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For a simple, simply connected, complex group GG, we prove an explict formula to compute the Atiyah class of
parabolic determinant of cohomology line bundle on the moduli space of parabolic G-bundles. This generalizes an
earlier result of Beilinson-Schechtman.

1 Introduction

Lie algebroids play an important role in the geometry of sheaves on manifolds. For the case of Atiyah algebras
associated to principal bundles, the Atiyah exact sequence packages the information of connections, and more
generally twisted differential operators, on the bundle. Of particular interest are Atiyah algebras associated to
line bundles on moduli spaces of bundles on curves. These are almost always constructed via descent from a
bigger parameter space. A fundamental question is therefore how to relate the behavior of Atiyah algebras of
these natural line bundles to infinitesimal joint deformations of the moduli spaces under this correspondence.

This question was addressed in the fundamental work of Beilinson-Schechtman Beilinson and Schechtman
[1988]. In the context of relative moduli stacks of vector bundles over families of smooth projective curves, the
main result of Beilinson and Schechtman [1988] describes the Atiyah algebra of the determinant of cohomology
in terms of a direct image of a trace complex constructed from the Atiyah algebra of the universal bundle.
This construction is closely related to the “localization functor” Beilinson and Bernstein [1993], Beilinson and
Drinfeld [1988].

In Ginzburg [1995], Ginzburg gave an alternative construction that is more amenable to the case of principal
bundles. This is based on a general correspondence between quasi-Lie algebras and certain differential graded
Lie algebras. Applied to the moduli problem, this time for principal bundles, it can be seen from work of Bloch-
Esnault Bloch and Esnault [2002] that the direct image of the dgla constructed by Ginzburg also computes the
Atiyah algebra of the determinant of cohomology.

The main goal of this paper is to extend these constructions to the case of moduli stacks of principal bundles
with parabolic structures. In order to state the result, let us introduce some notation. Let € — S be a versal
family of smooth projective curves with n marked points py, - -+, p,. Fix a simple, simply connected complex
algebraic group GG with Lie algebra g. Choose parabolic subgroups Pj, ---, P, of G and associated weights
a = (aq, -, an). Let MZ"™ = MZ"°(C/S) — S be the relative moduli space (over S) of regularly stable
parabolic G-bundles. On € x g M5™"® there exists local universal bundles P. Let ”“TGEXSMS,NWS(‘P) denote
the relative Ginzburg complex associated to P. These local complexes glue together to give a global complex on
€ xg M2 (even though the global P does not exist).

On the other hand, we consider the sheaf of strongly parabolic relative Atiyah algebras
PO Aty METS T (P) defined via the parabolic orbifold correspondence satisfying the short exact sequence

0— SPaI‘(T) — spar AteXSMS,TS/Mg,rs (:P) — TGXSMS,TS/MS,TS(—D) — 07

where SPar(P) is the sheaf of strongly parabolic endomorphisms and D is the divisor of marked points. Now
consider the sheaf of quasi Lie algebras *P*"Ate, . METS M (P) obtained as the pull back of the following
sequence

0 — QGXSMS')AS/MS'TS — (SpaTAteXSMg’TS/Mg‘TS (?)(D))v — (SPar((P)(D))V — 0,
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via the isomorphism of sheaf of parabolic endomorphisms Par(P) = (SPar(P)(D))Y. Moreover by construction
RIW*SW”A‘L@XSMS,7~S/Mg,rs (P) is a sheaf of relative Atiyah algebras on Mg, where w: € xg M2 — MS"™
is the projection. We first show that

Rl”*(parggzstg“,ms(?)) o~ le*(P“TGEiSNg,M/Mg,N (P)) ~ le(Spa’"AteXsMg,TS/Mg,r-e(iP))

We refere the reader to Sections 3, 4 for more details. Finally we related it to relative Atiyah algebras of
parabolic determinant of cohomologies.
Given a nontrivial holomorphic embedding ¢ : G — SL,., there is an associated determinant of cohomol-
ogy line bundle £y — Mg"". Let Atpars)g(Ly) denote the relative Atiyah algebra of L. Then the main
result of this paper is the following.

Theorem 1.1. On MZ"* there is a natural isomorphism of Atiyah algebras

1 _
— Aty s(Lg) ~ R'm (P S

o,rs a,rs
Mg CxsMg /MG

(P)) = R'ma (7 Rty arzre sz v (P)),

where mgy is the Dynkin index of the associated homomorphism ¢, : g — sl given by the ration of the
normalized Killing forms. 0

In a recent paper Baier et al. [2020] the result of Beilinson-Schechtman was used in an integral way to
give an algebraic proof of the existence of a flat projective connection (a Hitchin connection) on the bundle of
generalized theta functions for vector bundles on families of curves. One of the main motivations of the present
paper was to apply Theorem 1.1 in the same way to obtain a Hitchin connection for theta functions associated
to parabolic G-bundles. This is carried out in Biswas et al. [2022].

2 Quasi-Lie algebras and extensions of Atiyah algebras

2.1 Basic definitions

In this section, we recall a correspondence stated in Ginzburg Ginzburg [1995] between quasi-Lie algebras
and their associated differential graded Lie algebras. We also recall from Beilinson-Schechtman Beilinson and
Schechtman [1988] a natural classes of Atiyah algebras associated to a family of curves.

2.1.1  Quasi-Lie algebras

First we recall the definition of a quasi-Lie algebra. Let g be a vector space equipped with a skew-symmetric
bilinear map

[, ]:gxg — 3
Let Z C g be a linear subspace.
Definition 2.1. A triple (g, Z, [, ]) as above is called a quasi-Lie algebra if the following holds:

1. the subspace Z is central with respect to [, ], and
2. the bracket [, | descends to give a Lie algebra structure on g/Z.

O

We will see that in the setting of Atiyah algebras, these quasi-Lie algebras arise naturally. Now recall the
notion of a differential graded Lie algebra (dgla).

Definition 2.2. A differential graded Lie algebra (dgla) is a vector space & := P, &’ together with a bilinear
map {6, &7} C G and a differential d : & — &' satisfying the following:

o {z,y} = (—1)‘z||y|+1{y, x}, where |z| = i for z € &7,
o d{z,y} = {dz, y} + (-1)l*{z, dy}.

O
A morphism of dglas is a graded linear map & — &’ that preserves the Lie bracket and commutes with
the differentials.

The following lemma of Ginzburg [Ginzburg, 1995, Lemma 7.7] gives a correspondence between quasi-Lie
algebras and a certain class of dglas.
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Lemma 2.3. Let (g, Z, [, ]) be a quasi-Lie algebra equipped with a symmetric Z-valued, Z-invariant bilinear
form (, ) : Sym?*g — Z such that the following hold:

o ([z,y], 2) + (y, [z, 2]) = 0, and

o [:E, [yv Z]] + [yv [Zv (EH + [Zv [xv y]] = d(([x, y]7 z)).
Then there exists a dgla & = 6236 ' ® G, where 8% :=g, 6! := 3, &2 := Z, the differential is
given by inclusion and quotient, and with the bracket given by the formula {z, y} = (z, y); and {z, dy} =
[z, y] + (z, y) for x, y € g. Conversely given a dgla as above satisfying {&2,d&~1} C kerd, there exists a
quasi-Lie algebra along with a symmetric Z-valued, Z-invariant bilinear form. O

2.1.2  Dglas associated to families of curves

Let m : X — T be a smooth morphism of relative dimension one parametrized by T’; the curves in this family
are not assumed to be proper. The relative holomorphic tangent bundle Tx 7 fits in the exact sequence of
O x-modules

0 — Txr — Tx A T 0.
Let Tx » C Tx denote the subsheaf drn =Y (7m='T7). Clearly the sheaf Tx, has the structure of Lie algebra with
Lie bracket coming from that on Tx and there is an exact sequence of Lie algebras

0 — Txr — Txn A g 0.
Consider the dgla given by T8 = @, T*, where T* is zero for i # {0, —1}, T~! := Tx,7 and T° := Ty .. This

dgla T® carries a natural action of 77107 and a map

€T — HYT?) = m1(Tp) 1)

s

given by dm. The relative de Rham complex Q;(/T = (Ox = wx/r) with V0 = Ox and V! := Qx/r is
naturally a dg-module V* := VO @ V! for T® which is compatible with the 71O action on both sides.

2.1.3  Atiyah algebras as R, of dglas

Let # : X — T be a family of curves as before. We discuss the notion of w-algebras following Beilinson-
Scechtman Beilinson and Schechtman [1988] which are quasi-isomorphic to extensions of a complex of Atiyah
algebras by the de Rham complex Q5% /T

Definition 2.4 ([Beilinson and Schechtman, 1988, § 1.2.1]). An Og-Lie algebra A® on X is a dgla together with
a 7 1O0g-module structure and a morphism €4 : A®* — T® that satisfies the condition [a, fb] = €4(a)(f)b+
fla,b], where €4 = €oey (see (1)). A m-algebra A® is an Og-Lie algebra together with a three term filtration

0=A; C A2, C A%, C A = A*
such that the following hold:
L [A7,AS] C A%, Os-Af C A7,

2. A%, ~ Q;(/S[Q] as Og-modules,
3. A*, /A%, is acyclic,
4. €q : A* — A*JA%, ~ T2, and
5. the ad action of A®/A*, on A%, coincides with the T2-action on Q% /[2].
O
By the above definition of a m-algebra, we get an exact sequence
0— Ay, — A®* — A*/A%, — 0. (2)

This will be called an 2-extension of A®/A®,. Now assume that the map = is proper. Suppose we are given any
m-algebra A® fitting in an exact sequence of complexes

0 — Q%/p[2] — A® — A*JAZ, — 0. (3)
Proposition 2.5 ([Beilinson and Schechtman, 1988, § 1.2.3]). The short exact sequence
0 — Op — R'MA* — Tp — 0

defines an Atiyah algebra on T O
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2.1.4  m-algebras associated to Atiyah algebras

Let m# : X — T be a family of curves that are not necessarily projective, and let A be an R-Atiyah algebra on
X. There is a natural 7-algebra associated to A. Consider the Op-Lie algebra A® defined by: At := e;{l‘TX/T

and A2 = e;ll‘J'XﬂT. There is a canonical surjective map €4 : A% — T% whose kernel is Coneidp .

