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ON THE MORGAN-SHALEN COMPACTIFICATION
OF THE SL2, C) CHARACTER VARIETIES
OF SURFACE GROUPS

G. DASKALOPOULOS, S. DOSTOGLOW~ND R. WENTWORTH

1. Introduction. Let ¥ be a closed, compact, oriented surface of gepus?2
and fundamental group. Let %¥(I") denote the S(2, C) character variety of’, and
(') c #(I") the closed subset consisting of conjugacy classes of discrete, faithful
representations. Théf(I') is an affine algebraic variety admitting a compactification
%(T) (due to Morgan and Shalen [MS1]), whose boundary paietel™) = Z(T") \

%(I") correspond to elements 6f£(I"), the space of projective classes of length
functions onl" with the weak topology.

Choose a metrio on X, and letilniggs(c) denote the moduli space of semistable
rank-2 Higgs pairs ofX (o) with trivial determinant, as constructed by Hitchin [H].
ThenlHiggs(o) is an algebraic variety, depending on the complex structure defined
by o (cf. [Si]). By the theorem of Donaldson [DJ{tHiggs(o) is homeomorphic to
Z(I"), though not complex-analytically so. Let us denote this mag (I") — Mniggs
(we henceforth assume the choice of base po)nt

We define a compactification afniggs as follows: LetQD (more preciselyQD(o))
denote the finite-dimensional complex vector space of holomorphic quadratic differ-
entials onX. Then there is a surjective, holomorphic mépiggs — QD taking the
Higgs field® to ¢ = det®. We compose this with the map

4g
Q> T
1+4ell
where||l¢|| = [ l¢|, and obtain
det: .ilyiggs —> BQD = {p € QD: [l¢[| < 1}.

Let SQD= {¢p € QD: |l¢| = 1} be the space of normalized holomorphic quadratic
differentials. We then definélniggs = JHiggsU SQDwith the topology given via the
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map det. The aim of this paper is to compare the two compactificatié® and
/‘/LHiggs-

The points of £(I") may be regarded as arising from the translation lengths
of minimal, nontrivial " actions onR-trees. Modulo isometries and scalings, this
correspondence is one-to-one, at least in the nonabelian case (cf. [CM] and our Sec-
tion 2). The boundarg%(I") consists ofsmall actionsthat is, those for which the
arc-stabilizer subgroups are all cyclic. With our choice of conformal struetuvee
can define a continuous, surjective map

(1.1) H:9%(T) — SQD.

When the length functiof¢] is realized by the translation length function of a tree
dualto the lift of a normalized holomorphic quadratic differentiathenH ([£]) = ¢;

the full map is a continuous extension of this (see Theorem 3.9) with the fibéfs of
corresponding more generally foldingsof dual trees.

Let 2.4%(I") denote the space of projective classes of measured foliatiod on
modulo isotopy and Whitehead equivalence (cf. [FLP, exposé 5]). By the theorem
of Hubbard-Masur [HM] we also have a homeomorphidM : ?. 1% (") —> SQD
It is not clear how to liftH to factor through? M% (") in a manner independent
of . However, it follows essentially by Skora’s theorem [Sk] tha#ifis restricted
to PFL(I'), the small actions, then it factors througtM by a homeomorphism
PLLT) —> PMF(T).

With this understood, we define a (set-theoretic) map

by extending the map to H on the boundary. We prove the following.

MaIN THEOREM. The mapi is continuous and surjective. Restricted to the com-
pactification of the discrete, faithful representatiangl’), it is a homeomorphism
onto its image.

Note that the second statement follows from the first, sitc@") consists of small
actions, and therefore the restricted map is injective by the above-mentioned theorem
of Skora. The full map is not bijective: For example, quadratic differentials that are
squares of holomorphic 1-forms are images of the length functions of their dual trees,
but they also appear as images of the limits of abelian representations (see Section 3).
It would be interesting to determine the fibersioin general; this question will be
taken up elsewhere. We also remark that th€2SR) version of the above theorem
leads to a harmonic-maps description of the Thurston compactification of Teichmiiller
space and was first proved by Wolf [W1]. Generalizing this result t®SC) is one
of the motivations for this paper.

This paper is organized as follows: In Section 2 we review the Morgan-Shalen
compactification, the definition of the Higgs moduli space, and the notion of a har-
monic map to arR-tree. In Section 3, we define the boundary nt#apThe key point
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is that the nonuniqueness in the correspondence between abelian length functions and
R-trees alluded to above nevertheless leads, via harmonic maps, to a well-defined geo-
metric object onX, in this case, a quadratic differential. The most important result
here is Theorem 3.7. Along the way, we give a criterion, Theorem 3.3, for uniqueness
of harmonic maps to trees, using the arguments in [W3]. The main theorem is then
proven in Section 4 as a consequence of our previous work [DDW]. In the last section,

a somewhat more concrete analysis of the behavior of high energy harmonic maps is
outlined, illustrating previous ideas.

