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ABSTRACT. Complex Chern-Simons bundles are line bundles with connection, originating in the
study of quantization of moduli spaces of flat connections with complex gauge groups. In this
paper we introduce and study these bundles in the families setting.

The central object is a functorial direct image of characteristic classes of vector bundles with
connections, for which we develop a formalism. Our strategy elaborates on Deligne-Elkik’s
intersection bundles, and a refined Chern-Simons theory which parallels the use of Bott-Chern
classes in Arakelov geometry. In the context of moduli spaces, we are confronted with flat relative
connections on families of Riemann surfaces. To be able to rely on the functorial approach, we
prove canonical extension results to global connections, inspired by the deformation theory of
harmonic maps in non-abelian Hodge theory.

The relative complex Chern-Simons bundle Zs is then defined as a functorial direct image
of the second Chern class on the relative moduli space of flat vector bundles. We establish the
crystalline nature of Zcs, and the existence of a holomorphic extension of natural metrics from
Arakelov geometry. The curvature of Zcs can be expressed in terms of the Atiyah-Bott-Goldman
form, in agreement with the classical topological approach.

To highlight a few applications, we first mention a characterization of projective structures
of Riemann surfaces in terms of connections on intersection bundles. In particular, we settle a
conjecture of Bertola—Korotkin—-Norton on the comparison between the Bergman and the Bers
projective structures. In classical terminology referring to work of Klein and Poincaré on the
uniformization of Riemann surfaces, this is the problem of determining the accessory parameters
of quasi-Fuchsian uniformizations. A conjecture of Cappell-Miller is also established, to the effect
that their holomorphic torsion satisfies a Riemann-Roch formula.
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1. INTRODUCTION

Chern-Simons bundles originate with the work of Witten [115,[116] and Ramadas-Singer—
Weitsman [102] in the quantization of moduli spaces of flat connections, and rely on secondary
invariants of vector bundles with connections on three-dimensional manifolds, developed by
Chern and Simons [33]. It was further systematically studied for compact gauge groups by Freed
in [52,/53]. The purpose of this article is to introduce the formalism of complex Chern-Simons
bundles, i.e. for GL,(C), SL,(C) or PSL, (C), in the setting of families of compact Riemann surfaces.
We adopt the perspective of a functorial intersection theory of Elkik [43], which was initiated
by Deligne in [38] in order for him to obtain a refined understanding of the Riemann-Roch
theorem in Arakelov geometry. Our approach is motivated by a set of problems where the family
point of view arises naturally. The first main application is the proof of a conjecture of Cappell-
Miller, to the effect that their analytic torsion for flat holomorphic vector bundles satisfies a
Riemann-Roch formula, that we state as an extension of Deligne’s Riemann—-Roch isometry.
The second main application is the proof of a conjecture of Bertola—Korotkin—-Norton on the
relationship between the Bergman and Bers projective structures of Riemann surfaces, which
was the missing piece in the list of comparison formulas between classical projective structures.
For this purpose, we develop a new tool of independent interest, called the Chern-Simons
transform. It converts families of projective structures into connections on Deligne pairings,
with the complex Chern-Simons bundle acting as the kernel of the transform. This theory has
further implications, such as a new proof of Wolpert’s result relating the first tautological class
to the Weil-Petersson form on the Teichmidiller space, or a simple construction of the classical
Liouville action of Takhtajan—Zograf on the Schottky space.

To present a simplified form of our central construction, consider a family of compact Riemann
surfaces X — S of genus g = 3, over a complex manifold S. In this setting, Simpson [106] intro-
duces a moduli space M{;(X/S,SL;) — S, whose fiber over s € S is given by the irreducible part of
the SL, (C)-character variety of X;. This relative moduli space is a smooth complex analytic space
over S. If S is simply connected with a base point 0, there is a natural holomorphic retraction
po: ME(X/S,SL;) — M (Xp,SL,) providing an isomorphism M (X/S,SL;) = M5 (Xo,SL;) x S. Asa
complex variety MiE;(XO, SL;) depends on X only as a topological surface, and it carries a natural
holomorphic symplectic 2-form called the Atiyah-Bott-Goldman form. The latter depends on
the orientation of Xy, and a change of the orientation has the effect of changing the sign of the
form.

The following theorem summarizes some of the key properties of our construction.

Theorem A. There is a canonical way to associate to X — S a holomorphic line bundle with
holomorphic connectiorﬂ ZLes(X18S) onME(X/S,SL,), such that:

Functoriality: the formation of £cs(X/S) commutes with base changes S' — S.
Crystalline: if S is simply connected and 0 € S is a base point, there is a unique isomorphism

ZLes(X18) = pgLes(Xo)

which restricts to the identity over 0.
Curvature: for a single Riemann surface Xy, the curvature of Lcs(Xo) is given by the Atiyah—
Bott—-Goldman form.

1By holomorphic connection we mean a connection which preserves holomorphicity of sections.
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Complex metric: for a couple of complex conjugate Riemann surfaces (Xo, Xo), there is a
canonical flat trivialization of

ZLes(Xo) ® ZLecs (yo)-

Along the locus of unitary representations, the line bundles Lcs(Xo) and Lcs (X,) are
complex conjugate, and the trivialization is identified with a Hermitian metric.

Definition. We call £s(X18S) the complex Chern-Simons bundle on M%(X/S,SL,).

In the absolute case, the curvature feature guarantees that £s(Xy) is isomorphic to the
complex Chern-Simons line bundle constructed by either the method of Witten or Ramadas—
Singer-Weitsman, extended to complex gauge groups and based on the Chern-Simons action.
The properties stated in Theorem [A] are counterparts to those obtained in these classical ap-
proaches. In particular, the crystalline nature of Z5(X/S) can be understood as the topological
invariance in the absolute case. However, we will see that the functorial intersection theory
reveals a non-trivial geometric content of Zcs(X/S), unseen from a purely topological point of
view. This aspect of Zcs(X/S), whose numerous consequences we summarize below, is one of
the novel contributions of this article.

The results above, whose proofs occupy the main body of the text, can be found in Section
to which we refer the reader for details. In the rest of the introduction, we elaborate on the
techniques that lead to Theorem[A} followed by some applications.

1.1. Intersection bundles and connections.

Intersection bundles. The geometrical underpinnings of the construction of Zs(X/S) rely on
a functorial approach to characteristic classes, initiated by Deligne in [38], building upon [3,
Exposé XVIII, §1.3], and later further developed by Elkik [43]. See also Franke [50}51] and Ducrot
[41]. This theory provides a natural way to represent some integrals of cohomology classes
of vector bundles in terms of line bundles. These are thus referred to as intersection bundles.
The central examples in our formalism will be refinements, for families of compact Riemann
surfaces X — S, of the cohomology classes | x5 C1(ENci (E") and J: x/s €2(E) into line bundles over
S denoted (det(E’),det(E")), and called Deligne pairing, and IC,(E). In particular, we have the
following equality of Chern classes:

1 (IC(E)) = f e (E).
X/S

The construction of these bundles is done in such a way that standard manipulations with
characteristic classes, e.g. the Whitney sum formula, lift to functorial isomorphisms. Several
properties are however not easily obtained with the existing technology, for example functorial
isomorphisms corresponding to polynomial identities of Chern classes.

For the purpose of systematically furnishing functorial isomorphisms, in Section[2]we develop
a formalism of line functors, for general families of varieties X — S, which is of independent
interest. This is to be understood as a functorial way to associate line bundles % (E) on S to vector
bundles E on X, capturing the main features of intersection bundles. We prove the following
splitting principle, which is a fundamental tool that was missing in the work of Deligne and Elkik.

We refer to Proposition[2.2Jand Theorem for a precise formulation.
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Theorem B. Suppose that 4 and 4’ are line functors. To construct a functorial isomorphism
%(E) — ¥4'(E) for a vector bundle E of rank r, it suffices to suppose that E= L, ®...® L, isa sum
of line bundles.

In the text, we further elaborate on line functors equipped with a multiplicativity structure
with respect to short exact sequences, modeled on the Whitney sum formula and explained in
For those, we can further reduce the conclusion of Theorem B to the case of line bundles,
where constructions are usually much better understood.

In Section[3} Theorem B|and its variants are systematically applied in the study of intersection
bundles in relative dimension one. To highlight an application, we provide a self-contained proof,
by reduction to the case of line bundles, of Deligne’s version of the Riemann-Roch theorem for
families of compact Riemann surfaces X — §, reviewed below in

We expect that the theory of line functors sets the foundations of future applications to
analogous problems in higher dimensions. In this generality, the only available approach to
intersection bundles is that of Elkik. This motivates us to rely on this framework, which also
requires some further developments of her ICy, including a hitherto unknown comparison
with Deligne’s construction. In the setting of Riemann surfaces, this allows us to provide a
construction of IC,(E), whenever E is of rank 2, in terms of generators and relations, mirroring
the more standard setting of Deligne pairings (L, M). It also permits us to explicitly describe the
complex metric in Theorem[A} in the SL, case, illustrating how our constructions conceptualize
and improve heavy explicit computations by Fay in his studies of non-abelian theta functions
(48} 149].

Intersection connections. The work [57] of the last two authors in the case of Deligne pairings, mo-
tivated the interest in equipping intersection bundles, such as IC,(E), with natural connections,
whenever E admits one. When E carries a hermitian metric, IC(E) is equipped with a natural
intersection metric, and it is natural to require that a construction of the above extends that of
the associated Chern connections. The hermitian theory is intimately tied to the construction
of Bott—-Chern secondary classes as developed by Gillet-Soulé in arithmetic intersection theory
(63, 64]. This is recalled and complemented in Section 4| Using a variant of Chern-Simons
transgression classes, suggested by Gillet-Soulé in relation to Arakelov geometry and differen-
tial characters [62], we find such a theory for connections on IC,. This is summarized in the
following proposition, whose proof and properties occupy Section 5]

Proposition. Let (E,V) be a holomorphic vector bundle with a €¢*° connection, compatible with
the holomorphic structure. Then, there is a canonically associated intersection connection V'“2,
also compatible with the holomorphic structure on 1C,(E). Furthermore, in terms of the Chern—
Weil representatives, we have

eI (IC(E), V') = f e (E.V).
X/S

For the purpose of constructing complex Chern-Simons bundles, we recall in Section|[6|the
moduli spaces of flat connections considered by Simpson [105}106]. There, we are naturally faced
with relative connections, rather than global ones. An application of the previous formalism
thus requires an extension result of relative connections. While such extensions always exist, we
stress that the associated intersection connection generally depends on this choice. However, in
the flat relative setting we have the following theorem, which is a higher rank generalization of

one of the main results of [57]. It is the object of study of Section[7}
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Theorem C. Let E be a holomorphic vector bundle over X andV: E — E &Qi)l( 15 A€ flat, relative
connection, compatible with the holomorphic structure. Then:

(1) Given an extension V of V to a global compatible connection, V'2 only depends onV, and
is therefore denoted by V'“>. We also refer to it as the intersection connection associated to
V.

2) IfV is holomorphic, then V'“2 is holomorphic as well.

(3) IfV is fiberwise irreducible, then the curvature of V'2 is locally described in terms of the
Atiyah—-Bott-Goldman form.

While the independence of the extension of the relative connection in the flat setting is
straightforward, the other results require the non-trivial engineering of special extensions, that
we call canonical extensions. This construction, of independent interest, draws inspiration from
the theory of deformations of harmonic maps in non-abelian Hodge theory, as studied by Spinaci
[108], and makes the description of the curvature of V/“2 rather transparent. The existence and
uniqueness of canonical extensions generalize another key statement of [57]. Since an accurate
presentation would be too technical for this introduction, we refer to below for a
thorough discussion.

Complex Chern-Simons. We are now in position to explain the construction of the relative
complex Chern-Simons bundle. Recall that, locally on M};(X /S,SL,), there exists a universal
holomorphic vector bundle with holomorphic, flat, relative connection (%"",V'"), which is
unique up to tensoring by line bundles coming from Mg (X/S,SL,).

Proposition/Definition. The complex Chern—Simons bundle £s(X/S) is a line bundle with a
holomorphic connection on M5 (X /S,SL;), locally defined as the dual of IC,(F "), together with
the dual of the intersection connection associated to V'".

We notice that it is part of the statement that the locally defined IC, bundles with connections
globalize. This follows from our extensions of the theory of intersection bundles and intersections
connections, previously reviewed. The above definition is dealt with in Section 8}, where we also
establish Theorem@ and other fundamental facts of complex Chern-Simons line bundles, based
on developments such as Theorem[C|

Remark. Actually, as an application of Kempf’s descent lemma, when S is algebraic one can
prove that the holomorphic line bundle underlying Zcs(X/S) extends to all of Mg(X/S,SL;). In
a sense, we show that the connection extends too, cf. Corollary[7.12]

We notice that some of the statements in this work are differential geometric counterparts
to algebraic results by Faltings in [46, Section IV], in his approach to the Hitchin connection
[75]. The complex analytic method allows us to ultimately treat problems that are not of a
purely algebraic nature, such as the conjectures of Cappell-Miller and Bertola—Korotkin-Norton,
presented below. Let us also mention the differential geometric re-development of Faltings’ work
sketched by Ramadas [101], of which our formalism provides rigorous foundations. More recently,
other authors have investigated variants of Faltings’ observations. See for instance Biswas—
Hurtubise [24] and Biswas—Hurtubise-Roubtsov [25]. In comparison with other constructions
in the literature, intersection connections yield objects with a better behaviour, such as the
functorial and the crystalline properties. On a different note, we also refer to Takhtajan [111],

who studies the symplectic geometry of the moduli spaces of stable vector bundles with flat
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connections, by analogy with projective structures on Riemann surfaces. We hope to explore the
interplay between our theory and these other developments in the future.

1.2. Applications.

Projective structures and Chern-Simons transforms. A projective structure on a compact Rie-
mann surface of genus g = 2 is a system of holomorphic charts with changes of coordinates in-
duced by complex Mobius transformations. Prototypes are provided by the classical uniformiza-
tion by Fuchsian or Schottky groups. Projective structures give rise to PSL, (C)-representations
of the fundamental group, called holonomy representations. For a family of compact Riemann
surfaces, one can likewise consider families of projective structures. There is a universal space of
relative projective structures denoted by n: 22(X/S) — S, which has the structure of a holomor-
phic affine bundle with respect to the action of the bundle of relative holomorphic quadratic
differentials. The holonomy representations of the projective structures on the fibers induce a
holomorphic map
hol: 22(X18) — M (X/S,PSLy),

called the relative holonomy map. The PSL; version of the complex Chern-Simons line bundle
can be pulled back to 22(X/S), which is denoted by #£s(X/S). This is a holomorphic line bundle
endowed with a holomorphic connection.

Theorem D. There is a canonical functorial isomorphism of holomorphic line bundles
Hes(X1S) =™ {wx)s,wx/s)-

The proof is not a simple computation of characteristic classes, but rather is based upon the
functoriality properties of the intersection bundles and the classical interpretation of projective
structures in terms of theta characteristics. Notice that, even over a simply connected base,
the theorem reveals a non-trivial geometric content of the complex Chern-Simons line bundle,
unattainable by the classical topological approach. For details on the proof, we refer to Theorem
9.4

An immediate consequence of Theorem Dis that, given a smooth family of projective struc-
tures on X — S, namely a € sectiono: S — Z(X/S), by pulling back the built-in connection
on #£cs(X/S) we obtain an induced connection on the Deligne pairing (wx,s, wx/s), which is
holomorphic if ¢ is. This connection is called the Chern-Simons transform of o, and we think
of #Zs(X/S) as being the kernel of the transform. An essential property of the Chern-Simons
transform is that it is compatible with the holomorphic structure of the Deligne pairing, and it is
linear with respect to the affine structure of 22(X/S), cf. Proposition[9.8

The first application of Chern-Simons transforms is a new, conceptual proof of the following
observation due to S.-Y. Zhao [118], in turn implicitly related to Ivanov [79]:

Corollary. Let X — S be a non-isotrivial family of compact Riemann surfaces of genus g = 2, over
a compact Riemann surface. Then X — S admits no holomorphic relative projective structures

Indeed, if such a family existed, then its Chern-Simons transform would be a holomorphic
connection on {(wx/s,wx/s), necessarily flat since S is one-dimensional. Therefore, the corre-
sponding Chern class would vanish. Since this class is given by the self-intersection number
(wi ,¢)» it contradicts Arakelov’s positivity theorem [8]. The corollary seems to contradict the
statement in [27, Remark 3.15].

28.-Y. Zhao informed us that this result is somewhat of a folklore theorem.
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We next place ourselves in the setting of the Teichmiiller space I = 9 (Xj), where Xj is a
compact Riemann surface of genus g = 2. Let € — 9 be the universal Teichmidiller curve of Bers.

Theorem E. The Chern-Simons transform establishes a canonical bijective correspondence be-
tween smooth families of projective structures parametrized by 5, and connections on (W<, o, w<¢ 13,
which are compatible with the holomorphic structure. Furthermore:

(1) Holomorphic families exactly correspond to holomorphic connections.

(2) The Chern—Simons transform of the Fuchsian uniformizationog: 9 — 2P(€19) is the
Chern intersection connection on the Deligne pairing, denoted V", associated to the
hyperbolic metric.

For a proof, we refer to Theorem([9.9/and Theorem([9.11] That the correspondence is bijective
rests on symplectic aspects of 2(€/9"), going back to Kawai [81], together with Theorem [A|
and the linearity of the Chern-Simons transform. The case of o utilizes Hitchin’s theory of
uniformizing Higgs bundles, and indicates the potential of the methods of non-abelian Hodge
theory in the study of intersection connections. A variant of Theorem [E|has been independently
announced, employing a somewhat ad hoc construction, by Biswas—Favale-Pirola—Torelli [23].
While the bulk of their proof focuses on the holomorphicity property of (1), this is automatically
satisfied in our setting, since the built-in connection of #s(¢/9) is already holomorphic. As
an asset, our theory brings out the origin of this correspondence.

An immediate outcome of (2) of Theoremis the following celebrated result of Wolpert [117]

(see Corollary[9.12):

Corollary (Wolpert). In terms of the Weil-Petersson Kdéhler form on I, the curvature of V" is
1
?wWP .

The key point is Goldman’s interpretation of the Weil-Petersson form in terms of the Atiyah—
Bott-Goldman form for PSL; (R) [66]. Actually, in light of Theorem Goldman and Wolpert’s
results are equivalent. We clarify that the aforementioned work of Biswas—Favale-Pirola-Torelli
does not entail Wolpert’s curvature formula, but rather builds on an equivalent formulation
in terms of the Hodge bundle endowed with the Quillen metric. Thus, the implications of our
methods are broader in scope.

A further application of Theorem [E shows that the intersection metric on (w¢/g,w¢;7)
associated to the hyperbolic metric, has a holomorphic extension to the quasi-Fuchsian space
2=9 x JF, parametrizing couples (X, Y) of compact Riemann surfaces deforming (XO,XO). The
Teichmiiller space is diagonally embedded in £, as a totally real submanifold. Let us denote by
Xt — 2 and X~ — 2 the universal curves, arising from Bers’ simultaneous uniformizations by
quasi-Fuchsian groups. The next statement is a rough form of Theorem(9.19} to which we refer for
the precise meaning. It plays a key role in the proof of the conjecture of Bertola—Korotkin—Norton.

Theorem F. The intersection metric on{w«, g ,w< g ) associated to the hyperbolic metric, uniquely
extends to a holomorphic trivialization of (Wg+,9,Wa+/9) ® (W -2,V -12).

We conclude the discussion on projective structures by a reference to the constructions of nat-
ural Weil-Petersson potentials on the Schottky and quasi-Fuchsian spaces, by Takhtajan-Zograf
[120] and Takhtajan-Teo [112], respectively. These potentials are known as classical Liouville
actions. Our methods allow for a conceptual, simpler approach, cf. For instance, let
Tqr denote the trivialization in Theorem [, and endow the Deligne pairings (wg -+, 2, Wa+/2)

with the intersection metrics associated to the hyperbolic metric. Then, the Liouville action
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on the quasi-Fuchsian space is identified with log || 7 g, up to normalization. We also mention
related work of Guillarmou-Moroianu [70]. These authors construct Chern-Simons line bundles
on Teichmiiller spaces of convex cocompact hyperbolic 3-manifolds, derived from a regularized
Chern-Simons action, and in turn connected to the Liouville action. In §9.7|we show that their
results can also be subsumed in our formalism. From this perspective, the existence of the trivi-
alization 7qf reflects that, by Bers’ simultaneous uniformization, couples of Riemann surfaces
(X, Y) as above appear as the conformal boundaries of quasi-Fuchsian hyperbolic 3-manifolds.
This picture is consistent with the axioms advocated by topological quantum field theories [9].

Riemann—Roch theorems and the Cappell-Miller torsion. We return to the setting of a family of
compact Riemann surfaces X — S of genus g = 3. Let E be a holomorphic vector bundle on X.
The determinant of the cohomology of E is a holomorphic line bundle A(E) on S, whose fiber at
se Sis given by

ME)s = det H*(X,, E) @ det H' (X5, E)".

Going back to Quillen [87], whenever Tx,s and E are equipped with hermitian metrics, there
is a natural hermitian metric on A(E), called the Quillen metric. It is formed by a combination
of the I? metric, provided by Hodge theory, and the regularized determinant of the Dolbeault
Laplacian A%’El acting on A®!(X;, E). The latter is defined as

(1.1) det’Ag’l = exp (= (0),
E E

where (5E(u) = X A" is the zeta function on the non-zero eigenvalues of Ag’l, analytically
E

continued to a neighborhood of u = 0.

As a consequence of the work of Deligne [38], heavily relying on the combined works of Bismut-
Freed [17,[18], Bismut-Gillet-Soulé [19, 20, [21], Bismut-Lebeau [22] and Gillet-Soulé [65], the
Grothendieck—-Riemann—-Roch formula for E lifts to an isometry, up to an explicit topological
constant, of hermitian line bundles

(1.2) AB? = (x5, wx/s)™E ® (det E,wy )¢ ® det BY ® I1C,(B) ™2,

Here A(E) is considered with the Quillen metric, and the intersection bundles with their in-
tersection metrics. We usually refer to as the Deligne-Riemann—-Roch isomorphism, or
self-explanatory variants of this terminology.

In [32], Cappell-Miller introduced a natural extension of the Quillen metric to flat connections
on holomorphic vector bundles, nowadays called the holomorphic Cappell-Miller torsion. For a
vector bundle endowed with a flat metric, the Quillen metric and the Cappell-Miller torsion of
the associated Chern connection can be identified. In general, in the introduction of op. cit., they
conjectured that it satisfies similar properties as the Quillen metric. A compact formulation of
this expectation is that the Cappell-Miller torsion should fit into a Riemann—-Roch isomorphism.
In the case of flat line bundles, this was accomplished, under the form of an extension of Deligne’s
isometry, by the last two authors in [56] EI In Section we address the case of general rank (cf.
Theorem[10.3|and Theorem[10.5):

Theorem G. The Cappell-Miller torsion of flat irreducible vector bundles on compact Riemann
surfaces satisfies a Riemann—Roch formula, extending Deligne’s isometry in the flat unitary case.

3As a matter of fact, in op. cit. apreliminary form of the present article was announced under the title Complexified
Chern-Simons and Deligne’s intersection bundles.
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The functorial setting is particularly adapted to the problem at hand, since the Cappell-Miller
torsion is a section of a combination of determinant bundles, rather than a numerical invariant.
The key point of the proof is that, for a flat vector bundle on a fixed compact Riemann surface,
the Cappell-Miller torsion depends holomorphically on the holonomy representation of the
flat connection. In turn, this is proven by means of Kato’s perturbation theory for closed linear
operators [80], applied to a suitable holomorphic family of non-self-adjoint Laplacians. This
is then combined with the complex metrics in Theorem [A} and the fact that induces an
isometry in the case of flat unitary vector bundles.

We stress that Theorem [G]furnishes an interpretation of the complex metrics in Theorem/[Ain
terms of the Cappell-Miller torsion. This is a new property of complex Chern-Simons bundles,
inaccessible to the classical topological approach. It is analogous to the realization of the SU(2)
version of the Chern-Simons bundle by Ramadas-Singer—-Weitsman as a determinant bundle
with a Quillen metric on the space of unitary connections on a compact Riemann surface. Their
observation is based on a curvature computation, which does not apply to the Cappell-Miller
torsion. In our setting, the Deligne-Riemann—Roch approach provides an appropriate alternative
to their curvature argument.

A conjecture of Bertola—Korotkin-Norton. In [15], Bertola-Korotkin—Norton studied a symplectic
equivalence relation between families of projective structures parametrized by the Teichmiiller
space. They were lead to conjecture the relationship between the Bergman and Bers quasi-
Fuchsian projective structures. The formulation they propose is a quasi-Fuchsian analogue of
a result of Takhtajan—Zograf [121]. We here confirm their conjecture as an application of our
results.

Let Xy be a compact Riemann surface of genus g = 2, endowed with a marking of the funda-
mental group, 9 =9 (Xp) its Teichmiiller space and € — 9 the universal curve. We consider
two families of projective structures. The first one is given by the Bergman projective connection
on the fibers of € — 9, which depends on the marking of Xj, and is related to the Bergman
and Schiffer kernelsE] The second one is defined by the Bers’ quasi-Fuchsian uniformization of
the fibers of € — 9. We denote the corresponding sections 5 — 2 (€¢/9) by o and 0g... The
determinant of the hyperbolic Laplacian, defined as in (T.1I), determines a € function det'A,,
on J . After Kim [82], there is a holomorphic extension thereof, denoted by det Ay, from the
totally real embedding of 9 to the whole quasi-Fuchsian space 2 = 9 x J, and we henceforth
restrict it to the Bers slice I = I x {Xo} € Q. Finally, for Riemann surfaces X € 97, denote by Q
their period matrices, and by Q the period matrix of X. The following theorem confirms the
conjecture of Bertola—Korotkin—Norton [I5, Conjecture 1.1] (cf. Theorem|[10.19):

Theorem H. On the Bers slice, the projective structures of Bergman and Bers are related by

det A,
det(Q - Qo)

Og — Opes = 60log

The proof is based on the following considerations, which underscore the importance of
the Deligne isometry. One can use the theory of Chern-Simons transforms to reinterpret the
Bergman and Bers sections as connections on a Deligne pairing. The Bers connection has an

“The terminology seems to have been coined by Hawley—Schiffer [71] in connection with the Bergman kernel on
planar domains. The Bergman kernel in op. cit. is called the Schiffer kernel by some authors, e.g. Fay [47]. See also
Bergman-Schiffer [10] and references therein.
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extension to the quasi-Fuchsian space, and can be related to Kim’s complex valued determinant
thanks to Theorem[Fand Deligne’s isometry. The Bergman connection, on the other hand, can
be written in terms of the Fuchsian connection by the work of Takhtajan-Zograf [121], and can
be understood via Theorem [E|and Deligne’s isometry again. We highlight that a byproduct of the
method is a new, conceptual and self-contained proof of Kim’s extension theorem.

We notice that the proof of Theorem [H|relies on a closed and explicit expression of the
difference between the Bergman and Fuchsian structures. The difference between the Bergman
and Schottky structures was similarly computed by Zograf and McIntyre-Takhtajan in [93].
Combined with Theorem[H] the difference of all four of the above mentioned projective structures
can be computed. By Theorem|[E} the Chern-Simons transform of the Fuchsian section itself is
calculated to be an intersection connection of the hyperbolic metric, and we derive the following
corollary:

Corollary. The Chern-Simons transforms of the Fuchsian, Schottky, Bergman and Bers projective
structures can all be described by closed explicit expressions.

Remark. The original conjecture of Bertola—Korotkin—-Norton was formulated in terms of a quasi-
Fuchsian analogue of Selberg’s zeta function. The necessary properties of this function were
claimed, without proof, in Bowen’s posthumous article [28, Remark b, p. 272]. To the best of our
knowledge, the validity has not been confirmed to date. However, Kim shows in [82) Section 3]
that in a neighborhood of the point (XO,YO), det Ay, can be computed as the determinant of a
non-self-adjoint Laplacian, which reveals an equally interesting property of o5 — 0gers.

Future applications. There are other applications that we did not include in this paper for reasons
of length, and that we plan to develop in future work. We briefly mention the theme of three of
them.

e Our treatment of families of projective structures can be generalized to the case of opers;
families of opers give rise to connections on Deligne pairings.

» The relative complex Chern-Simons bundles and the results on the Cappell-Miller tor-
sion, lead to a new understanding of Hitchin’s hyperholomorphic line bundle with mero-
morphic connection, on the moduli space of Deligne’s 1-connections. This is a higher
rank extension of [57, §5.4].

e An Arakelov theoretic formalism for vector bundles with flat connections on arithmetic
surfaces, generalizing [56] to higher rank.

1.3. Notation and conventions. Depending on the context, we will interchangeably discuss
either smooth projective curves or their analytifications compact Riemann surfaces. They are
always assumed to be connected.

In this article, “functorial” will mean that a formulation commutes with base change. For
example, on a family of curves X — S, the association E — IC,(E) is functorial. This concretely
means that for any map g: S’ — S, there is a natural isomorphism g*IC,(E) — IC,(g* E), where
we abuse notation and also denote by g the induced map X xgS’ — X. Likewise, there are
isomorphisms of functors associated to isomorphisms of S-families X — X’.

When performing GIT quotients, we will write GL ¢ for the general linear group scheme over
C, while the notation GL, (C) will be reserved to its set of complex points, namely the usual group
of invertible matrices with complex coefficients. Similar conventions apply to other algebraic

groups.
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We will adopt a sheaf theoretic point of view on connections. If E is a € complex vector
bundle on a manifold X, identified with its sheaf of €°° sections, then a connection on E is a
C-linear morphism of sheaves V: E — E @ .szf}l(, satisfying the Leibniz rule with respect to the

€% -module structure of E. Here, we write g{}( for the sheaf of complex differential 1-forms on
X. If X is moreover a complex manifold and E a holomorphic vector bundle, then we say that
V is compatible with the holomorphic structure of E, or more simply compatible, if its (0,1)
projection coincides with the Dolbeault operator of E. Identifying E with its sheaf of germs of
holomorphic sections, a compatible connection can equivalently be seen as a C-linear morphism
of sheaves V: E — E®g, djl('o, satisfying the Leibniz rule with respect to the Ox-module structure
of E. These notions have relative counterparts for submersions of complex manifolds f: X — S.
In this article we will exclusively deal with compatible connections. After the previous discussion,
we will use notation such as V: E —- E® d}l(’/os, to mean a compatible, relative connection.
Notice this is now f~!@s-linear. Compatible connections are called holomorphic when they
preserve holomorphicity of sections. For a holomorphic relative connection we rather write
V:E—E® Qk ;¢ Where Q}( ;s is the sheaf of relative holomorphic differentials. Holomorphic
relative connections can more generally be defined for smooth morphisms of complex analytic
spaces.

If L is a complex line bundle on a manifold X, it will be useful to interpret a ¢°° hermitian
metric on L as an isomorphism h: L& L — C «» Where L is the complex conjugate line bundle and
C is the trivial line bundle on X. Then h defines a trivialization of L ® L, given by 1! (1). We will
sometimes confuse both points of view, i.e. the metric and the trivialization, if there is no danger
of misunderstanding. This interpretation of hermitian metrics will be systematically used in

and in Section

2. LINE FUNCTORS AND TWO SPLITTING PRINCIPLES

Suppose that we are given a flat family of algebraic varieties X — S. In this section we will
consider line functors, which are functors ¢ taking vector bundles E on X and associating
line bundles on S, depending on E and X — S in a functorial way. Our main examples, which
appear in Section[3} are the functorial lifts of direct images of characteristic classes introduced
by Deligne [38] and Elkik [43]. With this in mind, in this section we provide fundamental
tools akin to the splitting principles in classical intersection theory. Particular care is taken
regarding multiplicative properties of line functors. These functorial splitting principles were
not developed previously, and constitute a complement to the work of Deligne and Elkik of
independent interest. While this section is utilized in the rest of the text, it can be safely omitted
in a first reading.

In the context of Chow categories and the functorial intersection theory developed by Franke
in [50} 51], splitting principles were established under additional hypotheses. Unfortunately, the
approach is Chow homological and, to produce line bundles, additional regularity assumptions
on our varieties must be imposed. These are not known to be satisfied in the main applications.

To fix a setting and simplify language, we consider the category of algebraic varieties over
a field. However, the results are valid in the category of noetherian schemes or even complex
analytic spaces, the verification being left to the reader.

2.1. Line functors. Suppose that we are given a class of families of algebraic varieties 22, always

meaning a class of flat families f: X — S, assumed to be surjective over S. These are hence
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always faithfully flat. This class is supposed to be closed under base changes along morphisms
of varieties S’ — S, and closed under isomorphisms of families. The main relevant cases in
this article will all be flat projective families of curves, or the class generated, via pullbacks and
isomorphisms, by a single flat family of projective curves over a variety S.

For any family f in the class 22, we will consider functors of the type

(2.1 Gr: (Vect/x, is0)* — (Line bundles;,g, iso),

from the category of k-tuples of vector bundles on X, with k-tuples of isomorphisms as mor-
phisms, to that of the category of line bundles on S, also with isomorphisms as morphisms. This
means that for any k-tuple of vector bundles E = (Ey, ..., Ex) on X, there is an association

E—%¢(E) linebundleon S,

and for isomorphisms ¢ : E — E’ there are isomorphisms [¢] : 4(E) — ¢ (E’) of line bundles,
compatible with compositions of isomorphisms. In the following definition and beyond, it is
understood that standard manipulations with vector bundles, such as pullback, are extended
componentwise to k-tuples.

Definition 2.1. (1) Aline functor of k-variables 4 consists in giving, for any family f in the
class 2, a functor Gy as in (2.1), fulfilling:

(a) Whenever there is an isomorphism i: X' — X of S-varieties in 2, there is a natural
equivalence of functors Gy.;oi* and 9¢, compatible with compositions of isomor-
phisms.

(b) The formation of¢ commutes with base changes g: S' — S in 2, i.e. there are natural
isomorphisms of functors

g*c‘gf — (gf/ Og,*

where f': X xgS' — S and g’ : X x5 S' — X are the natural maps. It should be com-
patible with compositions S — S' — S in the obvious way. Since the formation of
Cartesian products is only unique up to unique isomorphism, this employs (a).

(2) A natural transformation of two line functors ¢ and <4’ consists in natural transformations
of functors 4y — Cg]’” for f in2?, commuting with the above base changes.

The class &2 will often be clear from the context, and will be omitted. When the family f
is clear too, we simplify ¢ as ¢. Finally, line functors of 1-variable will simply be called line
functors. Most of the time we will focus on the latter, but the generality of k-variables will be
needed in some intermediate results.

2.2. Transgression bundles and a first splitting principle. The first splitting principle of this
section will employ a construction sometimes referred to as transgression sequences, originally
introduced by Bismut-Gillet-Soulé in the context of Bott—-Chern secondary classes, cf. [63, §1.2.3].
For this, suppose we are given an exact sequence

(2.2) e:0—-E —-E—E'—0
on a variety X. On X x P! we will construct an exact sequence

(2.3) £:0—-p*EQ)—E—p*E"—0.
13



Here, p denotes the natural projection p: X x P! — X and E = (p*E'Q0)® p*E)/p*E', where
the map p*E' — p*E'(1) @ p*E is determined by combining the inclusion E' — E in with
p*E' — p*E'(1) given by f — f ®o. Here, we choose ¢ to be the standard section of @(1)
vanishing only at co. The map p*E’(1) — E is the natural one on the second coordinate. In
practice, we will only need the following properties, which follow from the construction:

(1) & xxyg is isomorphic to € in (2.2), for ¢ # oo;
(2) €)xx(o0} is isomorphic to the standard split exact sequence:

(2.4) e:0-E —-EeoE —-E"-0;

(3) €isfunctorial.

In the constructions below, it will be necessary to fix the above isomorphisms, compatibly with
base changes X’ — X and isomorphisms of exact sequences. This is always possible, and we
choose any of them.

The following proposition, asserting the existence of a splitting isomorphism for line functors,
is a useful application of transgression sequences, and provides a geometric interpretation of
more classical versions of the splitting principle.

Proposition 2.2. Let9 be a line functor. Then, for any exact sequence of vector bundles € as in
(2.2) there is a unique isomorphism

Ve 9(E)—>¥9(E oE"
which

(1) is functorial with respect to pullback and isomorphisms of exact sequences,
(2) is the identity whenever ¢ is the standard split exact sequence €' in @2.4).

Proof. We begin by showing uniqueness. Suppose there are two different such isomorphisms,
w,y'. The transgression exact sequence (2.3) induces isomorphisms

vy G(E) Y4 (p EQ)ep E")

for the family X x P! — S x P1. We claim this is determined by the split case. The difference
between yz and /% is given by an element g € H(@ ). Since the restriction map H* (@ ) —
H° (@) along S x {oo} — S x P! is an isomorphism, g is determined by the restriction to the fiber
at co. The restriction to oo of g is the image in H° (@©3) of the difference between . and v,
But since the isomorphism commutes with base change, this corresponds to the difference of
isomorphisms in the split case €', which are both the identity themselves, so g itself is the identity.
Since the fiber at 0 of yz = v, is identified with both v, and v, we see that they coincide.

To prove existence, we first notice that the bundle 4(E) is a line bundle on S x P!, By the
classification of line bundles on projective bundles, described in Lemma below, it is hence
non-canonically isomorphic to a line bundle of the form p* L ® 0 (k), where we also denote by p
the natural projection S x P! — S. The restrictions of ¢(E) to 0 and oo are canonically isomorphic
to 9(E) and ¢ (E' ® E"), as well as non-canonically isomorphic to L. Choose an arbitrary such
isomorphism in the case of the transgression exact sequence, 4(E) — ¥4 (p*E'(1) ® p*E"). It is
unique up to multiplication by an element of H° (@’;Xpl) = H° (0§). We modify it with the unique

invertible function on S x P! so that the restriction to co is the identity, and define 1y, via the

restriction of this isomorphism to 0.
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We still need to prove functoriality, both with respect to pullbacks and with respect to isomor-
phisms of exact sequences. Suppose first that we have an isomorphism of two exact sequences

€:0 E' E E" 0
o [ |
0:0 F' F F" 0.

They induce corresponding isomorphisms on the transgression exact sequences, which we
denote by @', ® and ¢". We have two isomorphisms ¥4 (E) — ¥4(p*E'(1) ® p*E"), namely one
given by ¥z, and another via the following isomorphisms

~ ~ =l Al
9B LB L9 Fep P " g(p B 1) e p*EY).
Since the latter is identified with the identity when restricting to oo, it must coincide with . It
follows that their restrictions to 0 are the same, which amounts to functoriality with respect to
isomorphisms of exact sequences.

For the functoriality with respect to base changes, one notes that the transgression con-
structions commute with base change, from which it follows that so does v .. Also, since the
transgression exact sequence is canonically split when the original exact sequence is the standard
split exact sequence €', one immediately sees that v, is the identity.

U

Definition 2.3. With the notation as in Proposition|2.2, we say that v is a splitting isomorphism.

Remark 2.4. Let 4 be a line functor, and V, W fixed vector bundles on X — S. Then, we can
define another line functor by E — ¢4(V & E @ W). Applying Proposition [2.2]to the latter, we
obtain splitting isomorphisms

Ve:49(VeEeW)—Y(VeE oE oW).
We will sometimes use this modified version of splitting isomorphisms.

The following lemma was used in the proof of Proposition[2.2] We include it for lack of a proper
reference in this generality.

Lemma 2.5. Let X be a variety, and V a vector bundle of rank r on X. Consider the projectivization
p: P(V) — X of V, with its tautological line bundle ©(1). Then any line bundle on P(V) is
isomorphic to p* L ® O (k), for some integer k.

Proof. Denote by Ky(X) the Grothendieck group of vector bundles of a variety X, defined as
the free abelian group on vector bundles modulo exact sequences. Taking determinants of a
vector bundle is multiplicative with respect to exact sequences, and determines a surjective
homomorphism
det: Ky(X) — Pic(X).

This is well-known, but also described later in By [2, Exposé VI, Théoreme 1.1] we know that
Ko(P(V)) is freely generated as a Ky (X)-module by Op(y),0(1),...,0(r —1). The statement then
follows from an application of below, showing that for a virtual vector bundle E of virtual
rank e, det(p*E® O(k)) = p* (detE) ® O (ke). O

Recall that a filtration of vector bundles is admissible if all quotients that can be formed are

locally free.
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Proposition 2.6. Let4 be a line functor, and suppose that we are given an admissible filtration
E, < E| € E of vector bundles. Then, the natural diagram of splitting isomorphisms

%(E) ——— 4(E| ® E/E})
%(E}, ® E/ Ej)) — 4(E, ® E|/E,® E/E))
commutes.

Proof. Associated to the filtration there is a commutative diagram of vector bundles on X x P!

0 0 0

0— p*E)(1) E| p*(E}/E}) —— 0

0— p*E}(1) E p*(E/E) ——0

0 0 p*(E/E}) — p*(E/E}) —— 0
0 0 0

with exact rows and columns. The top two rows are transgression exact sequences for the
sequences associated to the inclusions E; — E and E, — E.
The diagram of splitting isomorphisms

(2.5) “(E) G (p*Ey(1) ® p* (E/ E})

l |

G(E| ® p*(E/E}))) — 9(p*E,(1) ® p* (E|/ E}) ® p*(E/ E}))

is identified with the diagram in the proposition at 0, and is identified with the triple split case at
oco. The maps in the latter case are all identities, which is proven as in Proposition[2.2] It follows
that the diagram (2.5) commutes, and hence so does also the diagram restricted to 0.

0J

2.3. Flags and a second splitting principle. A (complete) flag of a vector bundle V on a variety
X is an increasing filtration F* of V, whose graded quotients are line bundles. The variety of flags
Dy is arepeated tower of projective bundles over X, and admits a universal flag.

A general theme of this section concerns reducing constructions involving line functors to the
case of line bundles, via flag varieties as in the classical splitting principles. Since the flag varieties
live above X and our constructions are relative to S, the naive approaches cannot directly be
used. In the context of Chow categories [51} 1.13.2] similar properties are established, under
additional hypotheses. Since we are working with line bundles, automorphisms do not change

while passing to flag varieties, and part of the descent condition can be removed.
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Definition 2.7. Let¢ and ¥’ be line functors of k-variables. Suppose given a k-tuple of vector bun-
dles E = (Ey,...,Ex) on X — S. A flag isomorphism ¢ : 4(E) --+4'(E) is the following collection of
data:
(1) Foreachg: S' — S, with induced morphisms f': XxsS' — §',g': XxgS' — X and k-tuple
offlags F* = (Fy,..., F}), where F; is a flag on g'" E;, there is an isomorphism

(2.6) PE): Gy (g E)— 418" B).

@) Ifi: X — X' is an isomorphism of families in the class 2, then under the natural equiva-
lence of functors Gy.; 0 i* — Gy, 9(E°) is identified with ¢(i* F*).

(3) The formation of the isomorphism commutes with base change, i.e. ifg: S' — Sisa
morphism, with induced morphism g': X xgS' — X then, under the natural equivalence
of functors g* Gy — 4pog'", g*(F*) is identified with ¢(g'* F*).

The identifications (2) and (3) in the definition are summarized with the notation
P(E) =@ E")

and
2.7) g pF) =g E.

The first remark about these isomorphisms is that they do not, in fact, depend on the choice
of the flags:

Lemma 2.8. Let ¢ be a flag isomorphism. Suppose that F*,F'"* are k-tuples of flags on X — 8.
Then ¢(F*) = o(F'"). In particular, flag isomorphisms are independent of the choices of flags.

Proof. We will consider the variety of flags on Ej, ..., Ex, D = Dg, xx ... xx Dg,, and denote by
g: D — S the composition of the projection p: D — X and f: X — S. We have the diagram

i !
DxsX == Dxx (X xsX) —— X xs X

2
q
Nu ’ p flufZ

D——X

\lf

S

where fj (resp. f») denote the projection on the first (resp. second) factor. The arrow q; (resp.
g») is obtained through base change along p and fj (resp. f>). The leftmost upper arrows are
the two natural isomorphisms. The diagram obtained by removing all the arrows with indices 1
(resp. 2) commutes.

To simplify the notation, set ¢s = @ (F*). Since f is faithfully flat, ¢ 5 is uniquely determined by
f*@s, which is identified with ¢(f; F*) under the base change isomorphism f*%; — %y o f*.
We show that this is independent of the filtration.