Definition 2.6. A Q-extension #A® of (A, R) is a ) extension of A® together with an O x-module structure
on #A~! such that

e the Ox-action is compatible with the action on A_!, and
e the component [ ,]_1,_1 : #A T #A-T — #A72 = Oy is a differential operator along the fibers.

There is a commutative diagram

0

04)0)(

Observe that the {2x,r-extension is, by definition, a m-algebra, where the filtration #A*, is given by 0% /T[2].

Later will also need to vary T with respect to S and consider ‘J';) ¢ where degree —1 term is same as T
and the degree zero term is Tx r s := dr~ (77" (Tr/s)). In the relative set-up one similarly defines A% , g
by modifying the zero-th term to be A}?F, s = €4 Tx x5 The resulting pushforward Rm A% g s a relative
Atiyah algebra satisfying the fundamental exact sequence

0 Or = R'm (A% r.5) = Tr/s = 0

2.2 Principal bundles
2.2.1 The Ginzburg complex
We continue with the earlier notation. Let G be a complex simple Lie group with Lie algebra g. We will denote
by kg the normalized Cartan-Killing form on g and consider the corresponding isomorphism
vg g — g (5)

Let IT : P — X be a holomorphic principal G bundle; we use the convention that G acts on the right of
P. Automorphisms Aut(P)|y of P over U C X are by definition G-equivariant automorphisms of II=(U), i.e.
F : Ply — P|y satistying F(pg) = F(p)g for all g € G; we do not assume that Il o F = II. The group of
automorphisms Aut(P)|y is generated by the invariant vector fields

auty(P) == {Y € DA"Y(U), TP) | (Ry).Y =Y, V g € G}.

Then aut(P) defines a coherent sheaf of Ox-modules. We refer to the subsheaf Atx,r(P) C aut(P) that
projects by dII to Tx,r C TX as the relative Atiyah algebra of P. We have an exact sequence

We will explain the inclusion map on the left. Recall that a section of ad(P) is identified with a function
f: P — g satisfying f(pg) = Ad,-1 f(p). For Y € g, let Y denote the fundamental vector field on P
generated by Y. Then Y¥(pg) = (R,).(Ad, Y)*(p). The map ad(P) — aut(P) in (6) is f — Y, where
Y(p) = f(p)*. With this definition,

Y(pg) = (Adg-1 f(9))*(pg) = (Ry):(f(p))* = Y(p),

so Y is invariant and lies in aut(P) as the kernel of dII. The following will be important when we investigate
universal bundles.
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Remark 2.7. Let Z(G) denote the (finite) center of G, and let P := P/Z(G) the associated principal
bundle for the adjoint group G := G/Z(G). Then there are canonical isomorphisms ad(P) ~ ad(P) and

Dualizing (6) gives a quasi-Lie algebra structure on Atx 7 (P)Y:

Identify ad(P) with ad(P)" using v4 in (5), and denote Atx,r(P)" by gp. We have the following quasi-Lie
algebra

0 Qx/p Atx/r(P)Y —— ad(P)¥ —— 0
T o
0 Qx /7 gp ad(P)

As in Lemma 2.3, associated to gp is a dgla, Gé(/T(P% which we call the Ginzburg complez for P. Explicitly,

0 i#-2,-1,0

, Ox i=-2

7 P — -

e =1 T
ap 1 =0.

We will later consider a relative version of it where T varies.

2.2.2  The Bloch-FEsnault complex

Let & — X be a holomorphic vector bundle. Like the Ginzburg complex, the Bloch-Esnault complex B$, /T(E),
Bloch and Esnault [2002], is nonzero in degrees —2, —1, and 0, with B}?T(é') = Ox. To define the other terms, let

X ~ A C X xr X be the relative diagonal, and let Atx,7(€) denote the relative Atiyah algebra of X — T
Then BX/T(F,) = End(€). Set &' := € ® Qx/7, and define

~ EXE(A)
1 _
BX/T(S) ENEN(-A)
on X x1 X. Note that OXXTX(A)| = Txr. Then BX/T(E) is defined by pushing out with the trace:
0 EXE! EXE(A) EXE(A) 0
EXE(—A) EXE(—A) EXE

0 —— End(€) ® Qx/r — By}(€) —— End(€) —— 0

I+ i -

04>QX/T4>BX/T( ) —— End(€) —— 0.

Here tr denote the trace End(£) — Ox of endomorphisms.
We will actually need the traceless version By v 7.(€), where B i/T(ﬁ) = BX%T(E) while B xyr(€) is
defined by the inclusion map into the traceless relative Atiyah algebra and 'Ba (&) is defined by pulling back

the extension By /T(E) over the sheaf Endg(€) of traceless endomorphisms.

2.2.3 Associated bundles

For any simple Lie algebra g, recall v4 in (5).
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Lemma 2.8. Let ¢, : ¢ — s be a nonzero homomorphism of simple Lie algebras. Consider the linear map
¥ 1§ — g given by the following diagram:

-
o

\% \%

o (9)
g.

S

¢*5

g —

— 9
Vg

Je

Then 9 o ¢ = mgldg, where as mentioned in the Introduction, mg is the Dynkin index of ¢.. Moreover,
replacing 1 by ¢ := (md))’l%,

Proof. This follows form a direct calculation and the definition of Dynkin index. u

The following lemma is straightforward.

Lemma 2.9. Let ¢p = m%b(yg‘1 o ¢t ovs) be as in Lemma 2.8, and consider the map ¢ : g — s defined by

vitoyt oy

v t vt
©
Then ¢ = ﬁqﬁ*. O

Let ¢ : G — SL(V) be a nontrivial holomorphic representation and €, = P xg V the corresponding
vector bundle associated to a principal G-bundle II : P — X. Sections of €, are functions ¢ : P — V
satisfying the condition that o(pg) = ¢(g~1)o(p) for all ¢ € G. The adjoint bundle ad(P) = P xg g maps to
the traceless endomorphism bundle Endg(€,) using ¢, := d¢ : g — sl(V), and we shall use the same notation
¢ for this map ad(P) — End(E,). Notice that in this case, the map ¢ defined in Lemma 2.8 is G-equivariant,
and hence defines a homomorphism Endg(€,) — ad(P). A G-invariant vector field Y on P defines a differential
operator on sections by Y (o) (= do(Y)). Invariance of Y guarantees that Y (o) is again equivariant with respect
to ¢, and so defines a section of €. It is clear that the symbol of this operator is II.Y. Therefore, denoting the
relative Atiyah algebra of €4 — X by Atx,7(€y), we have constructed a map (cf. Atiyah [Atiyah, 1957, p.
188])

¢+ Atxyr(P) — Atx/r(€s). (11)
The following is a consequence of the above.

Proposition 2.10. For a principal G-bundle P — X, a representation ¢ : G — SL(V), and the associated
vector bundle €4 — X, there is a natural map ¢ : Atx,r(€y) — Atx/r(P) that makes the following
diagram commutative:

0*>ad( )—>AtX/T( )*)TX/T*)()

0—— Endo €¢)*> Atx/T €¢ )% rT_)(/T — 0 (12)
[

0 —— ad(P) —— AtX/T — ‘TX/T — 0.

Here ¢ : Endg(€4) — ad(P) is induced from the map 9 constructed in Lemma 2.8 and {E is the map obtained
by pushing out the exact sequence of Atx,r(Ey) via . O
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2.2.4  Relating the Ginzburg and Bloch-FEsnault complezxes

We now compare the Ginzburg complex for a principal bundle P with the Bloch-Esnault complex for the bundle
&, associated to P via a nontrivial representation ¢ : G — SL(V'). Identifying the endomorphism bundle
Endg(€,) with its dual using the trace homomorphism, consider the map

¢! : Endg(€4) = (Endo(€y))” — ad(P)Y .
Let K, = ker ¢!. The following is important for us.

Proposition 2.11. There is a lift of the inclusion Ky — End(E4):

B(Iﬂlx/T(Etb)
7 l (13)

Ky — Endo(Ey)

Proof. We begin by describing a general situation. Namely, for bundles &, F, we find a local lifting ®, of the
map
EXTF(A) N EXTF(A)
EXF(—A) ERTF
Choose local trivializations of X — T and coordinate neighborhoods U,, z, on a fixed fiber. We set
PaB = Za © zﬁ_l, o) @&ﬁ = dzo/dzp. The lift is defined by choosing a (holomorphic) connection V, on F*.
Given sections u and v of & and F* respectively on U, define on U, x U,

u(p) Kv(q)dza(q)
Za (p) — 2a ((])

~ Hom(F, €) — 0.

