
Finding a particular solution using “variation of parameters”

We consider an inhomogeneous linear ODE.

We first consider the the case of order 2:

𝑦′′+ 𝑎1(𝑡)𝑦′+ 𝑎0(𝑡)𝑦︸                    ︷︷                    ︸
𝐿𝑦

= 𝑓 (𝑡)

Here the functions 𝑎1(𝑡), 𝑎0(𝑡), 𝑓 (𝑡) are continuous for 𝑡 ∈ (𝑎, 𝑏).
We want to find a function 𝑌 (𝑡) with 𝐿𝑌 = 𝑓 .

We assume that we have a fundamental set of solutions 𝑌1(𝑡),𝑌2(𝑡). This means that the matrix

𝐴(𝑡) =
[
𝑌1(𝑡) 𝑌2(𝑡)
𝑌 ′

1 (𝑡) 𝑌 ′
2 (𝑡)

]
is nonsingular for all 𝑡 ∈ (𝑎, 𝑏).
The general solution of the homogeneous ODE 𝐿𝑦 = 0 is given by

𝑦(𝑡) = 𝑐1𝑌1(𝑡) + 𝑐2𝑌2(𝑡)

The key idea is to replace the constants 𝑐1, 𝑐2 with functions 𝑢1(𝑡), 𝑢2(𝑡): We try to construct a particular solution 𝑌 (𝑡) of
the form

𝑌 (𝑡) = 𝑢1(𝑡)𝑌1(𝑡) +𝑢2(𝑡)𝑌2(𝑡) (1)

We need to find two functions 𝑢1(𝑡), 𝑢2(𝑡), so we need to specify two conditions. One condition is obviously 𝐿𝑌 = 𝑓 . For
the second condition we pick

𝑢′1𝑌1 +𝑢′2𝑌2 = 0

since this will make our life easier when taking derivatives:

𝑌 ′ = 𝑢1𝑌
′
1 +𝑢2𝑌

′
2 + (𝑢′1𝑌1 +𝑢′2𝑌2)︸          ︷︷          ︸

!
= 0

(2)

𝑌 ′′ = 𝑢1𝑌
′′
1 +𝑢2𝑌

′′
2 + (𝑢′1𝑌

′
1 +𝑢

′
2𝑌

′
2)

yielding

𝐿𝑌 = 𝑢1 𝐿𝑌1︸︷︷︸
0

+𝑢2 𝐿𝑌2︸︷︷︸
0

+(𝑢′1𝑌
′
1 +𝑢

′
2𝑌

′
2)

!
= 𝑓

This means that we have to find functions 𝑢1(𝑡), 𝑢2(𝑡) satisfying[
𝑌1(𝑡) 𝑌2(𝑡)
𝑌 ′

1 (𝑡) 𝑌 ′
2 (𝑡)

]
︸               ︷︷               ︸

𝐴(𝑡)

[
𝑢′1(𝑡)
𝑢′2(𝑡)

]
=

[
0
𝑓 (𝑡)

]

Recall that the matrix 𝐴(𝑡) is nonsingular for all 𝑡 ∈ (𝑎, 𝑏). Let ®𝑣(𝑡) denote the solution of the linear system 𝐴(𝑡)®𝑣(𝑡) =
[

0
1

]
.

Then [
𝑢′1(𝑡)
𝑢′2(𝑡)

]
= ®𝑣(𝑡) 𝑓 (𝑡)

Note that
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[
𝑌1 𝑌2
𝑌 ′

1 𝑌 ′
2

]
︸        ︷︷        ︸

𝐴

[
−𝑌2
𝑌1

]
=

[
0

𝑌1𝑌
′
2 −𝑌

′
1𝑌2︸       ︷︷       ︸

det 𝐴

]
, hence ®𝑣 = 1

det 𝐴

[
−𝑌2
𝑌1

]

We obtain

𝑢 𝑗 (𝑡) =
∫

𝑣 𝑗 (𝑡) 𝑓 (𝑡)𝑑𝑡 (any antiderivative works)

