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Figure 1: Caption

2 High-dimensional solutions for the committor

We consider a system with coordinates ! ∈ Ω ⊂ R! evolving under a stochastic dynamics in
which the stationary probability distribution is

!eq (!) ∝ "−"# (!) (1)

where # = 1/($B%) and & : R! → R is the potential energy. Throughout we focus on a
transition from one metastable state ' ⊂ Ω to a distinct state ( ⊂ Ω \ ', which we assume
to be closed subsets to simplify notation. At present, we do not specify the dynamics, though
we assume that it is stochastic and satisfies detailed balance, and refer to a configuration in a
dynamical trajectory with the variable "$ .We define

)+%(*) = min{+ ≥ * |"& ∈ '} (2)

to be the first hitting time for the trajectory in the set '. A similar expression defines the last exit
time.

For a given configuration, the probability of reacting is quantified through the forward com-
mittor function,

,+(!) = -()+' (*) < )+%(*) |"$ = !). (3)

The backward committor function is defined analogously; for an equilibrium dynamics ,+ =
1 − ,− and henceforth we denote , := ,+ because we only consider equilibrium transitions here.
Because this function quantifies the conditional probability of reaching the target state, it also
satisfies a simple self-consistent relation

,(!) = E" ! [,("$ ) |"0 = !], (4)

where the expectation is computed over dynamical trajectories of duration * and can also be
written as

P$, = E" ! [,("$ ) |"0 = !] . (5)

The operator P$ is the transition semigroup for the dynamics; this assumes * is sufficiently large
that the dynamics is Markovian. The dynamics we use to carry out molecular simulations are
Markovian in the full set of microscopic coordinates, though it should be noted that this is not
necessarily the case after coarse-graining to collective variables or neglecting momenta. When
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the dynamics is described by a time-homogeneous Markov process, the transition semigroup can
be written in terms of an infinitesimal generator, L where P! = !!L . In the limit " ↓ 0, the
evolution of the expected value can be written as a partial differential equation known as the
Backward Kolmogorov equation (BKE), which for the committor (according to the property
in (4)) is simply, 



#"$ = L$ ≡ 0,∀% ∈ Ω \ & ∪ '

$(!) = 0, ∀! ∈ &

$(!) = 1, ∀! ∈ '.

(6)

While obtaining a solution to (6) for all ! ∈ Ω#$ is not straightforward, the committor
provides quantitative insight into the nature of the & → ' transition. With access to $, we
can subsequently compute probability flux, sample transition state ensembles, and estimate re-
action rates. The backward Kolmogorov equation, as written, is a high-dimensional PDE and
traditional numerical techniques such as the finite element method will not scale to molecular
systems without coarse-graining. Introducing collective variables, on the other hand, leads to
conceptual challenges: the microscopic dynamics that defines L is no longer guaranteed to be
Markovian meaning that an explicit formula for the BKE (6) would be challenging to obtain. In
this work, we instead devise a procedure for obtaining a solution to (4) using a neural network
ansatz for the committor function $. In particular, we represent the committor as a parameteric
function, $% : Ω → [0, 1] and solve

$★ = min
%

(1
2E! ! ;!0∼'s

(
$% ("0) − $% ("" )

)2) (7)

where the expectation is computed over trajectories of duration " with initial conditions sampled
from (s, which is not necessarily the equilibrium distribution (eq .

The approach we propose builds on adaptive importance sampling methods that we devel-
oped to compute the committor when the BKE (6) is an appropriate description of the dynam-
ics [?]. We use an estimator, described in detail in Sec. ??, that employs an ensemble of short
trajectories (7). Many other strategies for obtaining solutions to the BKE have been proposed,
including combining neural network ansatzë with collective variable based enhanced sampling
methods [?, ?] and using tensor networks [?]. Our approach most closely resembles a more gen-
eral approach for solving a large class of Feynman-Kac equations using short trajectories recently
introduced by Strahan et al. [?]. GMR: better comparison Our algorithm uses trajectory swarms ★
to ensure consistency, whereas their approach uses two trajectories.

3 Computing transition rates

A representation of the committor gives us access to a potentially powerful framework for ob-
taining kinetic information about isolated transitions in complex systems. Classical transition rate
theory [?] combines the relative probability of reaching a transition state with a kinetic prefac-
tor known as a transmission coefficient. Generally we estimate both components by mapping
to a low-dimensional collective variables space, but our approach enables a manifestly high-
dimensional estimate. Because choosing kinetically informative low-dimensional coordinates
remains challenging [?, ?], we offer an alternative that at no point requires making such a choice.

In order to compute a rate, we first measure a local flux. Many methods rely on such es-
timates, including transition interface sampling [] and forward flux sampling []. Both of these
methods require…Our approach to computing transition rates is not fundamentally different
from either of these algorithms, but we have a distinct procedure for estimating the frequency
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• High-dimensional committor
• On the fly data acquisition
• NO collective variables
• Accurate rates (with bias L)

Variational problem

Alternatively, if no order parameter with which to interpolate is apparent, we simply collect
!basin configurations from each basin as {!!

" } and {!#
" }, " ∈ {1, 2, . . . , !basin} and train on the

objective

L(#) = 1
!basin

$basin∑
"=1

(
$% (!!