Po(u(g) @v(q)) = +u(p) ®¥Vav(g)  mod Ja. (14)

To show that this is well-defined, let f(p, ¢) € Ja. Multiplying on the right hand side, we have

f(p,q)dza(q) | Of
<Za(p)_za(q) + afq(p, q)) u(p) ®v(g) mod Ja. (15)

Since

F0.0) = 2L 0, p)ca@) — 20(p)  mod T,

dq
we see that (15) vanishes, and so (14) gives a well-defined lift. Set @%,5 = Vo — Vg and Oap = (¥05/¢05)d25-
Then #,3 € End(F*) ® Qx/r is a 1-cocycle representing the Atiyah class of 7, and ©.5 € Qx/7 is a cocycle
for the affine structure (cf. [Gunning, 1966, p. 164]).
Notice that

2a(p) = 2a(@) = Pap(25(P)) = Pap(25(q))
= Glapl5(0)) (25(0) — 25(0)) + 50a6(0))(25(0) — 25(a))? +

from which we have

dza(q)  _ _ dzp(q)
za(p) —2a(q)  zs(p) — 25(q)

The cocycle ®,3 = @, — P3 € Hom (Hom(&", &), Hom(F, &) ® QX/T) is then given by

1
— §@a5 mod jA.

1
Dop(u®v) = u® Hppv — §u®v®@aﬁ.

In the case of F = &, we may write simply

q)aﬁ : End(S) —_— End(E) ®QX/T B — B <.£Zfoé5 — %@a[} ~I> .
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The extension class for By 1(€) is then given by the trace of endomorphisms
tr@af; : Endo(S) — QX/T; ﬁ — tr(ﬁ%ag). (16)

since tr 8 = 0.

Finally, to complete the proof we must show that if € = €4, then tr ®,5 vanishes on Ky. When & = &y,
we may choose local holomorphic connections on P, so that @7, is in the image of ¢.. But Ky consists precisely
of endomorphisms that are orthogonal to these under the trace pairing. Thus, the proposition follows from the
expression in (16). u

It is shown in [Baier et al., 2020, Thm. B.2.6] that the exact sequence for Bj X/T(S) is dual to the
(traceless) Atiyah algebra sequence for € using the trace map. In the case of &4, we have the natural map
¢L : Atx;r(€y)Y — Atx/r(P)Y. Then, by Proposition 2.11 we have the following:

Corollary 2.12. Let P — X be a principal G-bundle, ¢ : G — SL(V) a holomorphic representation, and
€ — X the associated vector bundle. Then the degree —1 part of the Bloch-Esnault complex B;(}T(e(b) is
the pullback of the —1 part of the Ginzburg complex in the commutative diagram

0 QX/T Ba}c/T(ao) E— End0(€¢) — 0

H F yi

0 Qx/7 &3y (P) —— ad(P) — 0.

O

Consider the map J s Atx,r(€y) — Atx/r(P) obtained in Proposition 2.10 along with its dual {/;* :
Atx/7(P)Y — Atx,r(Ey). We summarize the above discussions in the following commutative diagram:

0 —— Qxyr —— S3hp(P) —— ad(P
o\ QX/T\ Aty (PN~ ad(P) ——0
\ \ |
me Id mdy Id 3 mqﬂ/) 7¢ milll (17)
0 X/T tX/T 8¢ *> End0(8¢) — 0
\ \ \ lfz/;(r)
0 QX/T OX/T(8¢) E— End0(8¢) — 0.

In (17), QAS is just the map obtained by composition in the middle column of (17). Observe that

- . _ . 1
Vs[(lr) omgyTovg = md’(yst(lr) oytovg) = m¢(m7¢¢) = ¢. (18)

Composing the maps that appear in the above diagram we get the following.

Proposition 2.13. The map ¢ : ad(P) — Endy(€,) extends to o GX/T( ) — B, }/T(S(b) which

restricts to multiplication by the Dynkin index mg on (2 x 7. Taking push-forward by R'7 yields the commutative
diagram

0 Or R'7 (63} (P)) —— R'm.(ad(P)) — 0

J’% Id J/qﬁ lﬂb (19)

0 —— Op — R'm.(By Y p(Eg) — R'm(Endg(€4)) — 0.
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2.2.5  The relative extension class

In this section we consider the special case where X — T is simply a product X = C xT. Let P — X be a
principal G-bundle such that the restriction of it to C' x {t} is regularly stable for every ¢. We wish to compute
the extension class of the top (and hence also the bottom) row of (19). Since we assume the curve is fixed, for
future reference we call this the relative extension class. To state the result, let M[® denote the moduli space of
regularly stable bundles on C'. Since this a coarse moduli space, there is a morphism ¢ : T" — M[®. By the
deformation theory of principal G-bundles there is a homomorphism 7 — R'r,(ad(P)). Via the Dolbeault
isomorphism, we have

(T, (R'm.(ad(P))") — H'(T.(I7)") ~ HJ\(T)

and so the extension class of (19) defines a class in H%’l(T ). On the other hand, there is another natural class
©*[0] € H%’l(T) due to Atiyah-Bott, which we define below. The result is then:

Theorem 2.14. Let X = C x T as above. The image of the extension class of (19) in H%’l(T) is exactly the
pullback ¢*[©] of the Atiyah-Bott-Narasimhan-Goldman form. O

We first define ©. Under the assumptions, the direct image R, (ad(P)) — T is locally free and its fiber
at t € T isomorphic to H*(C, ad(F%)), where P; = P|cxq4y- By Dolbeault isomorphism, this is isomorphic to
HZ' (O, ad(P,)).

Fix a maximal compact subgroup K C G. Let px be the Cartan involution of g that fixes Lie(K) and
acts on Lie(K)1 as multiplication by —1. The Narasimhan-Seshadri-Ramanathan theorem (Narasimhan and
Seshadri [1965], Ramanathan [1975]) asserts the existence of a C* reduction of structure group P} C P, of P,
to K, satisfying the condition that the associated Chern connection on P, is flat. The Chern connection defines
harmonic representatives H%1(C, ad(P;)) of the Dolbeault group Jf%’l((l ad(P;)). The Cartan involution pg
produces a conjugate linear involution p’ of ad(P;) ® T*C @ C that exchanges Q5%(ad(P;)) and Q%' (ad(P;))
and preserves the harmonic forms; this p’ is also called the Hodge * operator. Then a hermitian inner product
on H*Y(C, ad(P;)) is given by

(o, B) = VI /C (@A g (B))s:

where a and f are harmonic representatives. The almost complex structure on M/’ at ¢(t) is given by p'
on harmonic 1-forms. The tangent space to the space of flat K-connections at the point corresponding to the
Narasimhan-Seshadri-Ramanathan connection on P coincides with H!(C, ad(P%)), where ad(P}) is the local
system. We note that H*(C, ad(P})) is identified with Hg’l(C’7 ad(P)) by the map a — a —+/—1p(«). The
almost complex structure on H*(C, ad(P)) is given by p’. For a, b € H(C, ad(PY)), the Riemannian metric
is given by

(a, by = —/C(a/\>s<b)g = 2Re{a, B),

where a, 8 € Hg’l(C, ad(P)) correspond to a, b respectively. Finally, the Atiyah-Bott-Narasimhan-Goldman

symplectic form is given by ©(a, b) = 2Im (a, 8). It is closed and of type (1, 1), and so defines a class in
HYY(T).
]

Proof of Theorem 2.14. First, we note the following:

1. At(P)Y is the sheaf of invariant 1-forms on P, i.e., ¢ € T'(w~'(U), T*P) such that R}y = ¢ forallg € G.
2. ad(P)Y is the sheaf of maps P —» g* that are equivariant with respect to the co-adjoint action, i.e.,

f(pg) = f(p) o Ady.
3. The map j is defined explicitly by: j(¢)(p)(X) = @(Xg), for X € g. We have

(@) (9)(X) = 2(pg)(X},) = ¢(pg) ((Ry)(Ady X)E)
= Ryp((Ady X)) = j(p) 0 Ady(X)
consequently j(p) satisfies the correct invariance.

A relative holomorphic connection w on P gives a holomorphic splitting of (7). Explicitly, if ¢ is a local
section of ad(P)V, then define w(y) in At(P)Y, by w(p)(Y) = p(w(Y)). Notice that
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so this map is a splitting of the sequence in (7). Let MZ® denote the moduli space of holomorphic G-connections

on a fixed curve C. Let M(d;R’TS denote the open subset where the underlying bundle P is regularly stable.

Hence there is the forgetful map p : MéR’m — M/?, and this is a submersion. Therefore, we can find local
holomorphic sections. With this understood, let {a;} be a local holomorphic frame for the bundle R'x, (ad(P)")
over an open set U C T', and let {a}} be the dual frame. From the previous paragraph, after shrinking U, we
may find a holomorphic family of relatively flat connections w®! for the restriction of P to C' x U. Then a lift
of the identity endomorphism of Rlm,(ad(P)Y) to Rim.(At(P)Y) @ (R'm.(ad(P)V))Y is given by

sy = Zw;}"l(aj) ® aj.
J

For open subsets U, V, the difference oy = sy — sy is valued in Rl7.(Qc) ® (Rlm,(ad(P)*))*, and the
1-cocycle {oyv } represents the extension class.