𝑌 (𝑡) = 𝑢1(𝑡)𝑌1(𝑡) +𝑢2(𝑡)𝑌2(𝑡)

Example: 𝑦′′+ 𝑦 = 1
sin 𝑡

for 𝑡 ∈ (0, 𝜋)
We have 𝑝(𝑟) = 𝑟2 +1 with the roots 𝑟1 = 𝑖, 𝑟2 = −𝑖, hence 𝑌1(𝑡) = cos 𝑡, 𝑌2(𝑡) = sin(𝑡) and

𝐴(𝑡) =
[
𝑌1 𝑌2
𝑌 ′

1 𝑌 ′
2

]
=

[
cos 𝑡 sin 𝑡
−sin 𝑡 cos 𝑡

]
, det 𝐴(𝑡) = cos2 𝑡 + sin2 𝑡 = 1, ®𝑣(𝑡) = 1

det 𝐴

[
−𝑌2
𝑌1

]
=

[
−sin 𝑡
cos 𝑡

]
We obtain

𝑢′1(𝑡) = −sin 𝑡 · 1
sin 𝑡

= −1, 𝑢1(𝑡) = −𝑡

𝑢′2(𝑡) = cos 𝑡 · 1
sin 𝑡

, 𝑢2(𝑡) = ln(sin 𝑡)

𝑌 (𝑡) = 𝑢1(𝑡)𝑌1(𝑡) +𝑢2(𝑡)𝑌2(𝑡) = −𝑡 · cos 𝑡 + sin 𝑡 · ln(sin 𝑡)

Integrating from 𝑡0 to 𝑡

Define

𝑢 𝑗 (𝑡) =
∫ 𝑡

𝑡0

𝑣 𝑗 (𝑠) 𝑓 (𝑠)𝑑𝑡, 𝑗 = 1,2

then 𝑢 𝑗 (𝑡0) = 0 and (1), (2) show that the particular solution 𝑌 (𝑡) satisfies the initial conditions

𝑌 (𝑡0) = 0, 𝑌 ′(𝑡0) = 0

Green function 𝐺 (𝑡, 𝑠)

Define the Green function

𝐺 (𝑡, 𝑠) = 𝑌1(𝑡)𝑣1(𝑠) +𝑌2(𝑡)𝑣2(𝑠)

then the particular solution is given by

𝑌 (𝑡) =
∫ 𝑡

𝑡0

𝐺 (𝑡, 𝑠) 𝑓 (𝑠)𝑑𝑠 (3)

Consider a fixed value of 𝑠. Then the function �̃�(𝑡) = 𝐺 (𝑡, 𝑠) is a solution of the homogeneous ODE 𝐿�̃� = 0 satisfying the
following initial conditions at time 𝑠[

�̃�(𝑠)
�̃�′(𝑠)

]
=

[
𝑌1(𝑠) 𝑌2(𝑠)
𝑌 ′

1 (𝑠) 𝑌 ′
2 (𝑠)

]
︸                ︷︷                ︸

𝐴(𝑠)

[
𝑣1(𝑠)
𝑣2(𝑠)

]
=

[
0
1

]

The last equality is the definition of ®𝑣(𝑠).
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Case of constant coefficients

Assume 𝐿𝑦 = 𝑦′′+ 𝑎1𝑦
′+ 𝑎0𝑦 with constants 𝑎0, 𝑎1. Consider the initial value problem

𝐿𝑦 = 0,
[

𝑦(0)
𝑦′(0)

]
=

[
0
1

]
We solve the linear system 𝐴(0) ®𝑐 =

[
0
1

]
and get the solution

𝑔(𝑡) = 𝑐1𝑌1(𝑡) + 𝑐2𝑌2(𝑡)

For a fixed value of 𝑠 consider the function �̃�(𝑡) = 𝑔(𝑡 − 𝑠). This solves the initial value problem

𝐿�̃� = 0,
[

�̃�(0)
�̃�′(0)

]
=

[
0
1

]
This is the same initial value problem which 𝐺 (𝑡, 𝑠) satisfies. Hence we must have 𝐺 (𝑡, 𝑠) = 𝑔(𝑡 − 𝑠) and the formula for
the particular solution becomes