The vector bundles p* Ej, ..., p* Ex admit universal flags &°,..., % ,;, and we denote the corre-
sponding tuple of flags by &°. By pullback, all of the f} p*E;, ..., f; p* Ex admit complete flags
as well. There is thus a corresponding isomorphism

(2.8) oo =9(fpF): Gy, (fpp"E) — 9 (fpp D).
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The initial flags on Ej,..., Ex correspond to a section i: X — D of p: D — X. Denote by i’ the
corresponding section of p'. Then the restrictions of the flags f};.%° along i'i’ ! equal f{E® and
hence, in the notation of (2.7), one has

(2.9) i"op=fps.
Now, by functoriality there is a natural transformation of functors
(2.10) P ol =G i —Gpoiip” i~ Y0 fpp”

and likewise for ¢’. Then, via (2.10) the isomorphism ¢p in (2.8) is identified with an isomor-
phism

(2.11) P 4 E) =p 4y (fE).
We claim ¢p, identified as (2.11), is the pullback along p of an isomorphism
2.12) ox 95 (fi E) = 95 (D).

Since p is flat and ¢,%’ are line bundles, the natural morphism
p* Hromoy ((gﬁ (fl*E)»(g}l (f1*@) — Homaey, (P*(gfl "B, P*(g}l (fl*E))

is an isomorphism, cf. [109, Lemma 17.22.4]. The rightmost coherent sheaf is trivialized by ¢p
via (2.11). Taking direct images along p and using that p.0Op = Oy, we find that ¢p identifies
uniquely with an isomorphism ¢ x on X via p* as claimed, which we summarize as

(2.13) $p=p Px.
By and we infer that f*¢ps=i"¢p =i"p*px = @x. Given yet another flag, giving rise
to an isomorphism ¢, we find that f*¢s = @x = f* ¢ and hence ¢s = ¢F. O

Thanks to the lemma, the following definition is well-posed.
Definition 2.9. Let ¢: 4(E) --» 9'(E) and ¢': 4(E") --+ 4'(E') be two flag isomorphisms. A
morphism of flag isomorphisms ¢ — ¢' is an isomorphism of k-tuples E = E' such that, possibly
after a base change S' — S, for any tuple of flags F* of E (resp. F'* of E'), the isomorphism @(F*) is
identified with ¢'(F'").

The second splitting principle takes the following form:

Theorem 2.10. Let4 and 4’ be line functors of k-variables.
(1) A flag isomorphism ¢: 4(E) --+%9'(E) uniquely determines an isomorphism of line bun-
dles
¢: 4(E) —9'(B),
coinciding with the flag isomorphism when E admits a flag, possibly after a base change
§' —S.
(2) A morphism of flag isomorphisms ¢ — @' induces isomorphisms

G(E) —— 4'(E)
G(E) —— G'(E).

In particular, ¢ : 4(E) — 9'(E) is compatible with isomorphisms of vector bundles.
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Remark 2.11. After the theorem, it is justified to denote flag isomorphisms simply by ¢: 4 (E) —
¢'(E), instead of ¢: 9(E) --+ %' (E).

Proof of Theorem|2.10. We start by noticing that the isomorphisms ¢p and ¢ x exhibited in the
proof of Lemma|2.8|exist even if we do not start with a filtration on our vector bundles. We want
to verify that the isomorphism ¢y from 2.12), 9, (f{E) — 9 }1 (f{" E), which we identify with an
isomorphism f*%4(E) — f *Cﬁj’c (E), also denoted by ¢y, is the pullback of an isomorphism ¢ on
S of the same objects.

Any morphism of descent datum along a fppf morphism is effective, and we must hence verify
that the diagram

Ffr9pB) — (f x [)*Gp(E) — f; [* %7 (E)

J/fl* (¢ lf; Px

fl*f*‘g]'c(ﬁ) — (fxf)*‘g}(ﬁ) — fz*f*‘ﬁ]'c(@
commutes, where the upper and lower horizontal morphisms are the canonical descent datum
for line bundles of the form f*L on X. Since p'* is fully faithful, it is enough to verify the
analogous statement by pulling back the diagram along p'. Set g = qq1 = qq» and denote by fp

the base change of f along g, with projection p = fpg; onto D. To rewrite the descent condition,
we consider the diagram

(2.14) P 9 (E) P (f x f)*Gr(E)

| |

QPGB —— q1"q" G (E) ———— G 9 (E)

| | |

0 s (B — @ Gy, (0" D) —— 95 (5 p*B).

The upper square consists of natural transformations of pullbacks, and hence commutes. The
other squares commute due to functoriality of the line functors and the natural identifica-
tions, as in (2.10), of the various families. Taking into account the analogous diagram for
é@} (E), one finds that the isomorphism p'* f*@x: p'" fi' f*9¢(E) — p’*fl*f*ég} (E) is identified
with the isomorphism gy ¢p: g%y, (f,p*E) — qf%}D (fp*E), under the natural isomorphism
p"” 4 (E) — g%, (f;p*E) in @.14). Also, performing the same construction for the sec-
ond projection, a diagram chase reduces the descent statement to the commutativity of the
diagram
0%, (fpp"E) — 95 (p"p*E) —— 4,9, (fpp” B)

lfﬁwD lfPD lqgtpD

4795, (f3p* ) — 9% (9" p*E) — 4}, (f5p"E),

where @p is the flag isomorphism associated to the flag p* & °. But this diagram commutes as
q; [5Z" = p*Z" and the fact that flag isomorphisms commute with base change.
To verify that the descended isomorphism coincides with the flag isomorphism in the presence

of a flag F*, it suffices to base change to D and apply Lemma 2.8]
19



The last property concerning isomorphisms of flag isomorphisms is formal to verify, using the

unicity of Lemma|2.8} since all the spaces commute with base change in an obvious way.
0

Remark 2.12. The two splitting principles in Proposition 2.2Jand Theorem can be combined
to the effect that it can be assumed that the flags split the vector bundles, so they are of the form

Ej= L(lj) @...@L(,?. The flags F]? are then the flags ng) QL(lj) @L(Zj) c...cE;.

2.4. Applications to multiplicativity datum. In this subsection we will develop, for the pur-
poses of this article, line functors equipped with a multiplicativity datum. We develop a minimal
amount of formalism to be able to treat cases where the product is not the tensor product, with
the perspective of treating Whitney-type isomorphisms in Section[3|

Recall that a Picard category P is a monoidal groupoid, where all the objects are invertible.
The facts that we use can be found in [83, Appendix A], [91] and [38, Section 4]. More precisely,
all morphisms are isomorphisms, and there is a functor ®: P x P — P, such that for any object Y,
both functors given by X — Y ® X and X — Y ® X are equivalences of categories. One assumes
that the product ® admits an associativity isomorphism

(XeY)eZ=Xa(Y&Z)

satisfying the pentagonal axiom explained in [91} p. 33]. Any diagram involving only the asso-
ciativity isomorphisms commutes by the coherence theorem proven in [91], allowing one to
consider finite ordered products @ie ;1 Xi-

The Picard category is moreover said to be commutative, if there is an isomorphism
cx,y : X®Y — Y ® X, compatible with associativity, usually referred to as the hexagonal ax-
iom for symmetric monoidal categories, explained in [91} p. 38], and such that cx,y cy,x = id. Any
diagrams involving only the associativity isomorphism and the commutativity isomorphisms
commute, by another coherence theorem also proven in [91]. In particular, it makes sense to
consider finite products, not necessarily ordered, @ie : X;.

Denote by Y = X! aleft inverse object to X. By applying commutativity isomorphism it can
be equipped with the structure of a right inverse. Depending on if one contracts on the right
or on the left, there are hence two ways to construct an isomorphism X® Y ® X = X. The two
choices differ by an automorphism determined by cx,x. While this is not always the identity in
our contexts, we will not have to deal with this particular issue.

Definition 2.13. For a class of objects & as in a family of line categories with products, £,
consists in the following data :

(1) Forany family X — S in the class, there is a Picard category (£(X/8S), ®), whose objects and
morphisms are those of the products of two Picard categories € (X /S) x (Line bundles; s,is0).

(2) We say it is commutative if all the Picard categories involved are commutative.

(3) The formation is functorial with respect to isomorphisms X — X' and base changes S' — S,
in a sense directly analogous to that of Definition|2.1, replacing the natural transforma-
tions with functors. These are supposed to be (symmetric) monoidal, i.e. preserve the
(commutative) Picard category structure.

(4) The category € (X|/S) is referred to as the product category. We assume that the product

structure in 6 (X /8) is the projection of that of ®.
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(5) We denote by Os the unit object of £(X/S), determined uniquely up to unique isomor-

phism. We assume the line bundle part of Os is isomorphic to Os.

In this article, we only consider two types of families of line categories with products, namely:
i) graded line bundles with the usual tensor product of line bundles and the Koszul rule of

signs applied to the commutativity, and ii) Deligne’s category in §3.3|below, where the product
captures the Whitney isomorphism for the line functor IC; for families of curves. It allows us to
treat products which are multiplicative in nature in a multiplicative fashion.

Definition 2.14. Let% be a line functor.
(1) We will say that§ is multiplicative (on exact sequences) if it is equipped with a multiplica-
tivity, or multiplicative, datum, meaning that it fulfils:

(a) (Product data) There is a functor ¢, with values in a family of line categories with

products £, extending that of 4.
(b) (Multiplicativity) For any exact sequence € as in (2.2), there is an isomorphism

(2.15) [e]: Y(E)— Y (Eh® Y (E"),

compatible with isomorphisms of exact sequences and base changes.
(c) (Zeros) There is a (fixed) isomorphism with a unit a object Os of P(X — S),

v: 4(0) — 0O,

compatible with base changes.
(d) (Normalization) In the case E" is of rank 0, so that v : E' — E is an isomorphism, we

require the composition
id
(2.16) 49 E) L 9 (EY e 90) = 9(E)

to be [yw]~!. We require the analogous composition to be [y] for the case when E' is of

rank 0.
(e) (Associativity) Given an admissible filtration E, < E| € E, the following diagram of

natural isomorphisms commutes:

(2.17) % (E) 9 (E)® 9 (E/E)

| |

G (E}) & 9 (EIEp) — 4 (E}) 8 9 (E}/E)) @ G (E/E)).

(2) A multiplicativity datum as above is said to be commutative if the diagram
(2.18) Y(EeE) —L 9 (E oF)

| |

Y(ENY(E") —— Y (EeY (E)
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commutes. Here c denotes the commutativity isomorphism interchanging the two factors
of line bundles or vector bundles.
(3) We say that ¥4 is equipped with a product structure if ¢ extends to a functor ¢4 as in (1a),

and if the projection of the functor ¢ onto the product category € satisfies the analogues

of (1b)—(1e) above.
(4) Amorphism of multiplicative line functors4 and<4' is a natural transformation of functors
% — 4', which is compatible with the multiplicativity (€] of the multiplicativity datum. A

morphism of product data is defined analogously, but for the projection of 4 and %' onto
€.

To emphasize the dependency on the extension, we will sometimes refer to ¢ as a multiplica-

tive line functor.

Remark 2.15. (1) A multiplicativity datum for ¢ is a product structure together with isomor-
phisms of line bundles
[€] : 4 (E) — 9 (E" @ 9(E")
satisfying of (1)(a)-(1)(e), where ® refers to the product in £ projected to the line bundle
part.

(2) Given product data, which we want to equip with a multiplicativity datum, the normal-
ization property can be rephrased as a definition for the multiplicativity datum when
either E’' or E” are the trivial vector bundles.

(3) The isomorphism v: ¥ (0) — Os is likewise equivalent with the multiplicativity datum

and the natural isomorphism Og — Os ® Os when all the vector bundles are of rank

0.
(4) The property of being commutative is not a consequence of the properties (1) (a)-(1)(e).
(5) For a fixed family, the above definition is, in the language of [38, §4.3], a determinant
functor, from the exact category of vector bundles to the Picard category £ (X/S).

For the following statement, recall the splitting isomorphisms of Proposition

Proposition 2.16. Suppose that there is a multiplicativity datum for a line functor 4. Then, for
any exact sequence € as in (2.2), the isomorphism [€] factors via an isomorphism v, which is the
splitting isomorphism when projecting to the line bundle category, and the split multiplicativity
datum [€']:

G (E) — g (E e E"

!
(€] l[e ]

G (EN® Y (E".

Conversely, suppose

(1) 4 is equipped with product data;
(2) 4 is equipped with a multiplicativity datum for split exact sequences [€'];
(3) we are given a functorial isomorphismuv: 4 (0) — Os.

Then, there is a uniquely defined multiplicativity datum in the general case.
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Proof. The composition [¢'] ! [¢] commutes with base change and reduces to the identity for
split diagrams, and the projection onto the line bundle category must hence be the splitting
isomorphism by Proposition[2.2] When the product data is non-trivial, this is taken to be the
definition of .. The second point follows from definition, taking into account Remark[2.15} and
the corresponding properties of the splitting isomorphisms, in particular the unicity. U

In preparation for the formulation of the main theorem of this subsection, we anticipate
that for an exact sequence ¢ as in (2.2), we can reduce the construction of a multiplicativity
isomorphism [¢] to the case when there are given flags F'* and F”* on E’ and E”, with line bundle
quotients. These filtrations canonically induce a flag F* of E with the same graded quotients. We
can then repeatedly apply the isomorphism of to the line bundles (F')!/(F")!*1 in E'/ (F')*1
and similarly to F* and F"’*. One obtains an isomorphism

@(F",F"): 4(E)~ @ 9 (Gr} E)
=~
=-Q. 9 p EN8Q 4 (Grp YE)RY .
By an application of (2.17), one sees that coincides with [g] for a line functor equipped
with a multiplicativity datum. Conversely, we have the following proposition :

Proposition 2.17. Let 9 be a line functor. Suppose that:

(1) ¢ has a product structure ;
(2) we are given a multiplicativity datum for exact sequences ¢ as in 2.2), whenever E' is a
line bundle.

Then, the isomorphism (2.19) automatically satisfies the associativity in (2.17). Moreover, this
diagram is compatible with the splitting diagram of Proposition 2.6, via the isomorphism in

Proposition[2.16,

The conclusion is equally valid if we instead suppose that E" is a line bundle.

Proof. We show the case when we assume a multiplicativity datum in the case of E’ being a line
bundle. By assumption we only need to show that the line bundle part satisfies the properties
in Deﬁnition (1)(a)-(1)(e). By construction, is a flag isomorphism and in particular
the involved isomorphisms are independent of the flags, by Proposition[2.8] In the argument to
follow, this allows us to choose our filtrations in a compatible way.

Let D = Dpy xx Dgr /gy xx Dgyg; be the variety of flags of Ey, E}/E,, E/E} and consider the
morphism g: Dg xx Dy g, *x Dgjpr — X — S. By faithfullness of g*, it is enough to verify
that the diagram commutes after base changing to D. We can thus suppose E admits
the universal filtration F*, which is compatible with filtrations on E), E}, E|/ E}, E/ E}, E/ E; and
whose graded quotients identify with each other. Then, takes the form

G (E))® Y (EIE) —————— ®, 4 (G E) —————— 4 (E)) 8 G (E/E))

\/

G (E)® %G (E|/E)® % (EIE)).
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To prove that all the triangles commute one relies on the formal identity (id ® ) ® (¢, ®id) =
P18 @2 = (1 ®id) ®(Id ®¢>), so that certain isomorphisms can be performed in an arbitrary
order. It follows that the big diagram also commutes.

The compatibility with the splitting isomorphism is now a formal consequence, which we
leave to the interested reader. U

One of the main applications of our splitting principles is the following:

Theorem 2.18. Let<4 be a line functor. Suppose:

(1) ¢ has a product structure;
(2) thereis a functorial isomorphismv: %4 (0) — Q’S ;

(3) for every exact sequence € as in [2.2), with E' a line bundle, there is a functorial isomor-
phism [€], which is multiplicative as in Definition

Then, ¢ extends uniquely to a multiplicative line functor, compatible with the above data. The
last property can be replaced by assuming there is a multiplicativity datum when E = E'  E" and
E' is a line bundle.

The same conclusion holds if we throughout change the assumption that E' is a line bundle,
with E" being one.

Proof. The last remark in the theorem is analogously proven, and we just focus on E’ being a line
bundle.

As discussed in Remark [2.15} the first assumption of the theorem fixes uniquely the multi-
plicativity datum whenever either E’ or E” are trivial vector bundles. Any multiplicative line
functor is uniquely determined as in (2.19), and we use it as a definition for [€]. Because ¥ has a
product structure, we only need to prove statements for the line bundle part. By construction, on
the line bundle part this is a flag isomorphism as in Definition[2.7]and hence, by Theorem[2.10}
defines a multiplicativity datum in general. From Proposition[2.17] we see that it is automatically
associative. That we can reduce to the case of split sequences follows from Proposition[2.16] [

The following is a useful complement to the above theorem.

Proposition 2.19. Suppose that:
(1) ¢ and 9' are two multiplicative line functors into the same line categories with products;

(2) the underlying product structures are equivalent;
(3) for any line bundle L on X, there is an isomorphism 4 (L) — %'(L), compatible with

isomorphisms of line bundles and commuting with base changes S' — S;
Then, there is a unique extension to an isomorphism of multiplicative line functors ¢ — 4’ for

general vector bundles, compatible with the above data.

Proof. The proofis analogous to Theorem In the same vein, one can define a flag isomor-
phism, decomposing ¢ (E) and ¢'(E) according to (2.19) and applying the second assumption.

The details are left to the reader. O

Below, we record a criteria for when a multiplicative line functor is commutative.
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Corollary 2.20. Suppose that% is a multiplicative line functor whose product structure is com-
mutative in general, and such that 2.18) commutes whenever both E' and E" are line bundles.
Then & is commutative.

In this case, the construction of 94 extends to the bounded derived category of vector bundles
on X with the exact sequences replaced by exact triples, and isomorphisms replaced with quasi-
isomorphisms of complexes.

Proof. The diagram when either E’' or E” are of rank 0 automatically commutes. This
follows from the the description of and the fact that commutativity is compatible with
units.

For the general case, notice that by assumption we are reduced to the statement for the line
bundle part of the functor, and that the commutativity datum is compatible with base change
by assumption. We pass to the variety of flags of E’ and E”, D via the projection g : D — S.
By faithfulness of g*, it is enough to verify that commutes over D. There the splitting
isomorphism and an iterated version of the associativity in Definition[2.14]allows us to reduce to
the case when E’ and E” are sums of line bundles.

Write the line bundle decomposition as E' = ;”:1 L’j and E" = jll L’]f . Here, the direct sums
are ordered by the natural order of the integers. Denote by c; the transposition isomorphism
exchanging the i-th and (i + 1)-th factor of either the vector bundles or the tensor products. Then
if we consider the vector bundle EB;:IL j» where the set of line bundles L; are a permutation of

the bundles L’]. and L’] !, by assumption the rightmost square in the diagram

(2.20) G@°_ L) — Y@ Lpeg il )oY (@, L) —

Jj=i+2
l[ci] l[ci]

Y@ L) —— 4@ L)8Y(Lin®L)8Y (5, L)) —

= QYUY Y (Lin)8®S,  G(L)

lci

= QYUY L) e Y L) RS, G(L)

commutes. Since the leftmost square commutes for formal reasons, the whole diagram also
commutes. Furthermore, the leftmost and rightmost vertical arrows in the diagram

(2.21) G(E'oE") — G (EN® 4 (E) — @jz RACAY:) @;’: A

bt y

Y(E"eE)— 4 (E"NeY(E) — @jz RACAL @;{’:l G (L)

can be written as a combination of isomorphisms of the form c; and [c;]. The upper and lower
horizontal isomorphisms of (2.21) equal the upper and lower horizontal isomorphisms in (2.20),
for two choices of permutations L;. This follows similarly as before, from an application of the

associativity in Definition By nesting this diagram by compositions of diagrams of the form
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(2.20), it follows that the outer contour of the diagram commutes. Since the rightmost
square of commutes for formal reasons, so does also the left square, which proves the first
part of the proposition.

The last remark is proven by Knudsen, see [83, 84, Theorem 2.3, Corollary 2.12]. It is also
observed in [38, §4.10]. Both refer to constructions by Knudsen-Mumford [85]. U

3. INTERSECTION BUNDLES

We will rely on the language of line functors introduced in Section 2] The main examples of
line functors developed in this article will be that of line bundles that represent direct images
of Chern classes, namely Deligne pairings and the refined integral of the second Chern class
recalled below. Together they form the geometrical underpinnings of our later construction, and
we refer to these constructions as intersection bundles.

As in the previous section, the results below are stated for algebraic varieties, but can all be
formulated over a locally noetherian base scheme or even complex analytic spaces. For the latter,
see §3.7

3.1. Determinants. We recall results concerning graded lines, determinants and Deligne pair-
ings, which are used in subsequent subsections.

3.1.1. Graded line bundles. The category of Z-graded line bundles on a variety X consists of
objects which are a line bundle together with a locally constant function @ : X — Z. An isomor-
phism of two graded line bundles (a, L) = (8, M) is an isomorphism of line bundles ¢p: L = M,
with the requirement that a = . Given two Z-graded line bundles, there is a natural product
(a,L)® (B, M) = (a + B, L® M). Commutativity
3.1 (a,L)® (B, M) = (B, M) ® (a, L)
is defined using the Koszul rule of signs. On the level of line bundle sections, the isomorphism is
given by
(3.2) tem—(-)"Fmer.
There is a natural left inverse (—a, L") to (a, L), such that

(—a,LY) ® (a, L) = (0,0x).

The right inverse is defined using the commutativity isomorphism (3.1). Graded line bundles
constitute a commutative line category with products, in the sense of Definition[2.13} where the
product is the usual tensor product.

3.1.2. Determinants. The reference for details on this material can be found in Knudsen—
Mumford’s work [85]. The maximal exterior power A" E of a vector bundle E is a line functor. The
determinant of a vector bundle E is the Z-graded line bundle

(3.3) detE = (r,A"E),

where r = rk E. Sometimes we implicitly identify det E with the line functor E — A"E. Given an
exact sequence of vector bundles

(3.4) £:0-E —-E—E'—0,
there is a natural isomorphism

(3.5) [e]: detE =~ detE' ® det E”
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of graded line bundles. It is defined, in the split case when E = E' @ E”, by the rule

/

!/ i i !/ / i i
eln...Ne, NejA...Ne\,— e N...Ne,®elN...Ae

r// .
Arguing by locally splitting the sequence provides the general isomorphism by gluing. This also
follows from Theorem[2.18and the surrounding splitting principles, proving that the determinant
is a line functor with multiplicativity datum.

If we denote by ¢ the commutativity isomorphism in (3.1), we see that with the Koszul rule of
signs, the diagram

det(E'® E") —<— det(E" @ E')
detE' @ detE’ —— detE" @ detE’

in fact commutes, so det is commutative. This provides a framework to deal with a plethora of
problems related to signs.

Lemma 3.1. IfE is a vector bundle of rank r, and L is a line bundle, there is an isomorphism of
multiplicative and commutative line functors,

(3.6) det(E® L) =~ (detE) ® L®".

It is uniquely determined by the case when E is a line bundle. More generally, there is a natural
isomorphism of line functors of 2-variables,

3.7) det(E® E') = (det E)®" ® (det E")®",

multiplicative in either E or E'. It is characterized as reducing to (3.6) when either E or E' are line
bundles.

Proof. The two line functors are multiplicative in the obvious sense, with both functors commu-
tativity being immediate. The lemma then follows from Proposition[2.19] O

In fact, it is not difficult to see that the above isomorphism is given by
(er1®@e)A(e1®e)A...A(e1®e)A(e2®@e)N...A(e,®¢€)— (e /\.../\er)m’@)(e’1 A...neE.

Indeed, this is readily verified to be an isomorphism of multiplicative line functors, and it is the
identity when both E and E’ are line bundles.

For a vector bundle E, taking determinants is compatible with taking duals on the underlying
line bundles. The isomorphism

(3.8) det(EY) = (detE)¥

we choose is the one which is induced by the pairing det(E) x det(EY) — Oy, given locally by
(e1 A...Nep, fin...A fr) = det(fj(e;)). Nevertheless, note that is not an isomorphism of
graded line bundles, since the gradings are r and —r, which do not agree. In forthcoming
arguments, the grading in principle only appears in the context of (3.1), in which case r and —r

produce the same sign and the difference is hence irrelevant.
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3.1.3. Determinant of the cohomology. For a bounded complex E* of vector bundles, the notion
of determinant thereof is

(3.9) detE* = @ (det )V,
i

If the cohomology sheaves . (E*) are also vector bundles, one has an isomorphism

(3.10) detE* = det.7" (E*) := R (det#" (") V',

Recall that a perfect complex on a variety X is a complex E* of Ox-modules, such that each
point has an open neighborhood U for which Ej; is quasi-isomorphic to a bounded complex
of vector bundles. In [85] a procedure is described to extend determinants to the category of
perfect complexes, defined as a subcategory of D’ (X), with morphisms defined as the quasi-
isomorphisms. Also see Proposition|2.19

If f: X — Sisaflat projective morphism, and E a vector bundle on X, the derived pushforward
Rf.E is a perfect complex. The determinant of the cohomology will be the graded line bundle

(3.11) A(E) = detRf.E

on S. For a point s € S, the fiber of A(E) at s naturally is identified with the alternating product of
determinants of coherent sheaf cohomology:

ME)s ~ @ (det H (X5, Ex)) V'

The grading of A(E) is thus given by the locally constant function s — y (X, E|x,). For an exact
sequence as in (3.4), there is a natural multiplicative isomorphism

ME) = AMEN® A(E

making A into a multiplicative and commutative line functor.

3.2. Deligne pairings. In this subsection, we suppose that f: X — S is a flat family of projective
varieties, not necessarily of relative dimension one.

3.2.1. The norm functor. Suppose first that f : X — S is a finite flat morphism, locally of degree d
say, and that h is a function on X. On the level of structure sheaves, multiplication by / induces
an endomorphism [h] : Ox — Ox. Since locally on S we have Oy = @;’d, we can consider the
determinant of the endomorphism [/], providing a function Ny,s(h) of Os. If h is invertible, so
is Nx,s(h).

If Lis aline bundle on X, it is possible to describe it by 1-cocycles with values in G, on open
covers of the form f~!(Uj;) for an open cover U; of S. Taking norms of these 1-cocycles provides
a 1-cocycle with values in @ . The corresponding line bundle is denoted by Nx;s(L).

3.2.2. The general case. Now we suppose that f: X — S is a general flat projective morphism, of
constant relative dimension 7. Given line bundles Ly,..., L, there is a line bundle

<L0v---an>X/S = <L0r---)Ln>

on S. This is constructed in [43] under the assumption that f is Cohen-Macaulay. This hypothesis
is removed in [41]. The two approaches agree, since they can both be defined in terms of

generators and relations as follows (cf. [41, Section 5, [-4] and [43, §I1.3.3]):
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(1) given rational sections ¢y, ...,#¢,, consider the divisors D; = div¢;. Suppose that for any j,
NizjD; is finite and flat over S. Then there is a non-zero section denoted by the symbol

<[0,---,£n>;
(2) if¢; = h['l. for a rational function #, then
oy, liy... 00 :ND/S(h|D)(£0,...,€'i,...,ln)

where D = Njx;Dj and Np,s(h)p) denotes the norm of the rational function hp.

The symbols might be defined only locally with respect to S. In the case of relative dimension
0, this specializes to the norm functor previously defined. The second relation applied to two
sections ¢; and / in a different order could provide different results. The resulting comparison is
not trivially true, but follows from a version of Weil reciprocity. The below statements summarize
the main properties we will need for Deligne pairings. They are all proven in [43], except for the
penultimate point, which is left as an exercise to the reader.

Proposition 3.2. The Deligne pairings, defined as above, enjoy the following properties.

(1) The Deligne pairing is well-defined and commutes with arbitrary base change.
(2) For any permutation o € Sy1, there is a natural isomorphism

[o]: (Lo,...,Ln)x1s = {Lg(©)s---» Lam)) x15-

IfLi=Lj,ando = (i, j), then (0] = (-1)°, where = [y, ¢ [Txzi €1(Lk).
3) IfAe H° (65), the multiplication by A isomorphism L; — L; induces an isomorphism

[A] : <L0) .. -)LI’l)X/S - (LO) ) Ln)X/S-
Then (M =A%, withd = [y, iz c1(L).
(3') Let q: X' — X be a flat projective morphism of constant relative dimension n'. If Ly, ..., Ly

are line bundles on X, and My, 1,..., M., are line bundles on X', then:

(a) if¢ = n—1, there is a natural isomorphism

<q*L0y ey q*Ln—ly Mn; ey Ml’l'+l’l>X’/S = (LOy ey Ln—lr <Mn» LK -rMn’+I’l>X’/X>X/S;
(b) if ¢ = n, and X is connected, there is a natural isomorphism
<q*LO;---,q*Ln»Mn+l;---;Mn’+n>X’/S = <L0)---)Ln>§(/s

whered = [y, T1c1(M;);
(c) if ¢ = n+1, the line bundle

<q*LO)---»q*L[!Mé+l»---)Mn’+n>X'/S

is canonically trivial.

(4) If D — S is a relative Cartier divisor of X — S, there is a natural isomorphism
(3.12) Lo,y Ln-1,0(D))x1s = {Loip;---» Ln-11D) D/5-
(5) On the level of Chern classes, we have:

Cl(<LO;---;Ln>):f c1(Lo)...c1(Ly).
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(6) IfE is of rank r, there is a natural isomorphism
(C{rh)prE)s = detE,

where (G (1){r})pg)s denotes the Deligne pairing where all r factors are given byG (1) . A
section e of E induces a section e of O (1), and the isomorphism is given by

(e1,...,e;y—e1N...Ney.

The point (3) is in fact a consequence of (3')(b). The isomorphisms described in (3') are the
natural ones on the level of symbols.

3.3. An intersection second Chern class. In [38, §9.6-9.7], for a flat projective family of curves
f:X — §,aline bundle IC,(E) is constructed. It is naturally a line functor, and enjoys properties
similar to that of the cohomology class f. c2(E). Deligne provides a construction using filtrations,
as well as a method utilizing the determinant of the cohomology of special line bundles. The
latter, which is inspired by the Grothendieck-Riemann-Roch theorem, is recalled in below.
Due to its higher dimensional generalisations, we will focus on Elkik’s definition of the intersec-
tion second Chern class. It is also defined using the analogues of Segre classes, relying on the
Deligne pairings in the previous section, which is one of the reasons for their flexibility.

It will be convenient to consider a commutative line category with products (see Definition
[2.13), to deal with certain product properties related to exact sequences, initially considered in
138} §9.1]. It extends the graded line bundles in in this setting. We refer the reader to loc.
cit. for further details.

Definition 3.3. For a flat projective family of curves X — S, we consider the following commutative
line category with products:

(1) the objects are triples (r,L, M), where r is a locally constant function X — Z, L is a line
bundle on X and M is a line bundle on S;
(2) a morphism (r,L, M) — (r',L', M") consists of isomorphisms L — L', M — M’, with the
requirement thatr = r';
(3) the product is provided by the rule
(L, M)®(r',L',M)=(r+r,LeL',Me M &(L,L");

(4) the commutativity isomorphism is (3.2) on the second factor, and the naive isomorphism
on the third factor times (—1)V, where N = rr' (deg L+ degL').

The following amounts to Elkik’s definition of the functorial direct image of the second Chern
class.

Definition 3.4. Let X — S be a family of algebraic curves. If E is a vector bundle on X, we define
(3.13) IC,(E) = (detE,detE) x;s ® (O({r + 1N p(p s
where (O (1){r + 1})p(g); s refers to the Deligne pairing with O (1) iterated r + 1 times.

The following theorem is a special case, or versions of results found in [43]. We provide a
self-contained proof relying on the splitting principles in Section 2]

Theorem 3.5. The rule E — IC»(E) is a line functor. It satisfies the following properties.

(IC1) The functor E — (r,detE, ICy(E)) equips IC, with the structure of a multiplicative and

commutative line functor. In particular:
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(a) for every exact sequence as in (3.4), there is a Whitney isomorphism
(3.14) ICy(E) = ICy(E") ® IC,(E") ® (det E',det E"),

which is compatible with isomorphisms of exact sequences (cf. [43, §V.4.8]) ;
(b) suppose we are given an admissible filtration E, < E| < E. Then associativity holds, in
the sense that the diagram of Whitney isomorphisms below commutes:

1C,(E)
IC,(E}) ® IC,(E/E}) IC5(E}) ® IC5(E/E))
® ®
(det(E}), det(E/E})) (det(E}), det(E/ E}))

\/

ICy(E}) ® IC,(E}/ E}) ® IC(E/ E}) ® (det(E|/ E}), det(E/ E}))
®
(det(E}),det(E}|/E})) ® (det(E!), det(E/E})).

(IC2) For a line bundle L, there is a natural trivialization IC,(L) = Os. If : L — L' is an isomor-
phism of line bundles, the induced isomorphism [@): ICy(L) — IC,(L') is compatible with
these trivializations (cf. [43}, §V.4.9]) .

Proof. The line functor property is clear from the definition of /C, and the properties of Deligne
pairings. The discussion in shows that the functor in (IC1) equips /C, with a product
structure. By the second splitting principle in Theorem it is enough to construct the
multiplicativity datum in the case when E’ = L is a line bundle. By definition of the
product structure, this amounts to an isomorphism as in (a) in (IC1), the associativity in (b) being
automatic by Proposition[2.17] To this end, let p : P(E) — X be the natural projection. Then the
inclusion L — E induces a closed immersion i : D — P(E) of the divisor D = P(E/L). This closed
immersion is cut out by the section of (1) ® (p*L)" determined by combining the morphism
p*L — p*E with the tautological morphism p*E — @(1). The Whitney isomorphism is then
obtained by rewriting det E = Lo det(E/L) via (3.5), and (1) =0 (1)® (p* L)V @ p*L=0(D)® p*L,
whilst applying and multilinearity of the Deligne pairing to (3.13). More precisely, we have
using the properties described in Proposition[3.2} isomorphisms

(detE,detE) — (L®det(E/L),L®det(E/L))
— (L,Ly®(L,det(E/L)) ® (det(E/L), L) ® (det(E/L),det(E/L))

— (L, L)®(L,det(E/L))* ® (det(E/L),det(E/L))
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and

(O {r+1)pEys — (OD)ep*LOEN{rhpE)s
— (O irhpEinis®(p"LODM{IrHpE)s
— (O {MeEnis®(p*L p*LOM{r—1)prEs® (p*L,0(D),0 ) {r —1)pmE)s
— (OM{rhpEnis® (L, L) ®(L,det(E/L)).

The difference of these two isomorphisms provides a Whitney-type isomorphism. We multiply it
by (_1)deg(E/L)+rdegL )
For the commutativity property, which is not formal, we postpone the proof to Proposition
3.8
U

Remark 3.6. (1) The line functor property of IC, includes in particular an obvious compati-
bility with isomorphisms X’ — X of curves over S. See Deﬁnition (a).
(2) The rewriting of &(1){r + 1} in the proof involves the isomorphism

(p*L,o(1){r}) —(L,Ly®(L,det(E/L)).

By Proposition there is also an isomorphism (p*L,0(1){r}) — (L,det E), which com-
bined with detE — L ® det(E/L) provides another isomorphism as above. These two
coincide, and we have chosen the above in the proof because it is the one used by Elkik
in [43].

(3) With the notation as in the proof of Theorem[3.5} let ¢;,i = 0,..., r be sections of E, with
induced sections ¢; of G(1). Suppose that lo=0.® p* ¢, where o is the canonical section
of @(D). Let also u (resp. v) be sections of det E, such that u corresponds to ¢ ® u’ (resp.
v corresponds to ¢’ ® v') under the isomorphism, detE — L ® det(E/L). Likewise, under
the same isomorphism write 1 A...A ¢, = ¢" ® w. The Whitney isomorphism on the level
of symbols is then given by

(3.15)
(U, 0y ® (Lo, 01,...,) s (—1)de8EIDErdegl g gy g (0 vy @ (0, Uy ® (U, V')

® (01D, Ca1Ds -, Crip) L ® (Lo, 0" L ® (L, w) L

3.4. Sections of /C,. In the Deligne pairings were described in terms of symbols and
relations. Such a concrete description is generally lacking for /C,. Below, we provide general
constructions of generators of IC, in favourable situations, and describe the case of rank 2 in
more detail. Not only this enlightens on the geometric meaning of ICs, but it will also be needed
to compare Deligne and Elkik’s approaches in More concrete applications are explicit
formulas for intersection metrics and complex metrics in Proposition[4.8/and

3.4.1. Two constructions of local trivializations. Let E be a vector bundle ofrank r =1 on X — §,
and s = (sy,...,Sr—1) an ordered (r — 1)-tuple of sections. Suppose that all s; are non-vanishing.
For the first construction, write dets = s; A... A s,_1. Suppose there are auxiliary sections u, v
such that dets A u and det s A v determine sections of det E with disjoint divisors, both flat over S.
A section ¢ of E induces a section 7 of @(1) on p : P(E) — X, by composing p*t:0x — p*E with
p*E — O(1). Denote by 3, i, U the induced sections or tuples of sections of @ (1). We can then
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define a trivialization of IC, (E) by using the trivialization
(3.16) (detsA u,detsAv)x/s® (5, ﬁ,ﬁ)@(lE),S.

For the second construction, notice that the (r — 1)-tuple s naturally yields a short exact
sequence

(3.17) 0—0y'—E—L—0,

with L = detE. By filtering by the first factor Ox < @)r{l, and using the standard isomorphism
det @§ =~ Oy, one readily obtains a natural trivialization of IC, (@)’(‘1). We will later see in Propo-
sition[3.10[that this trivialization is independent of the ordering of the filtration.

The Whitney isomorphism of applied to then also provides an isomorphism

(3.18) (s): ICo(E) = IC2(O% ) ® ICy(det E) ® (det G5!, det E) = O,
and hence a trivialization of the bundle.

Lemma 3.7. Consider a section as in (3.16) of IC,(E) associated to s = (sy,...,S,—1), and also the
section (s) of IC,(E) determined by (3.18). Then the two sections differ by the sign (—1)"~DdegE,
In particular, the former is independent of the choices of u, v.

Proof. If r = 1 there is nothing to prove. If r > 2, denote by s’ the tuple obtained by removing s;.
Also, denote by 0 — @)’(‘2 — E/s10x — L — 0 the exact sequence obtained by taking the quotient
by s;1. Applying the Whitney isomorphism to the sequence 0 — Gx 2 E— E/510x — 0, and using
natural trivialities, we obtain an isomorphism

IC>(E) = ICy(510x) ® (det(E/$10),510x) ® IC5(E/$10x) = ICy(E/5:0x).

A diagram chase, involving the associativity in (IC1) of Theorem 3.5} shows that the section (s) is
sent to (s’) under this isomorphism.

Hence, by induction it is enough to prove that the section is sent to the analogous section
induced by s’ of IC,(E/s,0%). This follows from an immediate application of the description on

the level of symbols in (3.15).
!

3.4.2. Sections and the Whitney isomorphism. For the formulation of the Proposition 3.8/ below,
consider first global sections ¢ and m of line bundles L and M, without common zeros. Then,
the global section (¢, m) of L® M is a nowhere vanishing section, and the quotient of L ® M by
the subbundle generated by (¢, m) is isomorphic to det(L ® M) = L ® M. We hence have a short
exact sequence

(3.19) 0—-0Ox—LeM—LeM—0

as in (3.17), and we denote by ((¢, m)) : IC2(L ® M) = Os the corresponding trivialization of
ICy(L & M). A computation using (3.5) shows that the second map of (3.19) is

(3.20) @ omy—-lem+leom.

In general, if £ and m are rational sections with div/ = D' — D and divm = E’ — E in general
relative position, using the expression in (3.20) gives a short exact sequence

(3.21) 0—-0Ox(-D-E)—LeM—-LM®Ox(D+E)—0

which identifies with (3.19) outside of D and E, and hence an isomorphism ICy(L & M) =

(Ox(—D—-E),L& M®Ox(D+ E)). Denoting by 1 g the canonical section of Ox(—D — E), we see
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that (Ox(-D—-E),L® M®Ox(D+ E)) admits the trivializing section (1p,g,f®@me 1]‘)1+E). We also
denote the corresponding section of IC, (L ® M) by {(¢, m)). It coincides with the trivialization in

(38.19) if D and E are empty.
Also applying (3.14) to the standard split exact sequence
(3.22) 0O—-L—-LeM—-M-—0

we find that ICy (L & M) = (L, M), used in the formulation of the next proposition.

Proposition 3.8. Suppose that ¢ and m are rational sections of L and M, with disjoint divisors,
individually finite and flat over the base. The trivialization {(¢, m)) of ICo(L® M) in (L, M) under
the isomorphism induced by (3.22) corresponds to the section

(-1)98M ¢, my,

where deg M is the fiberwise degree of M. It follows in particular that 1C, is a multiplicative and
commutative line functor, i.e. the diagram

ICy(E'® E") —— IC,(E") ® ICy(E") ® (det E',det E")

| |

ICy(E"® E") —— IC(E")® ICo(E") ® (det E”,det E')
commutes up to the sign (—1)" where N = rir, (degE' + degE").

Proof. A straightforward computation shows that the first property implies the commutativity,
relying on Corollary[2.20|and the formalism of Deligne’s category in See Definition[3.3]

We will need to describe the two different Whitney isomorphisms associated to and
recalled above, and first set up the problem. We simplify the argument by assuming that ¢
and m are global regular sections, the general case is analogous. From the previous Lemma|3.7|
we know that the trivialization corresponding to ((¢, m)) equals

(—1)9e8L+deeM o iy A 07, (0, m) Ay @ (€, m), €', 7).

Throughout, denote by p : P(L® M) — X the natural projection. Under the Whitney isomorphism
described in (3.15) we see that the first section of the above product is sent to

(3.23) (—0'om,t ®m') — (—1)9e8L+deeM p! py o (! iy @ (0, m) ® (m, m').

The other section (m,ﬂ’ ,m') can be~ written, after applying an even permutation of the
sections (see (2) of Proposition) as (¢!, 7, (0, m)).

For the rest, recall that there is an embedding i : X =P(M) =P((L& M)/L) — P(L & M) deter-
mined by o : p*L — p* (L® M) — G (1). The Whitney isomorphism described in Theorem3.5]
sends this section to

<0-L)ﬁ/l/,7 m> ® <P*€’;0'L; m> ® <p*€,)m/, ®0-Zl) m>
and then further to
(i, it (0, m)y e (it p* it (0, m)y e (i*p*l,i* (W @ o).

A direct computation shows that i*7’ = m/,i*(¢,m) = m. The computation of the section

ime 021 is more delicate, and we start to notice that it is necessarily of the form p*¢” for a
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section ¢” of L. It can be computed by restricting along i’ : X — P(L @ M) determined by the
sequence (3.19). Here i""G(1) = L® M. Expanding as in (3.15) we find that this section is sent to

(-D8Nm!, my & (0, 0y & (', m)
Then, since ¢’ = p*¢' ® o1, we can expand
(324) <Z7),mV,r m> = <O-L),mv,r m) ® <p*€,)0-l,) m> ® (p*glr m’ ®O-zl) W”n)>

The section (¢, m) of @(1) is obtained from the section (¢, m) of L ® M via the composition of
p*(¢,m): p*Ox — p* (L& M) with the natural quotient map p* (L& M) — O(1). Its zero locus is
identified with a section i : X — P(L® M) of p: P(L® M) — X. Under the identifications of (3.19),
we have i*0(1) = L® M.

The computations in show that i"*o; = —m and i'"" o) = ¢, so that we have ¢ =
i"(meo')=i"(p*meoyeo;')=—-m'Ime/l. Itfollows thatalso i* (' ® 0} ')=-m'/me
¢. Hence, restricting to the divisor i : X — P(L @ M), we finally find that takes the form

(3.25) (m' ,mye ', mye ', —m'Ime ) =(=1)%8Lim' mye ' mye /' 0).

Using that (m/, m) = (~1)98M(m, m’) and comparing (3.25) with (3.23), we find that the two
differ by the expression (¢, m). Since our Whitney isomorphism multiplies this construction with
(—1)9¢8M e find the statement.

O

Remark 3.9. As recalled in Corollary[2.20} the above proposition implies that /C, extends to a
functor on complexes of vector bundles and quasi-isomorphisms between them.

3.4.3. Relations between symbols. Suppose we are given two (r — 1)-tuples of everywhere non-
vanishing sections, s and ¢, of a vector bundle E of rank r. We say they are in general position if
they generate a subvector bundle of rank r — 1. Then (dets) A (det #) is a section of A? (A" E),
whose zero locus cuts out a closed subspace Z := Z(s, £). On E|z we can write dets = adet ¢, for
a an invertible function on Z. In the following propositions, we will describe what amounts to
relations of the trivializations (s) and (¢).

Proposition 3.10. Let s and t be two (r — 1) -tuples of everywhere non-vanishing sections of a
vector bundle E of rank r, in general position, and let Z be the closed subspace where s and t
generate the same subbundle of E. If Z = X, then:

(1) ifr =1, ICy(E) is canonically trivial;

@) ifr =2, (s) = a9°8E(t). Heredets = adett and a = det A for the matrix transforming the
basis s to t. In particular, for a permutation o of {1,...,r} and o (s) = (Sg1),---»So(r)), We
find that (o (s)) = (-1)%8n@)degE ().

