Cestatr 400, Lecture &9

pranry

Random S(J;;;BICS (75:3)

One of tht most imporfant concepts
n stanistics 1s that of G "randomw
sample” The defimTion of o vandgqimn
Samplt is vather absTract. Howevey
toas witical v oundtrstand therdca
behind the definition so we will
SDmd an  tnhve ccture moﬁvaﬁwg .
the dehnition. we will do this by
) Vi ng three moﬁvarmg CXam pies:
pelling for clections, festing Fhc
Hferime of o GaTtway compurer,
Ind picking @ scqutnct of random

Mmlotrs.



First Motivating Example

We reeall that o random variakle
K 1S a Bernoulli random varigple
X takes exactly Two valuyes
0 and | sucw that

P(%=1)=p -
P (%-0)-q 1

In  This coase we vmee X”b(')P)
(the Bevmoullr distribution is o speeiol
@se of the binomig) dism‘blmo"’)'

Wt define o Bernoulli yapdor
Variab1e X ieerion 05 fOllows.

(hoost a randomm VoiTK in the U.S. ASk

him (htr) 1 fF he (she) inttnds 1o vote for
Gore in the ntxt clection Record ) of
YCS and 0 1f n0. S0 Xejecrig,, Fakes.



VaLUTS 1 oand O with Ssimt atHhmMmit 3
(but - wnknown fo uS) probabilitics

P ond q -

The #4000 qutstion
What 15§ P?
How do \/'ou answey this question’?
fakc a poll - in thc lanquage of

statistics we say ont Is "takKing &
samplc from o b (U, p) distyibunon
Whtre p 15 unkKnown.'

f we poll n ptoplt W arvrive at @
sequence of ©0'S and 1'S

¥y X2, - Xp
Wec cap  Yeprestnt this SU’)“’”OT"(OHV




W:lf’".: think of Xy X2, <., X 0S e
rcsults after the poll 15 TakKtn We

how intyoduce Yapndom VvVoriablts
Ky X o X representing Tht
potential outcomes btfore tht poll
(s taKtn — wc assumc wt havt
decided how many ptoplt we will

Falk 10 | o
Thys faking a poll ass1gns§ defim it

VOIlUES %, Xz, -, *n 1O the Yondom

variables X, Yz oo Xy, Wt may

sthemathically chVtsfwT it
Situation lbtfore the poll 18 raktn

oy

Populanon

f -
: - >\><>)X2)~--)Xh

the 0.5

T

The doHtd arvow means wt have not
vetr  performed tht poll



.45 (rifical o obstvve That
Wiy X o Xy, are vandow variabits

(%, %2 Xp'o are ovdinory varvioklts)

J 7))
Thty take valuts 0 ang | with
provaby i 71T 5§ q and p respeenvely,
So the X;'s have tht same
probability  disTYIbution as Tt

\

”umdrvlylmg' (i.c. Thet cast wt are
sampling from ) vandom vaviaklt

(';—F He Ta” s ws’f’ruo%:’ T“W@)

e

independtht. 50 X X, ... Xy, 4re
indeptndtnt and “idenhally
distribured.” we say X, Xa, .. Xp
IS 0 random samplt frow

Bin (1,p)  distvibuTion.

5

Nelection / |
NoTt 01S0 tht fén/dom\)/m’/_of;)z?\HX,L)%j-—y)(n



We cconcludt fms txamplt 6
withh o formal mothemahcal
dcfimitiory of XJ)XZJ-H)XY),TWC
Ssamplc space O of Tht above poll
Cexperiment”) s Tht STT of all
n=Tuples (%, %, .- %) of 0's and s .
T is fthe some as Thte SAmplT

space for n  flips of @ Wtigm—cd
“oin. Thtre S O pyombllr’r\/ funcion

P dtfintd o» S Foy txamplC,

_ h
P(o,0,0) =4 _
Tne  vamdom variabltS Y Xz, Xp
are dcfined 10 be functhons on d
dtfintd by
X|(\/\;))XV)) - X\

S thty ave random variob)ts —a
vapdorr  variaklc 15 A functrion on

6 proboktliTy spoce.



Second MonvoTing EXomple 7
SQpposc now W¢e wiSh T0 5rudy ht
cxptered 1ife of O Gartway compuTtr
So im This cast wt would bt
ST‘Udymg the vandom variok 1t XGon“rvwsy
which 15 defintd as follows.