2. Definitions. Let I be a hyperbolic surface group as in the introduction. We
denote by%(I") the set of representations of into SL(2, C), and by%(T") the
set of characters of representations. Recall that a representatibn— SL(2, C)
defines a character, : I' — C by x,(g) = Trp(g). Two representations and p’
are equivalentif x, = x,. It is easily seen (cf. [CS]) that equivalent irreducible
representations are conjugateplfs a reducible representation, then we can write

(M9 a(g)

for arepresentatioh, : I' — C*. The charactey, determines., up to the inversion
coming from the action of the Weyl group and is, in turn, completely determined by
it. It is shown in [CS] that the set of charactéfg¢l’) has the structure of an affine
algebraic variety.

In [MS1], a (nonalgebraic) compactificatiéi(T") of %(I") is defined as follows: Let
C be the set of conjugacy classedfand letP(C) = P(R€) be the (real) projective
space of nonzero, positive functions 6nDefine the ma@ : (') — P(C) by

9(0) = {log (1%, ()| +2) 1y € C}

and let¥(I")™ denote the 1-point compactification @{I") with the inclusion map

1 %(M) — %M. Finally, Z(T) is defined to be the closure of the embedded image
of #(I") in Z(I')T x P(C) by the map: x 9. It is proved in [MS1] that¥(T) is
compact and that the boundary points consispiective length functionsn I'
(see the definition below). Note that in its definitiaho) could be replaced by the
function {Ep(y)} wheref,, denotes the translation length for the actiorp¢f)

on H3:

yeC’

€p(y) = inf {distys(x, p(y)x) 1 x € H3}

(see [Cp]).

Recall that arR-tree is a metric spac€T, dr) such that any two points,y € T
are connected by segmentx, y] (that is, a rectifiable arc isometric to a compact
(possibly degenerate) interval R whose length realizegr (x, y)) and thatix, y] is
the uniqgue embedded path framto y. We say thatx € 7' is anedge point(resp.,
vertey if 7'\ {x} has two (resp., more than two) componentd " Areeis anR-tree
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with an action ofl" by isometries, and it is calleghinimal if there is no propei -
invariant subtree. We say thBtfixes an enaf T (or more simply, thaf” has a fixed
end) if there is a rayR C T such that for every € T", y(R)N R is a subray. When
the action is understood, we often refer to “trees” instead afrées.”

Given anR-tree(T, dr), the associated length functién : ' — R™* is defined by
Lr(y) =infyerdr(x, yx). If £7 % 0, which is equivalent t& having no fixed point
in T (cf. [MS1, Prop. 11.2.15]), then the class&f in P(C) is called a projective length
function. We denote b £ (I") the set of all projective length functions dntrees.
A length function is callecdbelianif it is given by | (y)| for some homomorphism
u: ' — R. We use the following result.

THEOREM 2.1 [CM, Cor. 2.3 and Thm. 3.7]Let T be a minimall-tree with non-
trivial length function¢;. Thent7 is nonabelian if and only if* acts without fixed
ends. Moreover, iff” is any other minimal’-tree with the same nonabelian length
function, then there is a unique equivariant isomeftry- 7'.

It is a fact that abelian length functions, in general, no longer determine a unique
minimal I'-tree up to isometry (e.g., see [CM, Example 3.9]), and this presents one
of the main difficulties dealt with in this paper.

We now give a quick review of the theory of Higgs bundles on Riemann surfaces
and their relationship to representation varieties. Lef” be as in the introduction.

A Higgs pairis a pair(A, ®), whereA is an SU2) connection on a rank-2 smooth
vector bundleE over =; and ® € Q19(=, Endy(E)), where Eng(E) denotes the
bundle of traceless endomorphismsrfThe Hitchin equations are

Fp+[®, @] =0,

1) D =0.

The groups of (real) gauge transformations acts on the space of Higgs pairs and pre-
serves the set of solutions to (2.1). We denotelfpyygs the set of gauge equivalence
classes of these solutions. Thetyiggs is a complex analytic variety of dimension
6g — 6 (the holomorphic structure depending upon the cheiom X), which admits

a holomorphic map (cf. [H])

(2.2) det: Mpjiggs — QD= HO(Z, KE?) : (A, ®) > detd = — Tr &2,

By associating td(A, ®)] € Jlniggs the character of the flat 2, C) connection
A+ @+ d*, one obtains a homeomorphigm Mpiggs — *(I") (cf. [D], [C]). Implicit
in the definition ofs is al'-equivariant harmonic mapfrom the universal covel?
of ¥ to H3. It is easily verified that thédopf differential of u, Hopf(u) = ¢ =
(u,,u;)dz?, descends to a holomorphic quadratic differentian = equal to det
(up to a universal nonzero constant).