(3) if A is an invertible function on S, the multiplication A : E — E induces an isomorphism
[A] : ICo(E) — ICy(E); then, [A] = AU~V de8E ypere degE is the fiberwise degree of E (cf.
[43, §V.4.11]).

Proof. The first case corresponds to the fact that there is no input data for the trivialization (s).

For the second case, the hypothesis states that s and ¢ generate the same subbundle of E, and
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hence there is a natural diagram

@)r{l -~ s E—detE

fora (r — 1) x (r — 1)-matrix with entries in H’(Gx) = H°(@s). It induces an isomorphism of the
Whitney isomorphisms (3.18), which allows us to compare the trivializations. The only non-
trivial map induced from these two sequences is the map (Ox,det E) — (Ox,det E). The section
1 in Ox corresponds to det s or det  under the isomorphism det& )’(_1 =~ (0, so thatdets = adet?,
where a = det A. Hence the map is described by (1, w) — {(a, w) for an arbitrary section w of detE.
From Proposition 3.2} we find that (@, 0) = a9¢8(1, w).

The last point clearly holds if we have a section (s) by the previous part of the proposition. It

holds more generally by induction and a filtration argument.
0

In the case of rank 2 vector bundles E, we can say more:

Proposition 3.11. Let the assumptions and notation be as in Proposition[3.10, Suppose further-
more thatr =2 and Z — S is finite and flat. Then (s) = Nz;s(a)(?).

Proof. For simplicity we identify s = s, f = #;, and note that Z = div(s A ?) is necessarily a relative
Cartier divisor. The sections s, t both provide exact sequences of the form 0 — Gx — E — detE —
0, and we need to compare the trivializations of IC, they induce via the Whitney isomorphism.
By definition, the Whitney isomorphism sends (s) to (s, w) in (sOx,det E), for an arbitrary section
o of det E and where s is considered as an element of E. Likewise (t) is sent to (t,w). These are
not sections of the same bundle, hence cannot be compared directly. We choose w = s A £, so
that det E = ¢(Z), and apply Proposition[3.2]to obtain (sOx,det E) = Nz,5(s07) and idem with
(tOx,detE). Since s and ¢ generate the same subbundle of E on Z, we can compare the sections
there, and the relation between them is that of the proposition.

To prove the proposition, we need to prove that the considered isomorphism IC,(E) =
IC,(Cx) ® IC,(detE) ® (sOx,detE) = Nz,;s(sOx) = Os coincide for s and ¢, or equivalently that
they are independent of s and ¢. In this case, the comparison of the sections (s) and (#) in IC,(E)
will coincide with the comparison of their images in 0.

The two sequences involving s and ¢ can be completed into a diagram of the form:

id

(3.26) 0 Gx Oy
I R
Ox ——— E detE

—
o
~|
—
—




This will allow us to compare the two sequences and thus also the Whitney isomorphisms. The
Whitney isomorphism involving s can be decomposed using that of ¢ as

IC(E) = ICy(sOx)®ICy(detE)® (sOx,detE)
~ ICZ(Sﬁx)®IC2(E@’X)®IC2(detE|Z)®(Eﬁx,detE|Z>®(Sﬁx,gﬁx)®<sﬁx,detE|Z).

Here, we use the extension of IC; to coherent sheaves quasi-isomorphic to a complex of vector
bundles, see Remark[3.9] The same discussion applied to r and and s provides a sequence with
identical final product, providing an isomorphism

W :ICy(sOx) ® ICy(detE) ® (sOx,detE) = ICy(t0x) ® ICy(detE) ® (tOx,detE).

It follows from [38, Lemme 4.8] that the various Whitney isomorphisms applied to (3.26) com-
mute, and that the diagram of isomorphisms

IC(E) —— IC2(Ox) ® ICy(detE) ® (sOx,det E)

Jo |
ICy(E) —— ICy(Ox) ® ICy(det E) ® (tOx, det E)

in fact commutes. Noticing that det(E|z) = Ox(Z), this is a rewritten version of the sought
diagram, except we have not verified that the isomorphism (sOx,detE) = (sOx,0x(Z)) is the
one induced by choosing w = s A t as in the beginning of the proof.

To further investigate W, a computation similar to that of shows that the map s sends
1to tAsand fsends1to sAt=—tAs. This shows that the lower horizontal and right vertical
sequences are in fact isomorphic up to sign. From Propositionwe find (s,—sA L) =(s,SAL)
and (t,—s A t) = (t,s A t). This implies that, while the two sequences are not the same, since the
only difference is a sign, this is not seen on these Deligne pairings. These facts taken together
prove the proposition. O

Remark 3.12. Proposition [3.11]generalizes the relations defining the Deligne pairing of two line
bundles, at least for E admitting enough sections in general position, locally with respect to S.
This can always be achieved after possibly tensoring E by a suitable relatively ample line bundle.
In Proposition[3.13|below we will describe how IC, behaves under such modifications. One can
conclude that in rank 2, it is possible to describe IC, directly in terms of generators and relations.
We refer to Proposition [4.8and §8.3.2]below for an example of application along these lines.

3.5. Further properties of /C,. We will now study /C, of various constructions, in particular
products of vector bundles or duals. The splitting principles established in Section[2|allow us to
reduce otherwise complicated computations to simpler ones.

3.5.1. Products of vector bundles. Let L be a line bundle and E a vector bundle of rank r. The
functor

(3.27) E— (r,det(E®L),IC2(E® L))

is a commutative and multiplicative line functor into the line category with products in Definition
with the first two factors equipping IC, (E ® L) with a product structure.
Consider also the Chern polynomial-type line functor

(3.28) E— ICy(E)® (detE, L) 1o (L, 1),
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On the level of isomorphism classes, (3.28) corresponds to the direct image of a well-known
expression for the class ¢, (E ® L), see [59, §3.2.2]. Using Theorem and the Whitney isomor-
phism for IC,, one sees that the functor

(3.29) E— (r,(detE)® L, ICy(E) ® (detE, L) "L & (L, L)®))

is likewise a multiplicative and commutative line functor.

Proposition 3.13. (1) Let E be a vector bundle of rank r. There is a unique isomorphism of
multiplicative line functors
(3.30) ICy(E® L) = IC,(E) ® (detE, Ly " & (L, L)),

compatible with Lemmal3.1)and such that then the isomorphism is compatible with the
natural trivializations of both sides when E is a line bundle.
(2) If L and M are line bundles, the isomorphism (3.30) associated to the line bundle L® M
can be identified with the isomorphism obtained by first applying M and then L:
IC,(E® L® M) IC,(E® L) ® (M, det(E® L)) ' & (M, M)

(ICZ(E) & (detE, L) ' ® (L, L) (5)) & (M,L" @ detE) ® (M, M)

I

I

IC,(E) ® (detE,Le M) ‘o (Le M,Le M),

I

Proof. By Proposition[2.19/one is reduced to proving that there is a natural isomorphism of the
two functors in (3.27) and (3.29) whenever E is a line bundle. In this case the two determinants
appearing are identical. We define the isomorphism of the last factor to be the one compatible
with the trivializations IC,(E ® L) — Os and IC,(E) — Os whenever E is a line bundle. The last
part follows from the unicity and the fact that there is a natural isomorphism in the case of line

bundles. U
Remark 3.14. Using Elkik’s definition of IC,, we find that
(3.31) ICy(E® L) = (det(E® L), det(E ® L)) x5 ® (Oprery (D + 1 pizen)s-

If p: P(E) — X denotes the natural projection, Opger)(1) is identified with Op () (1) ® p* L under
the natural isomorphism P(E ® L) = P(E). Using this, the natural isomorphism det(E® L) =
(detE) ® L®", the isomorphism (G (1){r})p),s = det E and general properties of Deligne pairings
in Proposition 3.2} there is a canonical way to write down an isomorphism as in Proposition[3.13
explicitly. It is possible, but cumbersome, to show that such an isomorphism using symbols is a
multiplicative line functor, and actually coincides with the abstractly constructed one.

Proposition 3.15. Let E and F be vector bundles of rank e and f on the family of curves X — S.
There are unique isomorphisms of line functors, multiplicative in E and F,

(3.32) ICy(E®F)=ICy,(E) & IC,(F)® ® (det E, det FY*/ 1 & (det E, det EY®) ® (det F,det F)®),

compatible with Lemmal,3. 1| and such that if F is a line bundle, the isomorphism is the isomor-
phism described in Proposition|3.13

Proof. Here the multiplicativity is provided by the product in
E®F — (ef,(det E)/  (det F)°, right hand side of (3:32)),
and uses the isomorphism in (3.7).
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We note that there are a priori two ways to define such an isomorphism as in the theorem,
either by filtering F with a flag followed by filtering E with a flag, or the opposite. The above is
the one obtained by first filtering F and then E.

3.5.2. Duals of vector bundles. To formulate Proposition below, notice there is a natural
isomorphism, multiplicative and functorial in vector bundles E; and Ej»,

(3.33) (det(EY),det(Ey)) = (det By, det Ey).

Indeed, under the isomorphism itreduces to an isomorphism of the form (LY, M") — (L, M),
which can be defined on the level of symbols by (¢/¥,m") — (¢,m). This also corresponds
to the natural isomorphism (LY, M") — (LY, M)¥Y — (L,M)"V — (L, M). Given a short exact
sequence ¢ as in (3.4), we can thus write down a multiplicativity datum, by exploiting the
Whitney isomorphism of the dual exact sequence ¢V,

(3.34) ICy(EY) — IC(E'Y) @ (det E',det E"y & IC,(E"").

More precisely, the functor

E — (r,detE, IC,(EY))
is a multiplicative line functor. We hence have the following proposition, whose proof is analo-
gous to that of Proposition[3.13}

Proposition 3.16. Let E be a vector bundle on a family of curves X — S. Then, there is a unique
multiplicative isomorphism of line functors

IC(EY) = ICy(B),

which is the identity on the product structures and compatible with the trivializations of both
sides when E is a line bundle.

O
An immediate corollary is the following consequence, which will be utilized in
Corollary 3.17. Let E be a vector bundle. Then there is a natural isomorphism of line functors
IC,(EndE) — IC,(E® EY) — ICy(E)** ® (det E,det E)°.
U

3.6. Comparison with Deligne’s constructions. The previous subsections developed and stud-
ied Elkik’s definition of the functor IC,. The original construction due to Deligne is a priori
different. In [38, §9.7], the following line bundle products of determinants of cohomology plays
the role of IC, (see §3.1.3]and equation (3.11)):

(3.35) Ix;sC*(E) = M= (E—r - (det(E) - 1))) = A(E) ' ® L(@x)" ! ® A(detE).

Since the determinant of the cohomology is a graded line bundle, the expression on the right
hand side can only be used as a definition up to sign. This is related to the remarks in the
beginning of To make it precise, we refer the reader to the discussion surrounding [38,
(9.7.4), p. 168]. This only plays a minor role in the text, but it will be nevertheless applied in
Proposition[6.10]and Theorem|[10.5

Properties analogous to those of Theoremare established in [38} §9.1]. In [38, Proposition
9.4] a unicity statement for 1C, is provided. The statement itself relies on a formulation in terms
of virtual categories of vector bundles, but reduces to the statement that the line functor IC; is

uniquely determined by the properties:
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(1) IC,(L) is canonically trivial for line bundles L;

(2) IC, satisfies a Whitney isomorphism for short exact sequences ¢;
(3) IC, is commutative up to a controlled sign;

(4) anormalization criteria.

Theorem 3.18. Elkik’s IC, enjoys the above properties and is hence uniquely isomorphic to that
of Deligne.

Proof. Properties (1)), are already proven in Theorem The property (3) is part of the
conclusion of Proposition[3.8]above. The last normalization criteria is proven in the context of
Franke’s IC, in [51} §3.4]. A further inspection of the proof shows that it reduces to analogues of
the three first properties, together with Proposition [3.13|and the main statement of Proposition
which describes explicitly the isomorphism ICy (L& M) = (L, M).

U

Remark 3.19. The version of the splitting principle in Proposition already provides a canon-
ical isomorphism, by virtue of (1) above. However, this isomorphism does not automatically
come with a characterization.

If L and M are line bundles, the Whitney isomorphism provides an isomorphism IC, (L& M) =
(L, M). Combining it with det(L & M) = L® M and (3.35), we find the following corollary:

Corollary 3.20. Let L and M be line bundles on X. Then there is a canonical identification
(L, M) = A(@x)® A(Le M) ' ® A(L® M).

OJ

We remark that in the two approaches of Deligne [38, §7] and Ducrot [41], this is essentially
the definition of the left hand side. We include this explicit corollary because we want to be able
to reference it later.

Suppose now that E is a vector bundle on X. One of the main results of [38] asserts the exis-
tence of an isomorphism of line bundles representing a Grothendieck-Riemann-Roch equality
for E. We give a proof based on our splitting principles for line functors, reducing to the simpler
case of line bundles.

Theorem 3.21 (Deligne-Riemann-Roch isomorphism). Suppose that X — S is a family of smooth
curves with relative canonical sheaf wx,s. Then there is a canonical, up to sign, multiplicative
isomorphism of line functors,

(3.36) DRR(X/S, E): ME)'? = (wx/s,0x/5)F ® (det E,det E® 0y} ¢)° ® ICo(E) ™12,

Proof. The left hand side is a multiplicative line functor by the discussion in For the
existence part of the theorem, by the splitting principle in Proposition[2.19} it is enough to equip
the right hand side with the structure of a multiplicative line functor, and prove the isomorphism
whenever E is a line bundle.

For the multiplicative structure on the right hand side, by Theorem [2.18|it is uniquely deter-
mined by the multiplicative structure for bundles of the form L& E”, where L is a line bundle. In
this case, it is straightforward to equip the line functor

(x15,wx75)™F ® (det E,det E® wy} ) ® IC,(E) ™12

with a multiplicative structure with respect to the usual tensor product of line bundles, using the

multiplicative structures on the Deligne pairings, det and the Whitney isomorphism.
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For line bundles, we rely on the constructions of [38, Construction 7.5], which asserts that for
aline bundle L, there is an isomorphism of line bundles, determined up to sign,

ML ®AOX) ™ — (L, LowYs).

The sixth power is thus a canonical isomorphism. For convenience, we recall that the proof uses
Corollary and rewrites one of the two copies A(L) ® 1(Gx) ! using the isomorphism induced
by Grothendieck-Serre duality A(L) = A(L® wy, ). This is finally combined with Mumford’s
isomorphism AOx)'? = (wx/s,wx/s), which is canonical up to sign, cf. [97, Section 5]. We get an

isomorphism
MDY = (wx/s,wx/s) ® (L, LY ® wx/s)°.
This is (3.36) for line bundles, and concludes the proof. U

Remark 3.22. For the purposes of this article, the sign ambiguity in the Deligne-Riemann-Roch
isomorphism is actually irrelevant, and we may thus ignore it. Nonetheless, let us mention that
in [37, Appendice 3], Deligne describes a procedure to remove this ambiguity.

3.7. Complements in the complex analytic setting. The constructions in the previous subsec-
tions can be extended to the complex analytic category. For lack of reference on the theory of
intersection bundles in this setting, we briefly provide the argument for this. For general facts in
complex analytic geometry utilized below, we follow [29,30] and the lectures by Grothendieck
and Houzel in the Séminaire Cartan [1].

3.7.1. Deligne pairings. Let f: X — S be aflat, locally projective morphism of complex analytic
spaces, of constant relative dimension 7. Given line bundles Ly, ..., L, on X, we wish to construct
the Deligne pairing (L, ..., L;) by mimicking the procedure described in That this is
possible relies upon the following lemma.

Lemma 3.23. Let L be a line bundle on X. Then, locally with respect to S, there exist relative
effective Cartier divisors D and E, such that L =~ O (D — E). Furthermore, if Y < X is a given closed
analytic subspace, which is flat over S, then we can also suppose that DNY and EN'Y are relative
effective Cartier divisorsin'Y .

Proof. We begin with the first part of the statement, and then indicate how to extend it to cover
the second one. Let s € S be any point, and .# the coherent ideal sheaf defining the fiber X
in X. Restricting to a suitable neighborhood of s, we may suppose that there exists a relatively
very ample line bundle A such that L® A is relatively very ample too, with R! f,(# ® A) = 0 and
similarly for L ® A. We reduce to show that A = & (D), with D as in the statement. The case of
L® Ais analogous.

The fiber X; is algebraizable, since it is projective. The line bundle A, x, is then algebraizable
too, by the GAGA theorems. We abusively use the same notation for the corresponding algebraic
objects. We choose a global section ¢ of A x,, whose zero locus avoids the associated points of
X, as a scheme. This is possible, since the set of associated points is finite and A, x, is very ample.
Thus, the section ¢ induces an injective morphism Ox, — A|x,, in the algebraic category. It
remains injective after analytification, because for a scheme T of finite type over C and ¢ € T(C),
the morphism of local rings @1 ; — @ran ; is flat. By the vanishing R! f. (# ® A) = 0, after possibly
restricting to a Stein neighborhood of s, we can lift the section ¢ to a global section ? of A. By
192, Theorem 22.5], we see that the morphism /: Ox — Ais injective at the points of the fiber X,

and A/ @ is flat over § at the points of the fiber X. The kernel of £ is a coherent sheaf, and its
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support is a closed analytic subset of X disjoint from X;. Because f is proper, we infer that after
possibly restricting S, we can suppose that multiplication by lisan injective map. Besides, by
Frisch’s theorem [58], the locus of points in X where A/ @ is flat over S is open. It contains the
whole fiber X;. Therefore, shrinking S if necessary, we can suppose that A/ Z@X is flat over S. We
have thus proven the existence of a regular section /, , which defines a Cartier divisor D with the
desired property.

Suppose now that Y < X is a closed subspace, which is flat over S. In the previous paragraph,
we can further impose that the zero locus of ¢ avoids the associated points of Y5, as a scheme.
Then, the very same reasoning above shows that, after shrinking S if need be, the restriction Z|y
defines D N Y with the expected property. 0

The construction of the Deligne pairing (Lo, ..., L;) then proceeds as in by describing
generators and relations, locally with respect to the base. The lemma ensures that generators,
given by symbls (¢, ..., ¢,), do exist. For the relations to make sense, we first need to observe
that if D — S is a finite flat morphism of complex analytic spaces, then Op is a locally free
Os-algebra of finite rank, as in the algebraic case, and therefore the norm functor Np,s can be
defined. Secondly, we need to check that the construction is well-defined. By this we mean that
a compatibility condition between various defining relations, analogous to the Weil reciprocity
law, is fulfilled. The next lemma addresses this point, by reduction to the algebraic case.

Lemma 3.24. The construction of the Deligne pairing (Ly, ..., L,) by generators and relations in
the analytic setting, is well-defined.

Proof. Suppose that we are given a symbol (¢y,...,¢,), where the ¢; define Cartier divisors
D; = D; - D/, with D’ and D} effective and flat over S. Suppose that f and g are meromorphic
functions, such that for some j # k, changing ¢ into f¢; and ¢ into g/ provides a new symbol.
Let Z be the finite flat cycle over S, defined by the intersection of the D;, excepting D; and Dy.
We are led to show the reciprocity law

(3.37) Nzndivig)/s(f) = Nzndiv(r)/s(g) in Os.

It is enough to prove this relationship after localizing at an arbitrary s € S. Because O is
noetherian, we have an injection Os s — @5, s- Therefore, we just need to establish the reciprocity
equality after completing at s.

For m =0, let S, be the m-th infinitesimal neighborhood of s in S. It is a finite analytic space,
which can be algebraized into a finite scheme over C. We perform the base change of X — S by
Sm — S, and we obtain a flat projective morphism X,,, — Sj,. Since S, is finite and the morphism
is projective, we can invoke Chow’s theorem and conclude that X,, and the morphism can be
algebraized. By the GAGA theorems, the base change of all the objects involved in the Deligne
pairing and in the symbols above, can be algebraized as well. The base change of by Sy
thus becomes an analogous relationship in an algebraic situation, already covered by the work of
Elkik [43] and Ducrot [41]. Since the compatibility condition is satisfied in this context, we infer
that holds after pullback to S;,;,. We conclude by passing to the limit. U

We have thus justified that the method of carries over to the analytic setting. The
resulting Deligne pairings enjoy the complex analytic counterpart of Proposition[3.2} The proofis
based on the description in terms of generators and relations, and is formally the same. Similarly,
working on the level of symbols, we readily see that the construction is compatible with the

analytification functor. We summarize these facts.
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Proposition 3.25. The construction and properties of Deligne pairings extend to flat, locally pro-
jective families of complex analytic spaces, compatibly with the analytification functor. Precisely,
if X — S is a flat projective family of finite type C-schemes, of constant relative dimension n, with
line bundles Ly, ..., Ly, then there is a canonical isomorphism

(LOJ---;Lnym:( (a)n)---)Lz;?>-
U

3.7.2. Intersection bundles in relative dimension one. In the setting of families of compact Rie-
mann surfaces, the condition of being locally projective is automatic. Outside of genus one, the
relative cotangent bundle can be used to provide a relatively ample line bundle. For genus one
families we can always find sections of X — S, locally on S. The line bundles associated to the
Cartier divisors who are in the image of these sections produce relatively ample line bundles.
The following can be derived:

Proposition 3.26. Elkik’s intersection bundles and their properties are applicable in the setting of
proper holomorphic submersions of complex analytic spaces, with fibers of relative dimension 1.
Moreover, the construction and properties of these bundles are compatible with the analytification
functor.

O

Finally, it is formal to extend Deligne’s approach to the IC, bundle in terms of the Knudsen—

Mumford determinant of the cohomology, as described in For a summary of the properties

of the Knudsen-Mumford determinant in the analytic setting, we refer to Bismut-Bost [16),

Section 4 (a)]. The same arguments as in entail the compatibility with Elkik’s approach, and
the analytic version of Deligne’s isomorphism:

Proposition 3.27. The Deligne-Riemann—Roch isomorphism applies in the setting of proper
holomorphic submersions of complex analytic spaces, with fibers of relative dimension 1. It is
compatible with the analytification functor.

O

4. INTERSECTION METRICS

In this section we recall and elaborate on the construction of hermitian metrics on the Deligne
pairings and ICy, after Deligne [38], Elkik [44] and Gillet-Soulé [63]. We refer to any of those as
intersection metrics. We discuss in further detail the case of flat hermitian vector bundles.

4.1. Bott-Chern theory.

4.1.1. Chern connections and Chern-Weil theory. Let X be a complex manifold, and E = (E, h) a
hermitian holomorphic vector bundl on X, of rank r. Recall that the Chern connection of E is
the unique hermitian connection which is compatible with the holomorphic structure of E. We
will usually refer to Chern connections with the notation V”, or V" if the metric is clear from the
context.

5Indicating the choice of a hermitian metric by a bar is customary notation in Arakelov geometry. This notation
will only be used in this section.
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Let F € AY(X,EndE) be the curvature of V". Chern-Weil theory produces de Rham repre-
sentatives of the characteristic classes of E, extracted from the symmetric polynomials in F.
Precisely, the total Chern class of E, c(E), can be lifted to the closed differential form

c(E) = det

1+ LF) .
2n

This is a sum of real forms of type (p, p), for p =0,...,r. The component of type (p, p) represents

the p-th Chern class ¢, (E) and is denoted by ¢, (E). More generally, any complex formal power

series in the characteristic classes can be lifted to the level of differential forms, by formally

replacing ¢, (E) by ¢, (E). These are called Chern-Weil representatives, or forms associated to V"

or E.

4.1.2. Examples. In this article we will mostly need first and second Chern forms. They are given
by

— — i
c1(E)=c(detE)= —1trF
21
and
— 1
(4.1) e (E) = (tr (F?) - (tr F)?).

Chern-Weil theory applies more generally to € connections on vector bundles. For a
vector bundle with connection (E, V) we will denote the associated Chern-Weil forms by c(E, V),
cp(E, V), etc. They are defined by the same expressions as above, in terms of the curvature of
V. In this article we will deal with compatible connections, non-necessarily hermitian. In this
generality, the curvature has components of types (1,1) and (2,0).

4.1.3. Bott-Chern classes: axioms. For Chern-Weil forms of holomorphic hermitian vector bun-
dles, Bott—Chern theory measures the dependence on choices. We adopt the axiomatic approach
of Gillet-Soulé [63} Section 1], Bismut-Gillet-Soulé [19} Section f)] and Burgos-Litcanu [31}
Section 2].

Let ¢ be a formal power series in the Chern classes. For every complex manifold X and
holomorphic vector bundle E on X, there is an associated de Rham class ¢(E) € H* (X, C). This
correspondence is functorial under pullback: given a morphism f: Y — X, we have ¢(f*E) =
f*@(E). Finally, for every exact sequence of holomorphic vector bundles on X

4.2) e:0—-E —-E—E'"—0,

there is a relationship in H* (X, C)
@(E)=@E o E").

Given smooth hermitian metrics i, 1/, h" on E,E',E", denote E = (E,),E = (E,h),E =
(E",h"). Given an exact sequence (4.2) , the combination of Chern-Weil representatives
.l — _
(4.3) @ (E’ @E") —p(E)

is exact. Bott—-Chern theory actually provides dd® = ﬁ@E primitives. For an exact sequence ¢ as
in (4.2), we indicate the choice of arbitrary hermitian metrics on its constituents by writing €. We
refer to it as a metrized exact sequence. There exists a unique assignment

(4.4) Zon X — §(@ € @ AP (X) / (md+Im)
p
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satisfying the following properties:

(BCI) (Differential equation) dd°@E) = ¢(E 8 F") — ¢(E).
(BC2) (Functoriality) The formation of ¢p commutes with pullback.
(BC3) (Normalization) If € is both holomorphically and metrically split, then ¢(¢) = 0.

We call ¢(¢) the Bott-Chern class associated to ¢ and €. In the literature it is sometimes referred
to as the Bott-Chern secondary form.

4.1.4. Bott—Chern classes: construction. Recall the construction of transgression exact sequences
from For an exact sequence ¢ as in (4.2), denote by € the associated transgression exact
sequence. See equation (2.3). Indicate by & a choice of smooth hermitian metrics on the
constituents of €, in such a way that:

(1) &xxi0 is isometric to .
(2) €xxioo} i the standard metrically split exact sequence

—=I!

0—E —FE eBE —-E —0.

We set

4.5) P@) = f 11og|t|—2<p(f) mod Imd+Imd,
P

where ¢t is the usual coordinate on C c P!. Here, ¢(E) is the Chern-Weil representative of the
middle term of the short exact sequence &. It can be checked that ¢ thus defined fulfills (BCI)-
(BC3). For later use, we remark that (BCI) follows from the equation of currents dd‘[log|t|™%] =
800—00. We also notice that the freedom in the choice of metrics on  is reflected in the ambiguity
Imd +Ima in @.4).

All the above can be specialized to describe the dependence of Chern—Weil forms on the
metrics. Let E be a holomorphic vector bundle on X and h, k' two smooth hermitian metrics on
E. Consider the short exact sequence

£:0—(E,h)— (E,h)—0—0.

The associated Bott—Chern class () will be denoted simply by ¢(E, h, h'), or ¢(E, E). It thus
satisfies dd°@(E, h,h'") = ¢(E, h) — @(E, h'). It follows from the construction that

4.6 P 1) = | 1ogltl 2 p(p" £ D),

where p: X x P! — X is the projection map, and h is any smooth hermitian metric on p*E
interpolating between h and //, meaning 7 x o0} = h and hyxx; = H'.
We record a few lemmas related to the Bott—Chern classes ¢p,.

Lemma 4.1. Suppose we are given a metrized short exact sequence €, and denote by €' the dual
exact sequence, equipped with the dual metrics. Then ¢,(€") = (~1)P¢y () .

Proof. On the level of Chern forms, for a hermitian vector bundle (E, k), we have the relationship
cp(EY,hY) = (=1) k cp(E, h). It follows that the associated Bott-Chern secondary forms both satisfy

the same axioms and hence must be equal. U
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Lemma 4.2. Let€ be a metrized short exact sequence, and F a hermitian vector bundle of rank f.
Then

HEOF) = [H@+ (e [~ D@+ (’20)5@ (c1B)+ 1 (B) + e (B

Proof. For this statement when f = 1, we refer the reader to [63, Proposition 1.3.3] or [113,
Proposition 2]. The proofs are essentially all the same, but we include one for the convenience of
the reader.

Suppose ¢(E) is an additive (or multiplicative) class in the Chern classes of E, and suppose
there is a decomposition

(4.7) HESF) =) PppgE)yp(F)
p

for polynomials in Chern classes ¢ g,y . In [63, Proposition 1.3.3] a decomposition

PERF) =Y Ps@yp(F)
i

is then proven. The proof is based on the fact that the formula lifts to the level of forms, and
then employs the explicit formula in (4.6).
In our setting, a standard computation using the splitting principle shows that

g)cl(E)% (;

where e is the rank of E. An inspection of this equality applied to the above discussion shows
that this accounts for all terms in the lemma, except for the last one. The last one corresponds to
the Bott—-Chern class associated to cf, and we find from [63], Proposition 1.3.1] that ¢; - ¢ (¢) =

1@ (E) + (cl (EI) +c (E”)) ¢1(€). This proves the lemma.

QE®F)=f-cE)+e-c2(F)+(e-f-Da(B)a(F) + c1(F)?,

O
4.2. Metrics on intersection bundles.

4.2.1. Metrics on Deligne pairings. Let f: X — S be a proper submersion between complex
manifolds, of relative dimension one. Let L and M be hermitian line bundles on X, whose norms
we simultaneously denote by | - ||. We review the induced intersection metric on the Deligne
pairing (L, M). For references see Deligne [38, Section 6] and Gillet-Soulé [63} §4.10].

The metric is determined pointwise on S, and we first assume that S is a point and X a compact
Riemann surface. Let £ and m be rational sections of L and M, respectively, with disjoint divisors.
The hermitian norm of the symbol (¢, m) is determined by the rule

. log ¢, m) 1= | (log€1er (B1) +log ImISuve).

By Stokes’ theorem it is checked that this respects the relations between symbols, and that
1<, m)|| = |I{m, £)]. Qve_r a general base S, the construction defines a smooth hermitian metric
on (L, M). We write (L, M) for the resulting hermitian line bundle. It commutes with base change

and is compatible with the bi-multiplicativity property of Deligne pairings.
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The curvature form of (L, M) is easily computed from (4.8), and is summarized in the relation-
ship

a(L,M)) = f c1(D) A e (M),
X/
Finally, directly from the definition we find the formula for a change of metrics:
(49) <zlyM> = <E)M> ® (@Sy CI);

where ¢ is the hermitian metric on the trivial line bundle Os with value at s € S given by
gs(1,1) = exp ( fX al@ e (1\7)).
Here, we recall that the convention for ¢ is such that dd¢¢; (L, Z,) =c(L)-c (f).

4.2.2. Metrics on IC,. Continuing with the previous setting, let now E be a smooth hermitian
vector bundle on X. Following Deligne [38, Section 10], Elkik [44, Section III] and Gillet-Soulé
[63], the intersection bundle /C,(E) can naturally be equipped with a smooth hermitian metric,
denoted by IC;(E), which we recall now.

The intersection metric on IC, (E) is characterized by the following three properties:

(MIC1) (Functoriality) Formation of I1C, (E) commutes with base change.

(MIC2) (Rank one normalisation) If E is a line bundle, the canonical trivialization IC,(E) =05
induces an isometry between 1C,(E) and the trivial hermitian line bundle.

(MIC3) (Whitney isometry) Let € be a metrized exact sequence, with underlying sequence (4.2).
Then the Whitney isomorphism

ICy(E) = ICy(E" ® IC,(E") ® (detE',det E")
induces an isometry
IC(E) = IC,(E) @ IC,(E )  (detE , detE ) & (O, q),

where g is the hermitian metric on the trivial line bundle with value at s € S given by
(4.10) qs(1,1) :exp(fX '52(5)).

It follows from (MICI) that the metric on IC,(E) can be computed pointwise on S.

Proposition 4.3. Let E, F be a hermitian vector bundles of ranks e and f on X. Then the isomor-
phism in Proposition|3.15 induces an isometry

IC(ESTE) = IC(EY ® IC,(F)° @ (detE,det F)° ! & (detE, det B) ) & (det F, det Fy .

Proof. If E, F are both of rank one, the isomorphism is compatible with the trivializations of IC»
of a line bundle. Since the latter are isometries, this case is covered.
We proceed by induction on the ranks, supposing that F is a line bundle first. We can suppose

that there is an exact sequence € : 0 - M — E — E" — 0, with M a line bundle. Then we know
47



that the diagram

IC,(E®F) IC;(M® F)® IC,(E" ® F) ® (M ® F,det(E" ® F))

l |

IC,(E) ® (detE, FY¢ L @ (FF)&) — 5 [C, (M) ® IC»(E") ® (M, det E"Y ® (M, F)¢~!
®

(detE", Fy¢~1 & (E, F)®

commutes. We denote by € the metrized sequence with the metrics on M, E” induced by E. By
the induction hypothesis, and the fact that the isomorphism (3.6) is an isometry, we see that the
rightmost arrow is an isometry. To metrically describe the first row, we notice that there is an
isometry

IGESF) — ICGMeF) 8 IC,(E ¢F) e (MoF,detE ®F)®@s,q)

where ¢,(1,1) = exp ( J: x, C2(E® f)) . For the lower row, there is an isometry

1C,(E)® (detE, F)¢ ' @ (F,F)®) —— I1C,(M)® IC,(E ) ® (M, detE ) ® (M, F)°!
®

(detE", B ' o (F,F)() o (05, q"

where qg(l, 1) =exp ( f x, €2 @ +(e-Dc(Fe (a). The computation of the last term follows from
the description of the change of metrics on Deligne pairings in (4.9). From Lemma[4.2|we see
that g5 = ¢, so the isomorphism is an isometry whenever F is a line bundle and E is of arbitrary
rank, independently of the chosen metrics.

The analogous induction argument on the rank of F together with the general form of Lemma
[4.2] proves the statement in general. U

Proposition 4.4. The natural isomorphism exhibited in Proposition[3.16 induces an isometry
— —V
ICZ(E) = ICz(E )

Proof. We can argue by the splitting principle as in the proof of the proposition, and reduce to
the statement that &, (€) = ¢, (¢"). This follows from Lemmal4.1] U

Corollary 4.5. The natural isomorphism in Corollary[3.17 induces an isometry
IC,(End E) — IC2(E)** ® (det E, det E)°.

OJ

Recall from Definition 2.1] (a) that the line functor propery of IC, includes a compatibility

with isomorphisms X’ — X over S. The following lemma is obvious, but we record it for later
reference.

Lemma 4.6. Let g: X' — X be an isomorphism of relative curves over S. Let E be a hermitian
vector bundle on X. Then, the canonical isomorphism 1C;(g*E) = 1C,(E) induces an isometry
ICy(g*E) = ICy(E).

O
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4.2.3. Example: the flat unitary case in rank 2. For concreteness, we now assume that E is a
hermitian vector bundle of rank 2 on X, whose metric is flat on the fibers of f: X — S. We will
describe the metric on ICy(E) at the level of trivializations. In Sectionthis will be applied to
exhibit concrete expressions for complex metrics.

Introduce an auxiliary relatively ample line bundle L, such that E ® L is globally generated on
fibers and R! f«(E® L) =0. Endow L with a smooth hermitian metric, positive on fibers. Since
metrics on Deligne pairings are already understood by computing the metric on ICy(E)
is tantamount to computing the metric on IC»(E ® L) by Proposition Thus, we just need to
treat the latter.

According to trivializations of IC,(E ® L) are produced as follows. By [40, Lemme 7.1] and
(63, Proof of Lemma 4.10.4], locally with respect to S, we can find a nowhere vanishing section s
of E® L and an exact sequence of vector bundles

(4.11) €:0-0x>E®L—Q—D0.

By the Whitney isomorphism we obtain a section (s) of IC>(E® L). See equation and
Lemma We endow Ox and Q with the hermitian metrics induced from E®L.In particular,
the norm of 1 € Oy is given by the norm of the section s. We can then compute the norm of (s) by
applying (MIC3). For this, we begin with a particular instance of [113, Theorem 5], whose proof
we leave as an exercise.

Lemma 4.7. The Bott—Chern secondary form of (4.11) satisfies

f &) = —degL.
X/S

Similarly, for the norm of the canonical trivialization e’ of (Ox, Q) we find
log||e’||2:f loglsli%c Q).
XIS

Using that for an exact sequence with induced metrics ¢; vanishes, we find ¢;(Q) = c1(E® L) -
1@ x) = c1(E)+c1(L)—c1 (O ). Besides, c; (E) vanishes on fibers. Thus, we can equivalently write

loglle'lI* = f log Isll*c1 (L) + f log|slI*dd‘log|s|*.
X/ XIS
The result of applying (MIC3) is then recorded in the following:

Proposition 4.8. With the notation above, the norm of the section (s) is given by
(4.12) log|l(s)[1? = —degL+f logllsl?c1 (L) — L[ dlog sl Adlog| s|%.
X/8 21 Jx/s

OJ

Notice that the second integral, without the minus sign, is a relative version of the Dirichlet
norm of log |||, denoted below {log| 5”2}Dir'

Suppose next that ¢ is another nowhere vanishing section of E ® L, such that the zero locus

Z =div(s A 1) is finite étale over S. On Z, we can write sz = afz, for some a € F(Z,@’g). After

Proposition [3.11} the relationship between the trivializations (s) and (¢) is (s) = Nz;s(@){t).

Combining with Proposition[4.8} we derive an analytic expression for the holomorphic function

Nz,s(a), which determines it up to a constant of modulus one.
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Corollary 4.9. With the notation above, we have

2
loglNZ/s(a)|2=f log Il

xis el (L) + {log 1£11*},, — {loglislI*}, -

0
As a side remark, we observe that Proposition [4.8]and Corollary [4.9| provide an alternative
intrinsic construction of the metric on IC,(E® L).

5. INTERSECTION CONNECTIONS

In this section, f: X — S is a proper submersion of complex manifolds with connected
fibers of dimension n. We develop a refinement of classical Chern-Simons trangression forms
[33], for holomorphic vector bundles with compatible connections. The formalism originates
from the construction of characteristic classes of holomorphic vector bundles with compatible
connections sketched by Gillet-Soulé [62} Section 4]. When X — S is a family of Riemann surfaces,
we apply this theory to construct connections on Deligne pairings and IC, bundles, naturally
induced by compatible connections. These we call intersection connections. We introduce the
theory in greater generality than what is needed, so that it might be easily applied to the case of
higher relative dimensions in a future work.

5.1. Transgression classes. Suppose we have an exact sequence of holomorphic vector
bundles on X. If the individual vector bundles are equipped with compatible connections
V/,V,V", we denote the corresponding sequence with connections by ¢y. If ¢ is a power series
asin we know as in the discussion surrounding that

(5.1) @(E' o E" V' V") —(E,V)

is exact. We will consider in detail a specific construction of trangression class, T¢.

5.1.1. Construction. We form the product p: X x P! — X, and recall the notation from transgres-
sion bundles Let V be any compatible connection on E such that:
Vixxiool =V, Vixxiop =V @V".

We say that V interpolates between V and V' @ V”. Such a connection always exists by a partition
of unity argument. When E’ (or E”) is of rank zero, the above can be seen as an interpolation
between two connections Vj,V, on E. A relevant example, called the naive interpolation, is

2
. |yl .

5.2 V= Vi,
5.2 X2+ P v

where (x : y) are the standard homogeneous coordinates on P!,

Definition 5.1. Given an interpolating connection V as above, we define the transgression class of
@ as

~ —dt -~ -
(5.3) To(ev,V) :f T(p(E,V), r=xly.
Pl
The integral is absolutely convergent. By the equation of currents,

-a[4] 2ni-o0
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one finds that Tg(ev, V) indeed provides a simple transgression of (5.1). We will say more in
Proposition

Lemma 5.2. For two interpolating connections V., V, we have

T(p(EV! 6a) = T(p(EV) 6h) + dn
for a formn. If ¢ is of pure degree n + 1, the form n can be chosen so that it has only types of
bidegrees (p, q), with g < n—1.

Proof. We carry out a double transgression. Form the product g: (X x P!) x P! — X x P!, Hence-
forth, to avoid ambiguity we denote the first (resp. second) copy of P! by P (resp. P'), with
inhomogenous coordinate ¢ (resp. t'). On g*E, we consider V"* the naive interpolation
between q*?a and q*%. Then,

~ ~ 1 ar .~ _
T(p(gvyva) = T(p(gvyvb)__.df —,(P(CI Eyv )
2ni Jp ¢t
Plugging this relationship into the definition of T(p(E V.), we find

V. 1 * o yna
T(p(gV)va): T(P(EV; b)+_ f{ ¢ (CI E)v )

For this, we try to move the differential d out of the first integral. We compute

1 dat(( dr na dt’ na
%dfPT(.L’ 7 —¢(q*E,V )) (6r=0—0:= oo)(f —w(q EV ))

_L ﬂd(\/\ dt (q Evnu))
p!

2nwiJp t 2

We claim that the first term on the right hand side vanishes. Indeed, if p’: X x P’ — X is the
projection map, then the very construction of the naive interpolation V"“ is such that

@G E,N")=0=p*@(E,V), @G E, V") 100 =p @(E' @ E",V' &V").

In other words, at t = 0, V" is the naive interpolation in variable ¢’ between V and V itself, hence
constant in ¢/, and similarly at ¢ = co. We infer

dt, * T na dt, ! 1l !/ /!
f(5t:0—5r:oo) (f — (g EV ))=(f —,) (p(E,V)—@(E'®E",V &V")) =0,
P pt pt

as was to be shown. Hence,

1 ﬂd(f ar @ EV"“)) —Ldf ﬂ/\d—’ (g*E, V™).
2niJp t p! a vlq 2ni Jpxp t vlq

Now, since V"* is compatible, (p(q*E V"%) has only components of type (p,q) withg<n+1if ¢
is of pure degree n + 1. Integrating over the surface P x P’ decreases types by (2,2). The double
integral hence has only components of type (p, g) with g < n— 1. This concludes the proof. [

The following proposition will be applied in §5.2|to develop a sensible theory of compatible
connections on IC,(E), provided a compatible connection on E. It can in principle be developed
to a more general theory of connections on Elkik’s intersection bundles [43], and we include for

possible future reference the general formulation.
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Proposition 5.3. Let ¢ be a polynomial in Chern classes of pure degree n+ 1. Then the form
Jx1s Tolev, V) only depends on ey, and not the interpolating connection V, and hence provides a
well-defined form on S. It is of type (1,0).

Proof. The difference for two choices of interpolating connection is of the form [y, gdn=d [y, ¢n.
Since the fiber integral reduces the bidegree by (n, n), this contribution disappears when inte-
grating, by Lemma/5.2]and for type reasons. The final integral is also of type (1,0) for similar
reasons. 0

The following is an immediate consequence of the proposition and the construction (4.5) of
Bott—Chern classes.

Corollary 5.4. Let the assumptions and notation be as in Proposition[5.3, Let € be a metrized
exact sequence, and €y the corresponding short exact sequence equipped with the corresponding
Chern connections. Then there is an equality of (1,0)-forms

f T(ey,V) =0 Q).
X/S

X/S
U
For ¢ of pure degree n + 1 as above, let us denote by
(5.4) Tp(ey) = class of Te(evy, V) modulo @ d AP (X).
P
q=n-1

We leave to the reader to check the following formal properties.

Proposition 5.5. The class Tg(ey) in satisfies:
(TC1) (Differential equation) dT¢(ey) = 2mi (p(E' @ E',V' & V") — ¢(E,V)).
(TC2) (Functoriality) The formation of T(ey) commutes with pull-back.