(Xboffway "t) mcans Thaot a

c(lcefcd Gattway compulty
¢l oy

1S OV

randomly

fails gf Hme T A Cjood mod
CXpontniiol dJistvibumon with Q
oL

Gtfipitt buT unknowh mtan k=~
he New B 64,000 QuesTion
whot 1S }1?

How do you answty This qutsnon’
You qtf hold of a numbty o f




GOFTway COMPUTTYS and vun Thtm g
wntil They brtak down Yo'u recovd
s results. Wt moy vepresent ihe
results scnetmatical)ly by

\ |

barfway
— .(.ompurtvs

N

Once OgO”/)) we inTvoduct Vavigblcs
ave decided
XI)X’L).._ ) Xm (aftty wt hav

hWow many Compuitys we arve Cjoimg o
lbok 01) pefore wt actually ook 0F

Compultrs. S0 Sthemamn cally wt hove
the "befove pictuve’
] -

Gottwaoy oy ~
Compuitrs - | 7 Xl) >(’L)-‘-bxlf)

herer we FCST N computtrs we assign
definitc \IO'UT’EJ‘—'0 Ao A2, K-




Aqaib), X, Xz)..,)Xm ove vandom 9.
Vavidplts with the samt probablliTy
qistvibution as tht undtrlying
random  variahlt K oateway - '
/“VSSummﬂ thot our TE€ST 1s Covvectly
designed, X, )Xo, - Xy will be
mdeptndtnt we say X )Xo o Xy, IS
G vandom samplt fvom 0on

CpontnTial distrvibution wiTh
POramtTer.

Once 6gaim wet hove 0 foymal
mathematica] dcfinihon. Tht samplt
spacc § of Tht xptrimtnT 1S NOW
the ser of all n=Tuplts (X, X, .. %Xn)
of positive real numpers, the possible
bvecak-down Times for Tht n-CoMmMpuitr.
fo bt tested. S is o prokapihTy
space (bur not discrert). we dcfine



e vandom  Vaviales |0
~» ¢ funcnons on \

as before -

X{ (*,).-,)Xn) = X,

Third Moﬂvaﬂmg Examplt

Our Third moTivating ¢cxamplt

will be tht txptrimtnt of "ChOOSl‘hg
n random numpers from tht
inttrval [0, 1] we have sttn That
0 good modtl for "choosing @&
random numbrer from [0, 1] Y is tht
uniform distribumion (J(o,1).
PvcciStIy wt ITT

| X: ( vamdom numbcrm [O I]
Then Plas)s b)
(assummq D<0s b<l)



/ “.‘:* |
,\‘,.__‘——10 ——
P(Xisin htre) =b-a

We cn  repeat Tht Optrimtnt n
Fimes. aftey we actually per form
tht Cxptrimept n TIimt§, we 0 bt AN

ndtfinite NUMbBbTrS ¥,,%z, .. Xn 0
[o,17]

1

| MOKEm'cfS
__Choy S
[O)ﬂ 7 ¥y X2y Xn

Btfure we make tht Choices we have
vamblrs X,)X'z)...)Xn representing
ft Fivst sccond,..., h-th choict
Schemancally  we have

[O)\] - —— 77 \())XZ)"')XV)




wenote that X %, Xy, an

hove U (0,)) - distvibution and
arc all indeptndtnT. Wc SaY
L Yz)_,,) XV, s a vandom Samplt
from (J(0y1).
Once again wt have ht formaol
mathemaotical dtfintiion

5= {(X,)Xz)..,))(n): X € [0)']}

Kio §— [o)1] wntre

| X{ (XUXZ)"')XH):X; =" I-th choice”
So X s a U(0,1)-random variablc

Hopefully we have, mot voted:

Definition (pg. 208)
A vondom SomplT OFf SiZC N s o
SCQUENCE Xy Xo, .y Xy of vandom




VoK albltsS Suth That /3

(DX, Xy, o) Xy are independent
AND

L, Ko, s Kn all have the same
probabi Ty distvipution.

Tht common probabl'lrry disTVibution
will be calltd tht "undtriying
distribunon — it is the ont we arc
Sampling from.

Def

A statistic iS G vandom vaviablt fhat
is o funcrion C(ic combmaﬂon) 0f

XI/) XZ)"')XW' | |

e following storistics will be Very
important fo us. _ /
() The samplt Toral T, defintd by

TO:X'—I'XZf.H‘\‘Xn