" )2 + (1 − $% (!#
" ))2

)
(19)

This objective still ensures the proper boundary conditions inside each basin, but makes the
choice of !" and the initial importance sampling steps of the main loop more difficult. Gener-
ally, one can choose each !" from either {!!

" } or {!#
" }, but each configuration !" will then

have an associated $% (!") generally far from its respective $target" value, thus rendering the initial
importance sampling steps difficult or numerically unstable. To alleviate this issue, one might
optimize a regularized version of (19) and/or run biased trajectories until each $% (!") ≈ $

target
"

before starting the main loop.

4.3 Main algorithm: active importance sampling and swarms of trajectories

We now discuss the main iterative loop of the algorithm, which focuses on learning a represen-
tation of the committor via importance sampling and optimization of an objective that enforces
the condition (4).

The sampling procedure closely resembles umbrella sampling, with each umbrella centered
at a certain committor value. At each step ! of the algorithm, we sample a configuration from
each umbrella:

!$
" ∼ %−&sampling (' (!!

" )+ #
2 (($ (!!

" )−(
target
" )2) (20)

where & is a harmonic force constant biasing the sampling of !$
" toward the committor value (as

represented by the current state of the neural network $% ) of $
target
" . Practically, this sampling

can be done via a simple Markov Chain Monte Carlo (MCMC) procedure (as seen in Section
5.1) or by running a sufficiently long trajectory in the umbrella potential (Sections 5.2 and 5.3).
One advantage of our approach is that the inverse temperature 'sampling need not be equal to the
inverse temperature at which the rate is to be calculated. This allows us to sample configurations
in phase space at high temperature, further increasing sampling around high-energy transition
state regions.

From each sampled configuration, we launch !long trajectories of maximum length (long at
the temperature at which the rate is to be calculated, terminating each trajectory prematurely if
it enters ) or *. We store the endpoint of each trajectory as !$

", ) ,long , + ∈ {1, 2, . . . , !long}.
The committor value at the endpoints !$

", ) ,long can be averaged to obtain an empirical esti-
mate of the self-consistent committor value (4) at the sampled point !$

" :

E! %long
[$(!*long) |!0 = !$

" ] ≈
1

!long

$long∑
)=1

(
$% (!$

", ) ,long)
)
! $(!$

",long) (21)

In the limit (long −→ ∞, this estimator reduces to a common ’committor analysis’ in which a
swarm of trajectories from the sampled point !$

" is run until all trajectories enter either ) or *.
It is important to note that in this case the estimate of the committor becomes independent of the
current iteration’s learned committor $% , and our algorithm reduces to a representation of the
committor trained on a committor analysis of importance-sampled points. While this may be a
practical approach in some cases, we find in our experiments (Section 5) that a relatively small,
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Adaptive Importance Sampling

L! (!) =

√√
1

"windows ∗ "

"∑
#=1

"windows∑
$=1

(
log (1 − #% (!#

$ )) − log (1 − #(!#
$,short))

)2
(25)

that become larger when committor values at the boundary of $ and % respectively deviate from
their self-consistent estimates by more orders of magnitude.

Practically, we combine (22), (24), and (25) to create an objective that penalizes absolute er-
rors in the committor away from the basins while remaining extremely sensitive to themagnitude
of the small deviations from 0 and 1 around basins $ and %, respectively. Thus, at each iteration
we compute the total objective

Ltotal(!) = L(!) + &
(
L&(!) + L! (!)

)
(26)

where& is a nonzero constant that controls the relative weight of the sensitive boundary enforce-
ment to the global enforcement. We then update the parameters associated with the current rep-
resentation of the committor #% using the gradient of (26) with respect to ! and an appropriate
gradient-descent optimizer (in our case, ADAM []).

Given that the procedure for obtaining a mean time between exits and a sample of boundary
exit configurations enumerated in Section 4.1 has been carried out, one can directly monitor the
estimate of the rate at each step of the optimization. After the update to the parameters !, the
rate estimates for the transitions $ → % and % → $ at step " can be calculated as:

'"&→! =
( 1
"exits

"exits∑
$=1

#% (!&,$
exit)

)
∗ ((&exit)−1 (27)

'"!→& =
( 1
"exits

"exits∑
$=1

(1 − #% (!!,$
exit))

)
∗ ((!exit)−1 (28)

which are the reciprocals of the mean transition time associated with each transition (16).
An important note is that the optimization procedure (21) - (26) can take place multiple times

for each individual sampling step. That is, the parameters of ! can be updated via the gradient
of (26), which will in turn affect the empirical estimates for the committor values (21) and (23)
such that the gradient of (26) is altered and can be used again constructively for an update to
!. One can run this optimization sequence for a set number of iterations, or even establish a
convergence criterion for each individual sampling step [?]. Regardless, after sufficient updates
to !, the optimization proceeds to the next step, where the updated #% will guide the collection
of the next batch of samples !"+1

$ .
An attractive computational feature of our algorithm is its highly parallel nature. After each

update to #% , the sampling and trajectory shooting in each window can be carried out indepen-
dently and concurrently. Thus, total sampling time can effectively be reduced by a factor equal
to the number of windows utilized, which can be as many as resources afford.