(TC3) (Normalization) If ey is holomorphically split in a way which respects the connections,
then Tgp(ey) =0

O

5.1.2. Chern-Simons integrals. Until the end of this section, we suppose that f: X — Sis a
family of compact Riemann surfaces. For the purpose of this article, the most important case of
transgression class is for ¢ = ¢,. In that case, we define

At~ -
(5.5) Tco(ey) = —f — @BV, t=xly, (x:y) ePl,
Pl
so that
(5.6) dTcy(ey) = 2mi(c(E' @ E",V' @ V") — ¢, (E, V),

where the first term on the right hand side can be expanded according to the Whitney formula.
In the special case of an exact sequence

ey:0—(E,V;1)—(E,V2)—-0—-0
we write T¢y(E,V1,V2) = Tco(ey). Then we have

(5.7) dTcy(E,V1,V2) =2mi(cy(E, V1) — 2(E, V2)).
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Definition 5.6. With the previous assumptions and notation, we define the Chern-Simons integral
of an exact sequence with connections ey as

IT(evy) = f Tco(ev).
X/S
In a similar vein, for a vector bundle with two compatible connections (E,V1,V>) define
IT(E,V;,V,) = f Tco(ey) € AYO(S).
X/8

Proposition 5.7. LetV: E— E® bef)lf’o be a connection and 0 a (1,0)-form with values in End(E).
Denote by F the curvature of V. Then

1 1 -
IT(E,V,V+0)=— (tr(FA9)+—tr(9/\09))
27wl Jx/s 2

- L (tr(F) Atr(0) + 1 tr(0) A tr(59)) )
2wl Jx/s 2

In particular, if F = 0, then
1 — —
IT(E,V+0)=— [ (tr(0 A30)—tr(0) A 1r(@0)).
4t Jx/s
Proof. We compute the naive interpolation:

1

V" =V+—0.
14|12

The curvature of V"“ is

2
F”“:F+d( [V,6]+( ) OnG.

)A9+ L

1+]¢]2 1+]¢)?
For the computation of IT(E,V,V+0), we gather the terms in tr(F"* 2y and (tr F"*)2 which contain
exactly one factor d (1 /(1+ Itlz)). Later, when we take the fiber integral, we discard all the terms

of type (3,0). To carry out this step, we notice that [V,0]®" = 30. With these observations at hand,
the lemma reduces to a routine computation. U

14|12

Remark 5.8. We notice that the expression provided by the proposition slightly differs from the
well-known Chern-Simons form for the change of connection on a 6¢°° vector bundle:

1 2
CS(V+a,V):——8 5 tr(a/\Va)+2tr(a/\Fv)+§tr(a:/\a/\a) .
T

This transgression form is attached to the piece of degree 2 of the Chern character, while we
rather work with the second Chern class to avoid the denominator 2 in ch,. Furthermore, some
simplifications occur in the holomorphic setting and in the fiber integrals above, for type reasons.

A routine computation using Proposition|5.7|proves the following lemma, recorded for refer-
ence:

Lemma5.9. Let E', E” be holomorphic vector bundles with connectionsV',V". Suppose that6',0"
are (1,0)-forms with values in the endomorphims of E' and E". Then the Chern-Simons integral
in the direct sum case
ITE'9E" VeV, (V+0)e(V'+0")
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is given by the formula

ITEE NV V +0)+ITE" V' V'+0") + f

tr(0")cy (E', V) +tr(@)c  (E", V" +0").
XIS

U
The difference between two Chern-Simons integrals for variations of connections on the same
underlying exact sequence can likewise be computed via a Whitney type formula:

Proposition 5.10. Let ey, and ey, be the same short exact sequences equipped with different
compatible connections. Then

IT(ey,)—IT(ey,) = IT(E, V., V))+IT(E V.V,
+ f (tr(Vy = Ve (B, V) +tr(V, = V) e (B, V) = IT(E,V,, V,).
XIS

As a particular case, one can deduce that the Chern-Simons integral satisfies the cocycle relation
IT(E,V1,V3) =IT(E,V1,V2) +IT(E, V2, V3).

Proof. The second statement follows from the first one by taking E” to be of rank 0, and we focus
on the first statement.
By construction, the difference of the Chern-Simons integrals of the proposition is

dat ~ = -~

f —— (€2(E, V) — c2(E, V)
Xxpl/s L

for connections %,?b interpolating between the split and non-split cases. On the other hand,

the difference ¢, (E,V,) — ¢c2(E, V,) can be written as the differential of (5.5), and has the form

1 dt/ * o wna
d% o1 —702(6] E, V™),
where g : X x P! x P! — X x P! is the projection on the first two factors, and V"* is the naive
interpolation between V,, V,. This is the same expression as the one appearing in Proposition
and expanding the integral in the same way as in the proof shows that the left hand side
equals
IT(E'®E" V. &V/! V,®V))—IT(E,V,,V,).

The first term is computed according to Lemma(5.9} and this concludes the proof. U

5.1.3. Properties. Similar to Bott—Chern classes, Chern-Simons integrals are characterized by a
list of axioms:

Proposition 5.11. The Chern-Simons integral satisfies, and is uniquely determined by, the follow-
ing properties.

(CS1) (Type) IT (ey) € AM0(S).

(CS2) (Functoriality) For any base change g : S' — S between complex manifolds, we have

IT(g"ey) = g"IT(ev),

where we abusively write g for the base changed morphism X xS — X.
(CS3) (Normalization) If ey is a holomorphically split exact sequence, compatibly with the

connections, then IT (ey) = 0.
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(CS4) (Differential equation)

dIT(ey) = 2mi f (c2(E V) + c2(E", V") + c1 (B, V) e1 (B, V") - c2(E, V).
X/S

Proof. Properties (CS1) and (CS3)-(CS4) are already known, and the functoriality is clear. We

assume that there is another assignment 1T’ satisfying the above. We first base change our

family X — Sby p: S x P! — S and consider the transgression exact sequence £y, equipped with

connections V', V, V" interpolating between ey at 0 and the split case £g at oo.

The form D(Ey) = IT'(&y) — IT(&y) is d-closed by (CS4) and in AV (S x P!) by (CS1), and
hence holomorphic for type reasons. Since P! admits no holomorphic 1-forms, we conclude
that D(E,V1,V,) = p*0 for 8 € ALY (S). By (CS2), the specialization to S x {0} equals D(ey) =0,
and likewise the specialization to S x {oo} equals D(eg) = 6. By the normalization in (CS3) the
latter is zero, and hence so is D(ey), thus proving the claim. U

Remark 5.12. The analogous properties are enjoyed by, and characterize, IT(E,V;, V).

5.2. Intersection connections.

5.2.1. On Deligne pairings. Let L and M be holomorphic line bundles on X and V*, V¥ compati-
ble connections, with curvatures F; and F,,. Suppose we are given meromorphic sections ¢ of L
and m of M, whose divisors are in general position defining a symbol (¢, m). We will define the
intersection connection V", following the definition of Freixas—-Wentworth of the intersection
connection of two relative flat line bundles [57]. The precise relation is explored in

Definition 5.13. With the above notation and assumptions, the intersection connection on (L, M)
is given by the formula

(5.8) Vi m f LN (VL[)
. <£, m> - 27[ /s m L divm/S [ .

In the definition, the trace of a differential form defined in a neighborhood of divm makes
sense, provided the latter is finite étale over an open subset of S. The Deligne pairing (L, M)
can be locally generated by symbols (¢, m) where ¢ and m satisfy this property, which can be
subsumed in the general position assumption.

The next proposition provides an alternative description of the intersection connection on the
Deligne pairings, and relates it to Chern-Simons integrals. As a byproduct, it also proves that the
above is a well-defined connection.

Proposition 5.14. Let (L, V"), (M, V™) be holomorphic line bundles with compatible connections
on X. The intersection connection on (L, M) is the unique connection which satisfies the following
properties:

(1) it coincides with the Chern connection whenever Vt and VM are Chern connections;

@) ifV'E=Vt+0, and V' =VM+0,,, then

VM =g L IT(Le M, VE e VY,V Lo V' M),

Proof. The unicity statement is clear, since we can always compare with the situation of Chern
connections.
For the first statement, suppose we are given hermitian metrics on L and M. The Chern

connection on (L, M) in the frame (¢, m) is 0log||{¢, m) |2, which is computed from the definition
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in (4.8). It is readily seen to coincide with the expression in (5.8). Notice that the cited formula is
actually symmetric in ¢, m.
For the second statement, notice that by Lemmal5.9|

(5.9) IT(LeBM,VL@VM,VL+9L®VM+HM):f (O A C1(L,VE) +0, A c1 (M, VY +6,)).
X/S

By transitivity, it is enough to prove the statement when either 6, or 0, is zero. We carry out the
case when 0,, = 0; the other case being similar. Then we can write

i
IT(LEBM,VL®VM,(VL+9L)€BVM):—f F, N0,
2w Jx1s

On the other hand, the corresponding difference between the right hand side of for the two
inputs V*and V* + 6, is

i VMm
- A deL + trdivm/S (HL) .
2nJxis m
For type reasons, we have
i VMm i VMm
— ANdO=— d NO,.
2w Jxis m 2m Jxss m

i i

We claim that the equation of currents: Z_F v = Odivm + 2—d [VMm/m] holds, from which the
b3 /4

required identification of the forms follow. In case the connection on M is a Chern connection,

this is the classical Poincaré-Lelong formula. Both sides transform in the same way upon
modifying the connection V" and hence hold generally, from which we conclude. U

5.2.2. On IC, bundles. We introduce the intersection connection on IC,(E), given a compatible
connection on E. We will use the logic of Proposition[5.14|to actually define the intersection
connection on /C,. Let E be aholomorphic vector bundleon X and V: E — E ®d§,0 a connection.
Fix an auxiliary hermitian metric 4 on E, with Chern connection V”. Denote by V"2 the Chern
connection of IC, (E, h).

Definition 5.15. With the above notation and assumptions, the intersection connection on 1C,(E)
is given by the formula

(5.10) Vi€ =yhC 4 IT(E, V", V).

Because IT(E,V",V) is a differential form of type (1,0), the connection V'®2 is compatible
with the holomorphic structure. If &’ is another metric on E, then by the relationship between
Bott-Chern theory and transgression classes exhibited in Corollary[5.4} we have

vHiC = g% 4 [T(E, V", V).
It follows from the the cocycle property of Proposition that V2 in (5.10) is independent of
the auxiliary metric. By construction, the curvature is computed as:
1
(5.11) c1(ICo(E), V') = f c2(E,V) = — f (tr (FY) — (tr Fo)?).
XIS 8m= Jxis

The next proposition is an alternative characterization of the intersection connection:

Proposition 5.16. The assignment (E,V) — (IC,(E),V'?) is the unique one that satisfies the

following properties.
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(1) (Normalization) If E is a line bundle, the natural trivialization 1C,(E) = Os identifies the
intersection connection with the trivial connection on Os.

(2) (Whitney isomorphism) If ey is a short exact sequence of vector bundles with connections,
the Whitney isomorphism

ICy(E) — ICo(E") ® IC,(E") ® (detE',det E"y ® (O, IT (ev))

is parallel. Here, the Deligne pairing is equipped with the intersection connection and
(Os,0) denotes the trivial line bundle equipped with the connection d + 0.

(3) (Functoriality) Ifg: S' — S is a morphism of complex manifolds and V' is the pull-back of
VitoXxgS,thenV''2=g*V'e,

Remark 5.17. The proposition includes as a special case that for two line bundles L and M
with connections, the Whitney isomorphism IC,(L @ M) — (L, M) is parallel for the intersection
connections. This can be proven independently using Proposition[5.14]and by reducing to the
case of Chern connections. Hence, we could have used this as a definition of the intersection
connections on the Deligne pairings.

Proof of Proposition[5.16 For the unicity statement, remark that the connections are determined
locally, and by (3) we can restrict ourselves to small open sets. The statement then follows by
induction on the rank of the vector bundle, by a filtering argument applied to E. This filtering
exists for sufficiently small open sets of S. We leave the details to the reader.

For the properties, we first notice that they are satisfied when V is a Chern connection. It
is trivially true when E is of rank one. For higher ranks, we again use the filtering argument
and proceed by induction on the rank of E. To establish the Whitney isomorphism in the
Chern connection setting, it is then enough to notice two facts: the intersection connection on
the Deligne pairings is the Chern connection when the connections on E’ and E” are Chern
connections by Proposition[5.14} and by (MIC3) in and Corollary[5.4the Chern-Simons
integral is the 0 derivative of a Bott—Chern class.

All the properties then follow from formal properties of the Chern-Simons integrals and by
comparisons with the Chern connection case. The case of the Whitney isomorphism is less direct
and we furnish details. By Proposition[5.7jand Proposition[5.10} both sides transform the same
way when modifying the connections. Since it holds in the case of Chern connections, it holds in
general. U

Proposition 5.18. Let (E,V*) be a holomorphic vector bundle with compatible connection on X.
Then:

(1) if (F, V) is also a holomorphic vector bundle with compatible connection, the natural
isomorphism

ICUE® F) = ICy(E) ® IC,(F)° & (detE,det FY*/ 1 & (det E, det E)® & (det F, det F)®)

from Proposition|3.15|is parallel for the connections induced from the intersection connec-

tions;
(2) the isomorphism IC,(E) = IC3(EV) from Proposition|3.16is parallel for the intersection
connections.

(3) the isomorphism IC,(EndE) ~ IC»(E)?¢ ® (det E,det E) ¢ from Corollary is parallel

for the interesection connections.
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Proof. From Proposition [4.3]and Proposition 4.4} this follows from the case of Chern connec-
tions associated to metrics. Direct proofs by computations of the necessary Chern-Simons
integrals to reduce to the case of Chern connections are tedious but straightforward. We remark
rather that the proofs of the cited propositions provide the same type of formulas for trans-
gression classes and Chern-Simons integrals, since they are all based on integrals of the form
fmi log|t|2c(E, V), or their derivatives, as exploited in the discussion surrounding Corollary
Indeed, the referenced formulas do not require V to be a Chern connection but simply an
interpolating connection.

The third item follows from the first two.
O

The following obvious lemma is the counterpart of Lemmal4.6|for intersection connections,
and we state it without proof.

Lemma 5.19. Let g: X' — X be an isomorphism of relative curves over S. Let (E,V) be a vector
bundle with compatible connection on X. Endow g* E with the pullback connection. Then, the
canonical isomorphism 1Cy(g* E) = I1C»(E) is parallel for the induced intersection connections.

O

6. MODULI SPACES AND INTERSECTION BUNDLES

In this section we review and elaborate on several moduli spaces of vector bundles in the rela-
tive setting. We address descent properties of intersection bundles and Deligne’s isomorphism
from representation spaces of rigidified objects to their GIT quotients.

Our exposition on moduli spaces is based on Seshadri [103], Drezet—-Narasimhan [40] and
Simpson [105}106]. The reader is referred to these sources for proofs of general facts. We will
reserve detailed citations to justify those features which are less documented. To facilitate the
comparison with Simpson’s work, we adopt similar notation as his.

Most of the time we work in the algebraic category, in order to be consistent with the literature.
Some of the constructions below have complex analytic counterparts that we will need. In this
case, we shall indicate the necessary modifications.

6.1. Moduli spaces of semistable and flat vector bundles. Let f: X — S be a smooth projective
morphism of integral complex algebraic Varietiesﬂ with connected fibers of dimension one and
genus g = 2.

6.1.1. Representation spaces. Assume that f has a fixed section o: S — X. Let r = 1 be an integer.
We consider Simpson’s representation spaces of the following types:

* R(X/S,0,r) = moduli scheme of rigidified (slope) semistable vector bundles of rank r
and degree 0, up to isomorphism. It represents the functor which, to a scheme §' — S,
associates the set of isomorphism classes of (E, ), where:

(a) E is a vector bundle of rank r on X’ = X xg S, whose restriction to fibers is slope
semistable of degree 0;
() 7: 0*E > @;’i’ is a rigidification of E along o;

5More generally, one can allow S to be a scheme of finite type over C, but integrality will later be necessary for
descending intersection bundles.
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(c) morphisms of triples are isomorphisms of vector bundles compatible with the trivi-
alizations.
The structure morphism R(X/S,0,r) — S is quasi-projective. The fibers over the closed
points of S are irreducible, smooth and of a fixed dimension e = 1. There is a non-empty
open subscheme R*(X/S, o, r) parametrizing slope stable vector bundles.
On X xgR(X/S, 0, r) there is universal object denoted by &', which is unique up to
unique isomorphism. For simplicity, the rigidification is implicit in the notation.

* Rir(X/S,0,r) = moduli scheme of rigidified flat vector bundles of rank r, up to isomor-
phism. With similar notation as in the previous item, it classifies triples (E, 7, V), where
(E, 1) is a rigidified vector bundle of rank r on X’ and V: E — E® Qk, s is a relative
connection. We say that (E, V) is a relative flat vector bundle. The structure morphism
Ry(X/S,0,r) — S is quasi-projective, and the fibers over closed points are irreducible
and normal. We will also consider:

(@) Ri(X/S,0,r) the non-empty open subscheme parametrizing irreducible relative
flat vector bundles. The morphism R} (X/S,d,r) — S has smooth fibers over closed
points.

(b) Rij (X/S,0,r) is the non-empty open subscheme of RL’R(X /S,0,r) parametrizing
slope stable vector bundles. Recall that stability is an open condition [105, Lemma
3.7].

On X xsRyr(X/S,0,r) there is a universal object, denoted by (&55, V'"). The rigidification
is implicit in the notation. Thus, &} is a vector bundle on X xgR4r(X/S,0,1), and V'" is
a flat relative holomorphic connection on it.

Forgetting the connection provides "a forgetful map"
R (X/S,0,r) —R'(X/S,0,71).

The pullback of & by the forgetful map is isomorphic to &}g, through a unique isomorphism
preserving the rigidifications.

6.1.2. Coarse moduli. The discussion in this section will be common to the the cases R,z and R.
We will only discuss the case of Ry To translate to the setting of R, we need to replace Ri; by R*.

There is an action of GL,/c on Rir(X/S, 0, ) corresponding to changing the rigidifications. The
action preserves the fibers. All the points are GIT semistable with respect to a suitable lineariza-
tion of the action. Therefore, we can take the GIT quotient Myz(X/S,r) = Rr(X/S,0,1)/GL;/c.
This is a good quotient in the sense of Gieseker. It can be shown that Myz(X/S, ) does not
depend on the choice of section. Since sections exist locally for the étale topology, by a de-
scent argument this actually allows to get rid of the assumption of a section o. The structure
map M (X/S,r) — S is quasi-projective. The properly stable points in Rizx(X/S, o, r) for the
action of SL,,¢c < GL, ¢ constitute exactly Rz (X/S, 0, r). The geometric quotient of the latter is a
non-empty open subscheme MidrR (X/S,r) of Mg (X/S, 1).

The scheme M (X/S, r) is a coarse moduli scheme of polystable objects on the geometric
fibers of X — S, meaning completely reducible flat vector bundles in the case of Myr(X/S, ). The
universal vector bundle &} does not descend to the coarse moduli scheme. However, étale locally
with respect to Mi{; (X/S, r), there is a vector bundle with connection &} on X x g M. (X/S, 1),

which is universal up to twisting by a line bundle coming from M, (X/S, r) (also étale locally).
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In the case of de Rham representation spaces and stable vector bundles, we summarize the
above discussion in the following diagram of natural morphisms, where the vertical arrows
denote GIT quotients:

RY(X/S,0,1) +— Ry (X/S,0,1)—— R (X/S,0,1)—— R(X/S,0,1)

| | | |

MH(X/S, 1) +—— MR (X/S, 1) ——— ML (X/S, 1) ——— M(X/S, 7).

6.1.3. The trivial determinant case. There are analogues of all the above where we further im-
pose that vector bundles and connections have trivial determinant. In this case, we will write
R (X/S,0,SL,) and R(X/S,0,SL,).

For the sake of clarity, we indicate the necessary modifications for flat vector bundles. In
this situation, Ry (X/S, 0,SL;) parametrizes quadruples (&,1,V, p), where (&, 7,V) is an object of
R.r(X/S,0,r) over a base scheme S’ — S, and p: det& — Oy is a trivialization. We require that
the determinant of V corresponds to the trivial relative connection on Gk via p. Furthermore,
the rigidification 7 is required to have determinant one with respect to the rgidification along
0. The coarse moduli M (X/S,SL,) is the good quotient of R (X/S,d,SL,) by the action of
SL;,c on rigidifications. On ML’R (X/S,SL;), a universal bundle exists étale locally, and it is
unique up to twisting by an r-torsion line bundle coming from S. Forgetting p induces a
closed embedding Rz (X/S,0,SL;) — R (X/S,0,r) and a natural morphism Mgz (X/S,SL;) —
My (X/S,r). Universal objects on representation spaces pull-back to universal objects, and
therefore no distinction in the notation will be made for those.

Remark 6.1. The formation of the previous moduli spaces is obviously functorial with respect to
isomorphisms of relative curves X’ — X over S. For instance, such an isomorphism induces a nat-
ural isomorphism Ry (X'/S,0’,r) = Rer(X/S, 0, 1) over S, and a compatible natural isomorphism
of the corresponding universal objects.

6.1.4. Schematic properties. We state schematic features of relative moduli spaces. For lack of
adequate reference, we provide complete proofs in the appendixﬂ We place ourselves in greater
generality than we actually need, since the methods of proof allow it without further effort. Recall
the running assumption that S is integral.

Proposition 6.2. (1) The structure morphisms Ryr(X/S,0,r) — S and My (X/S,r) — S are
flat. The loci of irreducible connections are smooth over S.
(2) The schemes Ryr(X/S,0,1) and My (X/S, ) are integral complex algebraic varieties.
(3) IfS is normal, then Ryr(X/S,0,r) and Myr(X /S, r) are normal.
The analogues of (I)-@) hold in the determinant one case.

Recall the notion of geometrically unibranch scheme [69, (6.15)]. For instance, a normal
scheme is geometrically unibranch.

Proposition 6.3. (1) The schemesR(X/S,0,r) and M(X/S,r) are irreducible.
If moreover S is geometrically unibranch (resp. normal), then:

2) R(X/S,0,r) and M(X/S, r) are integral and geometrically unibranch (resp. normal).
(3) The morphismR(X/S,0,r) — S is smooth.

It is best to read the appendix after
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(4) The morphism M(X/S,r) — S is flat and the fiber over a closed point s is isomorphic to
M(Xs, 7).
(5) The morphism M*(X/S,r) — S is smooth.
The analogues of (1)-(5) hold in the determinant one case.

6.2. Moduli spaces of representations of the fundamental group. Moduli spaces of flat vector
bundles are related to moduli spaces of representations of the fundamental group, via the
Riemann-Hilbert correspondence. The construction and properties of the latter partly hinge on
topological considerations. An essential difference is that the spaces of representations can be
constructed in the complex analytic category and not only the algebraic category. Hence, in this
subsection we allow f: X — S to be a smooth proper morphism of reduced complex analytic
spaces with one-dimensional connected fibers.

6.2.1. Representation spaces. Let I be a finitely generated group and G a complex linear reductive
group. We consider the representation space

R(T, G) = Hom(T', G(Q)).
It has a natural structure of complex, affine variety. We write
R(,r) =RT,GL,(C)).

Now let X be a compact Riemann surface and p € Xy. The most important examples we
shall consider are of the form Rg(Xy, p, G) = R(71 (X, p), G). These are referred to as Betti spaces
of representations of the fundamental group in G. Notice that the structure of complex ana-
lytic space does not depend on the complex structure of X,. When G = GL,, we shall simply
write Rg(Xp, p,r). The latter is irreducible and normal, and the locus classifying irreducible
representations R{ (Xo, p, r) is smooth. Similarly for SL,.

More generally, these definitions extend to the relative setting, provided f: X — S admits a
section o

Rs(X/S, 0,G) =relative Betti representation space

of representations of the fundamental group in G.

We will only need that the formation of Rz(X/S, 0, G) commutes with base change, and it has the
structure of a local system of analytic spaces over S. If S is algebraic, Rz (X/S, 0, G) is even a local
system of schemes. Since the reader may not be familiar with these notions of local systems,
we refer to Simpson [106, pp. 12-14] for the precise definition and properties. When G = GL,,
the spaces of irreducible representations R (X /S, g, r) inherit the structure of local systems of
analytic spaces or schemes over S. Similary for SL,.

The above constructions are functorial for morphisms of linear reductive groups G — H. For
instance, we have induced natural maps Rz (X/S, 0,G) — Rg(X/S,a,H).

6.2.2. Coarse moduli. The group G acts by conjugation on the affine space R(T', G), and we can
consider the GIT quotient
M(,G) =R(T,G)//G.

Analogously, for a fixed Riemann surface Xy and p € Xy, consider the GIT quotient
M (X, G) = Rs(Xo, p,G) //G.

As the notation suggests, the construction does not depend on the base point. When G = GL,

we simply write Mg (Xj, r). It classifies isomorphism classes of semisimple representations of
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the fundamental group of Xj. It is an irreducible and normal space, and the locus M{;(Xo, r)
classifying irreducible representations is smooth. Similarly for SL,.
Likewise, in the relative setting X — S, when there exists a section o we define

M;(X/S,G) =Rg(X/S,0,G) //G,

where G acts fiberwise by conjugation on Gﬁ The resulting quotient is independent of the section,
and by a descent argument the existence of a section is no longer required.

The morphism Mg (X/S,G) — S has the structure of a local system of analytic spaces. In
particular, if S is simply connected and 0 € S is a base point, there is a natural isomorphism of
analytic spaces over S

M;(X/S,G) =M (Xp, G) x S,

whence a retraction
po: Mg(X/S,G) — Mz (X, G);

see [106, Lemma 6.2] and its proof. For G = GL, or SL;, the subspaces classifying irreducible
representations inherit the structure of local systems.

Finally, if G — H is a morphism of reductive groups, there is an induced morphism My (X/S, G) —
M;(X/S, H) of local systems of analytic spaces.

We summarize our notation, for the case of representations I' = 7, (Xy, p) — GL,(C), in the
following diagram:

R (Xo, p, 1) —— Re(Xo, p, 1) =R(, 1)

l |

M (Xo, 1) —— Mg (Xo, 1) = M(T, 1).

Here the downwards arrows denote the GIT quotients.

6.2.3. Deformation theory of representations.

Tangent spaces and Atiyah—Bott—Goldman forms. Consider the case of a compact Riemann
surface Xy of genus g > 2 with a base point p, and set as before I' = 7, (Xp, p). Let x € M (Xo, 1),
corresponding to the conjugacy class of an irreducible representation p: I' — GL,(C). The fiber
TM(Xo, r) of the €°° vector bundle TrMy (X, 1) = TTYME (X, ) is canonically isomorphic to
H! (I';Ad(p)). This can be described concretely. For a smooth 1-parameter family of irreducible
representations p; : I' — GL,(C) in R‘EQ(XO, p, 1), with pg = p, then x; = dptp;I € Zl(F,Ad(pt)) isa
1-cocycle of T with values in Ad(p,). The cohomology class of x in H' (I',Ad(p)) is the tangent
vector of TyMj; (X, r) corresponding to the 1-parameter family. See [90, Chapter 2] and [106),
Theorem 10.4 & Lemma 11.2] for further details.

The space M‘B'(Xo, r) carries a canonical holomorphic 2-form, known as the Atiyah-Bott-
Goldman symplectic form (cf. Goldman [66, Section 1.7]). At a point corresponding to an
irreducible representation p, it is given in terms of the skew-symmetric pairing H 1 (F,Ad(p)) x
HY(T,Ad(p)) — C

(6.1) (a,B) Hf tr(au p),
Xo

8Even though the theory of GIT quotients can only be performed in the algebraic category, this definition works
in the analytic category by reducing to the product situation as in [106} §6].
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where tr: H?(I',Ad(p)) — H?(T',C) =~ H?(X,,C) is induced by the trace functional on matrices.
Notice that while the complex structure of M (Xo, ) does not depend on the complex structure
of Xy, the integration map above involves the orientation of Xj. For instance, replacing X, by the
conjugate Riemann surface would change the sign of the form. We will use the notation wg,, for
the Atiyah-Bott—-Goldman form, where the orientation will be implicit from the context. In the
case of SL, representations, we similarly have a holomorphic 2-form ws, , .

Universal property of the Atiyah—Bott—Goldman form. In the theory of intersection connec-
tions and complex Chern-Simons line bundles to be developed later (Section[7]and Section g),
the following universal property of the Atiyah-Bott—-Goldman forms will be fundamental. For
concreteness, we consider the case of wg, .

Let be given a smooth family of irreducible representations p: I' — GL,(€°°(S)). There is an
associated € classifying map

v: S — M (Xo, 7).
We wish to describe the differential dv as a section of v* T""Mg (Xy, 1) ® dg. Introducing local

holomorphic coordinates s; on S, dv is obtained as the class of the cocycle x € Z}(T',Ad(p)) ®
AL(S), where

0 0 _
6.2) k() =dpy) py)~" = Z%p(y)'ldsj +y p_(Y)p()’)_lde-
We define
(6.3) f tr(dvudv) := f KUk € A%(S),
Xo Xo

where the latter integral is evaluated by the following rule. If a =}.;1;® 0}, =Y 1, ® 0, with
Aj, A, € H'(T',Ad(p)) and 0,0/, € A'(S), then

6.4 t = [ t(Ajur))|6; A6,
(6.4) fXO r(au f) (on r(A;U [)) ingy,

See equation (6.1) for the integral involving the A’s. With this understood, the universal property
is summarized in the following lemma.

Lemma 6.4. With the notation as above, we have the equality of differential forms
1
—f tr(dvudv) =viwg,.
2 Jx,

A similar relationship holds in the SL, case.

Proof. The proofis an easy exercise left to the reader. We only bring the reader’s attention to the
factor 2, which arises due to the following basic fact. Let w: V x V — C be an alternating 2-form
on a finite dimensional C-vector space V. Let {¢;} ; be a basis of V, with dual basis {e}’} j- Then, w
is identified with

1 2
EZw(ej,ek) e}’ nele NvV.
ik
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6.2.4. The Riemann—Hilbert correspondence. Assume again that f: X — S is algebraic. The
Riemann-Hilbert correspondence, which associates to a flat holomorphic vector bundle its holo-
nomy representation, yields an isomorphism of complex analytic spaces over S Ri}(X/S,0,1) =
R (X* /5™, 0,r). The locus of irreducible connections and representations correspond via this
isomorphism. The actions of GL, are compatible as well, and there is an induced isomorphism
of the GIT quotients Miz(X/S, r) = Mg(X*'/S*, r). Similar facts hold in the determinant one case.
Notice in particular that schematic properties which can be detected in the analytic category,
can be transported from Betti to de Rham spaces, and vice versa. This is behind Proposition|6.2
above.

Remark 6.5. (1) Through the Riemann-Hilbert correspondence, the structure of local system
of the Betti spaces corresponds to Simpson’s Gauss—Manin connection of de Rham spaces
[106, Section 8]. The latter is formalized by saying that the de Rham spaces are crystals of
schemes on S. While we will not need this description, this motivates the terminology
crystalline for Chern-Simons line bundles, introduced in Theorem@ and elaborated in
detail in Section [8/below.
(2) Contrary to the irreducible locus, it is not clear that the stable locus of RQ‘R (X/S,0,1)
inherits the crystalline structure, since stability is not a topological condition. This seems
to be inadvertently used in the approach to Hitchin’s connection in [101} p. 139].

6.3. Universal /C, and Deligne’s isomorphism. We establish descent properties of IC, and
Deligne’s isomorphism for the universal objects on relative representation spaces. The approach
is classical and is based on Kempf’s descent lemma.

Proposition 6.6. (1) The line bundle IC>(&}g) onRyr(X/S,0,1) descends to Myr(X/S, ).
(2) If S is geometrically unibranch, the line bundle 1C»(&") on R(X/S,0,r) descends to
M(X/S,r).
The analogues of (1) and (2) hold in the determinant one case.

Proof. We prove the first point. The others are similar. The scheme M (X/S, ) is the good
quotient of Rz (X /S, o, r) by the reductive group GL,,c, and Rir(X/S, 0, r) is an integral complex
algebraic variety by Proposition[6.2] Hence we can apply Kempf’s descent lemma [40, Théoreme
2.3]: it is enough to show that for every closed point x € Rr(X/S, 0, r) with closed orbit under
GL,/c, the stabilizer G of x acts trivially on I1C,(&}R). Let s € S be the closed point lying below x.
Notice that both x and s are C-rational. Thus, x corresponds to a rigidified flat vector bundle
(E,V) on the complex projective curve X;. That the orbit of x is closed means that (E,V) is
completely reducible. We decompose

ok ok,
E=E"e..0E,",

where each E; is a vector bundle of rank r;, preserved by V, and such that (E;, V) is irreducible.
Furthermore, we suppose that the (E;,V;) are pairwise non-isomorphic. Then, for distinct i
and j we have Hom((E;, V), (E},V)) = 0, while Aut((E;, v)ekiy = GLg, (©). Accordingly, we have an
identification

G GLk1 (C)x...x GLkn(C).

We need to show that the latter acts trivially on
_ & k; & k; ok;
ICy(E) = Qig)lcz(El. )@ Q)(det £, detE; ).

i<j
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The action of G on the Deligne pairings is trivial. Indeed, an automorphism of det E?ki given by

. 9. . : ok . 7. . . . ..
multiplication by u € C* acts on (det E;Bk’ ,det Ej 7y as multiplication by ukidegEj by Proposition

This equals 1 because degE; = 0. For IC,, we notice that G acts by a character, hence a
power of the determinant. The power is determined as in the case Deligne pairings, and it is zero
by Proposition This concludes the proof.

U

Definition 6.7. We call the descended bundles of Proposition|6.6|the universal intersection bundles,
or universal 1C, bundles. We still denote them IC»(E"") and IC(E}R).

Remark 6.8. Via the natural maps Myg(X/S,SL;) — Myr(X/S, r), the universal intersection bun-
dles pull-back to the universal intersection bundles.

Corollary 6.9. Let F be a fixed vector bundle on X. In the determinant one case, the intersectionn
bundles IC»(&4r ® F) and I1C,(E"" ® F) descend to My (X/S,SL,) and M(X/S,SL,), respectively.

Proof. We treat the case of &¢. Let f be the rank of F. By Proposition and the determinant
one condition, we have a natural isomorphism

IC, (&R e F) = IC,(8) ® IC,(F)" ® (detF,detF)@.

It is compatible with the SL, actions by the functoriality of the isomorphism. By Proposition|6.6]
we know that IC,(&}R) descends. For the intersection bundles involving F there is nothing to say,
since they are actually defined on S. U

For the next proposition, let F be a fixed vector bundle of rank f on X, and recall from
and Theorem [3.18|the functorial isomorphism relating the IC, bundle and the determinant of
the cohomology. Specializing for instance to &;f ® F on Rr(X/S,0,SL;), we obtain a natural
isomorphism, compatible with the SL, actions

(6.5) IC(En e F) = A& e F) e A((detF)) ® A(Gx) /L.
Recall also the Deligne-Riemann-Roch isomorphism of Theorem[3.21]

Proposition 6.10. (1) The universal determinant line bundle A(E; ® F) on Rr(X/S,0,SL,)
descends toMg(X/S,SL,).
(2) The isomorphism descends toMyg(X/S,SL,).
(3) Deligne’s isomorphism for &3 ® F descends to M4 (X/S,SL;).
If S is geometrically unibranch, the analogues hold for &'" ® F onR(X/S, a,SL,).

Proof. The first two items are proven at once, similarly to Corollary[6.9] For the third item, we
recall that Deligne’s isomorphism is obtained as a combination of A(Gx)'? = (wx,s,wx/s) and
(6.5), which both descend. Finally, the case of &"" is analogous.

O

6.3.1. Descent on the stable and irreducible loci. The descent statements of Proposition[6.6/and
Proposition [6.10/admit an alternative treatment if we restrict to the stable or irreducible loci,
without assumptions on the base scheme. This is possible due to the local existence of universal
vector bundles and the functorial properties of intersection bundles. This approach will be
important in geometric differential considerations in Section[8] We provide the main lines of the
argument for 1C,(&,) restricted to Rijz(X/S,0,7), and leave details and other instances to the

reader.
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Ftale locally on Mic,'R (X/S, 1), there is a universal vector bundle &2, unique modulo twising
by a line bundle coming from the base. We form IC,(%}). For any line bundle L on a suitable
étale open of MQR (X/S,r), it follows from Propositionthat we have a canonical functorial
isomorphism

[C(Fren*L) = ICy(F) & (detFn, n* Ly & (n* Ln* Ly,

where m: X xg ijR (X/S,1r)— MidrR (X/8S, r) is the natural morphism, or a localization thereof in
the étale topology of the base. Since for any line bundle M we have (M, n* L) = LI¢8M it follows
that the latter two line bundles are canonically trivial, hence reducing to a natural isomorphism

6.6) ICy(Fin @™ L) = ICo(F).

By Proposition[3.13|and the functoriality of IC, under base change, it can be checked that the
collection of such IC, (F,}) satisfies the étale descent (i.e. gluing) conditions [4, Théoreme 1.1].
Let us momentarily denote by IC,(Z:7) the resulting line bundle on M, (X /S, r). Consider the
quotient map p: Ri (X/S,0,r) — M. (X/S, r). We still have to construct a natural isomorphism
p*IC(F ) = ICo(&5R). This exists étale locally, because &% pulls-back to &% up to twisting
by a line bundle coming from RLrR (X/S,0,1), and by equation (6.6). One obtains a collection of
isomorphisms defined étale locally over RidrR (X/S,0,r), and again the functoriality properties of
1C, ensure descent.

It is similarly checked that the descended IC,(&;7) on M. (X /S, r) obtained by this method
coincides with the one provided by Proposition For this, we use that R (X/S,0,r) —
M. (X/S,r) is a principal PSL,,c-fibration. Therefore, if U — M, (X/S, r) is a surjective étale
cover and U’ is the pull-back to R, (X/S,d, ), then the composition U’ — M (X/S, r) is faitfully
flat and quasi-compact, hence a morphism of effective descent for quasi-coherent sheaves [4,
Exposé VIII, Théoréme 1.1].

Consider now a morphism of complex algebraic varieties S’ — S, and decorate base changed
objects to S’ with a prime symbol, e.g. X' = X xgS'. Since Ryr spaces represent moduli functors,
there is a natural identification Rz (X'/S",0’,r) = Rer(X/S, 0, r)". It induces a morphism on the
GIT quotiens Mg (X'/S', r) = Myr(X/S, r), which respects the irreducible loci.

Proposition 6.11. IfS' — S is a morphism of complex algebraic varieties and q: Mo (X'/S',r) —
M. (X/S, r) is the natural map, then there is a canonical isomorphism of line bundles q* IC,(&}R) =
IC (8" on ML (X'1S,1).

Proof. Locally for the étale topology on Mi. (X /S, r) we have a universal object Z 5. We consider
the pullback g*Zn, defined over an étale open of M (X'/S,r). Possibly refining, there is
an isomorphism ¢* it =~ F' @ ' *L, where 5 is a local universal object on M, (X'/S, 1)
and L is a line bundle defined over an étale open of M. (X'/S’, r); also we denoted the natural
projectionby 7": X' x g Mij.(X'/S', 1) — Mi. (X'/S', r). Reasoning as in the discussion above, there
is an induced natural isomorphism g* IC,(F ) = IC2(Z,3"), and this local construction satisfies
the necessary gluing condition for the étale topology, by Proposition[3.13|and the functoriality of
IC, under base change. This provides the desired isomorphism. U

Corollary 6.12. Under the assumptions of the proposition, suppose furthermore that S' is non-
singular. Possibly excluding the case g = r = 2, the isomorphism q* IC,(E}R) = IC2(E5R ") holds on
M (X'/S,1).
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Proof. The involved line bundles are know to exist over the whole space, by Proposition[6.6] Since
§'is smooth, My (X'/S', ) is normal, and by [106, Proposition 11.3] My (X'/S', 1) \Mz(X"/S', 1)
has codimension at least 2. Consequently, the isomorphism of Proposition [6.11]extends to the
whole space. 0

6.4. Complements in the complex analytic setting. Strictly speaking, Simpson’s de Rham spaces
seem only well-documented in the algebraic categoryﬂ By contrast, as in Betti spaces exist
in the analytic category and may be used as a replacement of de Rham counterparts. We provide
some complements needed later in the theory of complex Chern-Simons line bundles.

6.4.1. Betti spaces. Suppose that f: X — S is a smooth proper morphism of reduced analytic
spaces, with connected fibers of dimension 1 and genus g = 2. For simplicity, throughout
we assume the choice of a section o: S — X. In this generality, the relative Betti moduli
spaces Rz(X/S,0,G), Mg(X/S,G) were constructed in In Section [9] we will have need
for Mg (X/S,PSL;) and the distinguished component of locally liftable representations. This
is defined as the image of the natural map Mg(X/S,SL;) — Mg(X/S,PSL,;), and denoted by
Mg (X/S,PSL,),. This is a finite étale quotient of Mg (X/S,SL,). Indeed, the r-torsion part of the
relative Jacobian, Jac(X/S)[r] acts properly and freely on Mg(X/S,SL;), and the natural mor-
phism Mg(X/S,SL,) — Mg(X/S,PSL;) consists in taking the quotient by Jac(X/S)[r]. Notice that
the latter can also be interpreted as Mg (X/S, i), where p, is the group of r-th roots of unity. All
this can be restricted to the loci of irreducible representations.

In the case of a single Riemann surface X, the space Mj; (X, PSL,) also carries a symplectic
holomorphic 2-form, denoted by wps;,. On the subspace of liftable representations, it can be
described as the pushforward of ws , via the finite étale map M (X,SL,) — Mg (X,PSL,),.

6.4.2. Universal objects. In the algebraic category, de Rham representation spaces carry a uni-
versal vector bundle with relative connection. This can be transported to the Betti spaces via
the Riemann-Hilbert correspondence, and it results in a complex analytic vector bundle with
holomorphic relative connection. The latter makes sense more generally in the analytic category,
as we now explain.

In [106, Lemma 7.3], Simpson describes Rz (X/S, 0, r) as a representable functor on the cate-
gory of complex analytic spaces over S. His argument is written for S associated to an algebraic
scheme, but this restriction is not necessary for what follows. As a functor, Rg(X/S, 0, r) asso-
ciates to a complex analytic space S’ over S the isomorphism classes of pairs (&,1), where &
is a locally free sheaf of f'~!(@g)-modules of rank r on X’ = X x5 ', and 7 is a rigidification
along o; we write f' for the base change of f to S'. To such an object, one associates a rigidified,
relative flat holomorphic vector bundle by letting £ = & ® r-1(5,) O x/, with connection 1 ® dx/g.
In particular, this can be applied to S’ = Rg(X/S, g, ) itself, and we obtain a universal rigidified
vector bundle with flat relative connection (&3", V'"). This has the universal property that over a
point given by a representation p: 7 (X, 0(s)) — GL,(C), the connection V*" has holonomy p.
The determinant one case is similarly addressed.

Restricted to the irreducible locus, the universal object (€5", V") does not descend to M5 (X /S, r),
but it does locally, up to tensoring by line bundles coming from the base M (X/S, r) (the étale
and analytic topologies are equivalent; line bundles coming from the base are naturally relatively
flat). This is established as for moduli of vector bundles [105, Theorem 4.7 (4)], by replacing

9To that extent, see the first phrase in the proof of [105, Proposition 5.3].
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Luna’s by Palais’ slice theorems in the proof. We will refer to these as local universal objects. Both
the algebraic and analytic theories are compatible by construction. The corresponding facts in
the determinant one case hold as well.

6.4.3. Universal endomorphism bundles. The endomorphism bundle End(&3") and its connec-
tion descend to M‘é (X/8S, 1), because the center of GL,(C) acts trivially on them. We still denote
by End(ég") the descended endomorphism bundle. If ;" is a local universal bundle over
M, (X/S, 1), then there is a natural isomorphism End(&5") =~ End(#3"); similarly for their flat
relative connections. The analogous statement holds for SL, monodromies.

For a similar reason, M (X/S,PSL,) carries a universal endomorphism bundle with connec-
tion. Later, our focus of interest will rather be the universal endomorphism bundle restricted to
M, (X/S,PSL;),, which can be obtained by descent from M (X/S,SL,).

We will use the notation (%, V'") for universal endomorphism bundles. We will next encounter

those in

6.4.4. DescentofIC,. Consideringall the above, the argument §6.3.1]for descending the universal
IC; bundle applies to complex analytic Betti spaces formally in the same way. For instance, we
may descend IC,(65") to M‘é (X/S,r). Locally, the descended line bundle is naturally isomorphic
to ICy(Fy"), for a local universal bundle ;" over MiB'(X /S,r). The resulting descended line
bundle will still be denoted by IC»(&5"). Corresponding statements hold for SL,, and for the
universal endomorphism bundle in the PSL, case. The base change Proposition[6.11] has an
analogue in this context too.

Remark 6.13. Over M5 (X/S,SL,) (resp. M5 (X/S,PSL,)) there is a universal adjoint bundle %,
of traceless endomorphisms, which is more natural to work with from the point of view of Lie
algebras. It relates to % by a natural isomorphism % = %, ® Ox, where Oy is endowed with

the trivial connection. For the purposes of this paper, we can indistinctly work with both, since
ICy(%) is naturally isomorphic to 1C»(%). See Theorem 3.5} Proposition and §8.4]below.

7. CANONICAL EXTENSIONS OF FLAT RELATIVE CONNECTIONS

In Section 5}, we developed the general formalism of intersection connections. The setting
requires a family of compact Riemann surfaces f: X — S and a holomorphic vector bundle E on
X, endowed with a compatible connection V: E — E® .szf}l('o. However, in the study of moduli
spaces of flat vector bundles in Section[6} the natural datum we encountered is a relative flat
connection. This poses an extension problem. In rank one this was addressed in a canonical
manner by Freixas—Wentworth [57] and was applied to the construction of intersection connec-
tions on Deligne pairings and reciprocity laws. In this section, we tackle the general case and
discuss consequences for intersection connections on IC, bundles.

