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Dimension reduction

General idea:
search for “embedding” @ : ID ¢ X — Y, where dimY « dimX, and
® discards irrelevant information.

dim ~ 10.000

Image: [LAFON 2004] Image: [DELA PORTE ET AL 2()()8]

Manifold learning (E.g. ISOMAP, Laplacian eigenmaps, diffusion maps
[Corrnman, Laron 2006], and many others)



Conformation dynamics

» Metastable conformations? (high-dim.!)
> Transitions between them (timescales)?
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Transition manifold / Effective dynamics
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Collective variables (CV) describe progress between metastable sets
Desire:

Slow timescales of &(X;) ~ Slow timescales of X;

[BrrTRACHER, K., KLUS, BANISCH, DELLNITZ, SCHUTTE 2018]

aX; = —VV(Xt) dt + o dW; (%)
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Image: [BITTRACHER, SCHUTTE 2020]



Transition manifold / Effective dynamics
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Collective variables (CV) describe progress between metastable sets

Desire:
Slow timescales of &(X;) ~ Slow timescales of X;

[BrTTRACHER, K., KLUS, BANISCH, DELLNITZ, SCHUTTE 2018]

aX; = —VV(Xt) dt + o dW; (%)

Theorem: For (), if {pT(x,-)|x € X} < L' is e-close to a r-dim. manifold,
then there is a r-dim. CV reproducing slow timescales up to O(e).

» Constructive! approach to learn CVs

> Quantitative goodness measure

t Cf. also [MARDT, PasquaLl, Wu, Nog 2018], [LuscH, KuTz, BRUNTON 2018], [CHEN,
TAN, FERGUSON 2018], ...



Existence of CVs

» Systems with multiple time scales

dXt = f(Xt, Yt)dt + O'th
SdYt = g(Xt, Yt)dt + \@0’ dBt

» Metastable systems
(T(,C): A=Z...2 Ak » Ak 2.0

[BITTRACHER, MOLLENHAUER, K., SCHUTTE (TO APPEAR)]
*> In between...
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...many metastabilities replaced by slow effective diffusion



Computing collective variables
1) For given anchor points x, compute realizations of X ~ pT(x%,-)
2a) Embed p7(x!,-) in finite dimensions [HuNT, KALOSHIN 1999]
2b) Kernel embedding of p™(x,+)’s: [Brrrracuer, Krus, Havzl, K., ScHUTTE 2021]

Low-dimensional variation ~~ less samples
[BITTRACHER, MOLLENHAUER, K., SCHUTTE (TO APPEAR)]

3) Manifold learning (diffusion maps) to find geometry [Corrman, Laron 2006]

Example in R10:

> Multi-well potential in x1, xp, quadratic potential in x3,...,x7p
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Properties

» Short simulations on intermediate time scale T
> Anchor points in transition region ~» rare events

» Evaluation at new anchor points w/o recomputing the CV
(out-of-sample extension / Nystrom method)

» Local method: charts the “visible” part of state space

» Exploration / Towards rare event detection: continue from boundary



CVs for MD

Folding process of NTL9 protein

[BITTRACHER, BANISCH, SCHUTTE 2018]



Coordinates of transport and mixing

How does [FrROYLAND 2015], [KARRASCH, KELLER 2020]
AXE = o(t, XE) dt + e dW,
spread across trajectories of

xt = U(t, xt)?

CVs Clusters / coherent sets

#data—0o0

[Theorem: lim (trajectories + diffusion maps) = “e-generator” of qb_tXf]

[BaniscH, K. 2017], [K., RENGER 2018]


bickleymovie.mov
Media File (video/quicktime)


CVs in the ocean

[BaniscH, K. 2017]


driftermovie.mov
Media File (video/quicktime)


CVs in Rayleigh—Bénard convection: experiment

» RB convection in cylinder ~~ disc

» Learn structure and dynamics (Cf. also [Berry, Giannakis, HARLIM 2()15])

Top view

3L/4

L/2 =

L/a L=

[WEIss, AHLERS 2011] [K., WEIss 2020]

> Effective state space & dynamics without prior physical knowledge



CVs in Rayleigh—Bénard convection: simulation

RB convection in cube ~ discrete LSCs

107!

[MarTY, K., SCHUMACHER 2022]



Noisy voter model

» Why? Macroscopic observable (polls) ~» macroscopic dynamics

» Existence of CVs: stochastic analysis + random graphs (ongoing)

> Random opinion switch
P[X;(t+dt) =m' | X;(t) =m] =

f (opinion fraction of agent i's neighbors) X=0
» Macroscopic observable (collective variable)

1

cn(t) = 5 #{i | Xi(t) = m) |
stochastic
» Continuous-time versions available transition
> CVs for agents:
> Opinion-behavior model: -

[HELFMANN, HEITZIG, K., KURTHS, SCHUTTE 2021]

> Emergent space in agent-based models:
[KEMETH, BERTALAN, THIEM, DIETRICH, MOON,
LAING, KEVREKIDIS 2022



Concentration in voter models

> Complete graph: [Kurrz 1978]

C:’l (t):Zm;én Cm (t) (7m,ncn (t)"r?m,n) (en _em)

o340 — MEE almost surely as N — oo
=== ER, N=1000
02 ! ! S » Random graph: variation
0 50 100 150 200 . .
¢ decreasing w/ graph size N
e ~
Theorem. Convergence to Theorem. Convergence to mean
mean field model in probabi- field model in probability for ran-
lity for Erdés—Rényil random dom regular graphs (N — o0) for

graphs (N — o0) for
degree = w(1).

_ (logN
{ edgeprob—w( N ) ]

[LUckE, HETz1G, K., MOLKENTHIN, WINKELMANN (PREPRINT)]

1 Also: stochastic block model and heterogeneous population



Summary & Outlook:

» Framework for collective variables in molecular/fluid/agent systems
» When do CVs exist? Is there a universal framework? (reversibility?)
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