𝑌 (𝑡) =
∫ 𝑡

𝑡0

𝑔(𝑡 − 𝑠) 𝑓 (𝑠)𝑑𝑠
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“Variation of parameters” for higher order ODEs

Everything works for a linear ODE of arbitrary order. E.g., for a linear ODE of order 3 we have

𝑦′′′+ 𝑎2(𝑡)𝑦′′+ 𝑎1(𝑡)𝑦′+ 𝑎0(𝑡)𝑦 = 𝑓 (𝑡)

We assume that we have a fundamental set of solutions 𝑌1(𝑡),𝑌2(𝑡),𝑌3(𝑡). This means that the matrix

𝐴(𝑡) =

𝑌1(𝑡) 𝑌2(𝑡) 𝑌3(𝑡)
𝑌 ′

1 (𝑡) 𝑌 ′
2 (𝑡) 𝑌 ′

3 (𝑡)
𝑌 ′′

1 (𝑡) 𝑌 ′′
2 (𝑡) 𝑌 ′′

3 (𝑡)


is nonsingular for all 𝑡 ∈ (𝑎, 𝑏).
The general solution of the homogeneous ODE 𝐿𝑦 = 0 is given by

𝑦(𝑡) = 𝑐1𝑌1(𝑡) + 𝑐2𝑌2(𝑡) + 𝑐3𝑌3(𝑡)

The key idea is to replace the constants 𝑐1, 𝑐2, 𝑐3 with functions 𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡): We try to construct a particular solution
𝑌 (𝑡) of the form

𝑌 (𝑡) = 𝑢1(𝑡)𝑌1(𝑡) +𝑢2(𝑡)𝑌2(𝑡) +𝑢3(𝑡)𝑌3(𝑡) (4)

We need to find three functions 𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡), so we need to specify three conditions. One condition is obviously
𝐿𝑌 = 𝑓 . For the other two conditions we pick

𝑢′1𝑌1 +𝑢′2𝑌2 +𝑢′3𝑌3 = 0
𝑢′1𝑌

′
1 +𝑢

′
2𝑌

′
2 +𝑢

′
3𝑌

′
3 = 0

since this will make our life easier when taking derivatives:

𝑌 ′ = 𝑢1𝑌
′
1 +𝑢2𝑌

′
2 +𝑢3𝑌

′
3 + (𝑢′1𝑌1 +𝑢′2𝑌2 +𝑢′3𝑌3)︸                   ︷︷                   ︸

!
= 0

(5)

𝑌 ′′ = 𝑢1𝑌
′′
1 +𝑢2𝑌

′′
2 +𝑢3𝑌

′′
3 + (𝑢′1𝑌

′
1 +𝑢

′
2𝑌

′
2 +𝑢

′
3𝑌

′
3)︸                    ︷︷                    ︸

!
= 0

(6)

𝑌 ′′′ = 𝑢1𝑌
′′′
1 +𝑢2𝑌

′′′
2 +𝑢3𝑌

′′′
3 + (𝑢′1𝑌

′′
1 +𝑢′2𝑌

′′
2 +𝑢′3𝑌

′′
3 )

yielding

𝐿𝑌 = 𝑢1 𝐿𝑌1︸︷︷︸
0

+𝑢2 𝐿𝑌2︸︷︷︸
0

+𝑢3 𝐿𝑌3︸︷︷︸
0

+(𝑢′1𝑌
′′
1 +𝑢′2𝑌

′′
2 +𝑢3𝑌

′′
3 ) !

= 𝑓

This means that we have to find functions 𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡) satisfying
𝑌1(𝑡) 𝑌2(𝑡) 𝑌3(𝑡)
𝑌 ′

1 (𝑡) 𝑌 ′
2 (𝑡) 𝑌 ′

3 (𝑡)
𝑌 ′′

1 (𝑡) 𝑌 ′′
2 (𝑡) 𝑌 ′′

3 (𝑡)

︸                            ︷︷                            ︸
𝐴(𝑡)


𝑢′1(𝑡)
𝑢′2(𝑡)
𝑢′3(𝑡)

 =


0
0
𝑓 (𝑡)


Recall that the matrix 𝐴(𝑡) is nonsingular for all 𝑡 ∈ (𝑎, 𝑏). Let ®𝑣(𝑡) denote the solution of the linear system 𝐴(𝑡)®𝑣(𝑡) =


0
0
1

 .

