This can happen for a power
much less than m.

One case for which there is a relatively direct algorithm for computing m linearly

independent generalized eigenvectors is when there is only one linearly independent
eigenvector associated with A. In that case you can generate m linearly independent

generalized eigenvectors vy, va, - -+, v, by finding any nonzero solution of the system
of m systems
(4.15) (A—=XD)vi =0, (A=AD)vo=vy, -+ (A=AD)v,,=V,_1.

This system does not have a unique solution because you can add any multiple of v,
to each v; and still have a solution. However, you do not need the general solution of
this system — any solution will do. A set of generalized eigenvectors generated in this
way is called an eigenchain of length m. It can be checked from (4.15) that for every
k=1, ---, m these vectors satisfy

(4.16) (A= AN)vy=v,; whenj<k, and (A—AD)"v,=0.

In particular, each vy, is a generalized eigenvector of degree k.
Given an eigenchain of length m associated with A you can generate m linearly
independent solutions of the system (4.3) by

x(t) = eMvy
Xo(t) = eM (V2 + tvl) ,
(4.17) x3(t) = eM(vs + tva + 1t°vy)

X (1) = M (Vm +tVypo1+--+ (mil)!tm_lvl) ,

These solutions are obtained by setting v = vy, v = vy, ---, v = v,, into recipe (4.14)
and using relations (4.16).
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5. LINEAR PLANAR SYSTEMS

We now consider homogeneous linear systems of the form

(5.1) 4 (x) =A (x) , where A = (all a12) ,
dt \y Y Q21 Q22

where the coefficient matrix A is real and constant. Such a system is called planar
because any solution of it can be thought of as tracing out a curve (z(t),y(t)) in the
xy-plane.

5.1. Phase-Plane Portraits. Of course, we have seen that solutions to system (5.1)
can be expressed analytically as

(1) tA (L1 ZE(O)> <=TI)
5.2 =e , here = ,
52) <y<t>) (y) wher <y<o> i
and e is given by one of the following three formulas that depend upon the roots of

the characteristic polynomial p(z) = det(zI — A) = 2% — tr(A)z + det(A).
e If p(2) has simple real roots p 4+ v with v # 0 then

inh
(5.3a) eth = et [cosh(ut)I + W(A — ,uI)] :
e If p(2) has conjugate roots u + iv with v # 0 then
(5.3b) et = et {cos(ut)l + sin(v?) (A — ,uI)] :

e If p(z) has a double real root u then
(5.3¢) e = T +t(A—pul).

While these analytic formulas are useful, you can gain insight into all solutions of system
(5.1) by sketching a graph called its phase-plane portrait (or simply phase portrait).

As we have already observed, any solution of (5.1) can be thought of as tracing out a
curve (z(t),y(t)) in the zy-plane — the so-called phase-plane. Each such curve is called
an orbit or trajectory of the system.

Fact 1. Every point in the phase-plane has exactly one orbit passing through it.
Reason. This is a consequence of the existence and uniqueness theorem. O
Fact 1 implies that orbits fill the phase-plane, and that orbits cannot cross or otherwise
share a point. You can gain insight into all solutions of system (5.1) by visualizing how
their orbits fill the phase-plane.

Of course, the origin will be an orbit of system (5.1) for every A. The solution that
starts at the origin will stay at the origin. Points that give rise to solutions that do not
move are called stationary points. In that case the entire orbit is a single point.

Remark. Stationary points go by many other names. They are sometimes called
equiltbrium points, critical points, or fixed points. This wealth of names is one measure
of how important they are.
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If the matrix A has a real eigenpair (A, v) then system (5.1) has special real solutions
of the form

(5.4) x(t) = ceMv,

where ¢ is any nonzero real constant. These solutions all lie on the line x = cv
parametrized by c. This line is easy to plot; it is simply the line that passes through
the origin and the point v. There are three possibilities.

e If A\ > 0 then the line x = cv consists of three orbits: the origin, corresponding
to ¢ = 0, plus the two remaining half-lines, corresponding to ¢ > 0 and ¢ < 0.
Because A > 0 all solutions on the half-lines will move away from the origin as
t increases. We indicate this case by placing arrowheads that point away from
the origin on each half-line pointing away. If v lies on the x-axis then it should
look something like the following picture.

If v does not lie on the z-axis then this picture should be rotated accordingly.

e If A < 0 then the line x = ¢v consists of three orbits: the origin, corresponding
to ¢ = 0, plus the two remaining half-lines, corresponding to ¢ > 0 and ¢ < 0.
Because A < 0 all solutions on the half-lines will move towards the origin as ¢
increases. We indicate this case by placing arrowheads that point towards the
origin on each half-line. If v lies on the z-axis then it should look something
like the following picture.