Having introduced harmonic maps, we now give an alternative way to view the
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Morgan-Shalen compactification. First, it follows by an easy application of the
Bochner-Weitzenbdck formula that a sequence of representatjaiserges to the
boundary only if the energieB (u,,) of the associated equivariant harmonic maps
u,, are unbounded. Furthermore, given such a sequence, it is shown in [DDW] that
if the p; converge to a boundary point in the sense of Morgan-Shalen, then the har-
monic mapsu,, converge (perhaps after passing to a subsequence) in the sense of
Korevaar-Schoen to B-equivariant harmonic map: H? — (T, dr), where(T, dr)
is a minimall’-tree having the same projective length function as the Morgan-Shalen
limit of the p;. As pointed out before, the tree is not necessarily uniquely defined,
and even in the case where the tree is unique, uniqueness of the harmonic map is
problematic.

Recall that a harmonic map to a tree means, by definition, an energy minimizer for
the energy functional defined in [KS1]. Given such a map, its Hopf differeften
be defined almost everywhere, and by [S1, Lemma 1.1], which can be adapted to the
singular case, one can show that the harmonicity iofiplies thatp is a holomorphic
guadratic differential. The equivariancewfmplies thatg is the lift of a differential
on . Note also that if, : H? — T is harmonic, then Hogf:) = 0 if and only if u
is constant. In the equivariant case, this in turn is equivalegtte: O (cf. [DDW]).
For the rest of the paper, we tacitly assufpez 0.

A particular example is the following: Consider a nonzero holomorphic quadratic
differential ¢, and denote byp its lift to H2. Locally away from the zeros; may
be written asiz? with respect to a local conformal coordinate- £ +in. The lines
& = const (the vertical leaf space) and transverse meaggteyive the structure of
a metric spacdy;, which is independent of the choice of coordinatend naturally
extends past the zeros. According to [MS2] (and using the correspondence between
measured foliations and geodesic laminatiofg)is anR-tree with an action of",
and the projectionr : H? — T; is aT'-equivariant continuous map. We note two
important facts: (1) The vertices @} are precisely the image by of the zeros of.
(2) Since the action of on T is small,7; has no fixed ends (cf. [MQ]).

ProPoSITION 2.2 The mapr : H? — T; is harmonic with Hopf differentiap.

Proof. Since T; has no fixed ends, the existence of a harmonic map follows
from [KS2, Cor. 2.3.2]. The fact that is itself an energy minimizer seems to be
well known. See, for example, [W2] and the introduction to [GS]: Although the
definition of harmonic map in [W2] is a priori different from the notion of an energy
minimizer, a proof follows easily. Indeed, for fixed# 0 and positive real numbers
t; — oo, we can find a sequence of hyperbolic metiée®n  such that the unique
harmonic maps(c) — X(o;) homotopic to the identity have Hopf differentials
tip (cf. [W1] and [Wan]). Uniformizing thes;, we obtain a sequengg of discrete
faithful SL(2, R) c SL(2, C) representations ang-equivariant harmonic maps :

H2 — H? with Hopf differentialsz; . Letd; denote the pullback distance functions
on H? by theu;, and letd,, denote the pseudometric obtained by pulling back the
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metric onT;; by the projectionr. Extend all of these to pseudometrics, also denoted
d; andd,, on the spacél2, constructed in [KS2]. Then the natural projectidh —

H2, /doo = T; coincides with the map. On the other hand, by [W2, Section 4.2],
d; — ds pointwise, locally uniformly. Therefore, by [KS2, Thm. 3.8],is an energy
minimizer. O

Next, we considel -trees that are not necessarily of the fofin We need the
following.

Definition 2.3. A morphismof R-trees is a mapf : T — T’ such that every
nondegenerate segmednt, y] has a nondegenerate subsegnientv] such thatf
restricted tglx, w] is an isometry onto its image. The morphigfris said tofold at
a pointx e T if there are nondegenerate segmdntsy1] and[x, y2] with [x, y1]1N
[x, y2] = {x} such thatf maps each segmeft, y;] isometrically onto a common
segment ir?”’.

It is a fact that a morphisnf : T — T’ is an isometric embedding unless it folds at
some point (cf. [MO, Lemma I.1.1]). We also note that, in general, foldihgs 7’
may take vertices to edge points. Conversely, verticé® imeed not lie in the image
of the vertex set of".

PROPOSITION 2.4 (cf. [FW]). LetT be anR-tree withI" action, and lets : H2 —
T be an equivariant harmonic map with Hopf differentjal Thenu factors asu =
fom, wherer : H? — T; is as in Proposition 2.2 angf : T; — T is an equivariant
morphism.