There are several possible stopping criteria that can be used in this algorithm. Due to the on-
line nature of the rate calculation, the reaction rates themselves can be monitored throughout the
optimization, and the convergence of both rates to a constant value can be a stopping criterion.
Another more expensive yet perhaps more instructive stopping criterion would be to periodically
set (long = ∞ (i.e. periodically run a committor analysis from a batch of sampled points) and com-
pare this independent committor estimate with #% . Furthermore, the results of this committor
analysis can be folded back into the training data for the committor, thus ’seeding’ phase space
with occasional independent committor analyses. Nonetheless, we have found the first approach
to be sufficient in most cases and leave the exploration of the latter approach to future work.
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Representation Interpretation

Linear projections
Independent of  fine-grained state
Empirical potential (or delta ML)

No access to fine-grained state
Imperfect recovery

Dynamics difficult to map
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z ⇠ e��Û(z)
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A Computational Details for Coarse-Graining
We use a training scheme that alternates between training a coarse-graining functionΘ and
the coarse-grained energy function !̂. In this scheme, we learn an initial Θ0, which is then
used to learn an initial !̂0. This !̂0 is then used to partially inform the training of a new
Θ1, with this feedback approach continuing for a predefined number of epochs !freeze_cg.
After !freeze_cg training epochs, we fix the coarse-graining function Θ and train !̂ until
convergence.

We represent our configurations using a three-dimensional graph, where nodes corre-
spond to atoms and edges between nodes correspond to bonded and nonbonded interactions.
For a given atom, atoms within a prespecified nonbonded edge cutoff are connected via a
nonbonded edge if a bonded edge does not already exist. We use atomic numbers as input
node features and the type of the edge (bonded, nonbonded, self) as the input edge feature.

To learn a coarse-graining functionΘ,we consider the encoding-decoding tasks of learn-
ing an embedding to determine a coarse-grained configuration "! = Θ(#!) ∈ R3" , which
can then be used to accurately reconstruct a set of target atoms #̃! = Θdec ("!) ∈ R3#̃ from
the original fine-grained configuration "! ∈ R3#. The target atoms which are reconstructed
using the decoder need to be specified a priori. In practice, this requires limited knowledge
of the system. For the two model systems we consider here, we designate the backbone as
the set of target atoms to reconstruct.

We model our encoder-decoder (Fig. 2) scheme after DiffPool, a hierarchical graph
pooling approach [11]. Our encoder consists of a single pooling layer, where we learn a fine-
grained-configuration-dependent projection matrix #!! , such that "! = Θ(#!) = #!!#! .
Similarly, the decoder consists of a single “inverse-pooling” layer, where we learn a coarse-
grained-configuration-dependent projectionmatrix, #"! in order to reconstruct #̄! = Θdec ("!) =
#"! "! . Importantly, the encoder-decoder is state-dependent, ensuring it is consistent with
the coarse-graining framework we introduce in the main text.

Here, #!! = softmax(GNN(#i)) ∈ Rk×n and #"! = GNN(#i) ∈ Rñ×k, where the
softmax is computed row-wise to ensure that the sum of all atomic contributions to each
coarse-grained “bead” is 1. The DiffPool scheme allows for any general message-passing
GNN architecture to be used; we use theE(n) − EGNN graph neural network architecture,
which imposes necessary rotational and physical invariance constraints [32].

Our loss function to train this encoder-decoder consists of a reconstruction loss and a
suite of auxiliary losses, which aid in regularization

LΘ = Lr + $[Llink + Lent + Lassgn + $mfLmf ], (8)

where $ and $mf are hyperparameters controlling theweight of the four auxiliary losses. The
reconstruction loss Lr = ‖#"#!# − #̃‖2

2, where #! and #" are dependent on the initial fine-
grained configuration " and the coarse-grained configuration " = #!# respectively. In our
implementation, we remove translational shifts before computing the distance. Additionally,
when computing Lr, we weigh all backbone Carbon and Nitrogen atoms by %bb > 1 to
ensure that these atoms get reconstructed with a higher fidelity.

The link loss Llink =
!!& % #$

! #!

!!
% ensures that proximal atoms are projected onto the

same coarse-grained bead. Here, & ∈ R#×# is the matrix of all pairwise distances between
atoms of the fine-grained configuration ". The entropy lossLent = 1

"

∑"
!=1 ' (#!

!), where #!
!

the (-th row of the projection matrix #! and ' denotes the entropy function. This loss en-
sures that the fractional weights of the atoms assigned to each bead are concentrated around
a few atoms. The assignment loss Lassgn = diag(#!#$

! ) ensures that an atom is not assigned
to multiple beads, where diag corresponds to the diagonal entries of the matrix. Lastly, we
elaborate on the mean-force loss Lmf below after a brief discussion on the computation of
the mean-force.