We now shift to the Dolbeault picture. First, the identification R'm,(2¢) ~ C is given by integration along
the fiber C. Next, using the Killing form we identify ad P ~ (ad P)¥. Consider the map 7 — R'm,(adP);
then as discussed above the extension class defines via the Dolbeault isomorphism a d-closed (1, 1)-form on
T. Let Px C P be the reduction of structure group given by the Narasimhan-Seshadri-Ramanathan theorem.
The Chern connection on Pk extends to a connection w4 on P that restricts to a flat connection on each P;,
although w4 does not vary holomorphically in ¢t € T. We can write wi®! = w4 + By, where By is an invariant
g-valued relative 1-form on P that vanishes on vertical vector fields. Let by = > j Bl (o) ® aj. Then since wy
is globally defined, we have sy — sy = by — by. Hence, {by} gives a C* trivialization of the 1-cocycle {oyv }.
By definition, the Dolbeault representative of the extension class is therefore given by the global (0, 1)-form

{0by }. Now, since w{}"l is holomorphic, the extension class is represented by

Oy = *ZgwA(Oéj) ®OL;.

J

We calculate this form at a given point ¢ € U. Choose local holomorphic coordinates sq, - -+, sy centered
at the point [P;] in M[® corresponding to t. We may so arrange that the holomorphic sections a;(s1,--- ,sn) of

TMg’ in a neighborhood [FP] satisfy the condition ;(0) = 9/0s;. Thus, we have also af(0) = ds;. Each a;(s)
defines a Dolbeault class in H%!(C, ad Py), for which we use the same notation. Let ps(;(s)) be the hermitian
conjugate with respect to ps. With this notation, the Chern connection is given by

wa(s) = wa(0) + Y _ti(s)a(s) + Y _Ti(s)ps(as(s)) mod TYME

where ¢;(0) = 0, 0t;/0s;(0) = 6;; and 9t;/95;(0) = 0. We therefore have

wa(ag) = wa(0)(ax) + ij(p(aj)aak)
Fuwa(onr)(0) =Y (pley), on)ds;.

Recalling that H'(C, K¢) ~ C is gotten by integration over C' we have that 4 is the pullback of the form

Z/(p(aj),ak)dsk Nds; = iZ(ak,aj>dsk A ds;
c

and this is precisely the Atiyah-Bott-Narasimhan-Goldman symplectic form. n

3 Determinant of cohomology and Beilinson-Schechtman classes

In this section we reinterpret Theorem 2.14 in terms of the quasi-isomorphisms between the Bloch-Esnault
complex, the trace complex of Beilinson-Schechtman, and the Ginzburg complex. Finally we related all of these
to the Atiyah class of the determinant of coholomology line bundle.

3.1 Definitions

Recall the notation & := € @ Q7. The sheaf D=!(€) of first order differential operators on € can be identified

’
with %. There is an exact sequence of sheaves

ERE(D)  EREEA)  ERE(D)
EXel e el EXE(A)

— 0. (20)
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Similarly, we use another short exact sequence from Beilinson and Schechtman [1988]

ERE ERE(RA)  ERE(2A)
0= emea) ' eme(-A) eme (21)

Since we have Aty p(€) C DS ¥ /T( ), pulling back (21) we get a quasi-Lie algebra that fits into the following

short exact sequence:
A 1 Atxp(€) — 0. (22)

0 — End(E) ®QX/T — ”AX/T(S)
: End(€) — Ox we get that

Pushing it forward via the trace map tr

0 — QX/T — trAx/T(((:)
Recall that B X}T(S) = ;5857((, and define BO s /T(e) to be the trace free version. Now consider the
pushforwards of BX/T(E) and BO X/T(S) via tr, and denote them by BX/T(E) and B, X/T(S) respectively. The
 ERE(A) EXE(2A)
End®) = ZTge 7 Teme

natural inclusion map

fits the above objects into the following commutative diagram
Tt —— Atx/r(€) — 0

0 —— End( ®QX/T e tr\Ax/T(S)
0 —— End(€) ® Qx/p — BX/T — End ——0
— Endo —\— 0 (24)

0—— End(E) ®QX/T _— BO ;(/T

tr*
0O ——— QX/T/—> BO X/T /—> Endo —/— 0

O—>QX/T—>BX/T —>End ) —— 0.

3.2 Relative set-up
Now, consider the relative set-up. Therefore, we have a smooth scheme T over S with connected fibers, and

X — T is a family of connected smooth curves of genus g. We have short the exact sequence

0 — TX/T — TX/S — W*TT/S — 0
“Trss) € 7 (Trss). Define Tx r g := do~ (771 (Tr/s)). Then we have

Now as O modules, 7
0 — Tx/r — Txms A, T — 0. (25)
Let Atx » s(€) denote the Atiyah algebra satisfying the fundamental exact sequence
0 — End(€) = Atx »s(€) — Tx.ns — 0
Observe that Atyx,r(€) C Atx s(€) C Atx,s(E)
Definition 3.1. The Beilinson-Schechtman trace complex ""Ax  s(€)® is the Qx, r-extension of the dgla
i 75(8) 0 = Atx - 5(€), " Axrs(E) 7 =1 Ax/r(E)7
O

associated the quasi-Lie algebra " A x (€)1, ie., "Ax r 5(E)

and trﬂx’ﬂ’s(g)(_m = Ox.



12 1. Biswas, S. Mukhopadhyay, and R. Wentworth

Throughout the rest of this section we will have the assumption that there is a splitting of the short exact
sequence in (25).

This condition holds for example in the case of fiber products. We then use the splitting of (25) to pull-back
the Atiyah algebra Aty r ¢(€) further via W_ITT/S to obtain Bx r s:

0 — End€ —— Atxr5(6) —— Txns —— 0

| ] ]

0 — End& —— BY  4(&) —— 7' Ty —— 0.

Let 387 x.x.s(€) be the pushout of the exact sequence defining fBg(m 5(&) via the quotient homomorphism
End(€) — Endg(€).

Definition 3.2. The Bloch-Esnault complex B;{,W,S(g') is the three term complex consisting of the locally free
sheaves B% - ¢(€), B)_{}T(E) and B}?W’S(E) >~ O in degrees 0, —1 and —2 respectively, and zero otherwise. [

We will denote by Bf y 7 ¢ the traceless Bloch-Esnault complex as considered in Sun and Tsai [2004] and
Baier et al. [2020].

3.3 Determinant of cohomology

Let 7 : X — T be a family of smooth projective curves and let € be a vector bundle X. Then the object Rm.&
in the bounded derived category of T is represented by a two term complex £y — €;. The determinant of
cohomology £ upto isomorphism is defined by

top top
L= N\ero ey

We refer the reader to [Biswas et al., 2022, § 6.3] for more details on determinant of cohomology £. We recall
the following result of Beilinson-Schechtman, Beilinson and Schechtman [1988], that connects the Atiyah algebra
of Aty r(£) and the trace complex of € and also a result of Bloch-Esnault Bloch and Esnault [2002] connecting
the trace complex with the Bloch-Esnault complex.

Proposition 3.3. The Atiyah algebra Aty s(£71) is isomorphic to the relative Atiyah algebra
RO, (" Ax .s(E)). If BX% x.5(€) is the relative Bloch-Esnault complex associated to a family of curves X — T
parametrized by 7' — S such that the exact sequence in Equation (25) splits, then B 5(€) is quasi-isomorphic
to the trace complex " Ax » 5(€)°. O

3.4 Relative Ginzburg complex

Let P be a principal G-bundle on X — T — S, and consider the Atiyah algebra Atx .(P) with the
fundamental exact sequence
0 — gp — AtX,‘n-,S(:P) — TX,TF,S — 0.

We then use the splitting of the exact sequence in (25) to pull-back further to define G°(P):

0 —— gp —— Atx5(P) —— Txrs —— 0

| J J

0 — gp — 6%, 4(P) —— 7' Trys —— 0.

We consider the following three term complex &%, 7, S(P) which will be referred to as the relative Ginzburg
complez:
Ox ifi = -2,
G (P) ifi = —1,
63(777,5(?) = é(/T( ) i .z .
GX,W,S(T) if7 =0,

0, otherwise.

Let ¢ : G — SL(V) be a holomorphic representation of dimension r, and let €, be the associated vector
bundle. Then one recovers the Bloch-Esnault complex Bf y . ¢(E4).
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We have the following commutative diagram in which the horizontal map is the relative Ginzburg quasi-Lie
algebra associated to a relative principal bundle P

Ox =——— Oy
0 —— Qx/r —— &)1 (P) gp 0 (26)
6% 5 5(P) == &% . 5(P).