Proof. Considerf = uon~1:T; — T. We first show thatf is well defined:
Indeed, assumey, z> € 7 ~1(w). Thenzs andz, may be connected by a vertical leaf
e of the foliation of@. Now, by the argument in [W3, p. 117}, must collapse: to
a point, and sau(z1) = u(z2). In order to show thaif is a morphism, consider a
segmentx, z] € T. We may liftx to a pointx away from the zeros af. Moreover,
we may choose a small horizontal @rfrom X to somey projecting to[x, y] C [x, z],
still bounded away from the zeros. The analysis in [W3] again shows that this must
map byu isometrically onto a segment if. O

Remark. Itis easily shown (cf. [DDW]) that images of equivariant harmonic maps
to trees are always minimal subtrees; hence, throughout this paper we assume, without
loss of generality, that our trees are minimal. Thus, for example, the factorization
f :T; — T above either folds at some point or is an equivariant isometry.

3. The map H. The Hopf differential for a harmonic map to a given tree is
uniquely determined, as shown by the following statement.

ProrosiTioN 3.1 Let T be a minimalR-tree with a nontriviall' action. If u, v
are equivariant harmonic mapd? — 7, thenHopf(u) = Hopf(v).
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Proof. This is proven in [KS1], where in fact the full pullback “metric tensor”
is considered. In our situation, the result can also be seen as a direct consequence
of the leaf structure of the Hopf differential. First, by [KS1, p. 633], the function
Z > a’%(u(z),v(z)) is subharmonic; hence, by the equivariance it must be equal
to a constant. We assume # 0, since otherwise there is nothing to prove. Set
@ = Hopf(u), ¥ = Hopf(v). Suppose that € H? is a zero ofj, and letA be a small
neighborhood of containing no other zeros gfand no zeros ofr, except perhaps
p itself. Then by Proposition 2.4 it follows thatis constant and equal (p) on
every arce C A of the vertical foliation ofg with endpointp. On the other hand,
v(e) is a connected set satisfyinly (u(p), v(z)) = c for all z € e. Since spheres are
discrete in treesy is constant and equal to(p) on e as well. Referring again to
Proposition 2.4, this implies thatmust be contained in a vertical leaf ¢f In this
way, one sees that the zerosgoaindy coincide with multiplicity inH2. Thus, the
same is true fop andy on . Since the quadratic differentials are both normalized,
they must be equal. O

We also need the following restriction on the kinds of foldings that arise from
harmonic maps.

Lemma 3.2 LetT; — T arise from a harmonic map as in Proposition 2.4. Then
folding occurs only at vertices, that is, the images of zerog. dht the zeros of,
adjacent edges may not be folded. In particular, folding cannot occur at simple zeros.

Proof. The argument is similar to that in [W2, p. 587]. Suppgse H? is a
zero at which a folding occurs, and choose a neighborhwarf p contained in a
fundamental domain and containing no other zeros. We can find distinct segments
e, ¢’ of the horizontal foliation oy with a common endpoint that map to segments
of T;. We may further assume that the foldifiy — 7' carries each ot ande¢’
isometrically onto a segmeatof 7. Suppose that ande’ are adjacent. Then there is
a small diskA’ c H? that, under the projection : H? — T;, maps tar (e) U (e')
and whose center mapsdp) (see Figure 1). Then the harmonic mapH? — T
mapsA’ onto the segmertt with the center mapping to an endpoint. lgetlenote
the other endpoint of. The functionz — (dr (u(z), ¢))? is subharmonic o\’ with
an interior maximum. It therefore must be constant, which contradiet9. For the
last statement, recall that the horizontal foliation is trivalent at a simple zero, so that
any two edges are adjacent. O

Though the following is not important in this paper, we find it interesting that a
unigueness result for equivariant harmonic maps to trees follows from these consid-
erations, in certain cases.

TueoreM 3.3 Let u : H2 — T be an equivariant harmonic map with =
Hopf(u). Suppose there is some vertexof 7; such that the mapf : 7; — T
from Proposition 2.4 does not fold at Thenu is the unique equivariant harmonic
map toT .
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= vertical foliation

| = horizontal foliation

FIGURE 1

Proof. Let p be a zero o projecting viarr to x, and letv be another equivariant
harmonic map td@. Choose a neighborhoatl of p as in the proof of Proposition 3.1,
and again suppose that the constastdr (u(z), v(z)) # 0. Recall that is a vertex of
T;. By the assumption of no folding at there must be a segmentf the vertical foli-
ation ofg in A, with one endpoint being, having the following property: For ary:~
p in e there is a neighborhoaod’ C A of z such that:(A)N[u(p), v(p)] = {u(p)}.
By Proposition 3.1 and Lemma 3.2, we see that for stchw(A’) & [u(p), v(p)].
Thus, there is @ € A such thatu(q) ¢ [u(p),v(p)] andv(qg) ¢ [u(p), v(p)]. But
thendr(u(q),v(q)) > dr(u(p),v(p)) = c, a contradiction. O

CoroLLARY 3.4 Let ¢ # 0 be a holomorphic quadratic differential oB. Then
the mapr : H2 — T; in Proposition 2.2 is the unique equivariant harmonic map to
T fu: H? — T is an equivariant harmonic map artdopf(x) has a zero of odd
order, thenu is unique.