For the systems we explore here, we cannot easily compute a coarse-grained potential
energy function !̂; instead, we learn !̂ using force-matching [5, 6]. We match ∇"!̂ to the
mean force of a coarse-grained configuration. The mean force formally is

) (*) = 〈Θ% (∇!! (#))〉Θ(!)=" , (9)
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Figure 7: Alanine dipeptide. Projection Matrices !! = Θ(!) computed for all fine-grained
configurations ! in dataset. Mean !! (top) and Variance !! (bottom). Coarse-graining maps are
essentially the same across all fine-grained configurations in dataset and heavily weigh backbone
atoms. Bead atoms are reindexed for ease of visualization such that lower bead indices correspond
to C-terminus side and higher bead indices correspond to N-terminus.
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A Computational Details for Coarse-Graining
We use a training scheme that alternates between training a coarse-graining functionΘ and
the coarse-grained energy function !̂. In this scheme, we learn an initial Θ0, which is then
used to learn an initial !̂0. This !̂0 is then used to partially inform the training of a new
Θ1, with this feedback approach continuing for a predefined number of epochs !freeze_cg.
After !freeze_cg training epochs, we fix the coarse-graining function Θ and train !̂ until
convergence.

We represent our configurations using a three-dimensional graph, where nodes corre-
spond to atoms and edges between nodes correspond to bonded and nonbonded interactions.
For a given atom, atoms within a prespecified nonbonded edge cutoff are connected via a
nonbonded edge if a bonded edge does not already exist. We use atomic numbers as input
node features and the type of the edge (bonded, nonbonded, self) as the input edge feature.

To learn a coarse-graining functionΘ,we consider the encoding-decoding tasks of learn-
ing an embedding to determine a coarse-grained configuration "! = Θ(#!) ∈ R3" , which
can then be used to accurately reconstruct a set of target atoms #̃! = Θdec ("!) ∈ R3#̃ from
the original fine-grained configuration "! ∈ R3#. The target atoms which are reconstructed
using the decoder need to be specified a priori. In practice, this requires limited knowledge
of the system. For the two model systems we consider here, we designate the backbone as
the set of target atoms to reconstruct.

We model our encoder-decoder (Fig. 2) scheme after DiffPool, a hierarchical graph
pooling approach [11]. Our encoder consists of a single pooling layer, where we learn a fine-
grained-configuration-dependent projection matrix #!! , such that "! = Θ(#!) = #!!#! .
Similarly, the decoder consists of a single “inverse-pooling” layer, where we learn a coarse-
grained-configuration-dependent projectionmatrix, #"! in order to reconstruct #̄! = Θdec ("!) =
#"! "! . Importantly, the encoder-decoder is state-dependent, ensuring it is consistent with
the coarse-graining framework we introduce in the main text.

Here, #!! = softmax(GNN(#i)) ∈ Rk×n and #"! = GNN(#i) ∈ Rñ×k, where the
softmax is computed row-wise to ensure that the sum of all atomic contributions to each
coarse-grained “bead” is 1. The DiffPool scheme allows for any general message-passing
GNN architecture to be used; we use theE(n) − EGNN graph neural network architecture,
which imposes necessary rotational and physical invariance constraints [32].

Our loss function to train this encoder-decoder consists of a reconstruction loss and a
suite of auxiliary losses, which aid in regularization

LΘ = Lr + $[Llink + Lent + Lassgn + $mfLmf ], (8)

where $ and $mf are hyperparameters controlling theweight of the four auxiliary losses. The
reconstruction loss Lr = ‖#"#!# − #̃‖2

2, where #! and #" are dependent on the initial fine-
grained configuration " and the coarse-grained configuration " = #!# respectively. In our
implementation, we remove translational shifts before computing the distance. Additionally,
when computing Lr, we weigh all backbone Carbon and Nitrogen atoms by %bb > 1 to
ensure that these atoms get reconstructed with a higher fidelity.

The link loss Llink =
!!& % #$

! #!

!!
% ensures that proximal atoms are projected onto the

same coarse-grained bead. Here, & ∈ R#×# is the matrix of all pairwise distances between
atoms of the fine-grained configuration ". The entropy lossLent = 1
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!), where #!
!

the (-th row of the projection matrix #! and ' denotes the entropy function. This loss en-
sures that the fractional weights of the atoms assigned to each bead are concentrated around
a few atoms. The assignment loss Lassgn = diag(#!#$

! ) ensures that an atom is not assigned
to multiple beads, where diag corresponds to the diagonal entries of the matrix. Lastly, we
elaborate on the mean-force loss Lmf below after a brief discussion on the computation of
the mean-force.

For the systems we explore here, we cannot easily compute a coarse-grained potential
energy function !̂; instead, we learn !̂ using force-matching [5, 6]. We match ∇"!̂ to the
mean force of a coarse-grained configuration. The mean force formally is

) (*) = 〈Θ% (∇!! (#))〉Θ(!)=" , (9)

14

Dimensionality reduction

Coarse-grained potential energy

Reconstruction map
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We represent our configurations using a three-dimensional graph, where nodes corre-

spond to atoms and edges between nodes correspond to bonded and nonbonded interac-

tions. For a given atom, atoms within a prespecified nonbonded edge cutoff are connected

via a nonbonded edge if a bonded edge does not already exist. We use atomic numbers as

input node features and the type of the edge (bonded, nonbonded, self) as the input edge

feature.

To learn a coarse-graining function ⇥, we consider the encoding-decoding tasks of

learning an embedding to determine a coarse-grained configuration z8 =⇥(x8) 2 R3: , which

can then be used to accurately reconstruct a set of target atoms x̃8 = ⇥dec(z8) 2 R3=̃ from

the original fine-grained configuration G8 2 R3=. The target atoms which are reconstructed

using the decoder need to be specified a priori. In practice, this requires limited knowledge

of the system. For the two model systems we consider here, we designate the backbone as

the set of target atoms to reconstruct.

