Math 241, Spring 14
Practice Problems for Exam 3

(a) Let R denote the region of points (x,y) € R? such that 0 <y < 4 — x?. Find the integral / x> +y)dA.

(
(xy)eR

(b) Change the order of integration in the following double integral:

2 4
/ F(x,y)dydx = / / F(x,y)dxdy
x=0 Jy=x2 y=...Jx=...

2. Let R denote the region of points (x,y) € R? satisfying x* +y* <2 and x > 1.

(a) Rewrite the following integral in polar coordinates:

I://(x,y)ERF(x,y)dA:/:m/r:mF(...,...)...

(b) Evaluate the integral from (a) for F(x,y) = x . Hint: % (tant) = 1/ cos?t.

(c) Find the center of mass (,y) of the region R, assuming density 1.

3. Let D denote the tetrahedron with the vertices (0,0,0), (1,0,0), (0,2,0), (0,0,3).

(a) Find / / / xdV
(x,y,2)€D

(b) Find the center of mass (X,7,7) of the region D, assuming density 1.
4. Let D denote the region of points (x,y,z) € R? satisfying x* +y* +z> < 2 and z > \/x2 +y2.

(a) Find the volume of D using cylindrical coordinates.

(b) Find the volume of D using spherical coordinates.
5. Let R denote the region of points (x,y) € R? satisfying 2x~! <y <3x ! and (1 —x)"! <y <2(1—x)"!'. Find the

integral / / y?dA. Hint: Use the variables u = xy and v = (1 —x)y.
(xy)ER

6. Consider the cylindrical surface S consisting of points (x,y,z) € R? satisfying x> 47> = 4.

(a) Let S be the part of S with —4 <y < 4. Find a parametrization of S| and use it to compute the surface area.

(b) Let S, be the part of S with 0 < z <y and y < 4. Find a parametrization of S, and use it to compute the surface
area.

Solutions see next page



Solutions

1.
(@) 4-2?>0=-2<x<2s0R={(x,y) | 2<x<2,0<y<4-x?}
2 4—x2
I =/ / f(x,y)dydx
x=—-2Jy=0
4—x? 1 4-x 1
inner integral: A(x) = / (x* +y)dy = [xzy + yz} =8——x*
y= 2 y=0 2
2 1 5517 128
outer integral: [ = / — —xMdx = |8x—ZX° = —
x= 2 x=-2 5
(b) R={(x,y)|0<x<2,x*<y<4}. Smallest y-value: y = 0 (for x = 0), largest y-value: y =4,
for given y € [0,4] find all y such that (x,y) € R: must have 0 < x and x> < y, hence
2 4 4
/ / F(x,y)dydx =/ / F(x,y)dxdy
x=0 Jy=x2 y=0 Jx=0
2.
(a) bounds for 8: x =rcos@ > 1, r < /2 imply cos® > 1/V2 <= 0 € [-x/4,7/4]
x=rcos®>1 <= r>1/cos@, bounds for r: 1/cos@ < r <2
2
1= / / F(rcos0,rsin0)rdrd0
=—n/4Jr=1/cos6
/4 V2 2
(b) M, = /_ / rcosOrdrdo, f‘g/coserzcosedr:cose (37 ]1/@059 2\[0039— 1(cos )2
—n/4 1/cos@
/4
M, = [ ﬂsme—ftane} :%
0=—m/4
V2 e V2
(c) mass M = / / rdrd0 = - —1, M, = / / rsinOrdrd0 = 0 since integrand is anti-
=—m/4 1/cos6 2 =—r/4 1/cos6
symmetric with respect to 6. Hence center of mass is ¥ = M; /M = %/ (5-1),y=M/M=0.
3.
2-2x 3-3x—(3/2)y 1
(a) M, = / / / xdzdydx = —
x=0Jy 7= 4
b) mass M — 2—2x 3 3x (S/Z)yldzd di=1.M 3 3x (3/2)y dzd dx: 2 2x 3 3x (3/2)yZ‘
(b) Jio Jio vdx=1,Mr= [, ydzdy 0
i,centerofmass x—Ml/M ,y':Mz/M:%,Z 3/M—f
4.

2 1 V2—r2
(a) V= / / rdzdrd = gn (\fz— 1)

(b) V = /;/4 P sm¢dpd¢d9_§7r(\f2—1)

5. Solvexy=wand (1 —x)y=vforx,y: y=u+v,x=u/(u+v)
Find Jacobian determinant:

2 dy v
det 3%’ 3% — det | V™ 1 1
8%7 &i (utv)?’ 1 Uty
// y 2dA = / / u+ v dvdu =
(xy)e u=2Jy=1 u+



(a) parametrization: x =2cosu,y =v,z=2sinu, 0 <u <2m, —4 <v <4
r, xr, = (—2sinu,0,2cosu) x (0,1,0) = (—2cosu,0,—2sinu), ||r, X r,|| =2

2n 4
/ / 2dvdu =32rm
u=0Jv=—4

(b) parametrization: x = 2cosu, y=v, z=2sinu, 0 <u < 7, 2sinu <v <4

T 4
/ / 2dvdu=8(m—1)
u=0 Jv=2sinu