Proof. The first statement is clear from Theorem 3.3. For the second statement,
notice that ifp is a zero of odd order, we can still find a neighborha@ddas in the
proof of Theorem 3.3. O

Proposition 3.1 allows us to associate a unigueSQDto any nonabelian length
function.

ProrosiTION 3.5 Let[¢] € P£(I") be nonabelian. Then there is a unique choice
¢ € SQD with the following property: IT" is any minimalR-tree with length func-
tion ¢ in the class[¢], andu : H2 — T is a I'-equivariant harmonic map, then
Hopf(u) = ¢.

Proof. Let{ € [¢]. By Theorem 2.1, there is a unique minimal t@eup to isom-
etry, with length functior? and no fixed ends. By Proposition 3.1, any two harmonic
mapsu,v : H2 — T have the same normalized Hopf differential. Furthermore, if
T’ is isometric to7 and«’ is a harmonic map td”, then, composing with the
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isometry, we see that has the same Hopf differential as any harmonic map.td
the length functior? is scaled, then the normalized Hopf differential remains invari-
ant. Finally, sincel" has no fixed ends, it follows from [KS2, Cor. 2.3.2] that there
exists an equivariant harmonic map H? — T'; so we setp = Hopf(u). O

We now turn our attention to the abelian length functions. These no longer deter-
mine a uniqueR-tree in general; nevertheless, we see that there is still a uniquely
defined quadratic differential associated to them.

ProrosITION 3.6. Let £ be an abelian length function, and IEtact onR with
translation length function equal to Then there is an equivariant harmonic function
u : H? — R, unique up to translations d&, with Hopf differentialy = (®)2, where
& is the lift toH?2 of an abelian differentialy on =. Moreover, is determined by the
periods ofRe(w).

Proof. The uniqueness statement is clear. By harmonic theory, there is a unique
holomorphic one-formw on X such that the real parts of its periods correspond to
the homomorphism

w:m(X) — Hi(Z,7) — R.

Choosing any base point of H2, the desired equivariant harmonic function is
the real part of the holomorphic functiofi(z) = [ @. The Hopf differential is

(f' @)% = (@)> O

It is generally true that harmonic maps to trees with abelian length functions have
Hopf differentials with even-order vanishing and that the length functions are re-
covered from the periods of the associated abelian differential, as the next result
demonstrates.

TueoreM 3.7. Letu : H? — T be an equivariant harmonic map to a minimal
R-tree with nontrivial abelian length functiof ThenHopf(u) = (&)2, where® is
the lift to H2 of an abelian differentialy on . Moreover,¢ is determined by the
periods ofRe(w).

Proof. We first prove that the Hopf differentigd = Hopf(x) must be a square. It
suffices to prove that the zeros @fare all of even order. Lep be such a zero, and
choose a neighborhol of p as above. Sinc& has an abelian length function, the
action ofI' must fix an endt of T. Then, applying the construction of Section 5 of
[DDW], we find a continuous family of equivariant harmonic magsobtained by
“pushing” the image of: a distance: in the direction of the fixed end. On the other
hand, ifg had a zero of odd order, this would violate Corollary 3.4.

We may therefore express = (&)? for some abelian differentiab on H2. A
priori, we can only conclude thab descends to an abelian differentialon an
unramified double coveE of ¥ determined by an index-2 subgrolipc T'. Let L
be a complete noncritical leaf of the horizontal foliationzofChoose a pointg € L
and letxp = u(xp). We assume that we have chosenso thatxp is an edge point.
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FIGURE 2

Then there is a unique ra§ with end pointxg leading out to the fixed end. Let R
denote the half-leaf of. starting atrg and such that a small neighborhoodvgfin R
maps isometrically onto a small subsegmenRof

We claim thatR itself maps isometrically ont®. For suppose to the contrary that
there is a poiny € R such that the portiofxo, y] of R from x to y maps isometrically
onto a subsegment &, but that this is not true for any € R\ [xo, y]. Clearly, the
image ofy by u must be a vertex of". Recall the factorizatiory : 7; — T from
Proposition 2.4. Sinc¢ is a surjective morphism of trees, the vertice§'adre either
images byf of vertices of7; and, hence, images hy of zeros ofg, or they are
vertices created by a folding gf. Thus, there are two cases to consider: (1) There
is a pointg such thaty andgqg lie on the same vertical leaf angdis a zero ofg.
Moreover, there is a critical horizontal le&f with one end point equal tg, a small
subsegment of which maps isometrically onto a subsegmet with end point
q = u(q) (see Figure 2). (2) There is a poigtsuch thaty andg lie on the same
vertical leaf,g is connected by a horizontal leaf to a zerof ¢, and the mag folds
at (p), identifying the segmertp, ¢] with a portion[p, ¢’] of another horizontal
leaf R’. Moreover,[p, g'] maps isometrically onto a subsegment of the unique ray
from p = u(p) to the endE (see Figure 3).