The above diagram can be written as a short exact sequence of complexes
0 — Q%/7[2] — 6%, 5(P) — R(P) = (g7 — 6%, 5(P)) — 0. (27)

The complex R*(P) is quasi-isomorphic to 7~ T /s- Hence, there is a natural map of complexes 1T /s =
R*(P) — gop[l]. Taking pushforward with 7, we get a map Tr/g = 7. (77 Tp/s) — R'mp.gp. We wish to
compute ROW*63<,7T,S(?)~

To compute ROW*G}’W’ 5(P), we need to compute the zero-th hypercohomology. Choose fine resolutions
(local on M),

&2(P) —Ls &1 (P) —L &O(P)
Lo(P) —L Mo(P) —2= No(P)
ld ld d
£1(P) —L— My (P) —L= N(P)

|
; Jo Jo

D_
and compute the zero-th cohomology of the total complex €_; — € Do, C1, where

Coo=LidMy, C=LodMi BNy, C = L3P My PNy, and the differentials are

D*l . e71 — 603 (‘glv mO) — (d‘ela dmO - fela gmo)
Do : GO — (?1, (627 my, TLQ) — (d€27 dm1 + ffg, dno — gml)
We note three facts in the next lemma the proofs of which are immediate in view of the assumptions.
Lemma 3.4. Let 7 : X — T be as above. Then the following hold:

1. R?7,0x = {0} (since the relative dimension is 1).
2. R'm.gp = {0} (assuming the stable locus is non-empty).
3. Since the fibers are connected, assume that the natural map

T (7 Trys) = Trys — Rimagp (28)

is an isomorphism. Then the map Rlﬂ'*(6)_(}T(fP)) — R'm. (6%, 5(P)) is zero as it factors through

R! TgP.
O
We prove the next proposition under the assumption of Statement (iii) in Lemma 3.4.

Proposition 3.5. There is an isomorphism R°m. &% , (P) =~ Rlﬂ'*G)_(}T(fP) that is the identity on Op and

JI1/5- O
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Proof. Let (¢3,m1,n0) € ker Dg. By Lemma 3.4(i) we may take f5 = 0. Hence, (0,m1,n0) — (0,dmq,dng —
gmy) = (0,0,0). So m; defines a class in le(G}}T(TP)). The second condition says that gm; defines the zero
class in R'm, (7~ 'T7,5). But by Part (iii) of Lemma 3.4 this is automatic. Now ng is such that dng = gm;. By
(i) and (iii) of Lemma 3.4, we have R, &Y% . ¢(P) = {0}. This means that ng is uniquely determined. Hence,
the hypercohomology gives RITF*G;(}T(:P). [ ]

Pick a representation ¢ :g — sl., and consider the adjoint ad : sl — sl(sl.). This gives a map of the
corresponding simply connected groups, and now the corresponding associated construction first via ¢ gives
a vector bundle €, and then taking the adjoint we have the bundle End(€,). Assuming the condition stated in
(iil) of Lemma 3.4, we have the following proposition, which is a generalization of results in [Baier et al., 2020,
Prop. 5.0.2] and Sun and Tsai [2004]:

Proposition 3.6. There is a natural isomorphism between ROW*'BB(,W7S(End()(€¢)) of the Bloch-Esnault

complex and R, Xor.s (P) of the relative Ginzburg complex, and the isomorphism fits in the following diagram:

0 — ROmQ% 72 = Or —— ROm.6% , 4(P) —— Trys — 0

lm¢<27‘ lg ii id (29)

0—— ROT(*Q. [2] = OT e ROT(*BTX}W’S(EndO(Eqﬁ)) e rTT/S — 0.

X/T

O

Proof. The composition of maps ado¢ : g — sl(sl;) gives a map Atx/p(P) — Atx,r(Endo(Ey)) (see

(11) and Atiyah [1957]). Moreover, the representation also gives the map 6;(}T(f]’) — B()*}(/T(End(&b)) (see

Proposition 2.13). These two together give a map between the complexes

0 » Q%r(2] » 6% rs(P) ——— 7' T —— 0

e | [ (30)

0 — Q% )7[2] — B, s(End(Ey)) — 771 Trys —— 0.

Taking pushforward R, of the above, we obtain the desired result. n

Now assume that R'm,g is isomorphic to Tp /s under the natural map in (28). Consequently, combining
Propositions 3.5 and 3.6, we have the following diagram

0 —— R'Qy/r 2 0p ————— R'mG3(P) Tr/s 0
0 —— R'mQ% ;2] = 0r —— R°n.6%, o(P) Tr/s 0
J{md,.Qr ~ J/— id
0 — R'm.Q% p[2] = Or —— ROm.B% . s(Endo(€y)) Tr/s 0 (31)
0 OT ROTF*(“'.Ax,ms(Endo(E(ﬁ)).) (IT/S 0
0 Orp AtT/S(L;(g%) ‘TT/S 0.

The isomorphism between the third and fourth rows is due to Bloch-Esnault Bloch and Esnault [2002], and
the isomorphism between the fourth and fifth rows is due to Beilinson-Schechtman Beilinson and Schechtman
[1988]. Here, L is the determinant of cohomology associated to the family €.

We have the following theorem under the assumption that J7,5 = Rlm,go for the map in (28).
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Theorem 3.7. The relative Atiyah sequence for m%pAtT /(L) is isomorphic to

0o — OME; — Rlﬂnv*(6)_(}T(fP)) — ‘IT/S — 0. (32)

O

This justifies the computation of the relative extension class of the short exact sequence via Dolbeault
methods in Theorem 2.14.

3.5 Associated bundles and pullback

In this section we discuss the relation between the relative Ginzburg complex for the moduli space Mg and
the pull-back of Bloch-Esnault complex of Ms, . associated to a representation ¢ : G — SL,. As previously, let
M¢® denote the moduli space parametrizing the regularly stable principal G-bundles, and denote by Mg ~the
moduli space of stable rank r vector bundles of trivial determinant. Let ¢ : G — SL, be such that G is not
contained in any proper parabolic subgroup of SL,.. With this condition, we know from Biswas [2005] that a
stable principal G-bundle P produces a stable SL,. bundle.

Consider the map ¢ : Mg — Mg taking [P] to [€4], where E4 = P x4 C" is the associated vector
bundle. Let & — Mg xsC and & — M’ xs C be the universal bundles (since they exist on a covering by
étale open subsets, we can treat as if they exist). Then the associated vector bundle &, = & x4, C" is the
pull-back of & via ¢. We have the following diagram of maps:

Ts,G Te,G \
S S.

Recall that we have the following commutative diagram on Mg ~that connects the Atiyah algebra of the
determinant bundle with the Atiyah algebra defined by Bloch-Esnault Bloch and Esnault [2002]

0 —— QXSLr/MssLT Em— AthLT/MSSLT (@@)V —_ Endo(éa)\/ — 0

H dl o] (34)

00— Qg g, —— Bl () — Endo(6) — 0.

Taking pushforward and combining the results of Beilinson-Schechtman Beilinson and Schechtman [1988],
Bloch-Esnault, Bloch and Esnault [2002], and Baier-Bolognesi-Martens-Pauly, Baier et al. [2020], we get the
following commutative diagram of maps

0—— Rlﬂ-n:SLr*QxSLT/]VI;LT — Rl?rnaSLr*(AthLr/]VIgiT ((ga)\/) E— Rlﬂ'n,SLr*(Endo((g))v) — 0

H gT *Vsl(r)TE

0 —— R'mn st Qg g — len,sm(ﬁg’;&r i, (6) —— R, s1,+(Endg(&)) —— 0

] ]

00— Ongg, Atarg ys(£71) Tag 15— 0
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where £ = det(Rm,.&) is the determinant of cohomology of the family &. Pulling back the exact sequence at
the bottom of the diagram by the map ¢ : Mg — Mg, , we get the exact sequence

We wish to connect the following two exact sequences

0— d)* (Rlﬂ-"vSLr*QxSLT/MSLT) — ¢*(R1W"75LT*(35%5LT/1\/ (éo))) — ¢*R1ﬂn7SLT*(EHd0(£))) — 0, (35)

0 — OM&‘S =~ RlTrn*Q.’{G/Méb — Rlﬂ'n*(Gx;Lr/ (c@)) — TMéb/S — 0.
By Proposition 2.13, it is enough to relate (35) with the following (see (19)):

0 — OM(L; — Rlﬂ”aG*(‘Bast /M (éad))) — Rlﬂn*(Endo(éD¢)) — 0.

Proposition 3.8. There is an isomorphism

Ritn,o (B 3, g (66)) = & (Rimn st (Bo kg arg (&)

Proof. Consider the following digram

Sy = (&) &

| |

M x5 C = Xg —1— %o, = M§_xsC

lﬂn,G lﬂn,SLr

Mg ’ Mg,

This induces a map of the following exact sequences of Atiyah algebras as in Atiyah [1957]:

0 — Endo(&) —— Atxg/aig (65) —— Txg/pzy —— 0

I I t

0 —— f*Endo(&) —— f* AthLr/MssLT(cf) — f*T%su/MsL — 0.

Dualizing, we obtain

0—— f*QxSLr/MSSL Ed f AthL /M * Endo

\/ N f
0—— Q_’{c;/MT —_—\— Ath/Mvs g¢\*> Endo g¢ \H 0

- 5[(7") = “Vsi(r)

0 —— Qxyuy —/— B, ;G/MTS (6s) —/—— Endo (&) /H 0

0 —— [ Qg gy, — (B ;fa /Msﬂ(g)) — % f*Endo(&

Hence, by composing we get the following diagram

0 — QxG/MT‘S E— 'BO xG/M”(éad’) — End0(£’¢) — 0

T ]

0 —— Qg iy — [*(Boxa su 2 () — f*Endg(6) — 0.
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Applying R'm,, G «, we conclude that the following extensions are isomorphic:

0 —— R'mpquQo/nrry —— R ca(By k., i (68)) —— R'mn . (Bndo(6y)) — 0

] w |

0 —— R'mncaf Qg g, —— B'onco(f By ks s () —— B'mn g f*(Endg(£)) — 0.