We model our encoder-decoder (Fig. 2) scheme after DiffPool, a hierarchical graph

pooling approach13. Our encoder consists of a single pooling layer, where we learn a

fine-grained-configuration-dependent projection matrix %x8 , such that z8 = ⇥(x8) = %x8x8.

Similarly, the decoder consists of a single “inverse-pooling” layer, where we learn a

coarse-grained-configuration-dependent projection matrix, %z8 in order to reconstruct

x̄8 = ⇥dec(z8) = %z8 z8. Importantly, the encoder-decoder is state-dependent, ensuring it

is consistent with the coarse-graining framework we introduce in the main text.

Here, %x8 = softmax(GNN(xi)) 2 Rk⇥n and %z8 = GNN(xi) 2 Rñ⇥k, where the softmax

is computed row-wise to ensure that the sum of all atomic contributions to each coarse-

grained “bead” is 1. The DiffPool scheme allows for any general message-passing GNN

architecture to be used; we use the E(n)�EGNN graph neural network architecture, which

imposes necessary rotational and physical invariance constraints41.

Our loss function to train this encoder-decoder consists of a reconstruction loss and a

suite of auxiliary losses, which aid in regularization

L⇥ = Lr +_[Llink +Lent +Lassgn +_mfLmf], (B1)

where _ and _mf are hyperparameters controlling the weight of the four auxiliary losses.

29

using the instantaneous coarse-grained force61,62

�inst(z) = (%x%
)
x )�1%xrx* (x), (B3)

where z = ⇥(x) = %xx. With this estimate, we train *̂ by minimizing the following loss.

L*̂ = [rz[̂(z)��inst(z)]2. (B4)

We use the SchNet architecture to represent *̂42. Briefly, SchNet transforms interbead dis-

tances into gaussian basis functions with learnable parameters; these gaussian basis func-

tions are then passed through multiple neural network layers. We assign each bead a unique

input feature (0 . . . :), analogous to an atomic number.

Finally, we use our coarse-grained potential energy *̂ to inform the coarse-grained map

⇥ that we learn using Lmf

Lmf = [rz*̂ (z)�Linst(z)]2. (B5)

While, Lmf has the same form as L*̂ , in Eq. B4 we fix our coarse-graining map and allow

*̂ to train. In Eq. B5 on the other hand, we fix the coarse-grained potential energy function

*̂ and instead allow our coarse-graining map to vary. Using *̂ to inform ⇥ via Lmf reduces

contributions from atoms that increase the variance of the mean force estimate �inst(z), an

observation also made using a similar regularization term in7. Empirically, we observe that

this results in a lower entropy projection map. For the experiments included here, we are

able to learn a low-entropy map during the first epoch of training ⇥, so the inclusion of Lmf

has limited practical utility for the systems considered here.
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Figure 1: A schematic overview of the coarse-graining procedure. First, a fine-grained molecular
structure is embedded with a state-dependent learned projection Θ. A coarse-grained potential
!̂ is used to sample configurations coarse-grained configurations ! so that they are distributed
according to a Boltzmann distribution with respect to !̂, as described in Sec. 2. These samples
are subsequently used to conditionally sample fine-grained configurations in Sec. 3

their formulation, we require equivalence between the potential of mean force "̂ and the
effective coarse-grained potential !̂,

"̂ (!) ≡ −#−1 log $−1
∫
Ω
%−!" (!)&(Θ(") − !)'" ↔ !̂ (!). (2)

This ensures that canonically distributed samples of coarse-grained configurations, sampled
in proportion to

$̂−1%−!"̂ (#) ≡ (̂(!) (3)

will recover the projected distribution. The key observation is that equivalence is defined in
the coarse-grained space.

The requirement of thermodynamic consistency is a stringent one in the sense that it
enforces equivalence at the level of the distribution rather than, for example, equivalence
of some collection of observables. Of course, there are other potentially useful notions of
equivalence for probability distributions that could lead to additional flexibility in the pro-
cedure. Here, we take inspiration from the measure theoretic notion of weak convergence,
which quantifies the difference between distributions through expectations (or average val-
ues) of bounded, continuous functions. Importantly, this notion could be applied in either
the coarse-grained space or the fine-grained space to optimize and test a coarse-graining
map. Throughout, we measure “weak thermodynamic consistency” in the fine-grained
space. We refer to a coarse-graining map Θ and the associated potential !̂ as “F thermo-
dynamically consistent” if for every observable ) ∈ F ,

$̂−1
∫

) (")*gen (" |!) (̂(!) '"'! −→ $−1
∫

) (")((") '". (4)

In this expression, *gen (" |!) is the conditional probability of generating " from a coarse-
grained configuration !—finding amap that performs this inversion inway suitable to reweight-
ing or Monte Carlo is a central goal of the present work and is discussed at length in Sec. 3.
This definition of thermodynamic consistency differs from Ref. [2] because we only require
equivalence on some set of observables F , which could be adapted to a particular problem.

In the appendix, we prove the following straightforward proposition, which relates weak
thermodynamic consistency to the definition introduced by Voth and Noid [2].