Consider case (1): As indicated in Figure 2, we can find a small neighborkood
of y and portions of horizontal leavesande’ meeting aly that map isometrically
onto segments df intersecting the imag®&’ = u(R’) only in 4. Now, as above, by
pushing the image af in the direction ofE and possibly choosing. smaller, we
can find a harmonic mag, that mapsA onto a segment with end poigtand maps
y to the opposite end point—a contradiction. The argument for case (2) is similar:
We may find a diskA centered ai that maps to the union of segmeififs g] and
[7, g], with y being mapped tg. Then, pushing the map in the direction Bfas
above again leads to a contradiction (see Figure 3).

Next, we claim that for ang € T, £(g) is given by the period of Ré) around a
curve representing the clagg]. First, by definition of a fixed end, the intersection
RNg(R) contains a subray a&, and for allx in this subrayf(g) = dr (%, g(x)) (cf.
[CM, Thm. 2.2]). For simplicity then, we assum&R) C R. Choose a lift ofx to
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E E
Rt \/ ¥
q9'— u _ _ =
/g
f _
/0 7
FIGURE 3

x € R. Thenu(g(x)) = g(¥) € R. Suppose(x) is connected by a (possibly empty)
vertical leaf to a point’ on R. Then the curvey consisting of the portiorix, x']

of R from x to x’ followed by the vertical leaf t@(x) projects to a curver on X
representing;. Moreover, sinceR maps isometrically ont@®, £(g) is the length of
[x, x"] with respect to the transverse measure determineg. I8inceR contains no
zeros ofg, the latter is simply the absolute valuef[;;’x,] Re(w). Futhermore, since
the vertical direction lies in the kernel of R®), we also have

/ Re(@)': / Re(®)
v 14
as desired.

Now consider the possibility that(x) € g(R) is not connected t&® by a vertical
leaf. Sinceg(x) € R, it follows from Proposition 2.4 and the fact th&tmaps ontaR
that there is an intervening folding of a subrayg@R) onto R. Let y € R project to
the vertex inT at which this occurs. The simplest case is wheis connected by a
vertical leaf to a poinw € g(R), and the folding identifies the subray &fstarting
at y isometrically with the subray of (R) starting atw. The same analysis as above
then produces the closed cunve
A more complicated situation arises when there are intervening vertices (see Fig-
ure 4(a)): For example, there may be zepog of ¢, a pointw’ € g(R), and segments
e, e, ande” of the vertical, horizontal, and vertical foliations, respectively, with end-
points{y, p}, {p,q}, and{g, w'}, respectively. Moreover, the mapfolds ¢’ onto a
subsegmeny of R with endpointsy andy’, and then it identifies the subray &f
starting aty’ isometrically with the subray qf (R) starting atw’. In this way, we see
that a subsegment’ of g(R) with endpointsw’ andw gets identified withf ande’;
in particular, the transverse measures of these three segments are all equal. (Strictly
speakingy’ need not lie orR as we choose it, but this does not affect the argument.)
Now consider the prongs at the zepo for example. These project to distinct
segments irf;, which are then either projected to segment% iimtersectingr only
in y; or alternatively there may be a folding identifying them with subsegments of

L(g) =
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FIGURE 4

R. Let us label the prongs with & sign if there is a folding onto a subsegment of

[¥, E), with a— sign if there is a folding onto a subsegmen{ofy], and with a O if

no folding occurs or if the edge is folded along some other segment (see Figure 4(b)).
Since p is connected by the vertical leafto R, we label the adjacent horizontal
segments with+ and — accordingly. Working our way aroung in the clockwise
direction, and repeatedly using the “pushing” argument from Section 5 of [DDW],
we find that every second prong must be labejedhile the intervening prongs may

get either— or 0 (recall Lemma 3.2). Therefore, there must be an odd number of
prongs betweer’ and the one adjacent éggwhich is identified in the leaf space with

a portion of f. A similar argument applies tg, ¢’, and f'.

