2nd order linear ODE with constant coefficients

The ODE

y" +ary'(t) + aoy(t) = g(t)

is called homogeneous if g(t) = 0, otherwise inhomogeneous. With | D := — | we can write this as

(D*+a1D+ap)y=g
Note that the operator L := (D? 4+ a1 D + ag) is linear: we have for a functions u,v and ¢ € R:

L(cu) = cLu, L(u+v) = Lu+ Lv

Solving a homogeneous 2nd order linear ODE with constant coefficients

Example: Consider the initial value problem
y'+3y +2y=0 (1)
y(0) =0, ¥'(0)=1yp

with given values yo, y.

We try to find a solution of the form |y(¢) = €™ |: Plugging this in gives

(D? +3D +2)e™ = (r? +3r +2)e" =0

Since e # 0 we must have

rP+3r+2=0
The quadratic formula gives two solutions:
-3+v/9-38
r=-—-———, 7"1:—1, 7“2:—2
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Hence we get two solutions of the ODE (1)

Yi(t) =e ", Ya(t) = e 2

Note that also cje™* and cze™? are solutions of (D? + 3D + 2)y = 0, and so is

y() = eaYi(t) + e2Ya(t)| (2)

for any c1,co € R. Here

y(t) = cre™" + coe ™

Y (t) = —cre”t — 2cpe™?

For the initial value problem y(0) = yo, ¥'(0) = y, we plug in ¢t = 0 and get

y(0) =c1+c2=1yo
Y (0) = —c1 — 2co = ¥,
This is a linear system of two equations for two unknown values ¢, co. We can eliminate ¢; by adding the two
equations:
—ca = Yo + Yo
which gives ¢o. Then we can find ¢; from the first equation ¢; = yo — co.

Result: For any initial conditions y(0) = yo, ¥'(0) = y{, we obtain a solution y(t) = ¢1Y1(t) + c2Y2(t). We have
uniqueness for the solution of the initial value problem. Hence the general solution of the homogeneous
ODE Ly =0 is given by (2).



Solving an inhomogeneous 2nd order linear ODE with constant coefficients

Example: Consider the initial value problem from the previous class

'+ 3y 2=t (3)
y(0) =2, ¢(0)=-1 (4)

We first want to find some function Y (t) satisfying LY = g (“particular solution”).
Here the right-hand side function g(t) is a polynomial g(t) = ¢g + c1t.
If we apply the operator L = D?+3D+2 to a polynomial Y (t) = Co+C1t we get again a polynomial LY = cq+cit:

(D* 43D +2)Y =Y" +3Y’ +2Y =0+ 3C; + 2(Cp + C1t) = (2Cy + 3Cy) + 2C;t

We want to have LY = g =0+ 1-t, so we need to find Cp, C; satisfying

2C)+3C1 =0
201 =1
The second equation gives C; = %, then the first equation gives Cy = —%Cl = —%. This gives the particular

solution
YV(t)=-3+1t

satisfying LY = g.
Now assume that y(t) is any function satisfying Ly = g. Taking the difference of the last two equations gives

Ly -Y) =0,

i.e., the function u(t) = y(t) — Y (¢) satisfies the homogeneous ODE Lu = 0. But any solution of the homogeneous
ODE must have the form
’U,(t) =c1Y] (t) + CQYQ(t)

yielding the general solution of the inhomogeneous problem:

Y1) = Y1) + i () + e2Ya (1) ]

For the ODE (3) we get the general solution

yt) = (=3 +3t)+ere ! + o

y'(t) = % —cret —2c0e7 %

For the initial value problem y(0) = 2, 4/(0) = —1 we plug in ¢ = 0 and get

y(O):—%—FCl—FCQ:Q
y'(O):%—cl—QcQ:—l

yielding the linear system
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c1+c=4
—c1 — 2c3 = —%
Adding the two equations gives —cy = % = g = —% Now the first equation gives ¢; = % — cg = 4. Hence the

solution of the initial value problem (3), (4) is

y(t) = (=3 + 3t) +4e™" = Je*