Thus to finish the proof of the proposition we need to show that
R 6ol Bk, () = 07 (R ,u(By e (5).

But since the fibers of the morphism 7, s, are smooth projective curves, we conclude that R27rn75|_T*ff is zero
for any coherent sheaf F which is flat over Msy . Moreover, R'm, s,.(By'(&)) is locally free. Hence by base
change of cohomologies for flat morphisms, we get the required isomorphism. This completes the proof. n

Consider the following diagram where my be the Dynkin index of the embedding g — sl(V):

0 O ¢ Atarg ys(£71) ————— " Tagg s ——— 0

gJ/ lKSMgLT ”

0— qb* (Rlﬂnver*QxSLT/MSSLT) — (;5* (RleSLT*(B(;leLT/MSSL,(g)) — ¢* (Rlﬂ'mSLr*(Endo(@@)) — 0

+ ]

0 —— R'TpaeQxo/mpy —— R g (B £ (69)) — R'7,,. «(Endg(&4)) — 0

0,X¢/M
+ 0
m‘as T _Tb*
0 —_— Rlﬂ'n,G*QxG/Més _— Rlﬂ-n,G*(G;é/]\/ &g(t@)) —— ‘IMg"/S —_— O

In this diagram, by Proposition 3.8 we get the isomorphism of the first two rows. Finally, the map
between the second and the third row follows from Proposition 2.13 and Proposition 19. Thus we get that
Rlﬂn7c*(63_€é/Més (£2)) is isomorphic to the Atiyah algebra m%b(b' AtMstr/S(L)’ where ¢* denote the pull-back
in the category of Atiyah algebras.

4 Parabolic analog of Beilinson-Schechtman construction

We now extend the previous considerations to the case of parabolic bundles. In order to analyze parabolic Atiyah
algebras for families of parabolic bundles on a curve C, we adopt notion of I'-linearized bundles on a Galois
cover C — C with Galois group T'. See [Biswas et al., 2022, § 6] for more details.

4.1 Parabolic vector bundles

Let & be a vector bundle of rank 7 on a family of ramifed I'-cover of curves 7 : X — T ramified along D.In
other words, there is a natural projection p : X — X which is a ramifed I'-covering such that 7 = w o p. Let
D = p(ﬁ) C X be the divisor or marked points. Let Ebea family of vector bundles on X which is T-linearized.
Let € be the vector bundle on X defined by the invariant pushforward of the I'-bundle g By the discussion in
[Biswas et al., 2022, § 7], the vector bundle & comes equipped with a parabolic structure supported on D. Recall
the trace-zero relative Atiyah sequence

0 — Endy(€) — At);/T(S) — Tgr —0. (36)

By Seshadri Seshadri [1970], we can identify the sheaf of parabolic endomorphism Par(g) with pL Endo(g). With
this set-up we can consider the parabolic Atiyah algebra with the following fundamental exact sequence

Par (€ Par At (€
0— aro )~ — x/1( )~ — Tx/r(=D) — 0.

=~ pE(EndO(E) = pEAt)}*/T(E)
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As before, D is the relative ramification divisor in X ; consider the log-relative traceless Atiyah sequence obtained
from (36)

0 — Endo(€)(—D) — (Atg,(€))(=D) — Tg,7(—D) — 0.

Since all the objects are naturally I'-linearized, we can apply the invariant push-forward functor pL to get the
strongly parabolic Atiyah algebra *P*"Atx,p(€) with the fundamental exact sequence

SParo (8)

= syt (@) B) P A @ED) = Tyr(=D) =0

Tensoring with Ox (D) we get,

0 —> SParg(€)(D) — pl (Atg

<,7(E)(=D)) (D) — Tx)7 — 0.

As in Section 2.1, consider the dual exact sequence:

0 — Qx/r — (p! (Atg,(€)(-D)) (D))" —> (SParo(€)(D))" — 0. (37)

The trace pairing fg(r) : Endog(€) ® Endg(€) — O gives an Og(—b\) valued pairing

~ ~ o~ o~

Ksi(r) - Endo(€) ® Endo(€)(—=D) — O (D).
Taking I'-invariant push forward pl of the above exact sequence we get a map
Kgi(r) : Parg(€) ® SParg(€) — Ox(—D).
Now by multiplying by Ox (D) on both sides we get the following:
Proposition 4.1. The trace induces a nondegenerate pairing
Ksi(r) : Parg(€) @ SParg(€)(D) — Ox
which identifies (SParq(&)(D))Y = Parg(€). O
We pull back the sequence in (37) via the map vy to get the following quasi-Lie algebra which we denote

by SpanAth/T(g)

0 — Qs — (97 (Atg 2 (E)(-D)) (D))" — (SParg(€)(D))Y — 0

4 Vﬁ,m] (38)

0— Qx/p —— SP“T/AVtX/T(E) ———— Parg(§) —— 0.

4.1.1 Parabolic Bloch-FEsnault complex

By the construction of Beilinson-Schechtman Beilinson and Schechtman [1988], we get an exact sequence of
sheaves:

(&) —0.

0 — End(€) ® Qg — Az, p(8) 71— Atg

Recall that since X — T is a D-cover of curves, and now assume that € is I'-equivariant. This implies that all
terms in the above exact sequence have a I'-action. Taking I'-invariant pushforward we get the following:

0 — pL(End(€) ®

2yr) — PR A (B)7Y) — pL(Atg 1 (E) — 0. (30)

Here At /T(g) is the relative Atiyah algebra of the bundle of the vector bundle €. The last term of the above

is the parabolic Atiyah algebra P*"Atx,r(€). Pulling back the exact sequence in (39) via the natural inclusion
Parg(€) — P At(E), we get an exact sequence:

0 — pL(End(§) ® Qg ) — P B

?/T) 07X/T(8) — Parg(€) — 0. (40)
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Taking invariant pushforward with respect to the trace of an endomorphism tr: &nd(€) — O, we get

another map tr : pL End(g ® Q)?/T) — pEQjZ/T
Since Q¢

%7 =P Qxr ® (f)(b\)7 where D is the relative ramification p : X — X. We can identify pE(Qg/T) =
Qx /7. This in turn gives a map
tr: pl (End(€) ® Q)"('/T) — Qx/7. (41)

Taking pushforward of the exact sequence in (39) via the parabolic trace in (41), we get the following exact

sequence:

0 — Qx/p — P BIY 1(€) — Parg(€) — 0. (42)

We can summarize the above discussion in the following commutative diagram:

I J

0 — p. (End(€) ® Qg ) — po(" Az, ()7 — pe (Atg,(€)) — 0
)

0 — pL(End(€) @ Qg ) — pL("Ag (€)1 — P7Atg . (€) — 0

| I J

0 — pl(End(€) ® Qg ,p) — par%;/T(E) — % Parg(€) —— 0

Jo J«

0 —— Qyjp ———— PrB; ]

0,x/T

() ——— Parg(€) —— 0.

Recall from Section 2.1.1.1 in Beilinson-Schechtman [Beilinson and Schechtman, 1988, Lemma (a)], that there
is a residue pairing -

Res : QE(V/T X Q?/T(?)A) — O)?.
The following theorem connects the parabolic Ginzburg dgla defined above to the quasi Lie algebra spar At x/7(€)
defined by (38).

Theorem 4.2. There is an isomorphism induced by invariant push-forward of the residue pairing between the

quasi-Lie algebras *P%" At x/r(€) and P4"B b /T(E) which induces an isomorphism of exact sequences:

0 —— QX/T e sPaT/A\-{ix/T(g) e Paro(E) — 0

S F b

0 —— Qx/7 —— T""’BS{/T(E) —— Parg(€) —— 0.

O

Proof. Let & :=E® 0 %/ @ in Beilinson-Schechtman, the sheaf of first order differential operators D<1(€)
can be identified with %. There is a natural exact sequence of sheaves

ERE(A) EXE(2A) ERE(2A)
—r —=———= — —— —r ==
EX e EX e ERE(A)

Moreover, all the objects of the above exact sequence are I'-linearized. In particular apply the invariant
pushforward functor we get the following commutative diagram:

ERE(A EME A EMERA
0— pt———=2— E)—>p£7~ (~ )—>p£7~ N( )—>
ex e eEXE EXE(A)
Similarly we have another short exact sequence from Beilinson and Schechtman [1988] that is used in constructing
the trace complex.