If v does not lie on the z-axis then this picture should be rotated accordingly.

e If A = 0 then every point on the line x = c¢v is a stationary point, and thereby
is an orbit. We indicate this case by placing circles on each half-line. If v lies
on the x-axis then it should look something like the following picture.

—O0—O0—e —0—O0——
If v does not lie on the z-axis then this picture should be rotated accordingly.

For every real eigenpair of A you should indicate these orbits in your phase-plane
portrait before adding anything else. If A has no real eigenpairs then you are spared
this step.

Remark. Because these solutions lie on the line x = cv parametrized by ¢, they are
sometimes called line solutions. This name can be a bit misleading because none of the
solutions that lie on the line moves along the entire line.

Remark. After you have plotted the orbits corresponding to all the special solutions
(5.4) you must complete the phase portrait by indicating what all the other orbits look
like. In the next subsection we will do this using the analytic solutions (5.3a — 5.3¢).
Another approach to understanding the phase portrait is by plotting a direction field.
This approach is illustrated in the textbook.



33

5.2. Classification of Phase-Plane Portraits. We now classify the twenty types of
phase-plane portrait that can arise from a system of the form (5.1). The first step in
this classification is determined by eigenvalues of the coefficient matrix A. There are
three cases: A has two real eigenvalues, A has a conjugate pair of eigenvalues, A has
one real eigenvalue.

5.2.1. Two Real Figenvalues. Suppose A has two real eigenvalues A\; < A\y. Let (Ag, vq)
and (Ag,vy) be real eigenpairs of A. You first plot the ordits that lie on the lines
x = ¢;vy and x = vy as described above. Every other solution of system (5.1) has
the form

(5.5) x(t) = c1eMlvy + cpeMtvy,

where both ¢; and ¢ are arbitrary nonzero real numbers. There are five possible types
of portrait.

o If \{ < Ay <0 then every solution will approach the origin as t — co. Because
e decays to zero faster than e*?! it is clear that the solution (5.5) behaves like
coe™?tvy as t — oo. This means that all solutions not on the line x = ¢;v; will
approach the origin tangent to the line x = cyvy. This portrait is called a nodal
sink.

o If \{ < Ay = 0 then the line x = ¢yvy is a line of stationary points. It is clear
that as ¢ — oo every solution (5.5) will approach one of these stationary points
as along a line that is parallel to the line x = ¢;vy. This means that all solutions
not on the line of stationary points x = cyvy will approach that line along a line
that is parallel to the line x = ¢y vy. This portrait is called a linear sink.

e If \; < 0 < Ay then the nonzero solutions on the line x = ¢; vy will approach the
origin as t — oo while the nonzero orbits on the line x = cyvy will move away
from the origin as ¢ increases. It is clear that as ¢ — oo the solution (5.5) will
approach the line x = cyvo while as t — —oo it will approach the line x = ¢;v;.
This portrait is called a saddle.

o If 0 = \; < )\ then the line x = ¢;v; is a line of stationary points. It is clear
that as ¢ increases the solution (5.5) will move away from one of these stationary
points along a line that is parallel to the line x = cyv,. This means that all
solutions not on the line of stationary points x = ¢;v; will move away from that
line along a line that is parallel to the line x = cyvy. This portrait is called a
linear source.

e If 0 < A\; < Xy then every solution will move away from the origin ¢ increases.
Because e*2! decays to zero faster than e*! as t — —oo, it is clear that the
solution (5.5) behaves like c;e*?v; as t — —oo. This means that all solutions
not on the line x = cyvy will emerge from the origin tangent to the line x = ¢;vy.
This portrait is called a nodal source.
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5.2.2. A Conjugate Pair of Eigenvalues. Suppose A has a conjugate pair of eigenvalues
p =+ iv with v # 0. The analytic solution is

(5.6) (5;8) _ ot (ZZ) _ ent {1 cos(vt) + (A — MI)Smi”t)} (Z) |

The matrix inside the square brackets is a periodic function of ¢ with period 27 /v.

When p = 0 this solution will trace out an ellipse. But will it do so with a clockwise or
counterclockwise rotation? You can determine the direction of rotation by considering
what happens at special values of x.

At x = 1 Wehaved—X:Ax: dn Gz 1 — (%)
0 dt az az) \0 a1

This vector points up if as; > 0, which indicates counterclockwise rotation. Similarly,
this vector points down if as; < 0, which indicates clockwise rotation.

At x = 0 Wehaved—X:Ax: 11 iz 0 — (M2 )
1 dt as ax ) \1 (22

This vector points right if a;o > 0, which indicates clockwise rotation. Similarly, this
vector points left if a;s < 0, which indicates counterclockwise rotation. You can there-
fore read off the direction of rotation from the sign of either as; or ais.