7.1. Intersection connections induced by flat relative connections. Let f: X — S be a proper
submersion of complex manifolds, with one-dimensional connected fibers. We fix a holomorphic

vector bundle E — X, and a flat relative connection V: E — E® ,Qf;(’/os. We will show that IC, (E)

inherits a natural compatible connection, and describe some of its properties.
A connectionV: E— E® 524,0 is called a compatible extension of V if the vertical projection

of Vonto E® d)i’/os recovers V. Such an extension always exists. To see this, by a partition of

unity argument, it is enough to construct an extension locally, and by the holomorphic implicit
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function theorem we can even suppose that X — S is of the form U x V — V for small complex
open sets U, V, in which case the statement is clear.

Lemma?7.1. LetV,,Vy: E—-E® d}l{,o be compatible extensions of V. Then, the attached intersec-

. . . . IC IC:
tion connections on 1C3(E) coincide: V,? =V, *.

Proof. We must check that I1T7(V;,V3) =0. Because V,V, are both compatible extensions of V,
we can write V, = V; 4+ 0, where 0 is a €°° section of EndE® f *,QJSI’O. We examine the several
contributions in the expression of IT(Vy,V; +6) provided by Proposition[5.7] The various terms
all vanish for similar reasons, and we only explain f x5 tr(F A 0). Decomposing the curvature F
of V; into its (2,0) and (1, 1) components, we find

f tr(FAQ) = f tr(F*” A 6) + f tr(F™Y A O)
XIs X/$ XIS

= f tr(F"" A 6),
X/S

for type reasons. For the latter integral, we work locally on S and introduce holomorphic
coordinates s;. By linearity we reduce to the case 0 = ¢ ® ds;, where ¢ is a smooth section

of EndE. Then
f tr(F" A Q) = (f tr(F“'”(p)) ds;.
X/8 XIS

The integral on the right is a function on S, and thus it is computed fiber by fiber. On fibers
F®Y =0, since V is flat. Therefore, the integral vanishes. O

The fiberwise flat assumption on V cannot be removed from the above lemma. This can be
seen, for example, by a computation using Proposition and (5.9).

Definition 7.2. The compatible connection V'2 on IC,(E) constructed above is called the inter-
section connection attached to, or induced by, V.

Likewise, for two relatively flat connections on two line bundles L and M, we define the intersec-
tion connection on (L, M), as the one obtained by the intersection connection of any compatible
extensions.

Notice that the formation of V2 satisfies the analogous of by Lemma(7.1] In particular it
commutes with base change. For future reference, we write down the following, which is now
immediate.

Proposition 7.3. Suppose thatV is the vertical projection of the Chern connection V" attached to
a smooth hermitian metric h on E. Then V'©2 = V"¢, O

For completeness, we address the compatibility with the connection on Deligne pairings
found in [57].

Proposition 7.4. Let (L, V") and (M,V") be line bundles with compatible flat relative connec-
tions. Then, the induced intersection connection on 1Co(L & M) = (L, M) agrees with the Freixas—
Wentworth intersection connection on Deligne pairings.

Proof. We compute the intersection connection on IC,(L @ M) using the direct sum of any
compatible extensions of V- and V". It is independent of this choice by Lemma[7.1} The Whitney
isomorphism being parallel for direct sums, we need to compare the expression in Definition

with that of [57, Theorem 3.12 & Definition 3.13]. The expressions are identical, modulo
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that the latter is computed for a specific choice of extensions, the canonical extensions in op. cit.
Since the intersection connection is actually independent of this choice, we conclude. O

7.2. Harmonic and normalized extensions. Assume now that f: X — Sadmitsasectiono: S —
X, and that we are given the following data:

¢ a holomorphic vector bundle E on X of rank r = 1, rigidified along o;
¢ aflatrelative connectionV: E—- E® ;zfX 'S irreducible on fibers;
e a hermitian metric 2 on E.

LetV: E—E® d}l{,o be an extension of V. We will define notions of harmonicity and normal-

ization for V. We derive some inspiration from Spinaci’s [108} Section 4], on deformations of
harmonic maps, although we actually do not rely on non-abelian Hodge theory.

7.2.1. Local structure of V. We begin our considerations by supposing that S is contractible,
and for concreteness we assume it admits complex coordinates. In this case, we can form the
following diagram:

(7.1) I'= m(Xo,p)r\% XOxS—>3L” XOxS—>

X
ﬁ ‘
S
w
0

e 0e Sand p =0(0) € X are fixed base points.

« Tildes indicate universal covers with respect to the base points. We fix a lift p € X; of p.

o : X :=XoxS = X is a Ehresmann trivialization, such that corresponds to the constant
section p of 7. This exists by [61, Theorem 5.8].

e Through the canonical identification X ~ Xg x S, the action of 71 (¥, (p,0)) on % corre-
sponds to the action of 7; (Xp, p) on the first factor of )~(0 x S.

« To lighten the presentation, we make no distinction of notation between objects on X
and their pullbacks to & or .

The complex structure on X is transported to a complex structure on & via ¢, so that the
latter is tautologically a biholomorphism and 7 is holomorphic. Also, the universal cover Z is
considered with the complex structure induced from & . We proceed in the same way for E and
its holomorphic structure.

Denote by v = {v ]} , the rigidification of E along o, organized in a column vector. It gives rise

Let us explain the various items.

to arigidification of E on Z, along the constant section p. By means of parallel transport along
fibers, there exists a unique ¢ trivialization of E on X, , which is fiberwise flat and coincides
with v along the constant section p. We also organize this trivialization in a column vector u. We
notice that u is holomorphic on fibers.

On &, the connection V is expressed in the €*°-basis u as follows:

(7.2) Vewd+2, Ze AN, gl,).
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This means that for any column vector g € € (@X)®" , we have

(7.3) Vg'uy=dg' u+g' = u.

Because V extends V, the matrix of forms = vanishes on fibers. Therefore, it takes the form
(7.4) Zegl (€°@X) et A(S).

The matrix of forms Z decomposes as 2 + Z®" according to A'(S) = AY(S) @ A®1(S).
The condition that V be compatible is that V" = 3, and hence this completely determines
=0V Precisely,

(7.5) Opu=Z2""u, Z°Vegl (€°X)) oi*A”L(S).

7.2.2. Harmonicity and normalization. Let ® be an endomorphism of E on Z . If we choose a
hermitian metric on Tx/,s, then we can take the formal adjoint V* with respect to h, fiberwise.
We say that @ is harmonic with respect to h if we have V*V® = 0 on fibers. Since we are in
relative dimension one, this notion is independent of the choice of hermitian metric on Tx/,g, but
depends on the complex structure of the fibers. If ® is already defined on X, then harmonicity
entails V® = 0, by compactness of the fibers. This means that @ is a fiberwise flat endomorphism.
Finally, if we express @ in the basis u as a matrix ® € gl, (€°(X)), then the harmonicity condition
becomes d*d®=0. This formulation compares to [108| Definition 4.9]; see Proposition 2.5 (4) op.
cit. for the notation.
Now in the setting of introduce complex coordinates {s;} ;”: , on S, and expand

=100 _ =1,0) o ~* . =(1,0) 00 [ Gy
= _;_J. o dsj, ZVegl (€%(X).

Requiring that all the E‘].“” are harmonic with respect to h is independent of the choice of

coordinates. In this situation, we may just say that =" is harmonic with respect to h. It is
formal to check that this is intrinsic to V, namely it does not depend on the choice of Ehresmann
trivialization and lift j of p. Over a general base S, we say that V is harmonic with respect to
h if, locally over contractible coordinate open subsets of S, the forms ="” defined above are
harmonic with respect to h.

Another condition we introduce is that of normalization. Restricting V along the section o, we
obtain a compatible connection on o*E. Using the rigidification, this is seen as a compatible
connection on the trivial bundle &¢". This is of the form d + ¢, with ¢ € ALO(S, gl,). We say that
V is normalized if tr(p) =0, thatiso* V has trivial determinant. More concretely, in terms of the
connection forms above, the normalization condition amounts to Z(p, s) = 0.

It is immediate that harmonicity and normalization are preserved under base change.

Proposition 7.5. There is at most one normalized, compatible extension of V which is harmonic
with respect to h.

Proof. We can suppose that S is contractible and admits holomorphic coordinates s;.

Suppose that we are given two harmonic and normalized extensions V; and V,. We take
the difference ¢ := V| -V, € A°(X,EndE) ® f*A"°(S). Therefore, if ¢ = Yjpj® frdsj, then
;€ A%(X,EndE). By the normalization condition, we have tr(c* ¢ ) = 0. We will show that the
@ vanish.

We perform the construction (7.1). We express the connections in the flat relative basis u, as

d+Z; and d + E,. By (7.5), we already know that 2" = Z2". The difference Z{"” — 5 is the
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expression of ¢ in the basis u. The harmonicity condition entails that the ¢ ; are fiberwise flat
sections of End E. From the irreducibility assumption on V it then follows that ¢ ; = f;idg, for
some f; € €°°(S). Finally, tr(a*(pj) = r fj vanishes, so that ¢ ; = 0 as stated. O

7.3. Canonical extensions. The goal of this subsection is a higher rank generalization of [57,
Theorem 1.1 (i)]:

Theorem 7.6. Let f: X — S be a proper submersion of complex manifolds, with one-dimensional
connected fibers, and o: S — X a given section. Let (E, h) be a hermitian holomorphic vector
bundle on X, endowed with a rigidification along o and a flat relative connectionV: E — E ®=sz¢)1('/05.
Assume thatV is fiberwise irreducible. Then, there exists a unique normalized extensionV: E —

E® d)l(’o of V, which is harmonic with respect to h.

Proof. Uniqueness has been settled in Proposition|[7.5] Incidentally, this allows us to reduce the
existence part to the case when S is contractible and admits holomorphic coordinates {s;} ;”: 1

In general, we can first reason locally over S, and then the uniqueness property ensures the
necessary gluing.

We perform the construction (7.1), and adopt the notation and conventions in Recall in
particular the vertically flat trivialization u of E on & . The fundamental group I acts by pullback
functoriality on u, through a representation p: I' — GL,(€¢*°(S)): for y € I', we have

(7.6) Y u(x,s)=ply,s)ulx,s), yel, (x,s)eX.

By assumption, p is pointwise irreducible.
Let e be a smooth local section of E on X, and pull it back to a section on a I'-invariant open
subset % < % . In the basis i, we can write

e=g'u, with ge€>®@)® column vector.
Because e is I'-invariant, the action of I' on g is given by

(7.7) Y'g=p"ng

where pV is the contragradient representation p" (y) = p(y

As in (7.2)-(74), the extension we seek should have an expression V «~ d + Z in the basis u,
with Z € g[r(<€°°(3’?fv)) e 7* AL(S). Taking into account (7.6)—(7.7), we find that for V to descend to
X, the connection form = needs to obey the transformation law

(7.8) Y*E=Ad(p)(y) E+dpy) p() 7},
where we write dp(y) p ()/)_1 instead of 7* (dp(y) p (y)_l), in order to simplify the notation. Notice
that dp p~! € Z1(I',Ad(p)) ® A1 (S) is the cocycle k in (6.2). We will separately define the (0,1) and
(1,0) parts of =. 3

As we saw in (7.5), the (0, 1) part 2" is already dictated by dpu = Z°"u. Applying y* to this
equation, we obtain
(7.9) Y*E®Y = Ad(p)(y) 2V +0p(y) p() .
Notice that =*"(p, s) = 0, since u(p, s) is identified with the rigidification, which is holomorphic.

Next, we decompose

-1
(7.10) dp(y) p(y) :ZK;-()/)de.
J
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Then K’]. € ZY(I',Ad(p)) is a smooth family of 1-cocyles parametrized by S. For s € S, we take the
cohomology class [K’j (s)] € H'(',Ad(p(s))). Consider the period isomorphism of the latter with

Hle(X s, (End(Ey), V)), the de Rham cohomology of End(E;) with respect to the flat connection
induced by V. We denote by w;(s) € A'(X;, End(E;)) the harmonic representative of the class
corresponding to [K,].(S)], taken with respect to V and h. We express w ;(s) in the basis u:

A(wj) := matrix expression of w; in the basis u.

Because of the irreducibility assumption on the connection, A(w ;) is a smooth family of matrices
of closed 1-forms on )~(0, parametrized by S. The action of the fundamental group on A(wj) is
given by

(7.11) Y*Alw;) =Ad(p)(y) Alw)).

The cohomological relationship between K’j (s) and w () is expressed as the period equation

14
(7.12) K () :f,; Awj) + (Ad() () - 1) B(s),

for B;(s) € sl (C) providing a coboundary term (Ad(p) —1) §;(s) € B'(I',Ad(p(s))). By the irre-
ducibility assumption H°(T',Ady(p(s))) =0, so fB j(s) is in fact unique. The index 0 in Ady means
the restriction to traceless elements. By Lemmabelow, B(s) is actually € in s. We define

x —_

(7.13) EW(x,8) =Y (ﬁ A(wj)) dsi—Y Bj(s)ds; in gl (X)) eF AV(S),
j P J

where the integral takes place on X, and is well-defined since the A(w j) are closed. By equations

(7.10)-(7.12), =" satisfies the transformation law

(7.14) y*219 = Ad(p)(y) 2 +dp(y) p(y) L.

To conclude the proof, let = := E? + =@V Tt satisfies (7.8), as we see by adding up and
(7.14). Thus, d + Z defines a connection V: E — E® sz@lf, extending V. By construction, it is
compatible with the holomorphic structure of E. It is also harmonic with respect to h, because
=19 jg an antiderivative (in the variable x) of jwjAdsj,and the v are harmonic on fibers. It
is normalized too, since Z(p, s) = 2% (p, s) = — Y.jBj(9)ds;, and the §(s) have been chosen to
have zero trace. 0

To complete the proof of Theorem we still need to show that the coboundary terms 3 (s)
in the period relationship (7.12) are smooth in s € S.

Lemma 7.7. Let T be a manifold and p: T — GL,(€%(T)) a family of irreducible representations,
for some integer ¢ = 0. Let c(t) = (Ad(p(1)) —id)a(t) € BY(I',Ad(p(?))) be a coboundary, with
traceless a. If c(t) is €’ int€ T, then so is .

Proof. We proceed by induction. We begin with the € 0 case. Choose a hermitian norm | - ||
on sl (C). Suppose for a contradiction that a is not continuous at some f. Then there exists
€ >0 and a sequence of points ¢, — fy, such that ¢, := |a(t;) — a(f)|l = €. The quotients M,, =

(a(ty) —al(ty))/en € 51, (C) are uniformly bounded, and after possibly restricting to a subsequence,
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we may assume that M,, — M, for some traceless matrix M of norm one. From ¢ = (Ad(p) —id)«a,
we derive
M = (Ad(p(t,)) —id) My, + (Ad(p(£n)) — Ad(p(£0)) “étO) .
n n

The left hand side converges to 0, because c is continuous and ¢, = € > 0. On the right hand side,
the first term converges to (Ad(p(fy)) —id) M, by continuity of p. The second term converges to 0,
because p is continuous and ¢, = € > 0. Passing to the limit, we find M € H*(T',Ad(po(f)) = 0,
which contradicts || M| = 1. We conclude that a is continuous.

Next we assume that the 6 regularity has been established for some ¢ > 0, and we tackle the
¢‘*! case. We first check the existence of directional derivatives at some f,. After introducing
local coordinates around %;, we can suppose that T is a ball in RV centered at f, = 0. Let
u e RV \ {0} be any direction. Take a sequence of non-zero real numbers ¢, — 0, withe,u e T.
We claim that the quotients M, = (a(e,u) — a(0))/&, are uniformly bounded. Otherwise, after
possibly going to a subsequence, we can suppose that || M, | — oco. Restricting to a further
subsequence if necessary, we can also suppose that Q, = M, /||M,|| converges to a traceless
matrix Q, of norm 1. Proceeding as above, we have the relationship

1 clequ)—c(0) Ad(p(enu)) —Ad(p(0)) a(0)

= (Ad(p(e, ) —id) + .
Ml en pen Qn en M|

Because c is now differentiable and || M, || — oo, the left hand side converges to 0. The first term
on the right hand side converges to (Ad(p(0)) —id) Q. The second term converges to 0, because p is
differentiable and || M, || — oo. Therefore (Ad(p(0)) —id) Q = 0, which entails Q = 0 and contradicts
that Q has norm 1. Thus, the M,, are uniformly bounded. Now we take a subsequence M, . By
boundedness, there is a further subsequence M, K; which converges to some limit M € sl (C). By

a similar argument as before, we find

Dy,c(0) = (Dyp(0)a(0) = (Ad(p(0) —id) M,

where D, denotes the directional derivative. By the irreducibility assumption, the solution M
to this equation is uniquely determined by c(0) and «(0), and hence does not depend on the
subsequence. We conclude that the M,, converge to M, and hence D, a(0) exists. Repeating the
same argument for the other points of T, we see that D, « exists everywhere and satisfies the
differential equation

(7.15) Dy c(t) = (Dyp(0)a(r) = (Ad(p(1)) —id) Dy (D).

The left hand side of this equation is €. Therefore, by the induction hypothesis, D, a is €* too.
Since this is true for any direction u, we conclude that a is of class €¢*'. U

Definition 7.8. Let the setting be as in Theorem The extension V is called the canonical
extension of V with respect to h. If we do not need to specify the metric h, we may refer toV simply
as a canonical extension of V.

Remark 7.9. Several comments on the theorem and its proof are in order.

(1) By the theorem of Corlette-Donaldson [35}39], the irreducibility assumption guarantees
the existence of a unique harmonic metric on E, which agrees with the standard metric
on 0¢" through the rigidification. Letting & be this choice of metric, the corresponding

extension V is genuinely canonically attached to V.
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(2) Canonical extensions are compatible with base change. This is because harmonicity and
normalization are preserved by base change, and by the characterization of canonical
extensions in terms of these.

(3) Inrank one, End E is trivial and the harmonicity notion does not depend on the choice of
h. Also, the normalization amounts to a rigidification of V. This means that the restriction
o*V corresponds to the trivial connection through the trivialization o* E = @s. This is
consistent with [57, Theorem 1.1 (i)]. The construction of the canonical extension in the
Section 4 of op. cit. guarantees the harmonicity property. Therefore, by the uniqueness
part of Theorem both constructions agree. Besides, in [57] the canonical extension
was characterized by a reciprocity law for connections. We do not know of an analogous
description in higher rank.

(4) For connections with SL, monodromies, the normalization condition is automatically
fulfilled.

(5) If the metric h on E is flat on fibers, and V is the vertical projection of the associated
Chern connection V", it is possible to see that the canonical extension with respect to h
coincides with V<", This can be inferred from the characterization and from Fay'’s explicit
computations in the proof of [48, Theorem 4.1] (see in particular equation (4.5) therein).

7.4. Curvature of V', The next objective is the curvature of V2. We first place ourselves in
the setting of Hence, we are given a rigidified, flat irreducible V: E — E® ,Qfé'/os and
a hermitian metric & on E. Since the curvature is a local invariant, we can suppose that S is
contractible and admits complex coordinates. We then have the central fiber Xy, the base point
p = 0(0) and the family of irreducible representations p: ' = 71 (Xp, p) — GL,(€*°(S)) attached
to V, as in the proof of Theorem Recall the discussion where we studied the €
classifying map associated to p
v: S — Mg (Xo, 7).

The differential dv € H'(I',Ad(p)) ® A'(S) was described as the class of the cocyclex =dp p~! €
ZY(I',Ad(p)) ® A'(S). We adopted an integration convention for the cup products of such classes,
and we related them to the Atiyah-Bott-Goldman form in Lemma In the theorem below, we
denote by det: Mg (Xp, GL;) — Mg (Xp, GL;) the determinant map.

Theorem 7.10. With the notation above, the curvature of V'“2 is given by
1
c1(IC»(E),V'?) =-g (tr(dvudv)—trdvutrdv)
(7.16) ’IT %o
== (Viwe, —v*det*wg,).
Consequently, if V is holomorphic, then c;(ICy(E),V'2) € A>°(S) and V'®2 is a holomorphic
connection.

Proof. For the proof, we interpret V' as being induced by a canonical extension V. By equation
(5.11), the curvature of V2 is expressed in terms of Fg. We thus have to relate the latter to dv.
In the vertically flat basis #, V decomposes as d + =, so that for the curvature we find

Fo=d=2+ZAE.

Notice that, while Z is only defined on &, the curvature Fs descends to 2. We insert this in

(5.11). Most traces disappear for formal reasons, and since the derivatives in the S-direction do
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not contribute to the integrals we find that

1 (IC(B), V') = ( f tr (dyE A dyE) - f tr(d,Z) Atr(d,E) |,
8m? Xo Xo
where we decomposed d = d, + d; according to the product X = X, x S. We thus have to see that
d,Z represents the class dv.
From the very definition of 2% we deduce that d,Z"” is cohomologous to dp p~ ..
Now for =@V, Recall from the action of y € T on Z®, and that 2% (p, s) = 0. Therefore,

applying we find

YP — —
_ dE =y"ECN (B, 0) = Ad(p) (1) EOV (B, 0) +0p(y) p() T =0p(y) p()
p
This means that d,=Z®" is cohomologous to dp(y) p(y)~'. We have thus proven that d, = repre-
sents dp p~!, thatis dv.

To conclude the first part of the proof, it remains to explain the sign in front of the integral
(7.16). This comes from the sign convention in the definition of (6.3)—(6.4), plus the fact that
d.E is an actual 2-form and, contrary to dv, the usual anticommutativity rule applies to its
constituent 1-forms.

If V is holomorphic, then v is holomorphic. Therefore, dv € H(I',Ad(p)) ® A»9(S). This implies
that ¢; (IC»(E), V'“2) has type (2,0). Since V2 is a compatible connection, we infer that it has to
be holomorphic. The proofis complete.

OJ

Remark 7.11. (1) For connections with SL, monodromies, the second factor in the integral
vanishes.

(2) For flat unitary connections, the theorem recovers the well-known curvature formula for
Vi€, See Takhtajan-Zograf [119,122].

(3) Inthe holomorphic case, a crude form of Theorem([7.10jwas obtained by Fay in his study of
non-abelian theta functions. See [48, Theorem 5.7] and [49, Section 1]. The holomorphic
differential forms Q(o, 7) and w(s) therein correspond to local connection forms of V/¢2,
Our theorem clarifies the geometric content of his explicit constructions.

The statement about holomorphic connections can be extended to non-irreducible connec-
tions over general parameter spaces.

Corollary 7.12. Let X — S be a family of compact Riemann surfaces over a reduced complex
analytic space. Let (E,V) be vector bundle with a flat relative holomorphic connection. Then, for
every desingularization u: S' — S, the intersection connection V' on S’ associated to the base
change (u* E, u*V) is holomorphic.

Proof. We prove the statement when S itself is a smooth analytic space, the statement for general
reduced analytic spaces can be deduced from this. Holomorphicity being a local statement, we
can suppose that S is contractible and that X — S admits a section o.

We then consider the statement over the representation space itself. We recall that the irre-
ducible locus R§(X /S, , r) is smooth over S and hence smooth (as in the proof of Proposition
in the appendix). Let R — Ry (X/S, 0, r) be a desingularization of the representation space which
is an isomorphism over the irreducible locus. The universal vector bundle on Rg(X/S, 0, r), intro-

duced in §6.4.2} pulls-back to R and admits a relative holomorphic connection. The intersection
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connection on IC, can be computed, over the irreducible locus, using a canonical extension,
in which case we know it is holomorphic by Theorem[7.6] By density of the irreducible locus, it
must be holomorphic on all of R.

Given (E,V) as in the statement of the corollary, with the additional assumptions in the
beginning of the proof, this amounts to a holomorphic map S — Rg(X/S,0,r). Denote by
i :S" — S abirational map, such that S’ is also smooth and the map S’ — S — Rg(X/S, 0, r) factors
as S’ — R — Rg(X/S,0,r) for aholomorphic map S’ — R. The intersection connection associated
to (u* E, u* V) is the intersection connection of the corresponding family on R, whose connection
is holomorphic by the previous argument. By the same token, the intersection connection on
(E,V) pulls back to that of (u* E, u*V). A smooth connection which is holomorphic on a dense
open set must be holomorphic everywhere, from which we conclude. 0

8. THE COMPLEX CHERN-SIMONS LINE BUNDLE

We introduce complex Chern-Simons line bundles on relative moduli spaces of flat vector
bundles. The construction builds upon the previous developments on intersection bundles
and intersection connections. We establish the main properties and propose a characterization,
which in particular involves a fundamental compatibility with Simpson’s Gauss—Manin connec-
tion, referred to as crystalline property. We study the behaviour of the complex Chern-Simons
line bundles under a change of orientation of the underlying Riemann surfaces. This gives rise to
the notion of complex metric, for which we provide explicit expressions in rank 2.

8.1. Construction and curvature. Throughout this subsection, f: X — S is a smooth proper
morphism of non-singular connected complex algebraic varieties with one-dimensional con-
nected fibers of genus g = 2. For simplicity, we suppose that f admits a sectiono: S — X. We
will now make use of the notation and results of Section 6l

Recall the moduli scheme RL'R (X/8S,0,r) of rigidified vector bundles of rank r, equipped with
irreducible flat relative connections. Let &;; be the universal vector bundle and V"" the universal
relative connection. Because S is non-singular, Rl (X/S, 0, r) is non-singular as well. The results
of apply and produce a holomorphic intersection connection V' on IC, (&), which lives
on R!.(X/S,0,r). Here we stress the holomorphic nature of V/“2, which is granted by Theorem
By Proposition|[6.6} we know that 1C,(&}z) descends to the coarse moduli Mt (X/S, ). The
following lemma shows that the connection descends, too.

Lemma 8.1. The line bundle with holomorphic connection (ICy(&:2),V'?) on Ri.(X/S,0,T1)
descends toM!.(X /S, r). The descended connection is independent of the choice of section g : S —
X.

Proof. Recall from that, locally for the étale topology, M. (X /S, r) has a universal object,
modulo twisting by a line bundle coming from the base. By Lemma the claim amounts
to the following observation. Let E be a holomorphic vector bundle on X with a compatible
connection. Let L be a line bundle on S, endowed also with a compatible connection. Then
the attached intersection connections on IC,(E® f* L) and IC,(E) coincide via the canonical
isomorphism IC»(E® f*L) = IC,(E). This is an immediate consequence of Proposition and
the fact that the intersection connections on the canonically trivial line bundles (detE, f*L) = O
and (f*L, f*L) = Os (cf. Proposition[3.2) are the trivial connections, as can be checked from the

explicit expression (5.8). [l
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Definition 8.2. The complex Chern-Simons line bundle on Mid'R (X/S,r) is the line bundle with
holomorphic connection obtained by descent from (IC2(&5r),V'2)Y on Rz (X/S,0,1) (notice the
dual). We denote it (Lcs(X1S),V®®), or more loosely £cs(X1S).

The definition carries over to the case of SL, monodromies, and results in a complex Chern-
Simons line bundle on Ml (X/S,SL;). One checks that it is the pullback of Z.s(X/S) through
the natural map M, (X/S,SL,) — M/, (X/S, r). Therefore, we will employ the same notation for
the complex Chern-Simons line bundle on M/ (X/S,SL,).

Via the Riemann-Hilbert correspondence, we can transport the complex Chern-Simons line
bundle to the Betti moduli space, and similarly in the SL, case. We will still write (Zcs(X/S), V)
or Zcs(X/S) for the resulting holomorphic line bundle connection on the Betti space, and
occasionally refer to it as the Betti realization. More generally, the complex Chern-Simons line
bundle on the Betti space can be defined for a complex analytic base S. See in particular
regarding local universal objects. At the end of this section we will provide some complements
on this variant.

Remarlk 8.3. (1) By Lemma8.1} the construction of Zcs(X/S) is independent of the section
o. By a simple descent argument, this allows to generalize the definition in the absence
of a section.

(2) The line bundle underlying Zcs(X/S) is defined on the whole Ry (X /S, 0, r) and descends
to Myr(X/S, 1), as we proved in Proposition Nevertheless, for the connection to be
defined, we need to restrict to the locus of irreducible representations. It would be
interesting to know whether the connection extends as a singular connection. For a
partial result in this direction, see Corollary[7.12| This problem is related to the type of
singularities of the moduli spaces. In the SL, setting, the singularities are known to be
canonical for high enough genus [7].

The first property of Zs(X/S) we wish to discuss is the base change functoriality.

Proposition 8.4. Let S’ — S be a morphism of non-singular complex algebraic varieties, and
q: ML (XS, 1) = MiL (XS, 1) the natural map. Then there is a canonical isomorphism of line
bundles with connections q* Lcs(X18) = Les(X'1S).

Proof. By Proposition there is a canonical isomorphism g*IC,(E}R) = IC2(&r "), which in
terms of local universal objects is given as g* ICo (% g) = ICo (% g ), in turn induced by q* F 5 =
Fiw'en' *L.Here n': X' xg Mo (X'/S',r) = Mij.(X'/S, r) is the natural projection. Reasoning
as in the proof of Lemmato getrid of 7’ * L, and then recalling the independence property
of Lemma(7.1} we infer that the isomorphism q*I1C,(F}8) = IC,(Z,z ) preserves the universal
intersection connections. ]

There is an obvious functoriality with respect to isomorphisms X’ — X of relative curves over
S:

Lemma 8.5. Ler g: X' — X be an isomorphism of relative curves over S. Let §: Mi(X'/S, 1) =
Mid'R(X /S,1) be the induced natural isomorphism. Then, there is a canonical isomorphism
g*gcs(X/S) = xcs(Xl/S)

Proof. Inspecting the construction of the complex Chern-Simons line bundles, this reduces to

Lemmal5.19and Lemmal(7.1l The details are left to the reader. 0
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8.1.1. Curvature of £cs(X18S). To state the curvature theorem for Zcs(X/S), we will next argue
in the Betti realization. Since the curvature is a local invariant, it is enough to describe it after
restricting to a simply connected open subset S° < S. Fix a base point 0 € S°. Recall from
that Ms(X/S, r) is a local system of complex analytic spaces, so there is a natural isomorphism
M (X/S,1)js0 = M (Xp, 1) x S° over S°, and a resulting holomorphic retraction to the fiber at 0:

po: MI(X/S,1)1s0 — MY (X, 1).

Theorem 8.6. Let the notation be as above. Then:

(1) The first Chern form of the complex Chern-Simons line bundle on M (Xo, r) is

1
(8.1) 1(Les(Xp), V&) = yes (wer, —det” (wq,)).

(2) The first Chern form of the complex Chern-Simons line bundle on M (Xy,SL,) is
1
8.2) 1(Zes(X0), V) = — s,
47

(3) In general, the first Chern form of (Lcs(X1S),V®®) is crystalline. That is, it satisfies
(8.3) 1(ZLes(X18), V)50 = pg 1 (Les(X0), V).

Proof. The first and second formulas are a direct application of Theorem|7.10] For the third one,
because both sides of the identity are holomorphic differential formes, it is enough to check the
claim over a non-empty open neighborhood of 0 contained in S°. Therefore, we can reduce to
the case when S° is contractible and admits holomorphic coordinates. Then we are in position to
apply Theorem|[7.10} from which one concludes the desired equality by a simple inspection. [

Remark 8.7. While M} (X, r) depends on X, only as a topological surface, the curvature of
Zcs(Xp) depends on the orientation of Xj. A change of the orientation would change the sign of
the curvature. See §6.2.3]

Corollary 8.8. Except possibly for g = r = 2, the complex Chern-Simons line bundle onM}5(X/S,SL,)
is crystalline. That is, if (S§°,0) is a simply connected open subset of S with a base point, and
po : ME(X/S,SL,)sc — Mis(Xo,SL,) is the retraction to the fiber at 0, then there exists a unique
holomorphic isomorphism of flat vector bundles

(Zes(X18),V2)so — pg (ZLes(Xo), V)
restricting to the identity on Mi;(Xo, SL,).

Proof. First, the complement of M{; (X, SL,) in Mg(Xp, SL,) has codimension = 2, by [106, Propo-
sition 11.3]. Although this reference is stated for GL, monodromies, the argument can be adapted
to SL, monodromies. By [26, Theorem B], the space M (Xjp, SL;) is simply connected. We infer
that My (X, SL;) is simply connected too, and consequently so is M (X/S,SL,)s-. Second, by
Theorem 8.6, (Lcs(X/S), V) se and pj (ZLcs(Xo), VS®) have the same curvature. Moreover, by
Proposition|8.4} (ZLcs(X/S), V<) se restricts to (Les(Xp), VE®) on ME(Xo, SL;). Therefore, by paral-
lel transport there exists a unique extension of the identity automorphism of (Zcs(Xp), V) into

a horizontal isomorphism Zcs(X/S) = py Zcs(Xo), necessarily holomorphic, as stated. O
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8.2. Characterization. The setting and notation of the previous subsection are still in force. We
proceed to characterize Zcs(X/S) by an extension property from the moduli space of stable
vector bundles.

Recall the moduli space R*(X/S, o, r) of rigidified stable vector bundles of rank r and degree
0. By the theorem of Narasimhan-Seshadri [99, Theorem 2], the universal vector bundle &""
carries a natural fiberwise flat Chern connection, whence an induced intersection connection
V' on IC,(&""). This intersection connection is itself a Chern connection, by Proposition[7.3]
Arguing as in Lemma(8.1} it descends to the coarse moduli space M*(X /S, r), and the result is
independent of the choice of section. It will be useful to give it a name and a specific notation.

Definition 8.9. The unitary Chern-Simons line bundle on M*(X/S,r) is the line bundle with
compatible connection obtained by descent from (I1C,(&""),V'?)Y on R*(X/S,0,1) (notice the
dual). We denote it as (Lcsy(X1S), V), or more loosely Lcsy(X1S).

There is an analogous construction in the trivial determinant case, which agrees with the
pullback of Zcs,(X/S) by the natural morphism M*(X/S,SL,) — M*(X/S, r). Therefore, we still
denote it by Zcsy (X /S). Let us mention that the latter is a relative variant of the Ramadas-Singer—
Weitsman line bundle [102, Theorems 1 & 2], although this will not be needed.

The theorem of Narasimhan-Seshadri [99, Theorem 2] can be recast as a closed immersion
of €*° manifolds M*(X/S,r) — M/(X/S, 1), a section of the forgetful map 7 : M, (X/S,r) —
M¥(X/S,r). This is a totally real embedding, as it stems from the interpretation as character
varieties. The corresponding fact also holds in the trivial determinant case. Next, recall the open
inclusion M{;(X/S, r) c Mz (X/S, r). This allows us to consider M*(X/S,r) € Mij.(X/S,1).

Theorem 8.10. The complex Chern-Simons line bundle £Lcs(X/8S) on M. (X/S, 1) is a holomor-
phic extension of Lcsy(X1S) on MF(X/S,1). Except possibly for g =r =2, on Mi(X/S,SL,) it is
the unique extension with the additional property of being crystalline, up to unique isomorphism.

Proof. Let us first see that Zs(X/S) indeed extends Zcs, (X/S). For this, we can argue at the level
of representations spaces and universal /C, bundles, with their natural intersection connections.
Denote the forgetful map =: Rij (X/S,0,1r) = R¥(X/S,0,r). The universal vector bundle &'
pulls-back to the universal vector bundle &;5. Therefore, by the compatibility of IC, with base
change, we have IC,(ER) =" IC2(E"").

Denote by V" the Chern connection on &"". Pulling it back by 7, we obtain a Chern connection
on &, still written as V<". Let V be a compatible extension of V. By the construction of
intersection connections, we reduce to show that the Chern-Simons integral I T (V", V) restricts
to 0 on R¥(X/S,0,1), for a* (ICo(&"), VI2) trivially restricts to (IC(&""), V/<2).

Write V = V" + 0, with 0 a (1,0)-form with values in End&}R. Proposition provides an
expression for IT(V", V" +6). We will work out the several terms in that expression, and
see that they individually vanish when restricted to R*(X/S,0,r). For this purpose, the key
observation is that the restrictions of V and V" to fibers over R*(X/S, o, r) coincide. Therefore,
along R*(X/S,0,r) the form 6 becomes a section of End&"" ® g*dﬁﬂ(xw,o,r), where g: X xg
R*(X/S,0,r) — R*(X/S,0,r) is the universal curve. Together with the fact that F°" vanishes on
fibers, we infer that

f tr(F”" AQ) vanishes along R*(X/S,0,71),
Z IRy (X/S,0,1)
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where & = X xg RQ‘R(X /S,0,r). For type reasons, the next term provided by Proposition can
be rewritten as

tr(0 A 00) = f tr(@ A V"0).

f%/RgR (X/S,0,1) Z IR (X1S,0,7)

With the latter presentation, it is easier to understand the restriction of the integral to R*(X/S, o, 1),
since contrary to 9, the action of V¢ commutes with the restriction operation. We use again that
the restriction of 6 becomes a smooth section of End&"" ® g*.szi&u x/s.0,n- Since the fiber integral
reduces the degree of differential forms by 2, we necessarily have that

f tr(@ AV"0) vanishes along R*(X/S,0,r).
Z IRy (XIS,0,7)
The rest of the terms in Proposition[5.7|are treated in the same way.

For the second part of the theorem, we first need to review a couple of facts. The first one is
that the complement of MQ‘R(X/S, SL,) in MLrR (X/S,SL,) has codimension = 2. If S is reduced to
a point, the analogous question for Higgs bundles has been treated by Hitchin [75, pp. 371-373],
and his method adapts to flat vector bundles. The general case is deduced from the stated
property on fibers, since Mij(X/S,SL,) and S are integral. The second fact we will need is that
if §° ¢ S is a contractible open subset, then M*(X/S,SL,);sc and M/, (X/S,SL,);sc are simply
connected. For M/ (X/S,SL,)|s>, we use that it has codimension = 2 in M};;(X/S,SL,)|se, which
we already know to be simply connected (proof of Corollary[8.8). Next for M*(X/S,SL,)|s-. Given
0 € S°, the space M*(X/S,SL,)sc is € isomorphic to M*(Xy,SL,) x S°, as follows from the
existence of Ehresmann trivializations and the interpretation as a character variety provided by
the theorem of Narasimhan—Seshadrim Except for g = r = 2, the complement of M*(X,,SL;) in
M(Xy,SL,) has complex codimension = 2, because M(Xy, SL,) is normal and the stable locus is
exactly the smooth locus. See [98, Theorem 1] for a proof of this fact for semistable vector bundles
of degree 0; the trivial determinant case is similar. Finally, M (X, SL;) is simply connected by [26),
Theorem BJ, hence so do M*(Xy,SL,) and M*(X/S,SL;)|se =@~ M*(Xo,SL;) x §°.

Now for the proof of uniqueness. Let (£;,V;) and (£, V2) be two holomorphic and crys-
talline extensions of (Lcsy(X/S), VEY). We are thus given isomorphisms of € line bundles
with connections: ¢;: (£}, V)mex/ssL,) = (Lesu(X18),VEY), j =1,2. Consider the product
L =% $2V with the holomorphic connection V induced by V; and V,. The isomorphisms
@ induce a € trivialization of (<, V) along M* (XS, SL;), denoted by ¢. We will show that ¢
has an extension to a trivialization of (£, V). Notice that such an extension will automatically
be holomorphic, and then necessarily unique: use the holomorphicity and that the embed-
ding M*(X/S,SL,) — M. (X/S,SL,) is totally real on fibers, plus the density of M, (X/S,SL,) in
Mi.(X/S,SL,). Let Fy be the curvature of V, which is a holomorphic 2-form. Let us see that
it vanishes. This can be checked locally with respect to S, so that we can localize over a con-
tractible open subset S°. Because Z is crystalline by assumption, the curvature of V restricted
to S° is completely determined by the restriction to a fiber, say M}z (Xo, SL,) for 0 € S°. And in
turn, this is determined by further restricting to the dense open subset ijR (Xo,SL,). But Fy
restricts to 0 on the totally real submanifold M*(X,SL,) c MQ‘R (Xo,SL,). Therefore, because it is
holomorphic, Fy necessarily vanishes on M/, (Xo, SL,), as required. To sum up, we have shown
that V is flat. To extend the trivialization ¢, it is again enough to argue over contractible open

100ne can also go through Higgs bundles, and proceed as in Simpson’s [106, Lemma 7.17-7.18], for stable bundles
are stable Higgs bundles with trivial Higgs field, and correspond to unitary representations.
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subsets S° < S. Indeed, such local extensions will necessarily be holomorphic and unique, and
hence they will glue into a global extension. We saw that M}, (X/S,SL,)|s- is simply connected.
Therefore, by parallel transport, the trivialization ¢ on M#(X/S,SL,)|s- extends to a trivialization
of (Z,V)on MﬁR(X/S, SL;)|se. This further extends to Mid’R (X/S,SL;)|s°, because the complement
of M/ (X/S,SL,)|s has codimension = 2. This concludes the proof. U

Since we have just been dealing with moduli of stable vector bundles, we take the occasion to
state one more property of Zcs(X/S).

Proposition 8.11. The restriction of (Lcs(X1S),V) to the fibers of My (X /S, 1) — M*(X/S,1) is
trivial.

Proof. The statement can be reformulated as follows. Let X be a compact Riemann surface,
and E a stable vector bundle of degree 0 on it. It has a flat Chern connection V. Introduce
the affine variety S given by H°(X,End E ® Qﬁ(). For concreteness, we take a basis of the latter
01,...,0,, and the associated holomorphic coordinates sj,...,s, on S. We form the product
Z = X x S, with projections p, p». Then (p} E, p; V") is a holomorphic vector bundle with flat
Chern connection on &'. Let d = }_ ; 56 be the universal holomorphic differential form on &
with values in End pj E. Finally, set V= p; E + 9, which is a holomorphic connection on p; E. If
V' is the associated intersection connection on IC,(p] E), we must show that this defines a
trivial line bundle with trivial connection.

The line bundle IC;(p; E) is indeed trivial: by base change functoriality, IC,(p7 E) is the trivial
line bundle on S with fiber the complex line IC,(E). Similarly, the intersection connection
attached to the Chern connection V' is the trivial connection. We are thus led to prove that
IT(p] ver pi V¢t + 9) vanishes. For this, we invoke the explicit formula of Proposition The

vanishing of IT is then automatic, since the curvature of p; V" is F*" = 0 and 09 =0. U

Remark 8.12. As an addendum to Remark (3), a variant of Proposition in the language
of Szego kernels was observed by Fay in [49, p. 176], after equation (5)' in loc. cit.

8.3. Complex metrics.

8.3.1. General theory. Let Xy be a compact Riemann surface, with a point p € Xy. We denote by
X, the complex conjugate Riemann surface, obtained by changing the almost complex structure
from I to —I. The underlying differentiable surfaces are thus the same, hence so are their
fundamental groups based at p. We write I' = 711 (Xp, p). Using the notation of §6.2.2we have
identified M(T, r) = Mg (Xp, 1) = Mg (X, ) with the space of irreducible representations M" (T, r).
We similarly have the spaces M(I',SL,) and M" (T, SL,).

Consider the complex Chern-Simons line bundles Zcs(Xy) and Zcs (X,) in their Betti realiza-
tions, hence living on M" (T, r). The underlying line bundles are actually defined on the whole
of M(I', 7). Our goal is to canonically trivialize Zcs(Xo) ®gyr PLes(Xp) as a holomorphic line
bundle, in such a way that on M"(I', r) the trivialization is horizontal for the tensor product
connection.

We need some preparation. We begin with the space R*(Xy, p, r). The universal vector bundle
&"" carries a smooth hermitian metric, fiberwise flat, for which the rigidification is orthonormal.
We already know that 1C,(&"") and the intersection connection descend to M*(Xj, r). We need a

bit more:
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Lemma 8.13. The smooth hermitian metric on 1C>(&"") descends to M* (X, 1), and it does not
depend on the choice of base point p € Xy.

Proof. This can all be reframed as the rigidification independence of the metric on IC,. Let E
be a stable vector bundle of degree 0 on X, and e and e’ two bases of E,. Denote by h; and
h; the associated flat hermitian metrics, for which e and e’ are orthonormal, respectively. We
must show that the induced metrics on IC,(E) coincide. To see this, we may place ourselves in
the universal setting. Namely, let S be the complex variety of bases of E},. We form the product
X = Xo x S, with projections p; and p,. On the vector bundle & = p; E, which is rigidified along
the constant section p, there is a universal hermitian metric, fiberwise flat. If V is its Chern
connection, and V!¢ the associated intersection connection on IC,(&), we have to see that V2
is trivial. For this to make sense, as in the proof of Proposition we first notice that I1C,(&) is
the trivial line bundle with fiber IC,(E) on S.