Proposition 1.1 Let (Θ, !̂,+) be an invertible coarse-graining. Let F∗ denote the set of functions
of continuous, bounded functions,

F∗ := { ) ∈ C(R3$,R)
"" 〈 ) 〉! = 〈 ) (")&(Θ(") − !)〉!,"},

3

Potential of  mean force Coarse-grained potential

ily destroy information. Hence, when carrying out this destructive process, we should ide-

ally preserve the most important degrees of freedom required to describe the fluctuations of

the system. In landmark work, Noid et al.2 established the notion of thermodynamic con-

sistency to provide a formal description of the requirements of a “good” coarse-graining

map. In their formulation, we require equivalence between the potential of mean force �̂

and the parametric coarse-grained potential *̂ (·,)),

�̂ (z) ⌘ �V�1 log
π
⌦
4�V* (x)X(M(x)� z)3x $ *̂ (z,)), (2)

and we emphasize that this equivalence is up to an arbitrary additive constant. Here M
is the coarse-graining map. The function *̂ (·,)) depends on parameters ) which are opti-

mized so that the gradients of *̂ match the gradients of �̂. Throughout, we use ·̂ to designate

a function defined on the coarse-grained domain. This ensures that canonically distributed

samples of coarse-grained configurations, sampled in proportion to

d̂(z,))3z := /̂�14�V*̂ (z,))3z (3)

will recover the projected distribution. The key observation is that equivalence is defined

in the coarse-grained space.

The requirement of thermodynamic consistency is a stringent one in the sense that it

enforces equivalence at the level of the distribution rather than, for example, equivalence

of some collection of observables. Of course, there are other potentially useful notions of

equivalence for probability distributions that could lead to additional flexibility in the pro-

cedure. Here, we take inspiration from the measure theoretic notion of weak convergence,

which quantifies the difference between distributions through expectations (or average val-

ues) of bounded, continuous functions. Importantly, this notion could be applied in either

the coarse-grained space or the fine-grained space to optimize and test a coarse-graining

map. Throughout, we measure “weak thermodynamic consistency” in the fine-grained

space. We refer to a coarse-graining map M and the associated potential *̂ as “F thermo-

dynamically consistent” if for every observable 5 2 F ,π
5 (x)?inv(x |z) d̂(z,)) 3x3z �!

π
5 (x)d(x) 3x. (4)
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here
!!+1 = !−1 ("!+1) ≡ (!!+1,1, . . . , !!+1,", !̃!+1,1, . . . , !̃!+1,#−") (6)

the associated probability density is given by

!♯#(") = #(!−1 (")) |∇!−1 (") | (7)

where |∇!−1 (") | denotes the determinant of the Jacobian of the inverse of the normalizing
flow ! .

Methods
We developed a computational approach that enables rapid sampling of a free energy land-
scape using coarse-graining, while also allowing for the calculation of observables defined
over the fine-grained space. Importantly, our approach does not require prior specification
of a coarse-graining map, allowing it to be extended to a wide class of systems. Our strategy
consists of three main components: a neural network that embeds a fine-grained config-
uration into a coarse-grained configuration, a neural network that represents the coarse-
grained energy function $̂, and a normalizing flow that can generate configurations in the
fine-grained space conditioned on a coarse-grained configuration.

We consider an effective coarse-graining to be one that can integrate out fast-moving
degrees of freedom, while retaining slower-moving degrees of freedom that are fundamental
to the collective variables contributing to the free-energy landscape. We employ a coarse-
graining strategy based on a deterministic encoder-decoder framework, where a molecu-
lar configuration is encoded into coarse-grained “beads”; these beads are then decoded to
reconstruct parts of the original system which contribute heavily to variations in the free-
energy landscape (e.g. the protein backbone). Finally, this partial reconstruction acts as a
seed, through which a distribution of molecular configurations can be generated.

In our approach, a molecular configurations is represented using a three-dimensional
graph, where nodes correspond to atoms and edges between nodes correspond to bonded
and nonbonded interactions. The graph structure is then coarse-grained through a clus-
tering process, where each cluster corresponds to a coarse-grained “bead” and consists of
a weighted combination of a collection of nodes. This is achieved via a hierarchical graph
pooling technique based onDiffPool. Finally, we carry out the partial reconstruction (i.e. the
decoding) step through an inverse graph pooling step. We train our coarse-graining network
via a reconstruction loss and a suite of auxiliary losses detailed in the appendix. Importantly,
this coarse-graining embedding is state-dependent; the exact clustering is dependent on the
input molecular configuration. Ultimately, a state-depdendent coarse-graining embedding
might be especially useful when a system can assume a set of configurations that have signif-
icant structural differences among them. In such a scenario, embeddings that dynamically
account for the dominant degrees of freedom native to each configuration can provide a
more powerful coarse-graining approach.

Concurrently, we learn a coarse-grained potential energy $̂. We utilize an architecture
based on the SchNet architecture. Briefly, this architecture expands interbead distances into
gaussian basis function with learnable parameters; these gaussian basis functions are then
passed through multiple neural network layers. Ultimately, this architecture imposes the
necessary physical constraints, most notably rotational and translation invariance. We do
not have access to the actual coarse-grained potential energy; instead, we utilize a force
matching scheme to train $̂. Here, SC: include a description of how we calculate a proxy
for the mean force. The concurrent training between the coarse-graining embedder and
the coarse-graining potential energy results in a feedback approach, where a coarse-graining
map influences $̂, which then informs a new coarse-graining map. In practice, this ap-
proach enables the embedder to more efficiently coarse-grain out fast degrees of freedom by
minimizing the contribution of atoms that have a low mean force.