Let 7’ be the path fromy’ to w obtained by followingf, e, ¢, ¢”, and thenf’.
Because of the odd sign to the folding of the prongg aind g, one may easily
verify that | f};, Re(c?))| is the just the transverse measure of the segnfemdeed,
supposep has a zero of orderr2at some pointp, and choose a local conformal
coordinatez such thaz(z) = z2'dz?. Then the foliation is determined by the leaves
of ¢ = z™1/n+1. If ¢ is a primitive 2 + 2 root of unity, thenz — ¢*z takes
one radial prong to another, with— 1 prongs in between (in the counterclockwise
direction). The outward integrals of R@ along these prongs to a fixed radius differ
by (—1)%. Our analysis implies that— 1 is odd, sc is even, and we have the correct
cancellation. If we extengl’ along the horizontal leave® andg(R) to a pathy from
x to g(x), then| f); Re(d))l =dr(x, g(x)) as required. In general, there are additional
intervening zeros, and the procedure above applies to each of these with no further
complication.

Thus, ¢ restricted tal" is given by the periods of R&). Since the real parts of the
periods of an abelian differential determine the differential uniquelypust agree
with the pullback to= of the form in Proposition 3.6; in particular, it descendsto
This completes the proof of Theorem 3.7. O

We immediately have the following.
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CoroLLARY 3.8 Fix an abelian length functioa. Then for any tre@ with length
function ¢ and any equivariant harmonic map: H? — T, we haveHopf(v) =
Hopf(u) whereu is the equivariant harmonic function from Proposition 3.6 corre-
sponding tof.

We are now prepared to define the map (1.1). Take a representatif/¢l]
PL(T). There are two cases: K is nonabelian, use Proposition 3.5 to define
H([£]) = ¢. If £ is abelian, use Proposition 3.6. The main result of this section
is the following.

THEOREM 3.9, The mapH : ?L(I") — SQD defined above is continuous.

Proof. Suppose€¢;] — [£], and assume, to the contrary, that there is a subse-
guence, which we take to be the sequence itself, suchHIgt 1) — ¢ # H ([£]).
Choose representativés — ¢£. If there is a subsequengg€} consisting entirely of
abelian length functions, thehitself must be abelian, and from the construction of
Proposition 3.6 H (¢;;) — H({), a contradiction. Thus, we may assume all £fis
are nonabelian. There exi®-treesT;, unique up to isometry, and equivariant har-
monic maps:; : H2 — T;. We claim that ther; have uniform modulus of continuity
(cf. [KS2, Prop. 3.7]). Indeed, by [GS, Thm. 2.4], it suffices to show that;) is
uniformly bounded. IfE (#;) — oo, then the same argument as in [DDW, proof of
Thm. 3.1] would give a contradiction. It follows by [KS2, Prop. 3.7] that there is
a subsequencg’} (which we assume is the sequence itself) suchdhaonverges
in the pullback sense to an equivariant harmonic mapgH? — T, whereT is a
minimal R-tree with length function equal t& In addition, by [KS2, Theorem 3.9],
Hopf(u;) — Hopf(u). If £ is nonabelian, we have a contradiction by Proposition 3.1;
if £ is abelian, we have a contradiction by Corollary 3.8. O

4. Proof of the main theorem. We show how the results of the previous section,
combined with those in [KS2] and [DDW], give a proof of the main theorem. We first
reduce the proof of the continuity éfto the following.

Cramm. If [p;] € (') is a sequence of representations converging4p e
PL), thenh([p;]) — H([L]).

Suppose the claim holds aridis not continuous. Then we may find a sequence
x; € PLI)UZ(T) such thaty; — x buth(x;) — y # h(x). If x € L) so that
h(x) = H(x), the claim rules out the possibility that there is a subsequenpe joih
%(I"). In this case then, there must be a subsequen@¢fi(i"). But this contradicts
the continuity of H, by Theorem 3.9. Thus; must be in%(I'). But then we may
assume thdtx;} C %(I"), so thath = & on{x;}. The continuity of the homeomorphism
h :%(I") — Jpiggs then provides the contradiction.

It remains to prove the claim. Again suppose to the contrary[ifydt— [¢] but
h([pi]) = ¢ # H([£]) for ¢ € SQD First, suppose that there is a subsequédpgé
with reducible representative representatipns I' — SL(2, C). Up to conjugation,
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which amounts to changing the choice of representative, we may assumes daes

a given vector G4 v € C?, and that the action on the 1-dimensional line spanned by
is determined by a charactgy : ' — C*. The associated translation length functions
¢; are therefore all abelian, and §¢) must be abelian. We may assume there is a
representativé such that’;; — ¢. By Proposition 3.6 there are harmonic functions

w,up  H? — R~ C*/U (1) — H3,

equivariant for the induced action 6fon C* by x andy;, respectively. These con-
verge (after rescaling) to a harmonic functionH — R, equivariant with respect to
an action orR with translation length functiof. Since the length functions converge,
it follows from the construction in Proposition 3.6 that Hapf) — Hopf(«), and so
by the definition ofH, h([p;:]) — H([£]), a contradiction.