Exe EXE(2A) EXE(2A)
— — =—— — —= — 0.
ERE(-A)  ERE(-A) ERE

0—
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T\~ ERE(A) N ERE’(2A)

Pulling back the exact sequence above by the inclusion End(€) = . we get a short exact

eWer EmeEr
sequence o L o
EXE EXE(A) EXE(A)
—r == —r == — ——=———=
EXREN(-A) EXEN(-A) EXE
Taking invariant pushforward functor we get the following commutative diagram:
r ERE’ r [ ERE/(2A) r [ ERE'(2A)
0 P (Exé%m) P ('é&'é/(fm) o () 0
r(__ERE r(_ERE(A) r(ERE(A)
0 () () o () 0-

Now there is a natural nondegenerate bilinear form:

Oy EXE(A) ®E®E'(2A)
ERE(=A) EXE

— O}Z (43)

e & EXE(A) and hence it descends to a form

The above form (, ) vanishes identically restricted to

ERE(—A) ERE!
EXeE EXE EREN(A)  ERE(A)
, ) =——= R =——= — Oz, and (, ) ———=—® ————— — O0%. 44
Y ERE(—A)  EREN(A) X b eme eme X 4y
Under the canonical identifications of % = End(g) we get
ERE = ERE =
SRE ~ End(&) ® J%,r» and FREA) ~ End(&) ® Qz)r (45)

Lemma B.2.8 in Baier et al. [2020] shows that the bilinear form (, ) in (43) and (44) can be identified as

—Fgi(r) - End(€) ® End(€) — O and kg : End(€) ® T%r® End(€) ® Qz,r — 0%, (46)

where kg((-y is the trace of the product of the two endomorphisms. Now the invariant pushforward of (, ) induces
a nondegenerate O x (—D) valued form

(et EXE(A) o F(em'(m)

pl P22 22/ (D)) — pLO<(~-D) 2 Ox(-D
ERE(-A) I )) (D)= 0x(=D)
which gives the following nondegenerate form
ERE(A) EXE(2A), ~
r r
,) iPe=——=—"—® | D, — -D D)— 0O
SR N (( (D)) ) (D) — 0x

that restricts to

Cr(ERE(A) P (EREWD), =

<7>'p*< gggl )®<p*< ggg/ ( D)))(D)_>OX (47>
o Eme [ ERE =

b <€®5'<—A>> ; <p* (’ém"(m( D)>> (D)= Ox )

The identification of parabolic and strongly parabolic endomorphism as invariant pushforward and invariants
pushforward of the identification in (46) tell us that the form (, ) in (47) can be identified with

—Kqi(r) : Par(€) @ SPar(€)(D) — Ox.
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Similarly the form in (48) can be identified with
()0t (Bnd(€) © Qg ) @ (57 (End(€) @ T 1 (=D))) (D) — Ox

Now the identification of (p£ (End(g) ® ‘J'g/T(—/D\))) (D) = Tx,r gives the following commutative

() (pF (Bnd(€) © Q5 ) ® (L (End(€) ® T 1 (~D)) ) (D) —— Ox

I

Qx/7 @ Tx/T Ox.

This induces an isomorphism of p“TBaﬁ(/T(S) with SP‘IT/A\EX/T(E) that restricts to id on Qx/7 and —id on
Parg(&). u

The following proposition connects R'm, of the parabolic Ginzburg dgla with R!7, of the dgla constructed
by Bloch-Esnault.

Proposition 4.3. There are inclusion maps Qx,7 — p*Qg/T and Parg(€) = pl Endy(&) < p. Endg(€) that
extend to a map of the following exact sequences:

0—— p*ng/T — p*BE}(/T(E) — p«Endg(€) —— 0

J J |

00— Qyyp —— "B 1 (€) —— Parg(€) —— 0.

Proof. First we prove that pl (%;%/T(E)) & p‘”%a}(/T(E). Consider the short exact sequence

0 — p.(End(€) ® Qg ) — p*(%;}/T(e)) — p(Endo(€)) — 0.

Taking invariants with respect to I', we get

0 — p.(End(€) ® Qg p) — p*%;%/T(E) — & p.(Endg(€)) — 0
) ® Qg

0 — pL(End(&) ® Qg ) — (B % 1 (€)) — pE(Endo(€) — 0

| I |

0 — pL(End(€) ® Qg 7)) — PL("Ag (€)1 — pL(Atg 1 (€)) — 0.

The inclusion of the second row into the third follows frorri the invariant pushforward of the ﬁrgt two
rows of the diagram (24). Since both p‘”Bgﬁ(/T(E) and p}:(Bg}/T(E)) are extensions of pL(Endy(€)) by

pL(End(€) ® Q)?/T) obtained as a sub extension of pE(At)fZ/T(E)) by pL(End(&) ® Q)?/T) via the inclusion

i (Endo(€)) — PE(A'E}}/T(E)), it follows that pE(@g}(/T(E)) = ”‘”ﬁak/T(E). Now the above gives the following

commutative diagram:

~ 1 ~ ~

0 —— p.(End(€) ® Q) —— p*%ox/T(E) — 5 p.(Endg(E)) —— 0

] ] |

0 —— pl (End(€)) @ Qg ,p.) — Par%;;{/T(E) — Parg(€) —— 0.
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Pushing forward with respect to the trace of endomorphism tr, the above commutative diagram implies the
existence of the following commutative diagram all of whose rows are short exact sequences:

p*(End(e) Y Q)}'/T) b p*B(;%/T(E) — p*(Endo(E))
\ N \
P tr PE(End(€)) @ Qg 7)) —————— P B 1 (€) —————» Parg(€)
“ L.
P57 - Py L (8) ——— | —— p.(Endo(E))
Qx /7 < p‘"BE}/T(E) ——— Parg(8).
The bottom level of the above diagram gives the required result. [ |

Recall that we have a diagram relating the families of curves parametrized by 7"

X

P,
N

Taking R'm, of all the terms of the commutative diagram in Proposition 4.3, and using the fact that
R'7T = R'71 o p,, we get the following proposition:

H<T><

Proposition 4.4. The following diagram is commutative:

0 — R'T.Q5, ~0r —— Rl%*(B;}/T(E)) ——— R'7,Endg(€) —— 0

| ] J

0 — R'mQx/r ~0p — le*(P“TBOfk/T(S)) —— R'm, Parg(€) —— 0.

4.2 Parabolic Atiyah algebras and moduli of parabolic bundles

Let € — S be a family of curves, and let €S bea family of I'-covers. Consider the relative family ]/W\;LT
parametrizing the moduli space of stable SL,. bundles on C— S. Let Mg®  and ME'™" be the relative moduli
spaces of stable (T',SL,) and stable B&\mrabolic bundles on € — S and C — S respectively. Without loss of
generality assume that the interior of Mgf® is non-empty, otherwise our main theorem is trivially true.

Now by the discussion in [Biswas et al., 2022, §7.2], the invariant pushforward functor induces an
isomorphism between Mg (respectively, the semi-stable moduli space Mg *") and ME'™* (respectively,

M¢""*). The data T and the covering family ¢ depend on the data of the parabolic weights that defines
the parabolic semistability. By Biswas [1997], we get a map ¢: Mg — M\szr which extends to a map
Cxg Mg — Cxg J\/ngr The map ¢ may not preserve stability, however ¢ being finite, the complement of the
inverse image Yg”* := ¢~ " Mg of the stable locus has codimension at least two in Mg;® provided genus of the

orbifold curve € = [é/r] is at least 2 if r # 2 and at least 3 if r = 2. We refer the reader to [Biswas et al., 2022,
Lemma 8.3] for more details.
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We have the following diagrams that connect all the objects described above:

~ —~ T
Cxg M, i
Pl idxé
id x¢ éXSJVSI_’: =
n
Ul
ExsYel’
. pX= =
Tw Te
T CxsME?? . METS
Ul > Ul
CxsYg"™ Yo
Te
~ T
¢ o e
\ ~ . /
e S Te
\ \
(¢ Gl

The rational maps are regular over Yg*® which will be also denoted by the same notation. The image of Y|’
under the invariant pushforward isomorphism of MZ** = ME"*® will be denoted by Y*"°. By definition
YPaTs g pgpams T v r
SL,. - Ms, P ~
Let & be the universal bundle (which exist in the étale toplogy) on € xg Mg and & be its pull-back
to C xg Mg,_: We denote by € the universal parabolic bundle which we can assume to exist without loss of
generality (see Remark 2.7). As in the diagram let 7, : C x g Yo'® — YS® denote the projection and similarly
consider the projection 7, : C x g ]\/4\§LT — Z\/Jél_r
Let £ be the determinant of cohomology line bundle on J/W\SSLT. Now, as before, combining the results

of Baier-Bolognesi-Martens-Pauly Baier et al. [2020], Beilinson-Schechtman Beilinson and Schechtman [1988],
Bloch-Esnault Bloch and Esnault [2002], and Sun-Tsai Sun and Tsai [2004], we get an isomorphism of the Atiyah

A —1 . 1= —1 . .
algebras At M/ (L7 with R, (TBO,éXSZ\A/IgfLT/J\?gL (€)) which makes the diagram of fundamental sequences

of Atiyah algebras commute:

00— O, ——— Aty g(£7) ——— Ty, 5 —— 0

MSSLT/S

| - |

—— R'7,.(B &) — Tr.