Fix an auxiliary flat Chern connection V, on E, and equip & with the pullback connection,
still denoted by V. Write V = V + 8, where 0 is a differential form of type (1,0) with values in
the endomorphism bundle. The flat Chern connection on E is independent of the rigidification,
and this means that the vertical projection of 6 vanishes. That is, 8 is a smooth section of
Endé& ® p; ,Qi;’o. Now we apply Proposition and we see that 1T (Vy, Vo +60) =0. Indeed, on
the one hand the curvature of V vanishes. On the other hand, for type reasons, the integral

f tr(0 A 00) =0,
XS

and similarly with the other terms in Proposition[5.7] As a result, the intersection connection
attached to V on IC,(&) is the same as the intersection connection attached to V. The latter is
trivial, since Vy was a pullback from X and intersection connections are compatible with base
change. This concludes the proof. U

Let us take up the digression towards our goal. Recall the unitary counterpart of the Chern—
Simons line bundle, Zcsy(Xp) on M#(Xo, r) (Definition[8.9). By Lemma|8.13} it carries a smooth
hermitian metric whose Chern connection is then V<V, Similarly, we consider Zcs (Xo) on
M+ (Yo, r), endowed with its natural metric and Chern connection. By the Narasimhan-Seshadri
theorem, the varieties M*(Xy, r) and M* (YO, r) are both naturally €*° isomorphic to the space of
conjugacy classes of irreducible unitary representations of I', M"(T', U,). Actually, they are com-
plex conjugate, as can be easily inferred from the explicit description of the complex structure in
(48, Theorem 4.1]. In particular, Zcsy(Xp) and Zesy (Yo) live on the same ¥*° manifold.

Lemma 8.14. As €™ line bundles, Lcsy(Xo) and Lesy(Xo) are complex conjugate and isometric.

Proof. The proof rests on the following observations. First, consider a locally defined universal
object " on M*(Xy, r). Then, in terms of the complex conjugate ?un, we see that #  isa
local universal object on M“(yo, r). Second, we have the isomorphism ICy(F"") = [Co(F"")
of Proposition which is an isometry by Proposition[4.4] Finally, expressing the universal
IC, bundles in terms of the determinant of the cohomology (3.35), we see that indeed there is a
natural isomorphism

I1C,(F) = ICo(F V) =~ IC(F ).
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After the lemma, the hermitian metric on Zcs,(Xp) can be interpreted as providing a €
trivialization of Lcsy(Xo) ® ZLesy(Xo) on M* (T, U,). By definition, this trivialization is horizontal
for the tensor product of the built-in Chern connections. We will refer to the trivialization of
PLesy(X0) ® Lesy(Xo) simply as the hermitian metric on Zcsy(Xp).

Theorem 8.15. Except possibly for g = r = 2, the hermitian metric on Z£csy(Xo) uniquely extends
to a holomorphic trivialization of £cs(Xo) ®oyr,) Lcs(Xo). On M" (T, r), the trivialization is
horizontal for the tensor product of the complex Chern-Simons connections.

Proof. During the proof, we will write £ = Zs(Xp) ®0omer.r ZLcs (Yo) and V for its (holomorphic)
connection on M"(T, 7).

If such a holomorphic extension exists, then it is necessarily unique, because M"(I',U,)
M" (T, r) is totally real, and M" (T, r) is dense in M(T, r).

We remark that it suffices to establish the extension property from M" (I, U,) to M""(T', r), since
£ is aholomorphic line bundle on the whole M(T’, r), and the latter is a normal complex analytic
space, with codim(M(T, r) \M"(T, r)) = 2 by [106, Proposition 11.3].

Let us address the extension property. First, we restrict to the setting of M"(I',SU,) « M" (T, SL ).
For the first Chern form of (%, V), we have

c1(Z,V) = ¢1(ZLes(Xo), V) + €1 (ZLes(X0), V) = 0,

by Theorem and because X, and X, have opposite orientations. See Remark This
means that (%,V) is flat on M"(I',SL,). By Theorem we know that (%, V) extends the
% bundle with connection Lcsy(Xo) ® ZLcsy(Xo) on M" ([, SU,). The hermitian metric, seen
as a trivialization, is horizontal for the connection on Zcq,(Xo) ® ZLcsy(Xo). From the simple
connectivity of M"(I', SL,), via parallel transport by V we can extend the hermitian metric to a
horizontal holomorphic trivialization.

For GL, monodromies, simple connectivity is no longer available. But we can reduce to the
case of SL, monodromies and Deligne pairings of flat line bundles, treated in [56]. We provide
the main lines of the argument and leave the details to the reader. If E is a vector bundle of rank
r on Xy, and L is an r-th root of det E, then by Propositionwe have a canonical functorial
isomorphism

(8.4) IC(E)=IG(E® L e L)~ IC(Ee L Yo (L, L)E.

If E is endowed with a flat hermitian metric, so is L and all the terms carry naturally induced
metrics. The isomorphism is an isometry by Proposition[4.3] A change of L by an r-torsion line
bundle leaves both sides invariant by construction, including with metrics.

A universal version of can be realized on moduli spaces. Precisely, consider a Cartesian
diagram

M (T, 7) —— M(T, 1)

Lo

M (T, r) % M(T, 1),
where [r] is the r-power map, which is finite and étale, with Galois group Jac(Xp)[r]. A universal
version of (8.4) exists on M" (', r). The piece corresponding to IC»(E ® L™!) comes from a moduli
space M"(T',SL,). The piece corresponding to (L, L) comes from M(T', 1). The universal version

of (8.4) is compatible with the natural intersection connections. The holomorphic extension of
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the metric for the term of the form IC,(E ® L™!) has been treated above. For Deligne pairings
of flat line bundles, this was addressed by Freixas—-Wentworth [56}, Corollary 4.7 & §4.4.2]. The
conclusion is that on M" (T, r) there is a holomorphic extension of the metric on Zcsy(Xp). To
show that it descends to M" (T, r), we need to justify that it is invariant under the action of
Jac(Xp)[r] on M" (T, r). But we already saw that this is the case for the hermitian metrics. By
uniqueness of the holomorphic extension, the invariance holds for the latter too. U

Definition 8.16. The holomorphic trivialization provided by Theorem|8.15is called the complex
metric of Lcs(Xo) ®oy ) Les(Xo), or simply Les(Xo).

T,

Remark 8.17. (1) For Deligne pairings of flat line bundles, the holomorphic extension of
the metric of [56] was obtained by an explicit construction, in terms of the symbols
defining the Deligne pairings. This seems unavoidable, since M(T',1) = (C*)?8 is not
simply connected.

(2) We do not have a good understanding of the complex metric restricted to the boundary
M(, r) \M" (T, r). It is natural to expect a relationship with the complex metrics of the
Chern-Simons line bundles of the moduli spaces of lower rank bundles stratifying the
boundary.

(3) The complex Chern-Simons line bundles and the complex metric can be pulled back to
R, r).

8.3.2. Example: explicit formulas in rank 2. We wish to describe the complex metrics of Theorem
explicitly. For concreteness, we restrict to vector bundles of rank 2. The discussion is further
simplified by arguing on the level of representation spaces, rather than the coarse moduli. Finally,
since the case of Deligne pairings was treated in [56], as in §4.2.3|we may tensor our vector
bundles by a sufficiently positive hermitian line bundle, in order to achieve global generation.
We notice that op. cit. provides explicit formulas for Deligne pairings of flat rigidified line bundles
with non-necessarily flat, hermitian line bundles.

Let Xy = I'\H be a compact Riemann surface of genus g = 2, where I' © PSL, (R) is a torsion-free
Fuchsian subgroup and H is the upper half-plane. On X, we fix the hyperbolic metric of curvature
—1. Hence, if T = x + iy is the variable on H, then the Riemannian tensor is |dt|?/(Im71)? =
dx®*+d yz) / yz. This induces a hermitian metric on the canonical sheaf wy,. We realize XO as
T'\H, where H is the lower half-plane, and endow wy; with the dual of the hyperbolic metric too.

Given a representation p: I' — GL,(C), we will denote by &, the corresponding flat vector
bundle on X,, and 6’5 the flat vector bundle associated to p" on Yo. Thus, these are fibers of
universal vector bundles & and &°¢. Concretely, &p is obtained as H x C2, where T acts on C?
through p. Similarly &7 is given by H xr C2, with T acting through p" on C2.

Let po € R"(I',U(2)) be a unitary, irreducible representation. Then &,, and &5, are mutually
conjugate, stable vector bundles of degree 0. Since stability is an open condition, there exists an
open neighborhood U of pg in R"(T', 2) such that, for p € U, both &p and 6";;' are stable. Notice
that, in general, &7 is not complex conjugate to &).

By [103, Lemme 20], for p € U, the vector bundles &, ® wio and 6"5 ®w2y0 are globally generated,

with vanishing H!. Possibly shrinking U, we can suppose that there exists a global section s = s(p)
of &5, depending holomorphically on p, such that &/s0x,xy is a line bundle. We can as well
suppose that there exists a section ¢ of é"g with the corresponding property. We may arrange so

that #(po) = s(po) are conjugate. In particular, we are in the setting of \ We form the induced
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section (s) ® (¢) of IC3(&, ® wﬁ(o) ®IC(E5® “’%{0)' At unitary p € U, Proposition [4.8|describes the
logarithm of the norm of (s) ® (f). Further restricting U if necessary, we shall extend this to a
holomorphic function on U.

Pulling back to H, we can interpret s as a holomorphic quadratic differential with multiplier p.
This is given as a vector (fi, f2)’ ® d72, holomorphicin 7 € H and p € U, with

fiyr,p)Y (0?2 = p() f(x,p), fz( b )

Similarly, we can interpret ¢ as a vector (g1, g2)’ ® d72, where the g; are holomorphic in 7 € H and
peU.
We introduce
s, 0 = (AT, e T p) + Lo(1,08T 0) "

It is readily checked that this expression is I'-invariant. It is manifestly € on X, x U, and holo-
morphic in p. At p = py, it coincides with the pointwise squared norm of s(pg) on Xy, which is
strictly positive. Then, possibly shrinking U around py, we can suppose that Re((s, t)) > 0
on Xy x U. For this, it is enough to observe that, since Xp is compact, the function p —
infge x, Re((s, 1)) (g, p) is continuous. Therefore, considering the principal branch of the log-
arithm, the expression log((s, #)) is defined on X, x U, and is holomorphic in p. Since we seek an
extension of equation in Proposition[4.8} we define

dxndy 1 0 0
(8.5) LOG((S)@(t)):2—2g+f log((s, t>>—2 ——f —log((s, t)) —=log((s, t))dx ndy.
Xo 2my n Jx, Ot ot

This is a holomorphic function on U, whose exponential describes the complex metric of

IC(Ep 0wy )@ IC(ES ® w%o) on U.

Remark 8.18. Variants of the construction above were already envisioned by Fay. See for instance
(48, Theorem 5.7 & Remark 1, p.105]. This method can only produce valid expressions in a
neighborhood of unitary irreducible representations. The non-trivial content of Theorem|8.15|is
the existence of an analytical continuation to the whole of R(I', r). The key ingredient is the flat
holomorphic connection provided by our complex Chern-Simons theory.

8.4. Complements in the complex analytic setting.

8.4.1. Complex Chern-Simons for GL, and SL,. In the foregoing theory of complex Chern-
Simons line bundles, we restricted to the algebraic category. The reason is that in the literature,
Ry (X/S,0,1), R(X/S,0,1), etc. have been properly developed in this generality only. Neverthe-
less, it was already remarked that the Betti realization of the complex Chern-Simons bundle
carries over to the complex analytic setting. The functoriality, curvature and crystalline proper-
ties carry over too, formally untouched. We do not discuss the analogue of the characterization
in since we have not elaborated on relative moduli spaces of stable vector bundles in the
analytic category. The complex Chern-Simons line bundle in the complex analytic setting will
be still denoted by Zs(X/S).

8.4.2. Complex Chern-Simons for PSL,. On the relative moduli space M (X/S,PSL,) discussed
in there is also a counterpart of the complex Chern-Simons line bundle, obtained by
the same method as for Zcs(X/S), but departing from the universal endomorphism bundle

with connection (%, V*"). In applications, we will focus on the locus of liftable representations
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M‘F; (X/S,PSL;),. In this case, the complex Chern-Simons line bundle can be obtained by descent
from Lcs(X/S)?" on M (X/S,SL,). We proceed to prove this fact.

Proposition 8.19. The universal intersection bundle with connection (ICy(&:"),V'¢2)®@" on
M;(X/S,SL;) descends toM5(X/S,PSL,), and the descended object is canonically isomorphic to
(ICy(%),V"2).

Proof. We first address the descent of the line bundle IC, (£’§“)2r, and we will incorporate the
connection datum afterwards.

The statement is local with respect to S. Possibly localizing, we may suppose that S is con-
tractible and Stein. After base changing to a suitable open subset S’ « M (X /S, PSL;),, we reduce
to the discussion below, where we put f': X' = X xgS§' — §'.

Let E be a rank r vector bundle on X', with trivial determinant on fibers. By Corollary[3.17}
there is a canonical, functorial isomorphism

ICy(EndE) = IC,(E® EV) = ICy(E)?*" ® (detE,det E) "

Since det E is trivial on fibers, there is a canonical isomorphism det E = f* f, det E, and then by
(3" (c) of Proposition the Deligne pairing (det E,det E) is canonically trivial.
Now introduce L a line bundle on X', fiberwise of degree 0. We form the diagram

a

(8.6) IC,(E®EY) IC,(E)?"

| l

IC(E®L)®(E®L)Y) —— IC,(E® L)*" ® (det(E® L),det(E® L))"

where the horizontal arrows are defined as above by applying Proposition [3.15)and Proposition
and the rightmost arrow is obtained by developing the products according to Proposition
and comparing the two expressions. We claim the diagram commutes. To prove this, denote
the automorphism obtained by going around by a;. By functoriality, a;, € ¢, only depends
on the isomorphism class of L. Moreover, if M is a line bundle on §', then a; 4 v =ar. Thisisa
local statement, and we can assume that M is trivial, in which case it is obvious. This argument
can be done for any base change of X’ — S’ along any morphism S” — §', and implies that
L+— ay is an invertible holomorphic function on Jac(X'/S'). Since Jac(X'/S’) — S’ is proper and
smooth the invertible functions are constant along fibers. To find a; we evaluate at L being the
trivial bundle, and find that a; = 1, i.e. the diagram commutes.

We specialize to the case of L being r-torsion. Consider the natural diagram of isomorphisms

(det(E® L),det(E® L)) —— ((detE)® L",(detE)® L")

| |

Og (detE,detE) ® (detE, L™ & (L",L")

where the left vertical arrow is obtained by developing det(E ® L) = (det E) ® L®" and then using
the trivializations related to that of the first step and L" = O's». We recognize that the top left term
is the additional term in in the comparison between between IC,(E)?" and IC»(E ® L)?".
This diagram commutes, by an argument which amounts to an application of 3'(c) of Proposition
B.2

Now that we know that IC,(&:")*" descends, the corresponding statement for connections is a

consequence of Proposition and Lemmal7.1} O
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After the proposition, the following notation is justified.
Notation 8.20. The complex Chern-Simons line bundle on M (X /S, PSL,), is denoted by Lcs(X/ S)2T.

Proposition 8.21. (1) The functoriality with respect to base change and isomorphisms of
relative curves, the curvature and the crystalline properties of £Lcs(X/1S) on M (X/S,SL,)
descend to corresponding features for Lcs(X/18)*" onME(X/S,PSL,),.

(2) In the case of a single Riemann surface Xy, we have

’
(8.7) c1(Les(Xp)?") = ﬁwpsu-

(3) Except possibly for g = r = 2, the complex metric on Lcs(Xo)?" descends to MY (X, PSL;),.

Proof. The first item is formal to check if we interpret Zcs(X/S)?” in terms of the universal
endomorphism bundle. The second property follows from the fact that weps, is obtained by
descent of wg, (see and by Theorem[8.6] The third property is addressed in a similar vein
as the second part of the proof of Theorem|[8.15, when reducing from GL, to SL, monodromies.

U

9. APPLICATIONS TO PROJECTIVE STRUCTURES

We apply the general theory of Section [7| and Section 8| to spaces of projective structures
on families of Riemann surfaces. We build complex Chern-Simons line bundles on those,
and show they are naturally isomorphic to Deligne pairings of canonical sheaves. This leads
to the definition of the Chern-Simons transform of a family of projective structures, as an
induced connection on the Deligne pairing. We then study its properties in detail. Over the
Teichmiiller space, the Chern-Simons transform establishes an equivalence between relative
projective structures and compatible connections on the Deligne pairing. A similar result has
been independently obtained by Biswas-Favale-Pirola—Torelli [23], with a different, somewhat
ad hoc method. We go on to consider the transform of classical families of projective structures.
For Fuchsian uniformizations, we recover Wolpert’s result on the relationship between the first
tautological class and the Weil-Petersson form on Teichmiiller space. The proofis an example
of the application of Higgs bundles to the practical computation of intersection connections.
For Schottky and quasi-Fuchsian groups, we propose a conceptual and simple construction of
potentials of the Weil-Petersson forms, first studied by Takhtajan-Zograf [120] and Takhtajan—
Teo [112]. Finally, we compare our results to the work of Guillarmou-Moroianu [70] on complex
Chern-Simons line bundles on Teichmiiller spaces of cocompact convex hyperbolic 3-manifolds.
In this section we entirely work in the analytic category.

9.1. Background on projective structures. We review the theory of families of projective struc-
tures. We divide the exposition in five parts. For an easier reading, we provide references at the
beginning of each part.

9.1.1. Projective structures and their holonomies. Cf. [42, Section 2], [60, Section 1.3], [78, Section
1].

Let Xy be a compact Riemann surface of genus g = 2. A projective structure on X;, subordinate
to the complex structure of Xj, is a maximal atlas of holomorphic charts on X;, with values in P!
and transition maps induced by complex Mébius transformations. These are called projective

charts. The set of projective structures on Xj is denoted by 22 (Xj).
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Let 7: Xy — X be a universal cover of X;, with fundamental group I'. Given a projective
structure a € 2?(Xy), there exists a developing map for a. This is a local biholomorphism
h: Xy — P!, such that for every contractible open subset U of Xy, the morphism (hon™1)y is a
projective chart of @. Any other developing map g relates to h by g = Ao h, for a unique Mobius
transformation A.

Let a € 2(X,) and h: X, — P! be a developing map for a as above. For every y € T, acting
on X by deck transformations, the composition oy is another developing map for a, hence
of the form p(y) o h for a unique p(y) € PSL,(C). This defines a representation p: I' — PSL,(C),
called the holonomy, or monodromy representation of h. If A is a Mdbius transformation, the
holonomy representation of Ao his Ap A™1. The PSL,(C)-orbit of p only depends on @, and may
be loosely called the holonomy representation of . Holonomy representations of projective
structures are known to be irreducible. Thus, there is a well-defined holonomy map

9.1) hol: 22(Xy) — M. (Xo, PSLy).

9.1.2. Schwarzian equations: local theory. Cf. [36, Chapter I, §4-§5], [42} Section 3], [71} Section
2], [72), Section 4].

Projective structures on Xj can be reframed in terms of Schwarzian differential equations. We
first review the local aspects.

Let Q2 be a domain in C with holomorphic coordinate z. If h: Q — Cis alocal biholomorphism,
then its Schwarzian holomorphic quadratic differential is defined as .#(h, z) = {h, z}d z2, where

0% o (h(z) - h(w))
0z0w zZ—w

is the Schwarzian derivative. The Schwarzian differential fulfills two fundamental properties:

{h,z}=6

Z=w

(1) if z = g(¢) is a change of variable, then there is a cocycle relation
(9.2) F(hog,t)=g*F(h,z2)+1{z, t}dt*.

The reason of writing {z, t}d t? instead of & (g, t) will be apparent in the global theory
below, when we define the notion of projective connection.

(2) if g: Q — Cis another local biholomorphism, then .#(g) = % (h) if, and onlyif g = Ao h
for some A € PSL,(C).

Suppose now that Q is simply connected. Let g(z)dz? be a holomorphic quadratic differential
on Q. The problem of solving the Schwarzian equation . (h) = q(z)d z* is equivalent to a second
order linear differential equation

9.3) u"(z) + %q(z)u(z) =0.

The space of solutions is a 2-dimensional C-vector space. If u; and u, are two independent
solutions, one derives from that their Wronskian is a non-zero constant, and it can be
normalized to be 1. The meromorphic function h = u;/u, solves the Schwarzian equation.
If z = g(t) is a change of coordinates on Q and g’(1)'/? is a fixed square root of g’(¢), setting
vi(h=u ]-(g(t))g’ (1)~1/2 produces a basis of solutions of the Schwarzian equation in the variable
L.

In order to globalize the previous discussion to Riemann surfaces, we are required to express
equation intrinsically as a second order differential operator D: k¥ — k¥ ® w?, where w

is the canonical sheaf on Q and « is a choice of theta characteristic; namely, a holomorphic
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line bundle with an isomorphism x? =~ w. The space of solutions of is V =kerD. The
usual trick transforming into a system of linear differential equations of order 1 is recast
as a holomorphic connection, in particular flat, V on _# L(xV), the first jet bundle of xV. Then
V =kerV can be seen as a trivial local system on 2, and the inclusion of sheaves V — ¢ LYy
induces an isomorphism V®c0q = Z L(xV). The filtration of 57 L) provides an exact sequence

(9.4) 0—»1<V®w—i>j1(1<v)—p>1<v—>0,

so that det_¢1(x") = k"2 ® w = Oq. The structure of the Schwarzian equation has the following
implications for (_#!(xV), V):
(S1) V induces the trivial connection on det_#' (k) = Gq. This amounts to the fact that the
Wronskian of a basis of solutions can be normalized to being one;
(S2) the Og-linear morphism

. v »
xV ®wi>j1(1<v) = 7lx)ew k' ow
is the identity.

We have thus naturally transformed the Schwarzian equation into a flat vector bundle satisfy-
ing properties (S1)-(S2).

9.1.3. Schwarzian equations: global theory. The references given in also cover the
following discussion. We add [45} Section 5], especially for the penultimate paragraph of the
ongoing part.

We go back to our compact Riemann surface X, of genus g = 2. A projective connection on X
consists in giving, locally on coordinate open subsets of X, holomorphic quadratic differentials
& (z) transforming like under changes of coordinates z = g(¢). The difference between
two projective connections is a well-defined global holomorphic quadratic differential. The
obstruction to the existence of projective connections lives in H 1(Xo, wi(o), which vanishes for
g=2.

Given a projective connection on Xy, local independent solutions of the Schwarzian equation
define a projective atlas on Xj. Conversely, the Schwarzian differentials of a projective atlas
constitute a projective connection on X,. After both notions are equivalent. It
follows that 22(X,) has a natural structure of an affine space under H°(Xj, w‘g(o), and is thus a
complex manifold. With respect to this structure, the holonomy map is a morphism of
complex manifolds.

Let (x,: k% = wy,) be a theta characteristic on Xp. As in the local theory, a projective connec-
tion on X is equivalent to a differential operator D: k¥ — k" ® w§(0, locally of the form (9.3), as

well as to a holomorphic connection V on _¢!(x") satisfying the global counterparts of (S1)-(S2)
above. Moreover, if (&,V) is a flat vector bundle on X, fitting into an exact sequence of the
form and satisfying the analogues of (S1)-(S2), then (&, V) is isomorphic to (_# LWy, V),
compatibly with the filtrations. We will say they are gauge equivalent.
Looking at the holonomy of the connections associated to projective structures, we get a lift of
the holonomy map to
hol: 22(Xo) — ML (X, SLy).

Two lifts associated to two different theta characteristics differ by multiplication by some
x: m1(Xp) — {1}, corresponding to the 2-torsion line bundle comparing the theta characteris-

tics.
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9.1.4. Relative projective structures. Cf. [60, pp. 686-687], [72, Sections 6-8], [78, Sections 3-6],
[114} Chapter 3].

Now let f: X — S be a submersion of complex manifolds whose fibers are compact Riemann
surfaces of genus g = 2. Similar to the absolute setting of there is a notion of holomorphic
relative projective structure for f, also called holomorphic family of projective structures. It
consists in giving a maximal atlas of relative holomorphic charts (Uy, z4) on X, whose changes
of coordinates are of the form z, = Aqp o zg for holomorphic families Mobius transformations
Agp: f(UgnUp) — PSL2(C). Over a Stein base, holomorphic families of projective structures
always exist.

There exists a universal space for holomorphic relative projective structures, with the follow-
ing properties. It is a complex manifold 22(X/S), equipped with a holomorphic submersion
m: P(X/S) — S which makes it an S-torsor under V(. wi /s) the affine bundle of relative qua-
dratic differentials. On the space X x g2?(X/S) there is a holomorphic relative projective structure
over Z(X/8), which is a universal object for holomorphic relative projective structures on base
changes X7 — T of f. Equivalently, 22(X/S) represents a functor of holomorphic relative projec-
tive structures, and in particular holomorphic relative projective structures over S correspond
to holomorphic sections of (X /S) — S. Also, the formation of 22(X/S) is compatible with
base change. Notice that over a Stein base, the existence of a holomorphic family of projective
structures is equivalent to the fact that the torsor structure of 22(X/S) can be trivialized. We also
observe that for an isomorphism X’ — X of families of curves over S, there is an induced obvious
isomorphism #(X'/S) ~ 2 (X/S).

The notion of a smooth family of projective structures can also be developed. For the purposes
of this article, we simply define this as a € section of 22(X/S) — S. Two smooth families of
projective structures differ by a €°°-section of f. w§( /st

There is a relative counterpart of the holonomy map (9.1I). For this, assume for a moment that
S is contractible and Stein, and f has a section o. Suppose a: S — Z22(X/S) is a holomorphic
relative projective structure. Fix base points 0 € S and p = 0(0), and setI' = 7, (X, p) = 1 (Xo, p)-
Let X be the universal cover of X based at p. Then there exists a holomorphic relative developing
map h: X — [P’é for a. Similar to the absolute case, associated to & there is a holomorphic family
of representations p: I' — PSL,(I'(S,0s)). Changing the developing map results in conjugating p
by some A € PSL,(T'(S,05)). Over a general base, this discussion can be carried out locally over S,
and results in the relative holonomy map

(9.5) hol: 22(X/S) — Mg (X/S, PSLy).

This is a morphism of complex manifolds. It has natural functoriality properties with respect to
base change and isomorphisms of relative curves X' — X.

There is also a relative version of the Schwarzian interpretation of projective structures of
We will need the formulation in terms of jet bundles. We could not find an appro-
priate reference, but it is a formal adaptation of the absolute case reviewed in Suppose
that S is contractible and Stein, and f: X — S admits a section 0. We may then introduce a
relative theta characteristic (k,t: k*> = wy;s). Given a holomorphic family of projective structures,
we build a collection of local relative Schwarzian equations, with holomorphic dependence on
s € S. These organize into a relative differential operator D: k¥ — k¥ ® wi( ,s» €quivalent to a
relative holomorphic connection V: #'(x") — #'(x") ® Q) , satisfying the relative versions of
(S1)-(S2). As in the absolute case, (_#!(x"),V) is unique with these properties, up to gauge equiv-

alence. Looking at the holonomy of such connections, we obtain a lift of the relative holonomy
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map
9.6) hol: 22(X/S) — M(X/S,SLy).

Two lifts differ by a character y: m;(X) — {£1}, corresponding to the 2-torsion line bundle
comparing to relative theta characteristics.

Similarly, if S is contractible, Stein and f admits a section, smooth families of projective
structures can be reinterpreted as flat relative connections V: _¢ LxV) = Z lxV) e d}l(’/()s. This
can be seen by comparing to a holomorphic relative projective structure via a € section of
[« w§{ ,s- The latter provides a section of End(_¢ L)) ®d§’fs, which accounts for the comparison
of the associated flat relative connections.

Over a general base S, the discussion surrounding shows that hol actually lands in the

space of (locally) liftable representations M5 (X /S, PSLy), (see §6.4.1).

Remark 9.1. 1f S is contractible and Stein, and f admits a section o, hol actually lifts to the
representation space Ri;(X/S,,SL,). This is achieved by introducing appropriate initial con-
ditions for the solutions of the relative Schwarzian equations, which induces a rigidification of
(jl(KV),V) alongo.

9.2. Complex Chern-Simons and projective structures. Until the end of this section on projec-
tive structures, f: X — S denotes a submersion between connected complex manifolds, whose
fibers are compact Riemann surfaces of genus g = 2.

9.2.1. Complex Chern-Simons line bundle. We consider the space of holomorphic relative projec-
tive structures 7: 2(X/S) — S and the relative holonomy map hol: 2(X/S) — Mg (X/S,PSL,),.

We saw in Proposition that Zcs(X/S)* on Mg(X/S,SL,) descends to M (X/S,PSL,),, and
following Notation we simply write Zcs(X/S)* for the descended object.

Definition 9.2. The complex Chern-Simons line bundle on 2 (X 8) is defined as the holomorphic
line bundle with holomorphic connection hol* Lcs(X/S)*. We denote it (Zcs(X/S),V®), or simply
Hcs(X1S).

Proposition 9.3. The formation of #s(X/S) is functorial with respect to base change and iso-
morphisms of relative curves X' — X over S.

Proof. The functoriality of £cs(X/S) and £22(X/S) easily entail that the formation of Z(X/S)
is compatible with base change. See Proposition |8.4|and Proposition The functoriality
with respect to isomorphisms X’ — X is similarly addressed with the help of Lemma and
Proposition(8.21 0

In practice, we will have use for an explicit construction of #¢(X/S) in terms of relative theta
characteristics. Suppose momentarily that S is contractible and Stein, and f admits a section.
We introduce a relitive theta characteristic (x,(: k> = wx,s). Associated to this choice, as in
there is a lift hol: 22(X/S) — M (X/S,SL,) of hol. By Proposition there is a canonical
isomorphism of line bundles with connections

9.7) @: Hes(X18) — hol* Les(X/18)%.

In general, relative theta characteristics as above exist locally with respect to S, and the locally

defined patch together.
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9.2.2. Relationship to Deligne pairings.

Theorem 9.4. On 2 (X/S) there is a natural isomorphism of holomorphic line bundles
9.8) Hes(X18) — ™ {wx s, Wx1s),

wheren: 2(X18) — § is the structure map. It is functorial in the sense of Proposition[9.3,

Proof. The proof proceeds in five steps. The background expounded in §9.1.3-§9.1.4}is relevant
here.

Step 1: local construction. We begin by localizing on S, and we suppose first that it is contractible,
Stein, and that f: X — S admits a section. We can then introduce a relative theta characteristic
(k,t: kK* = wyys). Weset §' = 2(X/S) = V(f.w?,¢), which is contractible and Stein too. We write
f': X' — §' for the base change of f, so that

(Wx1s,wx1s) =T {Wx/S,WX/S)-

The base change of the theta characteristic is still denoted by (x, ¢).
On X’ there is a universal relative projective structure, which gives rise to a flat relative
connection V: _¢ lxV) — 57 lx) e Qﬁ(, /S with trivial determinant. The natural exact sequence

©-4) on _#'(x") induces a Whitney isomorphism
a: IC (£ x") = " ®wxs,xY).
So in fact we find natural isomorphisms

£

9.9)  W,0): (hol* Les(X19Y)" = IC, (£ &™) £ (k¥ @ wx/5, k") & (x5, wx179)Y,

where § is induced by 1: k? =~ wx;s.

In order to globalize this construction, we need to check that W (x, ) is gauge independent, as
well as independent of (x, ).

Step 2: gauge independence. Recall that ((#!(x"),V) with the filtration and the relative
counterpart of properties (51)-(S2), is unique up to gauge equivalence. We show that an auto-
morphism of the extension induces the identity on (wx/,s/, wx/;s). Such an automorphism
¢ fits in a commutative diagram of exact sequences

0—xVRwy g — FlxV) —— k¥ ——0
lid l(/’ lid
0—x'®wy g — FlxV) — k¥ —— 0.
By (a) in (ICI)in Theorem this induces a commutative diagram
1C (£ (V) —— (k" ® wxry5, k")
llcz((b) lid
IC (7' x") —— ¥ ®wxys,k"),

and the expected result follows by taking the fourth power.
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Step 3: independence of 1. Let A be an invertible holomorphic function on S. We claim that
Y (x,1) = ¥ (x, A1). The dependence on t is all captured by the isomorphism g in (9.9). By Proposi-
tion (3), scaling ¢ to At changes f into )L5ﬁ, with § = degx" + deg(x¥ ® wx;s/) = 0. This settles
the claim, and it is thus legitimate to write W (x) instead of ¥ (x, ().

Step 4: independence of x. Consider the effect of changing x to x ® L, where L is a line bundle
endowed with L®2 = Gx. We set ¥’ = x ® L. Then there is a natural isomorphism ¢! (') =
ZlxV)® LY, as filtered vector bundles with connections. The descent Propositiontogether
with Proposition[3.13]imply W (x) = ¥ (x).

Step 5: functoriality. To prove that the previous construction is functorial, we notice that the in-
termediate isomorphisms between the several intersection bundles involved in the construction
are themselves functorial. U

Corollary 9.5. Ifo: S — 22(X/S) is a6 (resp. holomorphic) section, then there is a canonical,
functorial isomorphism

0" Hes(X1S) — (wx/s,wx/s)-
In particular, V< induces a € (resp. holomorphic) connection on {wx;s,wx/s).

We introduce the following terminology for the induced connections of the corollary.

Definition 9.6. Given a € sectiono: S — 22(X/S), the induced connection on {wxs,wx;s) is
called de Chern-Simons transform of o, and is denoted by V° .

Remark 9.7. (1) By the functoriality of #s(X/S) and of the isomorphism (9.8), the Chern—
Simons transform is compatible with base change.
(2) Atthis stage, it is still not clear that Chern-Simons transforms are compatible connections.
The proof of this fact will be given in Proposition[9.8] Nevertheless, we already know by
Corollary[9.5]that the Chern-Simons transform preserves holomorphicity.

9.3. Properties of Chern-Simons transforms. We study in detail the structure of the Chern—
Simons transforms of Definition Most notably, we show these are actually compatible
connections. Over the Teichmiiller space, we prove that the Chern-Simons transform provides
an equivalence between smooth families of projective structures and compatible connections
on Deligne pairings. For the rudiments of Teichmiiller theory needed in the current and the
forthcoming subsections, we refer the reader to Ahlfors—Bers [5], Ahlfors [6] and Bers [11},[13].
Also Wolpert’s article [117] contains a thorough account. For the relationship with projective
structures, an appropriate reference for our purposes is Loustau [89].

9.3.1. Analytic description of jet bundles. We first deliver an explicit description of the holo-
morphic structure of jet bundles of relative theta characteristics, whose relationship to relative
projective structures was described in and utilized in Theorem

Suppose that S is contractible, Stein and that f: X — S admits a section S — X. We are thus in
the setting of the proof of Theorem([9.4] In particular, we can choose a relative theta characteristic
x. Weset V:= _¢!(xV) and E:= x @ x". Since the fibers of f: X — S have genus g > 2, we can
equip w x,s with the dual of the hyperbolic metric, and «, k¥ with the induced metrics and Chern

connections. Also, E is considered with the orthogonal sum metric.
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By Atiyah’s interpretation of connections in terms of jet bundles, the vertical projection of the
Chern connection of k¥ provides a € splitting of the extension (9.4)

(9.10) V=g kK Qwx/s ® kY ~E.

In the representation E, the vertical projection of the d operator of V can be written as

o P
(9.11) ( 0 5KV ),

where S is a relative (0, 1)-form with values in Hom(x",x) = wx/s. The form g is 5—closed, and
in Dolbeault cohomology it represents the relative extension class of (9.4). This class defines a
section of R! f,wx,s = Os, and corresponds to the constant function 1 - g = degx" (Atiyah class).
Actually, Hitchin’s discussion in [74, pp. 122-123] shows that the restriction of § to a fiber X can
be taken to be a fixed multiple of the Kdhler form of the hyperbolic metric on X; (it depends on
the normalization of the hyperbolic metric only).

We now observe that § extends to a closed (1,1)-form on X. It is enough to consider an
appropriate multiple of the first Chern form of wx,s with the dual hyperbolic metric. So, we may
suppose that f is already a (1, 1)-form on X.

We project 5 to a B € A% (X,wx/s). We notice that E is still 8-closed, since the projection
Q; — wx/s is holomorphic. We can then construct a 5—operator onk @k’ asa € bundle on X,
by

0 B
9.12) ( o 3 )

It defines an extension V' of k¥ by k. By construction, the extensions V and V' are isomorphic on
fibers. Because S is Stein, this suffices to guarantee that V and V' are isomorphic as extensions

on X. Therefore, we can suppose that (9.12) is the -operator of V in the €™ representation
given by E.

9.3.2. Linearity and compatibility of the Chern-Simons transform. Let o1,02: S — 22(X/S) be
two € sections. Since 22(X/S) is an affine bundle under V(f. wi ,s)» there exists a € section
q of f a)%( ;g such that oz = 01 + g. We proceed to compare the Chern-Simons transforms V7!
and V2 in terms of q.

Suppose momentarily that we are in the setting of and adopt the notation therein.
The sections 0, and o, induce flat relative connections V; and V, on V. There is a relationship
V, = V1 +0(q), where 0(q) is a € section of End(V) ® QL .. In terms of the representation

X/8
V =4 E (see equation (9.10)), 6(q) can be expressed as a matrix:

9.13) e(q)w( 8 f)’ )

Notice that this matrix is killed by the operator if, and only if, g is holomorphic, as expected.

Now we look at the associated intersection connections on IC, (V). We will have a comparison
V:IZCZ = Vicz + w(q), for some (1,0)-form w(g) on S. The latter is given by a Chern-Simons integral.
Precisely, let V,bea compatible extension of V;. Choose alift g € AV (X, wx/g) of g, which exists
because sheaves of ¥°°-modules have vanishing higher cohomology. We define a corresponding

€ section (g) of End(V) ® Q! by a matrix representation analogous to (9.13), with g in place
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of g. Then Vi + 0(q) is an extension of V,. Therefore, w(q) = IT(V, Vi,V + 0(q)), which can be
evaluated by Proposition[5.7] We claim that

9.14) 0@ = [« ro@),
21t Jxrs

where F; is the curvature of V;. The only term in Proposition Whose vanishing requires some
justification is tr(8 () A 0(g)). But this is immediate after inspection, since the operator d of V
is given by (9.12), and then 6(g) A 30(g) is seen to be strictly upper triangular, hence with zero
trace. We infer from that w(q) is €°°(S)-linear in g, since 6(g) is €*°(S)-linear in g and
the expression is independent of the chosen extensions, by Lemma(7.1]

After these preliminaries, we are in position to establish the following proposition, whose first
part improves Corollary[9.5

Proposition 9.8. (1) Chern-Simons transforms are compatible with the holomorphic struc-
ture of (wx /s, Wx/s)-
) If q is a € section off*wg(/s, then Vo*1 =V +9(q), where9(q) is a (1,0)-form whose
dependence on q is €°°(S)-linear.

Proof. We can place ourselves in the setting of It is enough to establish the properties
analogous to (I)-(@2) for IC>(V) = (xV,x¥ @ wx/s).

Instead of (I), we will establish a finer universal property. During the discussion, we write
m:§'=22(X/S)— Sand X' — § for the base change of X — S by 7. We denote by 7* V' the pull-
back of V to X'. Let V be the flat relative connection on V corresponding to . We will write 7*V
for the pullback of V to X’. Likewise, the universal relative projective structure corresponds to a
universal flat relative connection on 7*V, say V"". We form the associated intersection connec-
tions V2 on IC,(V) and (V*"")/2 on IC,(n* V) = n* IC,(V). We shall prove that g* (V"")/?2 = V/2,
which is a compatible connection on IC, (V) = a*n* IC, (V).

The argument goes along the same lines as the first part of the proof of Theorem 8.10] We
return to the discussion preceding the ongoing proposition, with the following changes. Instead
of X — S, we are now dealing with the family X" — S'. For the connection V, we take V*". For V;
we take 7*V. We write V'" = 1*V + 6(q), for a smooth section g of End(n*V) ® Q.%('/s" Since the
restriction of V'" along o gives back V, the restriction of 8(g) along o has to vanish. We introduce
a compatible extension V of V, so that 7*V is an extension of 7*V. We let ge AVX wxs)
be an extension of g. For the intersection connections, we have (V") = 7*V'®2 + 0 (qg), where
w(q) is of the form (9.14). We have to show that o*w(q) vanishes. We already know that the
restriction of 8(g) along o vanishes, so that the restriction of 6(g) along 0 must become a section
of End(V)® f *.sz%sl. Because the curvature of V vanishes on fibers, we conclude that oc*w(q) =0,
as desired.

The second claim of the proposition follows from the fact that depends €°(S)-linearly
in g, as we already observed after that equation. U

9.3.3. Chern-Simons transform on the Teichmiiller space. Let X, be a compact Riemann surface
of genus g = 2. Let 7 = 9 (Xp) be the Teichmiiller space of Xy, and f: € — 9 the universal
Teichmiiller curve of BersH We will consider families of projective structures parametrized by
9, and the corresponding Chern-Simons transforms. A particularly relevant instance is the

HThe concrete construction involves the choice of a Fuchsian uniformization of Xy, which is unique up to
conjugation in PSL, (R). This is irrelevant for the purposes of this article and may henceforth be ignored.
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holomorphic section f: 9 — 22(€/9") provided by Bers’ simultaneous uniformizations of pairs
of Riemann surfaces (X, X() by quasi-Fuchsian groups. Quasi-Fuchsian uniformizations will be
dealt with in greater generality in §9.6/below. For the ongoing discussion, it will suffice to recall
the properties of  that we need and use them in a formal manner.

The holomorphic cotangent bundle of 9 is naturally isomorphic to f*w% g+ Thus, it is

justified to identify smooth sections of f wfg o With (1,0)-forms on 7. In particular, 2(€/9")
has the structure of a torsor under \/(Q ), the total space of the holomorphic cotangent bundle.
Therefore, given a smooth sectiono: 9 — 9’(‘6 197), there is a corresponding € trivialization
of the torsor structure 2 (6€/9) =~ \/(Q ). The canonical symplectic form on \/(Q ) can
then be transported to 22(¢/.9), thus deﬁnlng a symplectic form denoted by w-. Tautologlcally,
o*ws = 0. The case of the Bers section deserves special consideration: the attached symplectic
form wg is related to the Atiyah-Bott-Goldman form, in the following manner. First, since I~ is
simply connected, we can compose the relative holonomy map with the retraction to the
fiber over the point corresponding to Xo:

219 e M"(%/J PSL,), = M. (Xo, PSLy) s x I — ML (Xo, PSLy),.

The pullback of the Atiyah-Bott-Goldman form wps,, on M (X, PSLy), to 22(€19) is denoted
by wg. Then

9.15) wp = —iwe.

This is a theorem of Kawai [81], revisited by Loustau [89, Theorem 6.10] with an alternative
proof. In particular, the Bers section is Lagrangian for wg. Also, notice that by Theorem 8.6/and
Proposition|8.21}, the first Chern form of Zs(€/9) is

1
(9.16) 0 Hes(€19) = — .

We are now ready to state and prove the main theorem of this subsection.

Theorem 99. Leto: 9 — P(€1T ) be a € section. Then, for every smooth section q of
fewl, 7 = QL , we haveV“q =V’ +2q.

Proof. Let us write V"9 = V° + 9(q). By Proposition the form 9(q) has type (1,0) and
depends €*°(J)-linearly on g. By the torsor structure of 22(¢/9") and the linearity of 9(q) in g,
we can reduce to the case o = . By [89, Proposition 3.3], we have the relationship

Wp+q—wp=—7"dq,

where n: P(€/9) — T is the structure map. Therefore, if ¢’ = § + ¢, we derive

d"wg=dq,
because 0" w, = 0. Combining (9.15)-(.16), we find for the first Chern form of ¢"* #s(€/9)

10" Hes(€1T)) = édq.
Equivalently, the curvature of VA*4 is
2
Fgyq=—dq.
prq =49

If follows that

2
dd(q) = Fﬁ+q —Fﬁ = ;dq.
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Because g and 9(q) are (1,0)-forms, this equality entails that 79(q) —2q is holomorphic. But
this is true for all such g. Therefore, for any €°°(9)-function h, the form nd(hq) —2hq is
holomorphic too. By the €¥°°(97)-linearity of 9, we thus find that h(79(q) —2q) is holomorphic
for every €°°(9)-function h. It is an exercise to check that this is possible only if 79(q) — 2¢q
vanishes identically. That is, 9(q) = %q as asserted. This concludes the proof of the theorem. [

Corollary 9.10. The Chern-Simons transform establishes a canonical, bijective, AV°(J")-linear
correspondence between smooth families of projective structures over 9 and compatible connec-
tions on (w7, W<, g, such that holomorphic families of projective structures exactly correspond
to holomorphic connections on the Deligne pairing.