It is clear from (5.6) that when p < 0 all solutions will approach the origin as t — oo,

while when g > 0 all solutions will run away from the origin as ¢ increases. If we put
this together with the information above, we see there are six possible types of portrait.

e If 1 < 0 then all solutions spiral into the origin as ¢ — oco. This portrait is
called a spiral sink. The spiral is counterclockwise if as; > 0, and is clockwise if
as; < 0.

e If 1+ = 0 then all orbits are ellipses around the origin. This portrait is called a
center. The center is counterclockwise if as; > 0, and is clockwise if as; < 0.

e If 1+ > 0 then all solutions spiral away from the origin as ¢ — oco. This portrait is
called a spiral source. The spiral is counterclockwise if as; > 0, and is clockwise
if as < 0.

5.2.3. One Real Eigenvalue. Suppose A has one real eigenvalue p. By (5.2) and (5.3¢)
the analytic solution is

(5.7) @Eg) _ A (Z) — M T4t (A — p)] @j) |

There are two subcases.

The simplest subcase is when A = pl. This subcase is easy to spot because the
matrix A is simply a multipule of the identity matrix I. It follows that every nonzero
vector is an eigenvector of A. In this subcase the analytic solution (5.7) reduces to

() = () = ()
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There are three possible types of portrait.

o If 1 < 0 all soutions radially approach the origin as t — oco. This portrait is
called a radial sink.

e If ;o = 0 then all solutions are stationary. This portrait is called zero.

o If 4 > 0 all solutions radially move away from the origin as ¢ — oco. This
portrait is called a radial source.

The other subcase is when A # plI. In this subcase A will have the eigenpair (p, v)
where v is proportional to any nonzero column of A — pI. You first plot the ordits that
lie on the line x = ¢v as described above. There are six possible types of portrait.

o If 1 < O then all solutions on the line x = ¢v move towards the origin as
t increases. Because e/t will decay to zero faster than e*'t, and because the
columns of A — ulI are proportional to v, it is clear from (5.7) that every solution
approaches the origin tangent to the line x = cv. This portrait is called a twist
sink. The twist is counterclockwise if either as; > 0 or a;o < 0, and is clockwise
if either as; < 0 or a;p > 0.

e If 11 = 0 then all solutions on the line x = cv are stationary. All other solutions
will move parallel to this line. This portrait is called a parallel shear. The shear
is counterclockwise if either as; > 0 or a9 < 0, and is clockwise if either as; < 0
or ajas > 0.

e If ;4 > 0 then all solutions on the line x = ¢v move away from the origin as
t increases. Because e/ will decay to zero faster than et't as t — —oo, and
because the columns of A — ulI are proportional to v, it is clear from (5.7) that
every solution emerges from the origin tangent to the line x = ¢v. This portrait
is called a twist source. The twist is counterclockwise if either as; > 0 or ayp < 0,
and is clockwise if either as; < 0 or a;p > 0.

Remark. For a twist or a shear you can have as; = 0 or a;3 = 0 but you cannot have
as1 = a2 = 0. You will therefore always be able to determine the direction of rotation
from either as; or ajo. Alternatively, you can combine the as; test and the aqo test into
a single test on as; — a2 that works for every spiral, center, twist, or shear. Namely,
if as; — a12 > 0 the rotation is counterclockwise, while if ag; — a12 < 0 the rotation is
clockwise. This can be recalled with that aid of the “right-hand” rule.

Remark. The textbook calls radial sinks and sources proper nodes and twist sinks and
sources improper nodes. While traditional, this terminology is both more cumbersome
and much less desciptive than that used here. Moreover, it often leaves students with
the impression that improper nodes are rare. However, the opposite is true; improper
nodes are much more common than proper nodes. Other books refer to radial sinks
and sources as star sinks and sources.

Remark. The textbook fails to include linear sinks and sources, parallel shears, or

zero in its classification of types of phase portraits. These are the types for which
det(A) = 0. There is no good justification for excluding these types.
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5.3. Mean-Discriminant Plane. You can visualize the relationships between various
types of phase-plane portrait for linear systems through the mean-discriminant plane.
By completing the square of the characteristic polynomial you bring it into the form

p(z) = 2% — tr(A)z + det(A) = (2 — p)* = 6,
where the mean p and discriminant 6 are given by
p=1tr(A), § = p? —det(A).
Recall that ¢ is called the discriminant because it determines the root structure of the
characteristic polynomial:

- when 6 > 0 there are the two simple real roots pu £ V/¢;
- when 6 = 0 there is the one double real root y;
- when § < 0 there is the conjugate pair of roots p % i4/||.

In all cases pu is the average of the roots, which is why it is called the mean.

The types of phase-plane portrait that arise for different values of p and ¢ in the
po-plane are shown in the figure below.