0—— 0 L — 0.
0,Cx Mg /Mg, /S

/\S
Mg,

Pulling back by ¢ we get an isomorphism of ¢*At ;. /s (L) and ¢* R'7,,.(B (/8\)) Moreover the
SLy

-1
0,CxgMg /Mg

base change theorems implies that the later is isomorphic to R'7,.(B"L . (€)). (Observe that ¢* of
O,GXSYSL'T /YSL;

an Atiyah algebra may not be an Atiyah algebra.) We have the following result.
Theorem 4.5. There is an isomorphism of the relative Atiyah algebras At MZ s(¢*L~1)  with

Rim,. (p“’"B(;leXSM;DL(:,»,S/M&T»,S (€)) that restricts to the identity map on Quggers)s. O

Proof. Applying Proposition 1.1 with X = Cxg Yo', X = C xg Yg”, and T =Yg, we get an isomorphism

* -1 )8 o o * L —
between AtYS{*j/S(Qﬁ £) and Rlﬂn*par'307@XsySI;s/YSTL;S (€) over Y&, Now both these sheaves AtYS{f/S(d) £
and Rlm,,(PerB-1 s oms (&) are locally free (hence reflexive) and extend over MZ*"®. Since they are

0,exsYT*/Y, sL
’ SLy SLy T

isomorphic on an open subset whose complement has codimension at least two, the isomorphism actually extends
to all of Mg"". u

Remark 4.6. The proof of Theorem 2.14 applies in this parabolic setting as well. The fact that the Atiyah-
Bott-Narasimhan-Goldman symplectic form is in the class of ¢*£ is one of the results of Daskalopoulos and
Wentworth [1997] (see also Biswas and Raghavendra [1993]). O
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4.3 Parabolic G-bundles
4.3.1 Parabolic bundles

Let p: C — C be a ramified covering with Galois group I, so C= C /T. Let D C C and D c C denote the

branching loci in C' and C respectively. Let 7 : P —C be al- principal G-bundle, i.e., Pis a principal G-
bundle, and there is a representation I' — Aut(P ) v — F, such that the actions of I and G on P commute.
For an open set U C C, define

autr(P)(U) = {X € aut(P)(p~ (1)) | X(Fy(p)) = (F)).(X(p)) , ¥y €T}

This presheaf defines an Oc-coherent sheaf. Notice that for X € autﬂ(ﬁ), the vector field ¥ on C is T-invariant,
and so descends to a vector field on C that vanishes along the ramification divisor D C C. Hence, we have a
map autp(P) — TC(—D).

Let P be a parabolic G-bundle on C and let Pbea (", G)-bundle on C such that P and P are related by
invariant pushforward.

Definition 4.7. We define the parabolic Atiyah algebra P*"At(P) of P to be autp(ﬁ). O

Supposg P is the frame bundle of a vector bundle € — 6 and let € — C denote the sheaf of invariant
sections of €. The parabolic Atiyah algebra PaTAt(€) is autp (P ) We wish to describe the kernel adp(P) as a
subsheaf of autr(P) — TC(—D). Let UcChbea neighborhood of wy € D, and let Ty C T be the isotropy group

of wg. We assume that Iy stabilizes U and only wy € U has nontrivial isotropy. Choose a section s of P over U.
For each v € Ty there is p, : U — G defined by: F S (s(w)) = s(yw)py(w).

Definition 4.8. Define adp {f € ad(P ( ) | f(s(yw)) = Ad, (w) f(s(w))} . O
The following is straightforward.

Proposition 4.9. The above definition is independent of the choice of section s. O

Extending the definition for nelghborhoods at each of the branch points defines adr (P ) globally. We also
note that the inclusion map ad(P) — aut(P) restricts to an inclusion map adp(P) — autp(P). Indeed, for

f €adr(P ), it suffices to check the condition on the vector field X = f# along the section s, and this follows
from the equivariance of F:

F(Ey(s(w)) = f(s(yw)py(w)) = Ady () f(s(yw)) = f(s(w)).
Hence we have the following short exact sequence of sheaves of Lie algebras on C"
0 — adp(P) —s autp(P) — TC(—D) —s 0.

Suppose that P is the frame bundle of a vector bundle & — C’ and let &€ — C denote the sheaf of invariant
sections of €. The parabolic endomorphism bundle of &, namely Par(&), is adr(P ) We refer to the above
sequence as the fundamental sequence for parabolic Atiyah algebras. From the discussion above, we have an
exact sequence

0 — Par(E) — P¥At(E) — TC(—-D) — 0.

We note that this is nothing but the I'-invariant push-forward of the Atiyah algebra exact sequence on C.

4.3.2  Strongly parabolic Atiyah algebras

Next, we define a “strongly parabolic” version of this construction. Set
aut(P)(=D) := {X € aut(P) | X(p) = 0 for #(p) € D}.
ad(P)(~D) := {f € ad(P) | f(p) = 0 for (p) € D}.

Then we have the restricted short exact sequence
0 — ad(P)(~D) —» aut(P)(~D) —s TC(—D) — 0.

Now if P is the frame bundle of E, then by Seshadri’s correspondence (see Appendix B), the I'-invariant part

adp(ﬁ(—lf)\)) is identified with the strongly parabolic endomorphisms SPar(P). Motivated by this observation,
we have:
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Definition 4.10. The strongly parabolic Atiyah algebra *P%" At(P) of a T-linearized principal bundle PonC
is defined to be the I'-invariant part of aut(ﬁ)(—ﬁ).

If P is the frame bundle of a vector bundle /8\, then we denote it by “P"At(E) := autp(ﬁ). Noting that
p*(Ta(—b\))F = TC(—D), we have the following short exact sequence on C

0 — SPar(&) — P"At(E) — TC(—D) — 0.

4.3.3 Determinant line bundle for parabolic G-bundles

Let P be a family of (T, G)-bundles parametrized by T as in the previous section, and let P be the family of
parabolic G-bundles obtained by applying the invariant pushforward functor.

Consider the relative parabolic Atiyah algebra Aty (P) := pl (At /T
Atiyah algebra P Aty 1 (P) = pl (At)?/T(@)(—B)). As in the case of parabolic vector bundles, they fit in the

following fundamental exact sequences

(i/]S) and the strongly parabolic

0— Par(‘P) — parAtx/T(:P) — ‘J'X/T(iD) — 0,

49
0— SPar(fP) — sParAtx/T(:P) — (-TX/T(_D) — 0, ( )

where Par(P) (respectively, SPar(P)) denote the parabolic (respectively, strongly parabolic) endomorphism
bundle of P. As in the case of parabolic vector bundles we get the following quasi-Lie algebra

0— Qx/7r — (’”"At)}f/T(fP)(D))V — (SPar(P)(D))" — 0. (50)

The Cartan-Killing form xg gives an identification

Vg_l : (SPar(P)(D))"Y == Par(P). (51)

Pulling back the exact sequence in (50) by the above isomorphism, we get a quasi-Lie algebra spar A x/7(P)
fitting into the following exact sequence:

0 — Qx/r — (L (Atg - (P)(=D))(D))Y — (SPar(P)(D))" = (pL(ad(P)(~D))(D))" — 0

| ]

0—— QX/T _—> sp{z'r/A\gX/T(t})) Par(?) 0

which should be considered as a parabolic G-bundle analog of Ginzburg’s dgla considered in Ginzburg [1995].
Recall that we have the quasi-Lie algebra &~1(P) associated to a family P of principal G-bundles satisfying:

0 Q% r Atg,p(P)Y —— ad(P)Y —— 0
0 Q%7 6;”(33) — 5 ad(P) —— 0.

Now since P is I'-linearized, we conclude that all objects in the above exact sequence are I'-linearized. We define
ar >—1 _ Tex—1 (d
P 6X/T(P) = p*G)?/T((P).

Taking I'-invariant pushforward of the bottom row, we get the following extension
0— Qx/p — p“’"G)‘(}T(TP) — Par(P) — 0.
We now have the following proposition:

Proposition 4.11. There is an isomorphism p“"G}}T(T) o2y spar At x/7(P) which induces identity maps on
Qx,r and Par(P). O
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~

(P) x At

X/T(‘JA’) — O. Tensoring it

Proof. Recall that there is a natural nondegenerate pairing (, ) : 6)_?1/1“

with O5(—D), we get a O (—D)-valued pairing

(,): 6)‘?1/T(§>) x Atg . (P)(~D) — O (-D).

Taking invariant pushforward, we get the following nondegenerate pairing:

OO RN ACES

20 (®) x Pl (Atg ) (P)(=D)) — pL O3 (~D).

This produces a duality between p‘"S)_(}T(fP) and p}:(Atg/T(a’)(fﬁ))(D). This completes the proof of the
proposition. n

4.4 The general set of parabolic G-bundles

Let M[® (respectively, M"") be the moduli space of semistable (respectively, regularly stable) (T, G) bundles
on a curve 6, and let ¢ : G — SL,. be a representation. We assume without loss of generality that Z\/4\gg is non-
empty. Note that for a semistable (T', G), the underlying G-bundle is semistable (Biswas [1997], Balaji et al.
[2001]). We also use the same notation for a relative family of T' covers € — S. Consider the induced maps
ML — J/\J\gf N ]/\/[\szr Let ]/\4\55 be the locus of regularly stable bundles on C. Then by Faltings [1993], we
get that the complement of the regularly stable locus is at least two provided g > 2 and G is any simple group
different from SL, and g > 3 if the Lie algebra of G has a s[(2) factor. Now as in the SL, case, let Y™ be the
inverse image of ]/\/[\(T;S in MZ*°. Moreover, the complement of Y2 has codimension at least two provided the

genus g(%) of the orbifold curve € = [5 /T (cf. [Biswas et al., 2022, Lemma 8.3]) determined by 7 is at least
three, or if the Lie algebra of G has no sl((2) or sp(4) factor, g(%) > 2.

As before let L4 be the pull-back of the determinant of cohomology £ to M/[**. Then by applying
Proposition 4.11, and Theorem 3.7, we get the following.

Corollary 4.12. There is a natural isomorphism of Atiyah algebras over the regularly stable locus Y
LA (Lo) = Rlmy. (765! @)
o Mg’TS/S @ — T GXSME';,TS/J\/ 5,7«5 .

Since by assumption, the complement of Y™ in M " is at least two, the above isomorphism extends over
the entire space M. O
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