Lastly, we use a normalizing flow to generate molecular configurations conditioned on a
coarse-grained coordinate. Normalizing flows are a powerful class of methods, which enable

5
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fine-grained space conditioned on a coarse-grained configuration.

We consider an effective coarse-graining to be one that can integrate out fast-moving
degrees of freedom, while retaining slower-moving degrees of freedom that are fundamental
to the collective variables contributing to the free-energy landscape. We employ a coarse-
graining strategy based on a deterministic encoder-decoder framework, where a molecu-
lar configuration is encoded into coarse-grained “beads”; these beads are then decoded to
reconstruct parts of the original system which contribute heavily to variations in the free-
energy landscape (e.g. the protein backbone). Finally, this partial reconstruction acts as a
seed, through which a distribution of molecular configurations can be generated.

In our approach, a molecular configurations is represented using a three-dimensional
graph, where nodes correspond to atoms and edges between nodes correspond to bonded
and nonbonded interactions. The graph structure is then coarse-grained through a clus-
tering process, where each cluster corresponds to a coarse-grained “bead” and consists of
a weighted combination of a collection of nodes. This is achieved via a hierarchical graph
pooling technique based onDiffPool. Finally, we carry out the partial reconstruction (i.e. the
decoding) step through an inverse graph pooling step. We train our coarse-graining network
via a reconstruction loss and a suite of auxiliary losses detailed in the appendix. Importantly,
this coarse-graining embedding is state-dependent; the exact clustering is dependent on the
input molecular configuration. Ultimately, a state-depdendent coarse-graining embedding
might be especially useful when a system can assume a set of configurations that have signif-
icant structural differences among them. In such a scenario, embeddings that dynamically
account for the dominant degrees of freedom native to each configuration can provide a
more powerful coarse-graining approach.

Concurrently, we learn a coarse-grained potential energy $̂. We utilize an architecture
based on the SchNet architecture. Briefly, this architecture expands interbead distances into
gaussian basis function with learnable parameters; these gaussian basis functions are then
passed through multiple neural network layers. Ultimately, this architecture imposes the
necessary physical constraints, most notably rotational and translation invariance. We do
not have access to the actual coarse-grained potential energy; instead, we utilize a force
matching scheme to train $̂. Here, SC: include a description of how we calculate a proxy
for the mean force. The concurrent training between the coarse-graining embedder and
the coarse-graining potential energy results in a feedback approach, where a coarse-graining
map influences $̂, which then informs a new coarse-graining map. In practice, this ap-
proach enables the embedder to more efficiently coarse-grain out fast degrees of freedom by
minimizing the contribution of atoms that have a low mean force.

Lastly, we use a normalizing flow to generate molecular configurations conditioned on a
coarse-grained coordinate. Normalizing flows are a powerful class of methods, which enable

5

Gabrié, M.; GMR.; Vanden-Eijnden, E. Proc. Natl. Acad. Sci. U.S.A. 2022, 119 (10), e2109420119. 
https://doi.org/10.1073/pnas.2109420119.
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actual normalizing flow. Practically, this amounts to using the first 9 dihedral angles, q0: 9�1,

to inform the generative process of q 9 .

With RQ-NSF, we define a set of < Neural Networks FCN0,FCN1, . . .FCN< that are

used in the transformation of q0,q1, . . .q<, respectively. Each of these neural networks

are fully connected with a single hidden layer. Given a sample from the base distribution

q18 ⇠ r1, we can compute \ 9
8 = FCN 9 (q0: 9�1

8 ,qseed). Here, \ 9
8 correspond to the parameters

of a rational quadratic spline 6. Finally, we can compute q 9
8 = 6\ 9

8
(q 9

18
). See Algorithm 2

for a summary of the back-mapping process. For a thorough description of RQ-NSF, see53.

There is a natural hierarchy to the back-mapping procedure here, where atoms that are

a single bond away from the atoms in G̃ are reconstructed first with atoms further away

being reconstructed later. When carrying out the autoregressive flow, we remain faithful to

this hierarchy, ensuring that atoms reconstructed first influence the internal coordinates of

atoms reconstructed later.

Algorithm 2 Sampling x8 from ?(x |z8)
1: Train FCN0,FCN1, . . .FCN<

2: Compute qseed from x̃8 = ⇥dec(z8)

3: Sample q18 ⇠ r

4: for 9 = 0. . . < do

5: Compute \ 9
8 = FCN(q0:j�1

i ,qseed)

6: Compute q 9
8 = 6\ 9

8
(q 9

18
)

7: end for

8: Reconstruct x8 from x̃8 and q8

Appendix D: Numerical experiments

As described in the main text, we carry out our coarse-graining and back-mapping pro-

cedures for two proteins: Alanine Dipeptide and Chignolin. Here, we briefly expand on

some of the experimental details used when investigating these systems, including a list of

hyperparameters used (see Table I and Table II).