) >0 saddles
two simple real
nodal nodal
sinks sources
s 0 radial sinks zero radial sources m A = IuI
) bl_ I twist sinks patllel twist sources A 7é I
ouble rea shdars
as1 —aio >0
0<0 . . g . counterclockwise
spiral sinks = spiral sources
conjugate pair 8
as1 —aio <0
clockwise




37

In the upper half-plane (§ > 0) the matrix A has the two simple real eigenvalues p4+/9.
These will both be negative whenever 1 < —v/3, which is the region labeled nodal sinks
in the figure. These will both be positive whenever v/§ < 11, which is the region labeled
nodal sources in the figure. These will have opposite signs whenever —v/6 < p < V4,
which is the region labeled saddles in the figure. These three regions are seperated by
the parabola § = p?. There is one negative and one zero eigenvalue along the branch
of this parabola where p = —/8, which is labeled linear sinks in the figure. There is
one zero and one positive eigenvalue along the branch of this parabola where p = V/9,
which is labeled linear sources in the figure. There are five types of phase portrait in
the upper half-plane

In the lower half-plane (§ < 0) the matrix A has the conjugate pair of eigenvalues
== Z\/W . These will have negative real parts whenever u < 0, which is the region
labeled spiral sinks in the figure. These will have positive real parts whenever p > 0,
which is the region labeled spiral sources in the figure. These will be purely imaginary
whenever p = 0, which is the half-line labeled centers in the figure. In each case you
can determine the rotation of the orbits (counterclockwise or clockwise) by the ag; test.
There are six types of phase portrait in the lower half-plane

On the p-axis (0 = 0) the matrix A has the single real eigenvalue p. There are two
cases to consider: the case when A = pl which we label above the p-axis, and the case
when A # pl which we label below the p-axis.

e When A = ul every nonzero vector is an eigenvector associated with the eigen-
value p. This eigenvalue is negative whenever p < 0, which is the half-line
labeled radial sink in the figure. This eigenvalue is positive whenever u > 0,
which is the half-line labeled radial source in the figure. This eigenvalue is zero
whenever 1 = 0, in which case A = pI = 0, which is why the origin is labeled
zero in the figure. There are three types of phase portrait represented here.

e When A # ul the eigenvectors associated with the eigenvalue u are proportional
to any nonzero column of A — ul. This eigenvalue is negative whenever p < 0,
which is the half-line labeled twist sink in the figure. This eigenvalue is positive
whenever p > 0, which is the half-line labeled twist source in the figure. This
eigenvalue is zero whenever p = 0, in which case the origin is labeled parallel
shears in the figure. In each of these subcases you can determine the rotation of
the orbits (counterclockwise or clockwise) either by the as; test or the ajy test
or by the as; — a9 test. There six types of phase portrait represented here.

Remark. The textbook and many other books present a similar picture, but use the
trace-determinant plane rather than the mean-discriminant plane. The pictures are
therefore not the same! The advantage of the mean-discriminant plane picture is its
clean separation of the cases of two real, one real, and conjugate pair eigenvalues into
the upper half-plane, p-axis, and lower half-plane respectively. This allows a cleaner
presentation of the tests for the rotation of the orbits (counterclockwise or clockwise).
It also allows a cleaner presentation of the nine types of phase portrait on the p-axis.
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5.4. Stability of the Origin. The origin of the phase-plane plays a special role for
linear systems. This is because any solution (x(t),y(t)) of system (5.1) that starts at
the origin will stay at the origin. In other words, the origin is an orbit for every linear
system (5.1).

Definition 5.1. We say that the origin is stable if every solution that starts

sufficiently near it will stay arbitrarily close to it. We say that the origin is unstable

if it is not stable.

The language “every solution that starts sufficiently near it will stay arbitrarily close to
it” is not very precise. Rather than formulate a more precise mathematical definition,
we will build your understanding of these notions through examples. To begin with, it
should be clear that for every system the origin is either stable or unstable. Roughly
speaking, the origin will be unstable if at least one solution that starts near it will move
away from it.

Definition 5.2. We say that the origin is attracting if every solution that starts
near it will approach it as t — oo. We say that the origin is repelling if every
solution that starts near it but not at it will move away from it.
It should be clear that if the origin is attracting then it is stable, and that if it is
repelling then it is unstable. These implications do not go the other way. Indeed, we
will soon see that there are systems for which the origin is stable but not attracting,
and systems which the origin is unstable but not repelling.

When we examine the different types of phase-plane portrait we see that the stability
of the origin for each of them is as given by the following table.

attracting stable unstable repelling
(so also stable) (but not attracting) (but not repelling) (so also unstable)

nodal sinks centers saddles nodal sources
radial sinks linear sinks linear sources radial sources
twist sinks Z€ro parallel shears twist sources
spiral sinks spiral sources

The book calls attracting asymptotically stable but has no terminology for repelling.