Then 
𝑢′1(𝑡)
𝑢′2(𝑡)
𝑢′3(𝑡)

 = ®𝑣(𝑡) 𝑓 (𝑡)

We obtain

𝑢 𝑗 (𝑡) =
∫

𝑣 𝑗 (𝑡) 𝑓 (𝑡)𝑑𝑡

𝑌 (𝑡) = 𝑢1(𝑡)𝑌1(𝑡) +𝑢2(𝑡)𝑌2(𝑡) +𝑢3(𝑡)𝑌3(𝑡)
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Integrating from 𝑡0 to 𝑡

Define

𝑢 𝑗 (𝑡) =
∫ 𝑡

𝑡0

𝑣 𝑗 (𝑠) 𝑓 (𝑠)𝑑𝑡, 𝑗 = 1,2,3

then 𝑢 𝑗 (𝑡0) = 0 and (4), (5), (6) give

𝑌 (𝑡0) = 0, 𝑌 ′(𝑡0) = 0, 𝑌 ′′(𝑡0) = 0

Green function 𝐺 (𝑡, 𝑠)

Define

𝐺 (𝑡, 𝑠) = 𝑌1(𝑡)𝑣1(𝑠) +𝑌2(𝑡)𝑣2(𝑠) +𝑌3(𝑡)𝑣3(𝑠)

then

𝑌 (𝑡) =
∫ 𝑡

𝑡0

𝐺 (𝑡, 𝑠) 𝑓 (𝑠)𝑑𝑠

Consider a fixed value of 𝑠. Then the function �̃�(𝑡) = 𝐺 (𝑡, 𝑠) is a solution of the homogeneous ODE 𝐿�̃� = 0 satisfying the
following initial conditions at time 𝑠

�̃�(𝑠)
�̃�′(𝑠)
�̃�′′(𝑠)

 =

𝑌1(𝑠) 𝑌2(𝑠) 𝑌3(𝑠)
𝑌 ′

1 (𝑠) 𝑌 ′
2 (𝑠) 𝑌 ′

3 (𝑠)
𝑌 ′′

1 (𝑠) 𝑌 ′′
2 (𝑠) 𝑌 ′′

3 (𝑠)

︸                             ︷︷                             ︸
𝐴(𝑠)


𝑣1(𝑠)
𝑣2(𝑠)
𝑣3(𝑠)

 =


0
0
1


The last equality is the definition of ®𝑣(𝑠).

Case of constant coefficients

Assume 𝐿𝑦 = 𝑦′′+ 𝑎2𝑦
′′+ 𝑎1𝑦

′+ 𝑎0𝑦 with constants 𝑎0, 𝑎1, 𝑎2. Consider the initial value problem

𝐿𝑦 = 0,


𝑦(0)
𝑦′(0)
𝑦′′(0)

 =


0
0
1


We solve the linear system 𝐴(0) ®𝑐 =


0
0
1

 and get the solution

𝑔(𝑡) = 𝑐1𝑌1(𝑡) + 𝑐2𝑌2(𝑡) + 𝑐3𝑌3(𝑡)

For a fixed value of 𝑠 consider the function �̃�(𝑡) = 𝑔(𝑡 − 𝑠). This solves the initial value problem

𝐿�̃� = 0,


�̃�(0)
�̃�′(0)
�̃�′′(0)

 =


0
0
1


This is the same initial value problem which 𝐺 (𝑡, 𝑠) satisfies. Hence we must have 𝐺 (𝑡, 𝑠) = 𝑔(𝑡 − 𝑠) and the formula for
the particular solution becomes

𝑌 (𝑡) =
∫ 𝑡

𝑡0

𝑔(𝑡 − 𝑠) 𝑓 (𝑠)𝑑𝑠
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