Proof. Because J is Stein, the torsor (¢ /9 ) — 9 can be holomorphically trivialized, and
hence admits a holomorphic section. By Corollary[9.5} the Chern-Simons transform of a holo-
morphic section is a holomorphic connection on the Deligne pairing. With this understood, the
statement is an immediate consequence of Theorem[9.9 ]

9.4. Fuchsian uniformization. The Fuchsian uniformization of the fibers of f: X — S defines a
section gg: S — P (X/S). Itis €, as can be inferred, for instance, from [73]. An independent
argument will be provided shortly in We denote by VF the Chern-Simons transform VF,

The hyperbolic metric on the fibers of f defines a hermitian metric on wy,s. There is an
associated intersection metric on the Deligne pairing. It depends on the normalization of the
hyperbolic metric only through a scaling factorF_ZI The corresponding Chern connection is
unambiguously defined. We shall call it the natural Chern connection.

Theorem 9.11. The natural Chern connection on {(wx/s,wx;s) coincides with V.
The proof of the theorem requires some preparation.

9.4.1. Extension of relative uniformizing Higgs bundles. We shall need the analytic description
of jet bundles. We thus pick up the discussion and we follow the setting and notation
therein.

Consider the adjoint §* of 8, taken with respect to the hermitian structures on x and x" in-
duced by the hyperbolic metric, and extended conjugate linearly to differential form coefficients
on X. Hence, 5* is a (1,0)-form on X with values in Hom(x,x"). We define

~ 0 O 1,0
o= ( B 0 ) e End(E) ® of " (X),
so that

o =( 8 g )EEnd(E)@giO’l(X).

The restriction of (E, ®) to a fiber X, s is a uniformizing Higgs bundle as in [74} pp. 122-123]. This
motivates the introduction of a €°° connection on V =« E defined by
(9.17) V=Vy+®+0"

Here, V%” =0g+ 55 is the Chern connection of E. By looking at the 5-0perator (9.12), we see that
V is a compatible connection on V. After Hitchin loc. cit., the vertical projection of V is the flat

121¢ might be convenient to think of the usual curvature —1 convention, but most of the time we can ignore this
normalization.
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relative connection on V induced by the Fuchsian uniformization of the fibers and the chosen
theta characteristic. Incidentally, the family of Fuchsian projective structures o¢: S — 2(X/S) is
indeed €. See the background on projective structures Although it is not clear whether
V is a canonical extension in the sense of Section it can nevertheless be used to compute
intersection connections, by Lemma(7.1

9.4.2. Proof of Theorem[9.11] Because the statement is of local nature in S, we can argue within
the framework of We introduce the hermitian metric on V induced by the isomor-
phism V =~ E, and denote by V¢, the associated Chern connection.

By a similar argument as in Proposition the theorem reduces to the following. On the
one hand, associated to the exact sequence with the chosen hermitian structures, there
is a Bott—Chern secondary class ¢,. It measures the possible lack of isometry of the Whitney
isomorphism

IC(V) = (", x" ®wx/s).
See (MIC3). On the other hand, by Definition[5.15}, Lemma 7.1|and Definition[7.2] the
intersection connection on IC, (V) for the Fuchsian uniformization is computed as

V% = (V)2 +IT(V, VY, V).
Here V is the extension (9.17). It is enough to show that

IT(V,VS,V) = -20 G =0.
XIS

By the definition of the hermitian metric on V, the isomorphism V = E is an isometry. In
this case, the Bott—Chern secondary form has the following expression:

1 -~
C)=—— tr(,B* A ,3)
27

See for instance [38, Théoréme 10.2] or [107}, Section 4]. Recall that the restriction of B to a fiber
X is a fixed multiple of the hyperbolic volume form of X;. A simple explicit computation shows
that the same holds for the (1,1)-form tr(8* A 8). Therefore, the fiber integral of ¢, is constant
and

9.18) 9 f &=0.
XIS
For IT(V, V<", V), we use the explicit expression of Proposition Before, we notice that the
definition (9.17) can equivalently be written as
V=V+20
and the curvature of V¢, is given by
Fy — ﬁj AB ag ~ )
-op* Fiv — B A B*
In this matrix, d denotes the (1,0) part of the Chern connection (on X) of wy/s, acting on the

corresponding piece of E With this understood, using that B is 0-closed, for the first term in
Proposition[5.7} we obtain

Foen =
vy

tr(Fgen A 20) = —20tr(f* A P).
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The second term tr(® A 0P) is easily seen to be 0. We find

IT(V,V$" V)= -20 C2,
X/S

which vanishes by (9.18).

All in all, we conclude that the intersection connection V<2 on IC,(V), attached to the Fuch-
sian uniformization of the fibers, coincides with the Chern connection on the Deligne pairing
(k¥ ® wx/s,x"). This concludes the proof. O

9.4.3. Wolpert’s curvature formula. We fix a compact Riemann surface X, of genus g =2 and
form 9 = 9 (Xj) the Teichmiiller space of Xy, with ¥ — 9 the universal Teichmiiller curve.
Denote by wyp the Weil-Petersson Kdhler form on 9. For the sake of clarity, we recall that in
local coordinates, the expression of wyp in terms of the Weil-Petersson hermitian pairing is
i 0 0 _
pr:—Z<—,—> de/\de.
Ifu,ve A1 (X) are harmonic Beltrami differentials on a compact Riemann surface X, represent-

ing holomorphic tangent vectors of 9~ at the point corresponding to X, then their Weil-Petersson
pairing is given by

(ﬂyV>WP:f uVdA,
X

where d A is the area element of the hyperbolic metric of curvature —1.

The following corollary recovers Wolpert’s curvature formula [117, Corollary 5.11]. To ease the
comparison with loc. cit., we emphasize that Wolpert works with twice the usual Kdhler form as
described above.

Corollary 9.12. The curvature of the natural Chern connection on {w« ;g ,W%,3) 1S #Q)Wp.

Proof. By Theorem|9.11} we have to compute the curvature of o £cs(6/9"). Thus, the setting is
asin §9.3.3| By equation (9.16), we have

* 1 *
(0 Hes(€1T)) = —20FWG

where we recall that wg is the pullback of the Atiyah-Bott-Goldman form on Mié(Xo, PSL,), to
P (€19 ). By Goldman’s [66, Proposition 2.5], we have o wg = wwp. See Loustau [89, Theorem
4.2] for a formulation in the same terms and conventions as ours. This concludes the proof. []

Remark 9.13. The line bundle (WG 1 tty Wy 1.01) 1S A lift of Mumford’s first tautological class k.
The corollary above entails Wolpert’s result that «; is represented by #wwp.

9.5. Schottky uniformization. We now study the case of the projective structures induced by
Schottky uniformizations. We refer to Bers [13,[14] for basics on the theory.

9.5.1. Chern-Simons transform on the Schottky space. Let G¢ be the Schottky space of genus
g. It carries a universal curve & — Gg. By [73, Theorem 5.1], the projective structures given by
Schottky uniformizations define a holomorphic map 0s: G, — (X /Sy). Let V° be the Chern-
Simons transform of os. By Corollary this is a holomorphic connection on (wg ;& O ISy)-

Theorem 9.14. If g = 3, then (wx/s,, w2 1&,) has a holomorphic trivialization which is flat for

V®. Ifg = 2, the same holds for the tenth power (wg s, W /s, " -
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Proof. Let X; be a markedﬁ compact Riemann surface of genus g, and 9 = 9 (Xy) the Teich-
miiller space of Xy. The normalized Schottky uniformization of marked Riemann surfaces
defines a holomorphic map p: I — &,. We claim that V° induces a flat connection on
p oy s oW 16,)- We form the commutative diagram

T —— P 16g) xe, T — M5(Z G g,PSLy)¢ xe, T — M5(Xo,PSLa),

|, |

Sy —— P(X 6 y) —— ME(Z 164, PSLy),.

At the top right corner, we used the retraction granted by the simply connected nature of I .
We consider the composition of the upper arrows a: 9 — ME(Xp, PSL,),. By the crystalline
property of the curvature of Chern-Simons line bundles, we have the realationship

1
Cl(P*U;ka/cs(%/gg)) =a*c1(Les(Xp)h) = ;a*wPSLzy

By [89, Theorem 4.3], the morphism a: 9 — M (Xp, PSL,), lands in a Lagrangian subspace,
meaning in particular that the pullback of the holomorphic symplectic form vanishes. This
establishes the claim.

Since J is simply connected and V* is flat, we can find a flat holomorphic trivialization
of p*(wgg/gg,wgg,gg). Let us call it m. We need to show that m descends to G,. Let y €
Aut(J /Sg) = m1(S,). Because V° is already defined on &g, pullback by y commutes with
VS on 9. This implies that y* m is also a flat trivialization of p*(wq 16y WIS g)) and therefore
Y*m = y(y)m for some y(y) € C*. We thus obtain a character of 7, (& g¢)- The latter is a quotient
of the mapping class group I';. In genus g = 3, the abelianization ng is trivial [100], and in this
case we deduce that y = 1. Therefore m is invariant under the automorphism group, and must
descend. In genus 2, T'3” = Z/10Z by op. cit., and similarly m!? descends. This concludes the
proof. U

9.5.2. Potential of the Weil-Petersson form on Sgz. We now make use of the intersection metric
Il on{wa s, was,), induced by the choice of the hyperbolic metric. If g = 3, let 75 be a flat
trivialization as in Theorem(9.14] It is unique, up to multiplication by a constant. Then, by the
definition of the first Chern form and Wolpert’s curvature formula (Corollary[9.12), we have

1
(9.19) ddClog|ts| ™% = — 0w

Therefore, log| 75| 2isa potential of the Weil-Petersson form on the Schottky space, which is
canonical up to the addition of a constant. In genus 2, we take instead 75 to be a trivialization of
(wg;/@g, a)gj/gg)lo, and then % logllts 2is a potential of wyp.

A potential for the Weil-Petersson form on Schottky space was constructed by Takhtajan—
Zograf [120], by studying a suitable Lagrangian on the space of conformal metrics on a Riemann
surface (the Liouville action). Let St7: &z — R be the function of Takhtajan-Zograf, defined in
§1.4 and §3 of op. cit.

137 marking consists in the choice of a base point p and a system of generators ay, ..., ag, f1,..., B¢ of 71 (Xo, p)
0 idg
—idg 0

with relation [] jla j»B;j1 =1, and with the associated intersection matrix ( ) in homology.
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Proposition 9.15. If g = 3, we have an equalitylog||ts|l = %STZ, up to the addition of a constant.
If g =2, we have 1i0 logllzsll = %STZ, up to the addition of a constant.

Proof. For brevity, we only treat the case g = 3. It is enough to check the equality after passing to
the Teichmiiller space 9. By [120, Remark 2, p. 310], the difference between the Fuchsian and
Schottky structures is o — 05 = %OSTZ. By Theorem we infer

1
VF=Vv°+ ;6STZ.

We apply this identity to 7s, which is flat for V° by construction. By Theorem|9.11, we know that
VFrs =dlog|7sl?> ® Ts. We conclude

1
dlogliTs|® = —0S1z.
The claim follows. U

Remark 9.16. Independently of the work of Takhtajan—Zograf, the very definition of 75 and
Theoremshow that or — 05 = ndlog|7s| if g = 3, and o — 05 = {50log||7s|l if g = 2.

9.6. Quasi-Fuchsian uniformization. We now provide applications to relative projective struc-
tures arising from quasi-Fuchsian uniformizations. For the theory of quasi-Fuchsian groups, we
recall our sources [5} 6,11}, [13].

9.6.1. Chern-Simons transform on quasi-Fuchsian space. Fix a reference compact Riemann
surface Xj of genus g = 2, with a base point p, and set I" = 7, (Xy, p). We take I = 9 (Xj) the
Teichmiiller space of X. The Teichmiiller space of X is naturally isomorphic to the complex
conjugate of 7: I (X) = T . We henceforth identify them. For later use, we recall that 9~ and
T share the same underlying €°° manifold, but their almost complex structures differ by a sign.
We define the quasi-Fuchsian space of Xy as 2 = x 9. Given a point in 2 represented by a
couple of Riemann surfaces (X, Y), the Bers simultaneous uniformization of (X, Y) produces a
faithful representation p: I' — PSL,(C), unique up to conjugation, realizing I' as a quasi-Fuchsian
subgroup I'" < PSL,(C). The group I acts on P!(C), and its limit set A is a Jordan curve. The
complement Q = P}(C) \ A is a disjoint union of two domains Q* and Q™ biholomorphic to open
disks, with X = Q*/T" and Y = Q™ /T". The subspace 9 x {X(} € 2 is called the Bers slice. On
2 there are two universal curves * — 2, whose fibers are of the form Q*/T" as above, with
I'" < PSL,(C) a holomorphic family of quasi-Fuchsian groups, parametrized by 2. The restriction
of Z* to the Bers slice is the universal Teichmiiller curve over I, previously denoted by ¢ — .
The Bers uniformization of the fibers of '+ LUZ ™ — 2 gives rise to sections

(9.20) O 2-P(XT2), 0g: 2P (X 12).

These are holomorphic, since the uniformizing quasi-Fuchsian groups I'' < PSL;(C) of the fibers
depend holomorphically on parameters. See also [112, Lemma 4.6] for an essentially equivalent
justification.

We introduce the Chern-Simons transforms of o5... These are holomorphic connections Ve
on the Deligne pairings (wg-+,9,w9+,9). To lighten notation, below we write

(9.21) N =wgt19,0a:9)
and

(9.22) N ={wg+19,0x+12)®{Wx-12,0x-2).
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The latter is equipped with the tensor product connection V&,

9.6.2. The complex metric. Because £ is simply connected, we can proceed as in the proof of
Corollary[9.12|and Theorem|9.14}, and obtain holomorphic maps

(9.23) Pt 2 — ML (Xo,PSLo)y, ¢ : 2 — ME(Xo,PSLy),.

The Betti spaces in (9.23) are equal to M"(I', PSL;), and the morphisms ¢* agree, for they both
send a point (X, Y) to the class of the corresponding quasi-Fuchsian representation I — PSL, (C).
Thus, from now on we shall write ¢ = ¢ = ¢~. With this understood, we have for the first Chern
forms

+ 1 *
(N E, VO = 3¢ sty €1 N, v¥) =0,

so that (A, VY) is flat. Since 2 is simply connected, there exists a holomorphic horizontal
trivialization of .4, unique up to scaling.

Definition 9.17. A holomorphic horizontal trivialization of (A, V) as above is called a complex
metric on /& . We introduce the notation T o for these complex metrics.

Remark 9.18. In the particular case that g = 3, we can invoke the crystalline property of Corollary
and Proposition[8.21] We deduce that there are canonical isomorphisms of line bundles with
connections

N = 9" Les(Xo)', N 9" Les(Xo),
and

N == 9" (Les(Xo)* ® Les (X)),

The complex metric of Z£cs(Xy)* on M, (Xo, PSL2), can be pulled back to .4, thus providing a
complex metric in the sense of Definition[9.17

For the next statement, we introduce j: 9 — 2 the totally real embedding sending a point
represented by X to the couple (X, X) of conjugate Riemann surfaces. Notice that the quasi-
Fuchsian group uniformizing X and X is actually Fuchsian. The image j(9") is thus called the
Fuchsian locus. Recall that the pairing (w¢,5,w<,7) carries an intersection metric induced by
the choice of a hyperbolic metric, whose Chern connection is V7 by Theorem[9.11} We denote by
V' the associated connection on the conjugate line bundle (w¢,s,w«, 5 ), defined by imposing

=F_ = . . . .
V v =VFv for alocal section v of (w¢,5,w¢,5). Below, we interpret the metric on the Deligne
pairing as providing a € trivialization of (w5, w¢/5) ® (W¢ 7, W T).

Theorem 9.19. Let the assumptions be as above.
(1) There are unique isomorphisms of €¢°° complex line bundles with connections on 9

JEN V) = (w00 VD), jHN T, V) = (0g7,0e5 ),V ),

restricting to the identity at X, and X, respectively.

(2) For the hyperbolic intersection metrics, the isomorphisms of the first point are also com-
patible with the Chern connections, and isometric.

(3) Let 1qr be a complex metric on AN . Then, via the isomorphisms of the first point, j*Tqr
is identified with a constant multiple of the trivialization associated to the hyperbolic
intersection metric on (W g ,W¢/).

(4) For the hyperbolic intersection metrics, the norm of T g is constant along the Fuchsian

locus.
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Proof. We begin with a local version of the first point, say for #*. Let p;: 2 — J be the
projection to the first factor, and denote by € — 2 the base change of ¢ — I~ by p;. Because
¢ — I is a local universal family of Riemann surfaces, the curves Z * and € are isomorphic
locally with respect to £. We can thus cover the Fuchsian locus by open subsets of the form
V = U x U, so that the restricted curves X, + — Vand <€V — V are isomorphic over V. For such
V, we look at the commutative diagram

PE1V) L 26y

< (]

id

where the square is cartesian with p, defined as the composition
P X IV) =P(CyIV) =P (GylU) xy V — PGyl U).

We have the relationship p10(.j = o, which translates the tautological fact that the quasi-
Fuchsian uniformization agrees with the Fuchsian uniformization along the Fuchsian locus. By
the functoriality of complex Chern-Simons line bundles, we have an isomorphism

ch(%J/V) = ﬁiﬁj(cs(cgU/U)

of holomorphic line bundles with connections. We derive a string of isomorphisms of €*°
bundles with connections

NNV g = (05 Hes (X 1V)
(9.24) =" (04e)" P] Hes(GulU)
=0f Hes(CulU) = (w19, w15, VU,

where we applied Theorem[9.4]in the last isomorphism.

Next, consider an open cover {U;}; of 9, such that the previous argument applies to each
V; =U; x U;. We may suppose that the intersections U; N U; are connected. We denote the
corresponding isomorphisms of the form by ¢;. On overlaps U;; = U; n U}, we can write
@i = cijj, for some invertible functions c¢;; € €°°(Uj;). Since the isomorphisms ¢; and ¢ are
compatible with the same connections V¢"* and V¥, the functions c; ; are necessarily constant.
These constants constitute a 1-cocyle with values in C*. Because 9 is contractible, H' (9,C*) =0
and the cocycle {c;};; is a coboundary. Therefore, after possibly scaling the isomorphisms ¢;
by constants, we can suppose that (p, = @j on U;j, and hence glue them together into a global
isomorphism of line bundles over 9. The latter still preserves the connections, since the scaling
involves only constants. Such an isomorphism preserving the connections is unique up to a
constant, and can be normalized to restrict to the identity at the origin XO of 9. This is the
sought canonical isomorphism of the statement. By the same token, if j: I~ — 2 sends X to
(X, X), then there is a canonical isomorphism

(9.25) 7N V) = (w5 059, V),

where VF is the natural Chern connection on (w= —). The underlymg ¢ *° manifolds of

¢i7YerT
F and J are equal, and in this interpretation the ¥ morphisms j and j are just the diagonal

embedding. Therefore, the €°° bundle TJV ~ is the same as j* A ". It remains to justify that
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(w7 W7 /§> is naturally isomorphic to the conjugate of (w5, w«¢,5), and VF corresponds to

ﬁF. Below, we address these facts in sequence.

Consider a local holomorphic trivialization (s, t) of (w5 ,w<,5), where s and ¢ are mero-
morphic sections of w, o (after possibly replacing 9~ by an open subset). We denote by (s, £)
the same section seen in (w¢, g, w9 ). The complex conjugates s and ¢ make sense as rel-
ative meromorphic forms on ¢, and the symbol (5, £) is a local holomorphic trivialization of
(w77 Wz, We claim that sending (5, 1) to (s, t) for any such symbols, induces a € isomor-
phism of complex line bundles. It is enough to show that the relations defining the Deligne
pairing are preserved, compatibly with the action of the sheaf €5 on these line bundles. For
instance, let us change s by a meromorphic function f, such that the symbol (fs, ) is still defined.
On the one hand,

(5,0 =Ny 7,7 0 = Navg (f) G0

On the other hand, by the very definition of the action of <g§3 on {w¢,q,w¢/ ), we have

Naiverg (f) €8, 1) = Naiverg (F)s, ) =(f's, 7).

The symmetric argument is valid for the second entry of the Deligne pairing. This settles the
claim. In particular, the Chern connection VF can be seen as acting on (w7, W%/ 7).

The action of the Chern connections on local sections are made explicit as follows. If (s, f) is a
symbol as above, then

Vs, £y = dlog (s, ) ® (s, t).

Since the d operator on J is the d operator on I, we similarly have
VF (s, 1) = dlog (s, D 11° @ (s, 7).

We notice that the norms of (s, £) and (s, ¢) coincide. Extending the actions of ‘6}}0 on{wyg/g,Wg/g)
and (w7, W, g) to the algebra of complex differential forms in the usual manner, we conclude

(9.26) VF (s, 1) = VF(s, 1).

Namely, VF = v by definition of the latter. This completes the proof of the first point.

For the second claim of the statement, the Fuchsian uniformization of the fibers of the curves
Z* — 2 induces € sections 0f : 2 — P (X */2). These satisfy of j = 0, j, since the quasi-
Fuchsian uniformization agrees with the Fuchsian uniformization along the Fuchsian locus.
We know by Theorem that the Chern-Simons transforms of the ¢ are the natural Chern
connections on A4 *, denoted by VF*. Therefore we find

JENENVEN) =¥ (05) Hes(XE12)
=j*(05) Hes(XEI2) = j*(NE, V).

Thus, the isomorphisms of the first point are also compatible with the Chern connections V"*
on 4%, and necessarily isometric, up to constants. The normalization condition at X, and X,
ensures they are actually isometric everywhere.

Now for the third point. The trivialization j* 7 is flat for the connection j*V®, which is the
tensor product connection of j*V* and j* V-, For simplicity of notation, let us identify these
objects with the corresponding ones via the isomorphisms of the first point. In particular, the

. . ) . . =F . ..
connections are identified with the connections VF and V . We write the flatness condition of
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the dual trivialization j *TgF in terms of its action on (W, g, W¢ ;g ) ® {W¢,g,Wg;g). UV isa
local section of the latter, we find

9.27) JTe (VT ueD) + jFrd(ue Viy) = d(j* 14 (ue D)),

where we used that V' 7 = VFy by definition of V'. The differential equation is the same as
the one expressing that VF is unitary for the hermitian metric on the Deligne pairing. Since two
flat trivializations of a line bundle differ by a constant, we conclude that j* 7. and the metric
are proportional as in the statement.

The last assertion is a direct consequence of the second and third points of the theorem. []

Remark 9.20. (1) Theorem[9.19|can be loosely restated by saying that the hermitian metric
on the Deligne pairing uniquely extends to a holomorphic trivialization of .4". This
justifies the terminology "complex metric".

(2) The proof of the theorem overcomes the fact that the embedding j: 9 — £ is not
holomorphic, and hence the base change functoriality of intersection bundles does not
apply. Furthermore, the base changes of the Bers’ curves by j are not holomorphic or
anti-holomorphic families, but only €°°. We will encounter similar complications later
in See also the next remark.

(3) Itis possible to establish a variant of the theorem, where the Bers’ curves & * are replaced
by the base changes to 2 of the curves 6 — 9~ and € — 9. The corresponding state-
ments are then easier to justify. However, it is unnatural to work with these families of
curves.

9.6.3. Potential of the Weil-Petersson form on the quasi-Fuchsian space. Since the line bundle
A is the product of Deligne pairings in (9.22), we can also equip it with the hermitian metric
associated to a hyperbolic metric on the fibers of ' * — 2. For any complex metric T on A/,
the function log || T gl ~2jsthena potential of the Weil-Petersson form on 2. By Theorem
the function log || Tqr | 2 is constant along the Fuchsian locus. It is also real analytic, since the
Weil-Petersson metric is real analytic. Finally, it is easily seen to be invariant by the natural anti-
holomorphic involution of £, sending a point (X, Y) to (Y, X). These are the same conditions
satisfied by the Liouville action of Takhtajan—Teo [112]. See also McIntyre-Teo [94, Section 2.6].
In Corollary[10.17]below, we will prove that both potentials actually agree, up to the addition
of a constant. The proof is based on holomorphic factorization formulas for determinants of
Laplacians. An alternative method, along the lines of the proof of Proposition[9.15] relies on an
extension of Theorem[9.9|to the quasi-Fuchsian space. A more general setting is considered in
the forthcoming subsection, where this argument is sketched.

9.7. Comparison to the work of Guillarmou-Moroianu. In the previous subsections, we fo-
cused on spaces of Schottky and quasi-Fuchsian groups. These are particular instances of
Kleinian groups, uniformizing convex cocompact hyperbolic 3-manifolds. In [70], Guillarmou-
Moroianu developed a theory of complex Chern-Simons line bundles on the Teichmiiller spaces
of such groups. Taking as a guide, we propose an analogous construction from our
perspective, and outline the comparison between both approaches.

We follow the exposition by Loustau [89, Section 2.3] regarding convex cocompact hyperbolic
manifolds, and the references therein. Let M be an oriented complete hyperbolic 3-manifold,
isometric to a quotient H3/T', where H? is the hyperbolic 3-space and 71 (M) = T < PSL,(C)

is a Kleinian group. We suppose that M admits a compactificaiton by adding a conformal
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boundary M, consisting of a finite number of compact Riemann surfaces of genus at least 2.
The boundary can be uniformized as Q/T, where Q c P!(C) is the domain of discontinuity of
I'. Let us decompose 0M = Xj U...U X,, where the X; are connected Riemann surfaces. We
consider the associated Teichmiiller space I :=9 (0M) =9 (X3) x...x I (X), with universal
curves ; — I, for j =1,...,n. We write Z(0M) = P (X1 /T) x... x P (X1 T"). This is the space
of all the complex projective structures on 0M, seen as an oriented topological surface. We
define the complex Chern-Simons line bundle on 22(0 M) as the product

Hes(OM) = Q pj Hes(Xj1T),
i

where p| is the projection to the j-th component. If 7: (0M) — J (0M) is the structure map,
then Theorem[9.4]provides a canonical isomorphism

Hcs(OM) = ®ﬂ* (W19, W1 )
J
We will look at two particular sections of 7: 22(0M) — 9 (0M), and the corresponding induced
connections on ®j<w%j/g,w%j/g>.

The first one is a holomorphic section f, obtained by varying the convex cocompact hyperbolic
structure on M. This is a generalization of Bers’ simultaneous uniformization. We refer to Loustau
loc. cit., and more precisely Theorem 2.1, Proposition 2.2. By his Theorem 4.3, and proceeding as
in above for the quasi-Fuchsian case, the connection on * #s(0M) is flat. By the simple
connectivity of 9 (0 M), we can find a flat trivialization 7, unique up to constant.

The second one is the Fuchsian section o, obtained as in By Theorem [9.11]}, the con-
nection on o} Zs(0M) is identified with the product of the natural Chern connections on the
Deligne pairings, denoted by VF. The curvature is given in terms of the Weil-Petersson form on
T (0M), by Corollary A potential of the latter is then log||7« =2, where || - || is the metric on
the product of Deligne pairings, associated to the choice of the hyperbolic metric on the fibers of
the curves ; — .

Now we review the main constructions of Guillarmou-Moroianu [70], and adopt their notation
for an easier comparison. The authors define a Chern-Simons line bundle £ on 9. Itis a
holomorphic line bundle endowed with a hermitian metric, whose curvature is also expressed in
terms of the Weil-Petersson form [70, Theorem 2]. The Chern connection is denoted by V<. They
consider as well the pullback of (&, V<) to (the total space of) the cotangent bundle T* 9, where
they modify the connection V< by adding a suitable multiple of the (1,0) part of the Liouville
form. This produces a new compatible connection V¥. By means of a renormalized complex
Chern-Simons action, they also exhibit an explicit holomorphic section of £ on 97, denoted by
g2nicsPot2(©, Up to a constant, it is characterized by being flat for 0*V#, whereo: 9 — T*J isa
section described in terms of hyperbolic funnels.

To compare both constructions, we need to identify T*9 and 22(0M). For this, we use the
€¢° section o and the affine bundle structure of 22(0M). Under this identification, we can see
Hcs(OM) as living on T*9J . We will now compare the curvatures of %s(0M) and V. For this,
a slight generalization of [89) Corollary 6.13] to 9 (0M) is needed. The proof follows the same
lines as loc. cit., by applying [89, Theorem, bottom of p. 1769] and a straightforward extension of
Proposition 3.3 in op. cit.. One can then deduce that the curvature of #s(0M) is minus twice
the curvature of V¥. Because J is simply connected, we infer that there is an isomorphism

of line bundles with connections : #cs(0M) = (£,V*)®2 on T*9, unique up to constant.
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This isomorphism is necessarily holomorphic, for the holomorphic structures of the involved
bundles.

Via the identification 22(0M) = T*J above, the Fuchsian section o corresponds to the zero
section. Pulling back #¢s(0M) and (&£, V#) by this section, ¥ induces an isomorphism of line
bundles with connections

Yo: (®j(w%j/g,w%j/9>,VF) — (£,V¥)®2),

We deduce that this isomorphism is holomorphic and isometric, up to a constant.

It remains to compare the holomorphic sections Tx and e*” ies™2O 1t suffices to compare
their norms. For this purpose, one first establishes a direct extension of Theorem [9.9|to sec-
tions of 22(0M) — I (0M), formally with the same argument. Then one can argue as in the
proof of Proposition[9.15} but invoking Takhtajan-Teo [112, Theorem 6.10] in order to express
or—p = %GSTT, where S+t is their potential for the Weil-Petersson form in the Kleinian case.

This entails that log||7«|| = 5= Str up to the addition of a constant, or |7l = exp(5=Str) up to

scaling. The latter equals the norm of (*” icsPSt2©@y -2 up to scaling. This is a consequence of

the very construction [70, Proposition 1] and the fundamental relationship between S+ and the
renormalized volume of convex cocompact hyperbolic 3-manifolds [112, Theorem 5.3]. We thus
conclude that 7 and (€27"*29)~2 correspond via v, up to scaling.

As an application of their work, Guillarmou-Moroianu establish an explicit isomorphism
between the Chern-Simons line bundle on the Schottky space and the determinant bundle [70,
Theorem 5]. We postpone an approach in our terms to Remark[10.9] ) in

10. APPLICATIONS TO ANALYTIC TORSIONS

In this section, the theory of Section [8and Section[d]is applied to the Deligne-Riemann-Roch
isomorphism. For the universal object of a moduli space of flat vector bundles on a Riemann
surface, our study of the complex Chern-Simons line bundle provides complex metrics on the
intersection bundles involved in Deligne’s isomorphism. The question is whether there is a
counterpart for the determinant of cohomology, which admits a spectral description as in the
theory of the Quillen metric. A candidate is the holomorphic Cappell-Miller torsion of flat vector
bundles [32]. In the introduction of op. cit., the authors conjectured that their torsion element
indeed satisfies properties akin to those of the Quillen metric in the work of Bismut and coworkers.
For flat line bundles on Riemann surfaces, this was settled by Freixas—Wentworth [56], stating
that the Cappell-Miller torsion and the complex metrics correspond via Deligne’s isomorphism.
The results of Section [8|are the key to the extension to arbitrary rank. A similar program can be
envisioned on spaces of projective structures on Riemann surfaces, in connection with Chern-
Simons transforms and complex metrics for Deligne pairings of canonical bundles. Notably,
we consider Bergman and quasi-Fuchsian structures, and we show that our theory subsumes
the holomorphic factorization theorems for determinants of Laplacians proven by Kim [82] and
MclIntyre-Teo [94]. This leads to the proof of a conjecture of Bertola—Korotkin—Norton [15] on
the comparison between Bergman and quasi-Fuchsian projective structures, in terms of Kim’s
holomorphic extension of the determinant of the Laplacian.

10.1. Deligne-Riemann-Roch and holomorphic analytic torsion. Let f: X — S be a proper

submersion of complex manifolds, whose fibers are Riemann surfaces of genus g = 2. Let E
108



be a holomorphic vector bundle on X. Recall from Theorem the Deligne-Riemann-Roch
isomorphism

DRR(X/S, E): AE)*? = (wx/s,0x/5)™ F ® (det E,det E® wy} 5)° ® IC2(E) ™12,

which commutes with base change and is functorial in E. Suppose that we are given a hermitian
metric on wy,s, and a hermitian metric on a holomorphic vector bundle E on X. We equip the
intersection bundles on the right hand side of DRR(X/S, E) with the corresponding intersection
metrics. On the determinant of the cohomology, we consider the Quillen metric, that we will
shortly review for completeness. As a consequence of the work of Deligne [38], Bismut-Freed
[17,18] Bismut-Gillet-Soulé [19, 20, 21] and Bismut-Lebeau [22], Deligne’s isomorphism is an
isometry up to an explicit topological constant, depending only on the genus of the fibers of
f and the rank of E. The precise value of the constant can be extracted from the arithmetic
Grothendieck-Riemann—-Roch theorem of Gillet-Soulé [65, Theorem 7], but we will not need it in
this article.

Let us briefly recall the construction of the Quillen metric. It is enough to discuss the case
when S is a point, and thus X is a compact Riemann surface. First, we introduce the Dolbeault
complex

A%°(x, E) 25 A% (X, F).

Depending on the hermitian metrics on Ty and E, the spaces A%” (X, E) carry L? hermitian prod-
ucts. Let d, be the formal adjoint of dg for the L?-product. There are canonical isomorphisms

HO(X,E) ~kerdg < A%°(X,E), H'(X,E)=kerd,c A”!(X,E).

The cohomology spaces inherit the L? hermitian products, and we denote by k> the induced
metric on A(E). Finally, let A5E = 5552 be the Dolbeault Laplacian acting on A% (X E). Ttis an
elliptic differential operator of order 2, which is self-adjoint and positive. Let {Ax}¢>; be the
strictly positive eigenvalues of Az, repeated according to multiplicities. Then the associated
spectral zeta function

1
(5,09 = ;ﬂ_k Re(s) > 1,

is absolutely, and locally uniformly convergent, thus defining a holomorphic function on the
half-plane Re(s) > 1. By the theory of the heat operator, it is shown that ¢ 3, (8) has a meromorphic
continuation to C, which is holomorphic at s = 0. The zeta regularized determinant of AEE is
then defined as

det’ Az, =exp (_(,55 (0)) ,
and the Quillen metric is
hq = (det'Az )™ hya.

A last word regarding the normalization of the L[%-metric on AP (X, E). In the work of Bismut—
Gillet-Soulé, it is taken to be % times the usual L?-pairing in Hodge theory. This distinction is
irrelevant for our purposes, but must be borne in mind if one is willing to evaluate the norm of

DRR(X/S, E) exactly, and not only up to a topological constant.
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10.2. The Cappell-Miller torsion. We review the construction of the Cappell-Miller torsion of
holomorphic vector bundles with connections of type (1,1) on Riemann surfaces. We mostly
follow their original paper [32]. Further details can be found in Liu-Yu [88], Huang [77] and Su
[110].

10.2.1. Non-self-adjoint Laplacians. Let X be a compact Riemann surface and E a ¥ complex
vector bundle on X. Let V be a 6°° connection on E. We suppose that the curvature of E has
type (1,1). Then the (0,1) part (resp. (1,0) part) of V defines a holomorphic structure (resp.
anti-holomorphic structure) on E. Notice that an anti-holomorphic structure on E is the same
thing as a holomorphic structure for E seen as a vector bundle on X. We write 8z and 0 for V!
and V10,

We fix a hermitian structure on X, and let * be the corresponding Hodge star operator on
differential forms, which is conjugate linear. Complex conjugation acts on differential forms, and
it makes sense to conjugate *. The resulting operator * is complex linear. This can be coupled to
idg, and produces a complex linear map

%: AP9(X,E) — A" P(X,E).

We then define

3., = —%0p%: API(X,E) — ATP7V(X, B),
and
A% = @5 +05)%: API(X,E) — API(X, E).

E
If we introduce an auxiliary hermitian metric on E, then we can also take the formal adjoint 52
of 0r and the usual Dolbeault Laplacian A, = (O + 02)2. We may then compare

3y =0s+0, AL =g, +D,

where ¢ € A°(X,EndE) and D = 0g¢ + ¢ is a first order differential operator. We thus see
that A%E is an elliptic differential operator of order 2, with the same principal symbol as Az, -
Contrary to the Dolbeault Laplacian, A% is in general non-self-adjoint. Nevertheless, for the
purpose of constructing the Cappell—Mﬁler torsion, it has as good spectral properties as Az,
for the construction of the Quillen metric [32, Section 4 & 11]. See also Miiller [95, Section 2]
for a compendium of the relevant spectral theory, and Shubin [104, Chapter 2] for a thorough
treatment.

Remark 10.1. Suppose that (F, h) is a holomorphic hermitian vector bundle on X, with Chern
connection dr + 0. For later use, we clarify a point regarding the structure of the holomorphic
vector bundle (FY,dr) on X.

Denote by F the complex conjugate vector bundle on Y For a local holomorphic section
f of F, there is a corresponding holomorphic section f of F, and the correspondence f — f
is conjugate linear. From the condition of Chern connection, it is readily checked that the
assignment f — h( -, f) establishes an isomorphism F = F¥ of holomorphic vector bundles on
X, where FV is equipped with the holomorphic structure induced by 0.

14Thjs is not to be confused with the notation in Sectionfor hermitian vector bundles.
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10.2.2. Construction of the Cappell-Miller torsion. For (E, V) as above, the Cappell-Miller torsion
is a non-trivial element 7(E, V) of the product of determinant lines det H ° (X E)®det Hj : (X EV).

When V is the Chern connection of a hermitian metric on E, 7(E, V) is 1dent1ﬁed with the Quillen
metric, seen as an element of the product of conjugate lines det H5 (X,E) ® det Hé (X,E) (see
E E

Remark|10.1). We list the main steps of the construction of 7(E, V).
For the discussion below, recall the notion of determinant of a complex of vector bundles

in §3.1.3| Let b € R, be such that no generalized eigenvalue of A% has real part equal to b.
E

We denote by Ai‘Z (X, E) the finite dimensional subspace of A»” (X, E) spanned by generalized
eigenvectors, whose eigenvalues A have Re A < b. The Dolbeault complex restricts to

AV(X, R =L A% (X, B).

One can prove that the inclusion (Ag’; (X, E),dg) into the full Dolbeault complex is a quasi-
isomorphism [32, p. 151]. Hence, we infer from (3.10) that

(10.1) det(A2} (X, E),0p) = det H; (X, B).
Similarly, the operator 5?5 provides a homological complex (going in the opposite direction)

A% (X, B AOO(X E).

By the definition of the determinant of a complex in (3.9), we trivially have
(10.2) det(AY; (X, E), oh) =~ =~ det(A%; (X, E),0p)".

We will now observe that by construction, (A0 (X E), 0 ) is isomorphic to a restricted Dolbeault
complex for F:= E® wx on X. Before, let us stress that (p, g) forms on X are seen as (g, p) forms
on X. With this understood, we have a commutative diagram

—h
AY 1(X E) — AOO(X E)

L =

4
A% (X,E) —— AL} (X, E)
0,0, v OF 01,
AYWX, F) — A% (X, F).
We infer
. _h o T~ ® ~~
(10.3) det(A%; (X, E),05) = det H; (X, F) = det H} (X, E),

where the rightmost isomorphism is Serre’s duality on X. Concatenating (10.1)—(10.3), we arrive
at an isomorphism

detH: (X,E) = detHj,(X,E")".

Equivalently, we have found a non—tr1v1al element 7., (E, V) € det HE‘ (X, E) ®det H(;E (X,EV).
E
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The previous construction depends on the choice of the cut b. After introducing an Agmon

angle for the definition of the complex powers of A% , one has a well-defined spectral zeta
E

function
(op(s) = tr(H>b(A“_ )) Res> 1,
OF

where I1.;, = 1 — 1. is the spectral projector to the space of generalized eigenfunctions, whose
generalized eigenvalues are A with Re A > b. By Lidskii’s theorem, the zeta function has the form

(>p(s) = Z %;
k "k
where the A are the generalized eigenvalues with Re A > b, counted with algebraic multiplicities.
The zeta function converges absolutely and locally uniformly for Re s > 1, and has a meromorphic
continuation to C, which is holomorphic in a neighborhood of s = 0. We define

b _ _ ! X
(10.4) detd  =exp(~(L,(0)€C,

which is seen to be independent of the choice of Agmon angle. Finally, define

7(E,V) := (detA%E >b) T<p(E,V) € et HS (X, E) ®det Hj, (X,EY).

This element does not depend on the choice of b, and we call it the Cappell-Miller (holomorphic)
torsion.

10.3. Cappell-Miller torsion and Deligne-Riemann-Roch. We will now establish the compati-
bility of the Cappell-Miller torsion and the complex metrics on intersection bundles, through
Deligne’s isomorphism.

The setting is as follows. Let X be a compact Riemann surface of genus g =2 and p € X a base
point. Set ' =7, (X, p). Welet Z = X x R"(T', r) — R"(T, r) be the universal curve. We also write
& = &3" for the universal vector bundle. We will make no notational distinction between vector
bundles on X and their pullbacks to &'. For instance, wx is abusively identified with w o/ gir (- ,)-
We fix a holomorphic vector bundle F of rank f on X, and we form Deligne’s isomorphism
DRR(Z /R"(T,r),& ® F):

(10.5) P: ME® P = (wx,wx)/ ®(detE® F),det(&® F) ® w3 ® IC,(& ® F) 12,

We consider corresponding objects for the conjugate Riemann surface X. Recall that the
complex structure of R"(T', r) does not depend on the complex structure of X. We will use the
notation ¢ = X x R"(T, r) — R"(T, r), and &€ for the dual of the universal object. Hence, the
% vector bundles underlying &¥ and &° are the same, as are their flat relative connections, but
the holomorphic structures are different. We also take F the complex conjugate to F. Deligne’s
isomorphism for £° ® F can then be written as

(106)  2°: AME@P)? = (wg 0y ' @(det(&° & F),det(¢° e e w )’ @ IC (6 @ )72

10.3.1. Holomorphic regularity of the Cappell-Miller torsion. We first study the left hand side of
the isomorphism 2 ® 2°¢ = ®(10.6). Introduce hermitian metrics on X and F. The Chern
connection of F decomposes as dp + 0. We identify F¥ and F by means of the hermitian metric
as in Remark With this identification, the holomorphic structure of F corresponds to the
holomorphic structure induced by dr on FV, as in the Cappell-Miller construction. Therefore we

can use the Cappell-Miller torsion to obtain a pointwise trivialization of (€ ® F) ® A(£° ® F) on
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R"(T, r). The input datum here is the chosen hermitian metric on X, the universal connection
on & and the Chern connection on F. If p € R"(T, r) is a given representation, we denote the
associated Cappell-Miller element

Teu(p) € A(E, ® F) 8 A(E5 ® F).

We establish that p — 7y (p) is holomorphic, with respect to the natural holomorphic structure
of the determinant line bundles of Knudsen-Mumford [85], briefly described in

Theorem 10.2. With the assumptions as above, the pointwise Cappell-Miller torsion tcy defines
a holomorphic trivialization of A((E ® F) @ A(§°® F) onR" (T, 1).

Proof. If & has rank one and F is trivial, we already established the holomorphicity property in
[56}, Section 5.1]. The proof in the general case follows the same lines. The introduction of F
does not pose any particular difficulty. Only the analogue of Lemma 5.1 (i) in op. cit. requires an
explanation. Namely, we need to justify that the non-self-adjoint Laplacians AE, associated to
&p ® F in the Cappell-Miller construction, constitute a holomorphic family of closed operators
of type (A) in the sense of Kato [80, Chapter VII, Section 2]. We now address this point. The
approach is similar to the starting point of Fay’s [48, proof of Theorem 4.8], in the unitary setting.

We need a local holomorphic parametrization of R"(T, r). For this, we can rely on the local
parametrization of ML’R(X , 1) by the Hodge slices, introduced by Collier—-Wentworth [34} Section
3]. Alternatively, we can also use de Rham slices as in Ho-Wilkin—-Wu [76, Section 2]. Both
approaches provide the following description. Fix a representation pg € R"(T', ), which corre-
sponds to the rigidified flat vector bundle &,, on X, with connection D. We write E for the
¢ vector bundle underlying &,,. Then there exists a finite dimensional complex submani-
fold 2 = A'(X,EndE), containing the origin, such that for every u € %, the € connection
D + pon E is flat. In particular, D + u defines a new holomorphic structure on E. We can then
take the point corresponding to (E, D + u) in M (X, r). Possibly shrinking % around py, this
assignment defines a holomorphic open immersion % — M (X, r), which parametrizes an open
neighborhood of (E, D).

Let X be the universal cover of X based at p, and p € X a lift of p. By definition, Epy = X xpC',
where the action of I on C’ is via the representation pg: I' — GL,(C). On X, the connection
D + p becomes an operator d + 1 on vectors of pg-equivariant functions, where g is now a matrix
of holomorphic differential forms with Ad pp multiplier. Because the integrability condition
du+ p A p=0is fulfilled, by flatness of both D and D + u, we can uniquely solve the following
differential equation in the variable z € X:

A2 'd A, 2) = -, A, p) =id,.