34
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FIG. 1. A schematic overview of the coarse-graining procedure. First, a fine-grained molecular

structure is embedded with a state-dependent learned projection M. A coarse-grained potential

*̂ is used to sample configurations coarse-grained configurations z so that they are distributed ac-

cording to a Boltzmann distribution with respect to *̂, as described in Sec. III. These samples are

subsequently used to conditionally sample fine-grained configurations as described in Sec. IV

fine-grained space. The extended notion of weak thermodynamic consistency that we in-

troduce provides a framework on which to build new coarse-graining strategies that are

targeted to particular classes of observables, which may allow for more efficient models for

precise scientific questions.

I. RELATED WORK

The approach that we take here incorporates optimization of a coarse-graining map,

backmapping of the coarse-grained configurations, and new criteria for evaluating the qual-

ity of sampling. Each of these ideas individually has attracted substantial attention. For

example, automated construction of coarse-graining maps has a long history26–29, and ap-

proaches based on determining the “essential dynamics” by identifying collective modes

via principal component analysis30 or ranking maps based on information-theoretic cri-

teria31,32. The process of inverting a coarse-graining map, or backmapping, has been

studied in several contexts12,14,33,34; these works use either deterministic mappings or non-

invertible generative models, as a result it is impossible to exactly reweight the backmapped

4

Optimize with starting configurations Sample with Langevin Invert!
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<latexit sha1_base64="Xvpx11dC1isCwsWIlLaYNY0OU6w="></latexit>

xi � pinv(x|zi)

FIG. 1. A schematic overview of the coarse-graining procedure. First, a fine-grained molecular

structure is embedded with a state-dependent learned projection M. A coarse-grained potential
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subsequently used to conditionally sample fine-grained configurations as described in Sec. IV
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backmapping of the coarse-grained configurations, and new criteria for evaluating the qual-
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sidered the dihedral angle that was computed using two adjacent methyl-hydrogens and

the two nearest backbone atoms (see Figure 4 for an illustration). We plot the combined

distributions obtained from all 6 of these dihedral angles computed for the two methyl caps

at the termini of the protein. We are unable to compute these angles directly from the

coarse-grained configurations: back-mapping is essential. Again, we observe quantitative

agreement between the distribution of these dihedral angles with our MD dataset and the

reweighted generated configurations.
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FIG. 3. Free-energy landscape of alanine dipeptide as a function of q and k dihedral angles. Gener-

ated configurations from coarse-grained simulations back-mapped into fine-grained configurations

(left). Generated configurations from coarse-grained simulations back-mapped into fine-grained

configurations with reweighting to ensure configurations are Boltzmann-distributed (center). Train-

ing dataset consisting of configurations sampled via MD simulation (right).
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Appendix E: Coarse-Grained Simulations

�2 �1 0 1 2

�

�2

�1

0

1

2

�

Absolute Free Energy Di�erence

0

1

2

3

4

5

6

7

8

9

F
ree

E
n
ergy

(k
B T

)

FIG. 9. Absolute error between free energy from MD and inverted CG sampling for alanine dipep-

tide. The error is less than 1 :B) on all metastable states and is only appreciable in very rare regions

that are undersampled by the MD.

Given a trained coarse-grained potential function *̂, we can sample the coarse-grained

space via standard Langevin dynamics. We carry out dynamics using an “OVRVO” inte-

gration scheme63. We use the OpenMM64 simulation platform to carry out all coarse-grained

simulations. Finally, we use the TorchForce plugin to interface our coarse-grained poten-

tial energy function *̂ into the simulation.

Given a vector m = [<1,<2, ...<=] consisting of all the masses of the atoms in the

fine-grained configuration, we define the mass of a bead to be m h%xi)D , where h%xiD is

the average projection matrix across all configurations in our dataset D. For the coarse-

graining maps we learn, our projection matrices are essentially the same across all fine-
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Figure 5: Free-energy landscape of chignolin as a function of Time-Lagged Independent Co-
ordinates (tICs). Generated configurations from coarse-grained simulations back-mapped into
fine-grained configurations (left). Generated Configurations from coarse-grained simulations
back-mapped into fine-grained configurations with reweighting to ensure configurations are
Boltzmann-distributed (center). Training dataset consisting of configurations sampled via MD
simulation (right).
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Figure 6: Potential energy of chignolin computed via an implicit model (left) and dihedral angle
(betweenO,C,C! andC") of bulky Tryptophan side chain for three different basins of chignolin
(right) for reweighted generated configurations (orange) and training dataset obtained via MD
(blue). Configuration sampled from reweighted generated configurations for each basin shown,
with only backbone and Tryptophan residue shown.

5 Methods
We have developed a computational approach that consists of three interdependent com-
ponents: a graph neural network representing the coarse-graining map Θ : R3# → R3$ ,
a neural network representing the coarse-grained potential energy function !̂ : R3$ → R
and a normalizing flow " : R3# → R3# that can generate configurations in the fine-grained
space conditioned on a coarse-grained configuration. Wework under the assumption that an
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Large- and small-scale observables well-captured
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Representation ComputationInterpretation

Linear projections
Independent of  fine-grained state

Empirical potential (delta ML)

No access to fine-grained state
Imperfect PMF recovery / bias

Practical Mori-Zwanzig

Quality of  generalization?
Need relevant rare configurations

Limited opportunities for feedback
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