The matrix A(u, z) depends holomorphically on u € %. It satisfies a transformation law of the
form
Al y2) = p(W (N A, 2pw (N~

with p(u): T' — GL,(C) a holomorphic family of representations parametrized by u € %, and
0(0) = pg. For this family, the classifying morphism 2 — M" (T', r) is a holomorphic open embed-
ding, corresponding to the above % — ML’R(X ,7), under the Riemann-Hilbert correspondence.
For simplicity, let us identify 2/ with its image in M" (T, r). Since the p(u) are actual representa-
tions and not just conjugacy classes, we even have a holomorphic map % — R"(I', r), and hence
a local section of the quotient map 7: R"(I', r) — M"(T, r). Since this morphism has the structure

of a PSL,(C)-torsor, we conclude that 771 (%) = % x PSL,(C), where the action of PSL,(C) on %
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is by conjugation on the representations p(u). Because the projection SL,(C) — PSL,(C) is étale,
we can actually use % x SL,(C) as a local parametrization of R"(T', 7). Given B € SL, (C), we shall
write p(u, B) = Bp(,u)B_l.

We now examine the Laplacian Al

p(u,B)
cover. If we denote by F the pullback of F to X, then Ai( 1,B) lifts to an operator on A%P (X, C" e F).
From the very construction, it is seen to coincide with the Dolbeault Laplacian of F®'=C"®F,
associated to the pulled back hermitian metrics on T and F. The latter does not depend on
p(u, B), and we denote it by A. We now conjugate A by the function BA(u, ») constructed in the
previous paragraph. We obtain a new non-self-adjoint Laplacian A, g) = (BA(i, #)) 'A BA(u, »).
Let us summarize the situation:

A~ A"P(X,C"®F) — AP(X,C" ® F) ~ Ay p)

acting on AP (X, Ep(u,B) ® F). We lift it to the universal

g— (BA,*)'g.
p(u, B)-equivariant — pg-equivariant.

The operators Z(p, B) acting on pp-equivariant elements in A%?(X,C” ® F) are closed and share
the same domain. They are obtained by conjugating the fixed operator A by BA(u, »), whose
dependence on the parameters (u, B) € % x SL,(C) is holomorphic. These are the conditions
required for a holomorphic family of closed operators of type (A).

For the convenience of the reader, we briefly review the remaining steps of the proof. With the
notation as in Kato’s condition (A) ensures that the restricted Dolbeault complexes of
the form Ag’l’; (X,&p ® F) organize into holomorphic vector bundles, for small perturbations of
p in R"(T, r). One then needs to check that the corresponding isomorphisms and
are holomorphic, where the determinants of Dolbeault cohomologies are equipped with the
holomorphic structure coming from the Knudsen-Mumford construction. The compatibility of
both holomorphic structures is easily established after the description of the latter offered by
Bismut-Gillet-Soulé [21}, p. 346]. For our purpose, the key point is that in the family X xR"(T, r) —
R" (T, r), the complex structure of the fibers is kept constant. The argument in rank one and
trivial F is elaborated in [56, Proposition 5.3], and the general case is formally the same. To
conclude, it remains to justify that the determinants det A?), _pasin are holomorphic in p,
under small deformations of p. This is a consequence of Greiner’s parametrix construction and
asymptotic expansions for heat equations of elliptic operators [67, Section 1]. Alternatively, one
can directly invoke Kontsevich-Vishik [86, Corollary 4.2]. O

10.3.2. Compatibility with the complex metrics. We maintain the setting of and exclude
the case g = r = 2. We now look at the right hand side of 2 ® 2°¢. We first apply Proposition 3.15|
to expand the IC, terms. After this manipulation, on the right hand side of the isomorphism we
find products of intersection bundles of the following form:

o (L, M) ® (L, M), where L and M are fixed line bundles on X endowed with hermitian
metrics, and L, M are their conjugates on X. The hermitian metric is interpreted as a
trivialization of the tensor product. Notice here there is no variation in the horizontal
(i.e. R"(T', r)) directions, so that the trivialization is constant (hence holomorphic) in the
family.

e (L,det&) ® (L,det&C), where L is fixed on X and has a hermitian metric. For such prod-

ucts we defined complex metrics in [56, Section 4]. These will provide holomorphic
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trivializations over R"(T', r), recovering the hermitian metric on the Deligne pairings at
unitary representations. This complex metric depends on the rigidification of deté&,
induced by the rigidification of &. But it actually does not depend on the metric on L.

e (det&,det&) ® (det&°,det&€), which also carries a complex metric by [56), Section 4],
recovering the natural hermitian metric at unitary representations. It does not depend
on the rigidification.

e IC,(F)® ICy(F), where F is endowed with a hermitian metric and the intersection metric
on the IC, is seen as a trivialization of IC,(F) ® IC,(F). Here there is no variation in the
horizontal directions.

o IC3(&) ® IC,(&°), which is naturally isomorphic to IC» (&) ® IC, (&€ V), and thus carries
the holomorphic trivialization obtained by pulling back to R"(T', r) the complex metric
on the dual of Lcs(X) ® Lcs(X) on M* (T, 1) (Theorem. By construction, it recovers
the hermitian metric along the unitary locus.

Combining all these, we obtain a holomorphic trivialization of the right hand side of 2 ® 2¢,
defined over R" (T, r).

Theorem 10.3. Excluding the case g = r = 2, the isomorphism 2 ® 2¢ on R"(I',r) sends the
Cappell-Miller torsion to the complex metric on the combination of intersection bundles, up to an
explicit topological constant derived from the arithmetic Riemann-Roch theorem of Gillet-Soulé.

Proof. We already know that the trivializations of 2 ® 2° considered on both sides are holomor-
phic on R"(T, r) and, along unitary representations, recover the Quillen metric and the natural
metric on the intersection bundles. For these, Deligne’s isomorphism is an isometry, up to an
explicit topological constant determined by the arithmetic Riemann-Roch theorem of Gillet—
Soulé. The locus of unitary representations in R"(T', r) is the preimage of the unitary locus in
M" (T, r) by the quotient map R"(I', r) — M" (T, r). The unitary locus in M"(T', r) is a totally real
submanifold, and the quotient map is a holomorphic submersion. This is enough to ensure that
the Cappell-Miller torsion and the complex metric have to correspond everywhere via Deligne’s
isomorphism, up to the same explicit topological constant as in the hermitian case. U

Remark 10.4. (1) For the proof of the theorem, it is fundamental that the complex structure
on R"(T, r) does not depend on the complex structure of X. This is why we need to work
with representation spaces instead of de Rham spaces.

(2) Because R(T,r) is a normal irreducible space, the Cappell-Miller torsion on R"(T, )
uniquely extends to the whole of R(I', r). This we already knew for the complex metrics
on intersection bundles. The isomorphism 2 ® 2¢ on R(T', r) will necessarily establish a
correspondence between these extensions. The meaning of this on the reducible locus
is not clear. For instance, we do not know if the trivialization defined by extending the
Cappell-Miller torsion to the reducible locus, coincides with the Cappell-Miller torsion
itself (whose definition does not require any irreducibility assumption).

(3) In consideration of the explicit expressions in [56, Section 3 & 4] for the complex metrics
on Deligne pairings, one can see that Theorem is compatible with the anomaly
formula for the holomorphic Cappell-Miller torsion of Liu-Yu [88, Theorem 2.5]. Simi-
larly, our theorem is compatible with the asymptotic expansion established by Su [110,
Theorem 5.5].

The following variant of the theorem may suffice for some applications, e.g. §10.5.5/below.

The proof is similar, and we leave the details to the reader.
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Theorem 10.5. Except for g =r =2, via the isomorphism
IC(E®F)®IC,(E°®F) =A(E®F) ' o A& ®F)™!
® A(det(& ® F)) ® A(det(6° @ F)) ® A(@x)"/ L @ A (G /!

deduced from (3.35), the complex metric on the left hand side corresponds to the combination of
Cappell-Miller torsions on the right hand side.

U
Notice that the previous theorems entail corresponding versions on R"(T',SL,), by restricting
through the closed immersion R"(I',SL,) — R"(T, r).

Corollary 10.6. In the SL, case, and except for g = r = 2, the line bundle (& ® F) ® A(E° ® F)
together with the Cappell-Miller torsion descend to M"(T',SL,).

Proof. This is a simple consequence of Theorem [10.5} Proposition and the fact that the
complex metric on 1C, (&) ® I1C,(&°) descends by construction, see 0

10.3.3. Example: explicit formulas in rank 2. This is a continuation of the example §8.3.2 We
place ourselves in the setting therein, and adopt the same notation. Furthermore, we assume
that g > 3 and instead of working on R"(T’, 2), we restrict to R" (', SL,).
By Theorem and the SL, assumption, the natural isomorphism
IG(Eewy)eCE B0l ) =AEvwk ) e ME s w] )™

® Aw)® A(w‘%o) ® A(Ox,) ® A(O%,)

sends the complex metric on the IC, bundles to a combination of Cappell-Miller torsions. The
determinant bundles in the second line of the isomorphism are constant C-vector spaces of
dimension one, endowed with Quillen metrics. Hence, upon choosing a basis of those, the
Cappell-Miller torsion of A(& ® wi(o) ®AEC® w% ) can be identified with the inverse of the
complex metric on the IC, bundles, up to a consgant. In the vicinity of the unitary locus, the
latter is determined by the explicit construction (8.5).

10.4. Deligne-Riemann-Roch and Bergman projective structures. In Section[9we considered
classical families of projective structures on Riemann surfaces. Yet, the relevant case of Bergman
projective structures was omitted. We are now in position to study the latter, from the point of
view of Chern-Simons transforms and Deligne’s isomorphism. This will be important in
below, where we address a conjecture of Bertola—Korotkin—-Norton.

10.4.1. Relative Bergman projective structures and Chern-Simons transforms. Let X be a marked
compact Riemann surface. The marking induces a canonical basis {A}, B;} ; of the first homology
H, (X, Z). Following Hawley-Schiffer [71} p. 202-203], there is an associated projective structure
on X, extracted from a meromorphic differential on X x X characterized by: i) being symmetric
with a double pole along the diagonal; ii) having biresidue 1; and iii) having vanishing A-periods
in any of the two variables. Locally around a point p in the diagonal, the coordinate expression
of this meromorphic form is

1
——— + = Sg(p) + higher order terms | dx® dy.
(x—-y) 6
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The term Sg(p) is seen to provide the local expression of a projective connection on X. The
construction can be carried out in holomorphic families of marked Riemann surfaces, giving rise
to holomorphic relative projective structures. See for instance Hejhal [73, Section 3]. We refer to
the projective structures so obtained as Bergman projective structures.

Let Xy, be a marked compact Riemann surface of genus g = 2. Introduce the Teichmiiller
space 9 =9 (Xp) and the universal curve f: ¢ — . The fibers of f inherit a marking from X,
and thus we can form the relative Bergman projective connection. This defines a holomorphic
section 0g: I — (€ /9), whose Chern-Simons transform we denote by V. We proceed to
characterize the latter in terms of the determinant of the cohomology and the normalized abelian
differentials.

Consider the Hodge bundle A(O¢) = det f.w¢,;5 on . It has a holomorphic trivialization,
depending on the A-cycles only, of the form w; A ... A wg, where {w;}; is the basis of relative
holomorphic differentials with normalized A-periods:

Wi =0 .
L‘k jk

]

Let 75 be the trivialization of the Deligne pairing corresponding to (w; A...Aw g)®12

isomorphism A(0¢)'* = (we 15, we/7).

via Deligne’s

Theorem 10.7. The connection V® is the unique connection on the Deligne pairing such that
VB1g = 0. In particular, V® is flat.

Proof. During the proof, we denote by V®* the connection on A(0«) deduced by transporting V&
through Deligne’s isomorphism. It is enough to show that V®w; A... A wg = 0. First of all, recall
from the connection V- on the Deligne pairing, arising from the Fuchsian uniformization.
By Theorem[9.11} it coincides with the Chern connection associated to the hyperbolic metric on
w<w, g - We transport it to the Hodge bundle via Deligne’s isomorphism. By the isometry property
of Deligne’s isomorphism, the resulting connection is the Chern connection of the Quillen metric
on A(O«), denoted by V9. The connection form of the latter is given by

Vi A...AW®
(10.7) ! g

=01 A A =0l
WIA...ANwg ogllw: wgllg 08

In this expression, Q is the matrix of B-periods (/, B; Wk, and Z'(1) is the smooth function on I~

which, to a point represented by a Riemann surface X, associates the derivative at one of the
Selberg zeta function of X. See [54, Proposition 6.4] for the statement of the Riemann-Roch
isometry in terms of the Selberg zeta function. Secondly, a result of Takhtajan-Zograf [121), Proof
of Theorem 2] describes the difference between the Bergman and Fuchsian connections:
Z'1)
0g—0f =6m0log ———.
°oF 8 detImQ

After Theorem([9.9} this relationship is equivalent to

Z'(1)
10.8 Ve -VF=120log———.
10-8) 08 detImQ
For the connections induced on A(G«) via Deligne’s isomorphism, the last equality yields
Z'(1)

+0log ———.
o8 detImQ
117

Ve =veQ



Notice here that the factor 12 in equation (10.8) compensates with the power 12 in Deligne’s
isomorphism. Finally, evaluating the last equality on w; A ... A wg and combining with equation
(10.7), we conclude with the desired property: V®*w; A... Awg = 0. O

10.4.2. Relative Bergman projective structure on the Schottky space. Let us maintain the previous
setting. The Schottky space S is a quotient of I, in a way that the fibers of the universal curve
X — G still inherit well-defined A-cycles from the marking of X,. Therefore, the bases of
relative abelian differentials and the Bergman connection descend to G4. Below, we will use
the same notation as in for the descended objects. Our aim now is to compare V® and
V*®, where we recall that V® is the Chern-Simons transform of the relative Schottky projective
structure To that end, we will combine our understanding of the Bergman projective
structures with the results of on the Schottky space.

Before proceeding, we introduce Zograf’s F-function. We follow McIntyre-Takhtajan [93}
Section 2.1 & 5.2], to which we refer for details. For a Schottky group I' « PSL,(C) and y € T'\ {1},
let gy be the multiplier of y. It is a complex number with 0 < |g,| <1, and it only depends on the
conjugacy class of y. We form the infinite double product

FO=[][la-qgp,
[yl k=1

where the first index runs over the primitve conjugacy classes in I', distinct from the identity.
This product may not absolutely converge, but it does for Schottky groups with exponent of con-
vergence 6 < 1. These constitute a non-empty open subset of G,. The function F is holomorphic
on this subset.

Proposition 10.8. On the region of absolute convergence of Zograf's F -function, we have V& — V> =
120log F. Consequently, og — 05 = 6m0logF.

Proof. The proofis a variant of Theorem As in the proof of loc. cit., we let V®* and V>* be
the connections on A(04) deduced from V® and V® via Deligne’s isomorphism. The first claim
reduces to showing V®* — V>* = glog F. On the one hand, by the proof of Proposition and

Deligne’s isomorphism, we know that
1
10.9 V-V = —8qy,
(10.9) 1oz

where V9 is the Chern connection of the Quillen metric on A(@«), for the hyperbolic metric. On
the other hand, by the very definition of the Quillen metric and Theorem|10.7} we have
2
lwq A .../\a)gIIL2
det,Ahyp
In this equation, det’ Ay is the smooth function on &g which, to a Schottky group I', associates

the determinant of the hyperbolic Laplacian on the corresponding Riemann surfaceF_SI The first
assertion is then a result of combining (10.9)-(10.10) and Zograf’s holomorphic factorization
formula [93) Theorem 1]:

(10.10) Ve - VB =0dlog

/
det Ahyp

||a)1/\.../\a)g||i2

C ( L S )|F|2
=Cexp|——— ,
Pl 1™

15The Quillen metric is defined in terms of the determinant of the Laplacian on (0, 1)-forms, but this in turn
equals the determinant of the Laplacian on functions.
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for some constant C.
The second claim follows from Theorem[9.9 O

Remark 10.9. (1) The conclusion of the proposition regarding the comparison of projec-
tive structures was stated in [15, Proposition 5.3], but the details of the proof were not
provided.

(2) Proposition is equivalent to the following explicit description of Deligne’s isomor-
phism for the Hodge bundle. We assume for simplicity that g = 3. Recall from §9.5.2|the
flat trivialization 75 of (wg ;s oLl g), for the connection V°. Then we have

DRR(Z 16¢,09): AOx)? — (wg /6, 0216,
(F-wq /\.../\oog)12 — Tg,

after possibly scaling 75 by a constant. In [70, Theorem 5], Guillarmou-Moroianu built a
similar isometric isomorphism by hand, but the relation to Deligne’s isomorphism was
not addressed. Since both their theory and ours can be compared according to §9.6.3, we
conclude that the power —2 of the isomorphism of Guillarmou-Moroianu coincides with
Deligne’s isomorphism, up to a constant.

10.5. Deligne-Riemann-Roch on quasi-Fuchsian space. We place ourselves in the setting of
and we adopt the same notation. In particular, X is a fixed compact Riemann surface
of genus g = 2, and 2 = J (X,) x T (X,) is the associated quasi-Fuchsian space. We recall
the various Bers’ curves € — 7, f*: Z* — 2, and the notation A * and .4 for the Deligne
pairings in (9.21)-(9.22). Also, we use the terminology “Fuchsian locus” for the Teichmiiller space
diagonally embedded in £, denoted by j: I — 2.

Let k = 1 be an integer. The Deligne-Riemann-Roch isomorphism applied to wé‘ri , o Provides
isomorphisms

(10.11) @%: Mw(’;{i/@)m ~ (Wi)6k2—6k+1_

In a similar vein as in Theorem [10.3} we wish to produce natural holomorphic trivializations
of both sides of ;" ® 2, which correspond under this isomorphism. For the product of the
Deligne pairings ./, we have the complex metrics considered in generally denoted by
Tqe. See in particular Definition Theorem[9.19]and Remark [9.20] Henceforth we tackle
Awhyrs10) @ MO o).

We will make use of hermitian metrics on Deligne pairings, and L? and Quillen metrics on
determinant bundles. All these will be associated to the hyperbolic metric. For simplicity of
language, the Chern connection of the Quillen metric will be called the Quillen connection,
generally denoted V® or simple variants thereof. We will also need the isometry property of
Deligne’s isomorphism.

10.5.1. Restriction along the Fuchsian locus. We study the restriction of the isomorphisms (10.11)
along the Fuchsian locus. We begin by considering the determinant of the cohomology, and we
furnish an analogue of the first part of Theorem|9.19

Proposition 10.10. For every k = 1, there exist unique isomorphisms of € line bundles with
connections on J

JAE, ), V) = AWK, 7,79, A, 5), ¥ = AWk, 1,7,
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with the property of coinciding with the identity at Xy, resp. Xo. Furthermore, they are isometric
for the L? and Quillen metrics.

Proof. We just give the outline of the argument, since it proceeds along the same lines as the
first part of the proof of Theorem|[9.19] We place ourselves in the same situation, and adopt the
notation therein. We first treat the case of ' * — 2. The isomorphism of relative curves & = €y
is isometric for the fiberwise hyperbolic metrics. Therefore, there are induced isometries for the
L? and Quillen metrics

k.
€12
In particular, such isomorphisms preserve the Quillen connections. Pulling back by j, we obtain
isomorphisms

(10.12) G*M@hs N = Ak, ),

preserving the metrics and the Quillen connection. Accordingly, on the open subsets of a suitable
cover {U;}; of I, we have isomorphisms v; of the form (10.12), which differ by constants on
overlaps U; n U;. These constants have modulus one, since the isomorphisms preserve the
metrics. Reasoning as in Theorem because H'(J,S!) = {1}, after possibly scaling the
isomorphisms by constants of modulus one, we can suppose they glue together. The resulting
global isomorphism still preserves the metrics and the connection, since the scaling involves
only constants of modulus one. Further scaling by a constant of modulus one, we can suppose it
to be the identity at Xj. This is the desired isomorphism. For  ~ — 2 we proceed analogously,
but we first find an isometry

A(wg+/9)|vzﬂ(w )|V=pik(/1(w<kg/g-)|U)-

J @G- 9), VY = Mok )79,

where VQ is the Quillen connection on A(w%/JF). Proceeding as in the proof of Theorem|9.19, the

right hand side of the latter is naturally identified with ()L(wckg / Lo/_),ﬁQ), compatibly with the [?
and Quillen metrics. The details are left as an exercice to the reader. [

Corollary 10.11. Via the isomorphisms of Theorem|9.19 and Proposition the restriction of
@; along the Fuchsian locus its identified with the Deligne isomorphism

2_
(10.13) ’1("’%/3‘)12 =~ (W) g, W)y ®F KT,
Likewise, the restriction of 2, along the Fuchsian locus is identified with the conjugate of (10.13).

Proof. We just treat the case of 27, because 9, is dealt with similarly. By the isomorphisms of
Theorem9.19/and Proposition[10.10} the pullback of Z; by j yields an isomorphism of ¢ line
bundles of the form (10.13). Via this isomorphism, the Quillen connection is sent to the Chern
connection of the hyperbolic intersection metric on the Deligne pairing. Deligne’s isomorphism
has this property too, because it is an isometry of hermitian holomorphic line bundles, up to
a constant. We deduce that both isomorphisms coincide up to a constant. The normalization
condition at X; ensures they actually agree everywhere. U

Remark 10.12. The proof of the corollary is based on the fact that two € isomorphisms of line
bundles with connections (£1,Vy) = (£,,V>) differ by a constant. This is no longer true for
isometries instead of horizontal isomorphisms. Consequently, since we only know that the j*@lf
are ¢ isomorphisms, the proof can not resort to the isometry statements in Theorem[9.19|and

Proposition|10.10
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10.5.2. Trivializations of A(wa+,9)®A(wa-2). The trivialization we ultimately seek is a complex
metric version of the Quillen metric. Our approach is based on the existence and properties of
the complex metrics 7o and the previous developments on Deligne’s isomorphisms. We obtain
a new conceptual proof of Kim'’s theorem [82, Theorem 2.8] on the existence of a holomorphic
extension of the determinant of the hyperbolic Laplacian, from the Teichmidiller space to the
quasi-Fuchsian space.

Proposition 10.13. There exists a unique isomorphism of holomorphic line bundles
T2: Mwg+/2) @ Mwa-/2) — Oa,
which coincides with the L?-metric along the Fuchsian locus.

Proof. First of all, we notice that R! fZwg +, ¢ is canonically isomorphic to the trivial line bundle.
Via this trivialization, the L2-metric on the Fuchsian locus is a constant multiple of the trivial
metric. The proportionality factor is given by the hyperbolic volume of the fibers. Therefore, we
reduce to constructing an extension of the L?-metric on det f,f w g+, 0 ® det fy wa -/ 9.

Let (X, Y) be a couple of Riemann surfaces, corresponding to a point of 2. Let w7, ..., a);; be a
basis of H’(X,wx). Via the Hodge filtration H°(X,wx) € H' (X, C), we obtain cohomology classes
in the latter. Because the local system R! f;'C is trivial with fiber H! (X, C), we can view the w}

as in H!(Xy,C), and we will abusively use the same notation for these classes. We argue similarly
for a basis w7,...,w; of H*(Y,wy), from which we obtain classes in H' (Xo,C) = H'(Xy,C). If U is
the cohomological cup-product on H', the assignment

(10.14) wf/\.../\a%@wf/\.../\w;»—»det(if w}uw;) eC

Xo jk

is well-defined. Notice that the integral depends on the orientation of X, determined by its
complex structure. Let us consider the effect of a small variation of (X, Y) in £ and holomorphic
deformations of the bases {a)}r} jand {w]_.} j- The latter exist since the fEwg+, 9 arelocally free.
The corresponding cohomology classes in H'(X;,C) vary holomorphically, since the Hodge
filtrations ffwg+;4 < (R! fC) ® 09 are holomorphic on 2, and the local systems R! f*C are

trivial with fiber H'(X,,C) = H'(X,,C). We infer that varies holomorphically as well.
Equivalently, we have constructed a morphism of holomorphic line bundles

detf*+wgg‘+/9 ® detf*_a)ggf/g — Og.
By construction, along the Fuchsian locus it reproduces the L?-metric. Since the Fuchsian locus
is totally real in £, such an extension is unique.

It remains to prove that 7,2 is an isomorphism. Introduce a marking of Xy, which induces a
canonical homology basis {A}, Bj}; of Xo, and {A},—B;}; of X,. Let (X, Y) be a point of 2. The
surfaces X, Y inherit canonical homology bases from X, and Xo. We take {w}’} jand {w]‘.} j the
bases of normalized abelian differentials for X and Y, respectively. We denote by Q* and Q™ the
corresponding matrices of B-periods. We compute
(10.15) - | otvor| ==@"+Q).

Since the Q* are symmetric with positive definite imaginary part, so is Q" + Q™. Thus, it is
invertible. The proof is complete.

U
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Theorem 10.14. (1) There exists a unique invertible holomorphic function det Apyp: 2 —-C
whose restriction to the Fuchsian locus agrees with the determinant of the hyperbolic
Laplacian, with the zero eigenvalue removed.

(2) The expressiontq:= (det Anye) 17,2 induces a holomorphic trivialization of Mwa -+ 2) ®
AMwao-12), such that Téz corresponds to a complex metric Tqr on AN, via Deligne’s isomor-
phism.

In particular, 1 coincides with the Quillen metric along the Fuchsian locus.

Proof. We will establish all the statements simultaneously. Let 7qf be a complex metric on
A . Recall that j*7q is identified with the intersection metric under the isomorphisms of
Theorem up to a constant. We transport Tq to a holomorphic trivialization of A (wg-+,2)1? ®
Mwa-)2)'?, via Deligne’s isomorphism. Since 2 is contractible and Stein, we can write this
trivialization in the form Téz, for a holomorphic trivialization 7q of AMlw g +,9) ® A(wa-,2). Notice
that 74 is well defined up to a 12-th root of unity, which is irrelevant for our purposes. In the
sequel, we will see 7q as an isomorphism A(wg+/9) ® A(wa-/9) — Og.

Define a nowhere vanishing holomorphic function h: 2 — C by the relationship 1o = h ™ - 7,2.
We claim that & is a holomorphic extension of the determinant of the hyperbolic Laplacian on
the Fuchsian locus, up to a constant. Notice that the uniqueness property of the extension is
guaranteed by the fact that j is a totally real embedding.

Let us examine j*7q. We identify it with a trivialization of A(w«,5) ® A(w«,5) via the iso-
morphism of Proposition Let us see that, up to a constant, j*7q is identified with the
trivialization furnished by the Quillen metric. Indeed, T}f corresponds to Tf via Deligne’s iso-
morphism, and by Theorem [9.19|the section j* 7 is identified with the trivialization associated
to the hyperbolic intersection metric on (w5, w«¢;3), up to a constant. Via Deligne’s isomor-
phism again, this corresponds to the section provided by the Quillen metric on A(w«;7) 12, up to
a constant. By Corollary this is exactly the section that j* Téz identifies with. This confirms
our expectation. By scaling by a constant, we can thus suppose that j*74 corresponds to the
Quillen metric.

For the trivialization j*7,2, we readily derive from Proposition[10.10]and Proposition[10.13]
that it corresponds to the L? metric on Mwe ;7).

To conclude the proof, we now write j*7q = j*h~!- j*7,2. We saw that j*Tq and j*12 corre-
spond to the Quillen and L? metrics on A(wv, 7). By definition of the Quillen metric, we infer
that j* h equals the determinant of the hyperbolic Laplacian, as was to be shown. 0

10.5.3. Trivializations of)l(w(lgw/g) ® A(w%_/g), for k =2. We begin with a brief reformulation of
results of McIntyre-Teo [94, Section 5], providing a trivialization of A(w%., ) ® A(w%._ ;) which
extends the L2-metric. We refer to loc. cit. for the details of the construction.

Let (X,Y) be a couple of Riemann surfaces representing a point in 2. Let 07 ,...,0; be a basis
of HO(X, a)’;(). Then, after Bers [12], there is an associated basis 07,...,0, of HO(y, a)’f,). This basis
is obtained from {9;.“} by applying an integral operator denoted by K_ in [94] Section 5]. It is an
essential feature of K_ that, for a small variation of (X, Y) in £, and holomorphically varying
{6}’} j» the corresponding {9]7} j also vary holomorphically. Furthermore, for couples (X , X), the
{GJT} j are conjugate to the {9}} j- In general, the construction is such that the expression 6] A... A
oF ®0 A...AB, doesnotdepend on the choice of the {6;} j- Itdefines a holomorphic trivialization
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of /1((1)(’;%/,+ / 9) ® A(wgg, ) on 2. Along the Fuchsian locus, the L[%-norm of this trivialization is 1.
We conclude that the L?-metric can be extended to a holomorphic trivialization:

Proposition 10.15. There exists an isomorphism of holomorphic line bundles
Ty2 g )L(wé%ﬂg) ® /l(wﬁ@;_,g) — 09,
which coincides with the L? -metric along the Fuchsian locus.

O
Following [94}, Section 4], we introduce a quasi-Fuchsian version of the Selberg zeta function
at s = k. For a quasi-Fuchsian group T, set

Fie,D) =[] [Ta-q/*".
[yl n=0

Here, the first product runs over the conjugacy classes of primitive elements in I'\ {1}, and g, is
the notation for the multiplier of y. Since k = 2, this product converges absolutely and defines a
holomorphic function on £, denoted by F(k). If T is a Fuchsian group, then F(k,T') coincides
with Z(k,T), the value at s = k of the Selberg zeta function of I'. We refer to loc. cit. for details.
We recall that in the Fuchsian case, Z(k,I') coincides with the determinant of the hyperbolic
Laplacian acting on forms of order k, up to an explicit constant depending only on k and g. See
[55, Proposition 6.2].

Proposition 10.16. The expression T1q i := F (k)_l‘[Lzy ¢ induces a holomorphic trivialization of

A(wgﬁ 10)® /l(wg,, ,9)» Which coincides with the Quillen metric along the Fuchsian locus and such

ek 2_ . . . .
thart(?, corresponds to the complex metric tgs ~***1 on N =551 viq Deligne’s isomorphism,

up to scaling by a constant.

Proof. The proofis an easy variant of the argument of Theorem|10.14} and is left to the reader. [J

Recall now the potential of the Weil-Petersson form on £, constructed in If we intro-
duce the hyperbolic intersection metric on the product of Deligne pairings .4/, the potential
is defined as log IITQFII_Z. Let Str: 2 — R be the Liouville action of Takhtajan-Teo [112]. The
relationship between both potentials is described by the following corollary.

Corollary 10.17. The functionloglltqell coincides with %STT, up to the addition of a constant.

Proof. Introduce the product of Quillen metrics on A(wiw / Q) ® A(a)g{_ ;). Up to a constant
depending only on the genus, the norms of T(lfz and T}QSF coincide, because these sections corre-
spond via Deligne’s isomorphism, by Proposition[10.16| Comparing the content of this equality
to the main theorem of McIntyre-Teo [94} Section 6, Theorem], it is readily seen that log || 7 ¢ |l

coincides with %STT, up to the addition of a constant depending only on the genus. U

Remark 10.18. (1) The proof of the corollary works more generally with any 7q &, k= 2.
(2) In §9.7]we sketched an alternative proof of the corollary. Taking this for granted, we can
reverse the argument provided above and derive the holomorphic factorization formula

of McIntyre-Teo from Proposition|10.16
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10.5.4. On a conjecture of Bertola—Korotkin-Norton. As an application of our results on Chern—
Simons transforms and complex metrics, we will now settle a conjecture of Bertola—Korotkin—
Norton [15} Conjectutre 1.1] on the comparison between Bergman and quasi-Fuchsian projective
structures.

The setting is as follows. We consider the quasi-Fuchsian section o : 2 — 2(Z "/ 2) defined
in (9.20), and restrict it to the Bers slice I (Xp) x {Xo}. This gives a holomorphic section I —
P(€19), where we recall that € — J is the universal Teichmiiller curve. This restricted section
is denoted by og.,. After fixing a marking for Xj, we also have o, the section defined by the
Bergman projective structures and studied in We wish to compare o, and 0.

Recall the invertible holomorphic function det A, of Theorem|10.14}, and restrict it to the
Bers slice. We still use the same notation for the restriction. Let w7, ..., a)jé be the holomorphic
trivializations of fZwq +,9 of normalized abelian differentials, with respect to the given marking.
Restricting to the Bers slice, the w}' induce a basis of normalized abelian differentials of f.wv, .

Similarly, the o7 restrict to a basis of the C-vector space HO(X,, QlY ). Again, we maintain the
0

notation for these restrictions. Evaluating the complex L?-metric provided by Proposition(10.13
(see in particular (10.14)-(10.15)), we have
+ + - -\ _ l + — _ 1 -
T2(@] A AWg ®W AL AWg) = det(afxowj ka)jk = det(E(Q—Qo)),
where (2 is the matrix of B-periods of the fibers of € — J7, and Q is the matrix of B-periods of
Xo. Notice here that —Q) is the matrix of B-periods of X. The function det(Q — Q) is nowhere

vanishing, as we saw that 7,2 is an isomorphism. Thus,

det Ay,
det(Q - Q)

is a well-defined, nowhere vanishing holomorphic function on 7.
The following statement confirms the conjecture of Bertola—Korotkin—Norton [15, Conjecture
1.1].

Theorem 10.19. The difference of the Bergman and Bers projective connections on 9 is given by

det Ay,
det(Q - Qo)

Og — Ogers = 6n610g(

Proof. By Theorem[9.9) we have to establish an analogous formula for the Chern-Simons trans-
forms VB and V®" on (w¢, g, w¢,9). We transport these connections to the Hodge bundle
A(O<«) via Deligne’s isomorphism. As usual in this subsection, the resulting connections are
denoted by V®* and V®**. By Theorem[10.7} we already know that V®'o} A...Aw§ = 0. To
determine the connection V', we first argue with V9 on the whole quasi-Fuchsian space
2. See the discussion around for the definition of V¥, The connection V¢ is such that
the complex metric 7 is flat for V. Therefore, by Theorem V@ s the connection
on AMwg+,9) ® AMwg-,2) for which 74 is flat. Now, the trivialization of this product of Hodge
bundles corresponding to 74 is

aa Ahyp
det (5 (Q* +Q7))

+

0T A LAY

§

(10.16) 1o (1) = BW A...AW]

g)
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with QF denoting the matrices of B-periods of the fibers of Z'* — 2. Hence, this trivialization
is flat for VO©*, But the connection V& is basically the restriction of V¢ to the Bers slice; they
just differ by the trivial connection on the constant line bundle with fiber <“’Yo’w?0>' Then,
restricting to the Bers slice, we deduce that the trivialization of 1(O) given by

det A
—— oA Aw)
det(Q — Q())
is flat for V®* on 9. Equivalently,
VBl AL AW det A
1 —& = —dlog[ ——2—|.
W7 A ... AWy det(Q—Qp)
All in all, we conclude -
VB4 — VBt = §log th—Ahﬁ :
det (Q — Q.())
We finally transport this connection back to the Deligne pairing, taking care of the 12 power, and
achieving our goal. U

10.5.5. Cappell-Miller torsion of quasi-Fuchsian representations. The Cappell-Miller torsion is
difficult to determine, since it is a vector of a generally non-trivial complex line, rather than a
complex number. We now propose a reinterpretation in the case of flat vector bundles arising
from quasi-Fuchsian representations, which to our knowledge is the first non-trivial example of
computation of the Cappell-Miller torsion. We maintain the setting and notation of We
further suppose that the reference Riemann surface Xj has genus g = 3. We endow it with the
hyperbolic metric of constant curvature —1.

We begin with the commutative diagram

M (T, SLy)
P
2~ M" (T, PSLy),,

where I' = 7, (Xj, p) and ¢ is the composition of the relative holonomy map and the retraction.
The lift ¢ exists for topological reasons: 2 is simply connected and, since g = 3, the space
M" (T, SL,) is necessarily the universal cover of M" (I, PSL,) .. Alternatively, the Riemann divisor
provides a global choice of theta characteristic depending on the choice of homology basis. By
Corollary[10.6} the line bundle 1(&) ® A(§¢) and the Cappell-Miller torsion on R"(I', SL,) descend
to M"(I', SL,). We use the same notation for the descended objects, and we pull them back by .
By Proposition[6.10} we have a natural isomorphism

P*AE)BAED)) =P (IC(E)®IC2(E)N L ® AOx,) ® M@’yo))z

which, after Theorem [10.5, is compatible with the Cappell-Miller torsions and the complex
metric on the /C, bundles. We will now take the fourth power of this isomorphism. Before, recall
from Propositionthat PLes(Xo)* descends to M" (T, PSL,), with the same notation for the
descended object. Similarly for X,. The complex metric descends as well, by Propositionm
We find

(10.17) P*AE) ®AEN! = " (Les(X0)' @ Les(Xo)") ® (MO,) ® 1(Ox)°,
125



compatibly with the Cappell-Miller torsions and the complex metrics. Incidentally, we realize
that the left hand side of the isomorphism, together with the Cappell-Miller torsion, does not
depend on the lift . As in Remark[9.18} by the crystalline property of Chern-Simons line bundles,
we can rewrite (10.17) as

(10.18) P*AE) BAUEN* = N @ (A(Ox,) ® MO )’

The complex metric on Zcs(Xp)* induces a complex metric on .4 which, by Theorem
coincides with the holomorphic extension of the metric on the Deligne pairing, up to a universal
constant. This constant depends only on the normalization of the hyperbolic metric. Next, we

take the 6k? — 6k + 1 power of (10.18) and then apply Theorem|10.14]if k = 1, or Proposition|10.16
if k = 2. We find a natural isomorphism

(1019) §"(AE) 8 AEN* 7 = AWl 0) @ M- 0)* @ (AOX,) @ MO ) *F 45,

relating the Cappell-Miller torsion to 74  and the Quillen metric on A(@,), with the convention
Tq,1 = Tq, and up to a universal constant. Since the Quillen metric on A(0OY,) is constant on £,
we conclude that the content of the Cappell-Miller torsion of quasi-Fuchsian representations is
essentially equivalent to the complex metrics 7q .

To conclude, notice that an isomorphism such as (10.19), relating the Cappell-Miller torsion
and the complex Quillen metric, exists for trivial reasons: all the involved line bundles are trivial.
The point of the discussion above is that can be obtained as a succession of natural
explicit isomorphisms, and in particular the crystalline property of complex Chern-Simons line
bundles.

APPENDIX

Proof of Proposition [6.2, For the first claim, notice that the morphisms Ryr(X/S,7) — S and
My (X/S,r) — S are quasi-projective, and S is an algebraic variety. Therefore, we can apply [4,
Exposé XII, Proposition 3.1], and it is enough to check that the morphisms R{;(X/S,r) — §*"
and Mi;(X/S,r) — S*" are flat. By the Riemann-Hilbert correspondence, we may equivalently
reason for R} (X/S,r) — §*" and My (X/S,r) — §*. These are locally trivial fibrations over $**,
hence automatically flat. The smoothness over S of the loci of irreductible representations is
established in a similar manner.

For the second claim, we only need to justify the integrality property. Because integrality is pre-
served by GIT quotients, it is enough to treat Riz(X/S, r). We already know thatis Ryz(X/S,7) — S
is flat. Furthermore, the fibers over closed points in S are irreducible, and necessarily so does
the fiber over the generic point (see [109, Lemma 37.25.1]; closed points are dense in S, which
is also irreducible). From [68], Corollaire 2.3.5 (iii)], we deduce that R,z (X/S, r) is irreducible.
To prove that it is reduced, by [4, Exposé XII, Proposition 3.1] we may equivalently proceed
for R{x(X/S,r) =Ry (X/S, r). The latter is locally trivial over §*". Now, $*" is reduced, and for a
compact marked Riemann surface (X, p), Rg(X, p, ) is reduced as well. The product of reduced
spaces is reduced, thus concluding the proof of the second claim.

The third property has a similar treatment as the second one. In this case, the argument is that
because Rg(X, p, ) and §*" are normal, then Rz (X, p, r) x §*" is normal as well by [4} Exposé XII,
Proposition 2.1] and [69, Proposition 11.3.13].

The determinant one case is proven along the same lines.
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Proof of Proposition[6.3] We begin by proving that R(X/S, r) is irreducible. It is enough to prove
that R*(X/S, r) is irreducible. Indeed, R*(X/S, r) is dense in R(X/S, r), since this is already the
case for the closed fibers over S. Consider RZR (X/S, r) the open subscheme of slope stable vector
bundles and morphism RQ‘R(X /S,r) — R*(X/S, 1) of forgetting the connection, introduced in
Because R);(X/S, r) is irreducible (Proposition, we just need to show that the forgetful
morphism is surjective. Since our schemes are of finite type over C, surjectivity can be checked
at the level of C-points. But a C-point x € R*(X/S, r)(C) corresponds to a stable vector bundle
on the complex projective curve Xy(y); the associated Riemann surface admits a holomorphic
(automatically algebraizable) flat unitary connection by the theorem of Narasimhan-Seshadri
99, Theorem 2]. Thus, x is in the image of RQ‘R (X/S,r)(C). The irreducibility of R(X/S, r) entails
the irreducibility of M(X/S, r), since the latter is a GIT quotient of the former.

Assume for the rest of the proof that S is geometrically unibranch (resp. normal). We will show
that the morphism R(X/S, r) — S is smooth. Taking this for granted, by the local étale structure
of smooth morphisms, it follows that R(X/S, r) is integral (resp. integral and normal), because
it is already irreducible and S is integral (resp. normal). Similarly, R(X/S,r) is geometrically
unibranch [69, Lemme 14.4.1.1]. Then M(X/S, r) is integral (resp. integral and normal) as well, as
itis a GIT quotient of R(X/S, r). We will later comment on the geometrically unibranch property
of M(X/S,r).

Towards the smoothness of R(X/S, r) — S, first we claim that it is universally open. Because S
is geometrically unibranch, by Chevalley’s criterion [69) Corollaire 14.4.4] we are lead to check
that the morphism is equidimensional in the sense of [69, Definition 13.3.2]. This definition
applies here since R(X/S, r) is irreducible. We know that the fibers over closed points are smooth
irreducible, of constant dimension e = 1. Because closed points are dense in schemes of finite
type over C, we derive from [69, Théoreme 13.1.3] that all the fibers have constant and pure
dimension, as required. Next, the fibers of R(X/S,r) — S over closed points are smooth, hence
geometrically reduced, and we can apply [69, Corollaire 15.2.3] to conclude that R(X/S,r) — Sis
flat at closed points (here we use that S is reduced). In our context, flatness is an open condition
on the source [69, Proposition 11.3.1], and closed points are dense. We infer that the morphism
R(X/S,r) — S is flat everywhere. Under the flatness condition, we can apply [69, Théoréme
12.1.6] to see that the smoothness of fibers over closed points implies the smoothness of all the
fibers. Hence, R(X /S, r) — S is smooth, as was to be shown.

We now address the flatness of M(X/S, r) — S and the statement on its fibers, simultaneously.
Because S is reduced, by [69} Corollaire 15.2.3] flatness follows if we can verify that M(X/S,r) — S
is universally open and that the fibers are geometrically reduced. The latter can be verified
at closed points in S. First, the morphism is universally open, because the GIT quotient map
R(X/S,r) — M(X/S, r) is surjective and we already know that R(X/S, r) — S is universally open
69, Proposition 14.3.4]. Next, we assert that for a closed point s € S(C), we have M(X/S,r), =
M(X;, r). Since the latter is integral, hence geometrically reduced, this will prove the second
requirement of the criterion. To set the assertion, write R(X/S,r) — M(X/S,r) — S locally at
the level of C-algebras as B — A® — A, where Spec B is an open neighborhood of s in S and
G = GL,(C). Let E be the Reynolds operator on A [96, Chapter 1, §1 and §2]. If m c B is the
maximal ideal of s, an application of [96, page 28, fact (1)] shows that the natural map A®/mA% —
(A/mA)Yisan isomorphism. Indeed, with the notation therein, if we take Ry = ASc A=R, and
So = A®/mAC, the conclusion is that Sy is the ring of invariants in R ®g, So. But R®g, So = A/mA,
and its ring of invariants is (A/mA)®. Now Spec(A/mA) is the fiber of Spec A over s, and Spec A
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is an affine open of R(X/S, r), and the latter commutes with base change. This is enough to
conclude.

We can now justify that M(X/S, r) is geometrically unibranch. We check the criterion [69,
Corollaire 11.3.14], namely that the morphism M(X/S, r) — S is normal. Because the morphism
is already flat, and closed points are dense in M(X/S, r), by [69, Théoréme 12.1.6] we just need to
observe that the fibers over closed points are normal. The fiber over a closed point s is M(Xj, 1),
and we already know this is normal.

Finally, the smoothness of M*(X/S, r) — S follows from (4). Indeed, it suffices to notice that
the fiber of M*(X/S, r) over a closed point s is M*(Xj, r), as follows from the construction of the
relative moduli space (see [105, Theorem 1.21 (4) & Lemma 1.13]). And the scheme M* (X, r) is
known to be non-singular (see [105, Theorem 1.21 (5)] and [103, Proposition 23]).

The determinant one case is tackled along the same lines.
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