Second, suppose that there is a subsequigndef irreducibles. Then by the main
result of[DDW] we can find a further subsequence (which we take to be the sequence
itself) of p;-equivariant harmonic maps : H2 — H?3 converging in the sense of
Korevaar-Schoen to a harmonic map H? — T, whereT is a minimal R-tree
with an action ofl" by isometries and length functiohin the clasg¢]. As above,
Hopf(u;/) — Hopf(u), so by the definition ofd, h([p;r]) — H ([£]), a contradiction.
Since we have accounted for both possible cases, this proves the claim.

5. Convergence of length functions. In this final section we briefly sketch an
alternative argument for the convergence to the boundary in the main theorem, based
on a direct analysis of length functions, more in the spirit of [W1]. The generalization
of estimates for equivariant harmonic maps with tafgétto maps with target®
has largely been carried out by Minsky [M]. We discuss this point of view, however,
since it reveals how and why the folding of the dual tigeoccurs.

The first step is to analyze the behavior of the induced metric for a harmonic map
u : H2 — H? of high energy (at the points whereis an immersion). As usual we
denote byg the Hopf differential for the map. Because of equivariance, is the
lift of a holomorphic quadratic differentigh on . Recall the norm|¢| from the
introduction, and letZ(¢) c ¥ denote the zero set @f. We also sefu to be the
Beltrami differential associated to the pullback meu’fdsuﬁ]s.

LeEmmA 5.1 Fix 8, T > 0. Then there are constaniy « > 0 such that for allt, 1,
andg as abovell¢|| > T, and all p € X satisfyingdist, (p, Z(¢)) > §, we have

|og(i> (p) < Be_aH(PH .
el

Proof. This result is proven in [M, Lemma 3.4]. One needs only a statement
concerning the uniformity of the constants appearing there. However, by using the
compactness dbQD, one easily shows the following: Fér> O there is a constant
¢(8) > 0 such that, for allp € SQDand all p € X such that dist(p, Z(¢)) > 4,
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the disk U of radiusc(s) (with respect to the singular flat metrig|) around p
is embedded irE and contains no zeros @f. Then the result cited above applies.
O

This estimate is all that is needed to prove convergence in the case where there
cannot be a folding of the dual tré¢ such that the composition of projectionTg
with the folding is harmonic. From Lemma 3.2, this is guaranteed, for exampgle, if
has only simple zeros. For simplicity, in this section we assume all representations
are irreducible.

THEOREM 5.2 Given an unbounded sequengeof representations with Morgan-
Shalen limit[£], letu; : H2 — H° be the associategd;-equivariant harmonic maps.
Suppose that fop; = Hopf(u ;) we havey;/|l¢;ll — ¢ € SQD, wherep has only
simple zeros. Thelt] = [¢r], whereT = T.

Proof. We prove the convergence of length functions in two steps. First, we com-
pare the length of closed curvesin the free isotopy clasg/] with respect to the
induced metric fromx; to the length with respect to the transverse measure. Second,
we compare the length of the image hy of a lift y to M2 of y to the translation
length inH® of the conjugacy class th@] represents. The basic idea is that the
image ofy very nearly approximates a segment of the hyperbolic axip fdi1).

For¢ and[y] as above, let,([y]) denote the infimum over all representatiyes
of [y] of the length ofy with respect to the vertical measured foliation definedby
If u : H? — H3 is a differentiable equivariant map, we defifig[y 1) as follows: For
each representative of [y ], where[y ] corresponds to the conjugacy clasgaf I',
lift y to a curvey at a pointx € H?, terminating atgx. We then take the infimum
over all suchy of the length ofu(y). This is¢,([y]), and by the equivariance af
it is independent of the choice of Finally, recall that the translation length([y 1)
for a representatiop : I' — SL(2, C) is defined in Section 2.

Givene > 0, let QD, c QD\{0} denote the subset consisting of holomorphic
guadratic differentialg having only simple zeros, and such that the zeros are pairwise
at least ar-distances apart. Notice that for £ 0, QD, = QD,. The next result is a
consequence of Lemma 5.1.

ProposiTiON 5.3 For all classeq[y] and differentialsy € QD,, there exist con-
stantsk andn depending on¢||, [y], ande, so that

kl,([yD+n=tu(yD = £y([¥D

wherek — 1 andp||l¢||~Y? — 0 as|¢| — o in QD,.

Sketch of proof. We first need to choose an appropriate representative for the class
of [y]. Such a choice was explained in [W1]. Namely,for 0 and a giverp, we can
find a representative consisting of alternating vertical and horizontal segments and
having the transverse measure of the c[gdsMoreover, because the zerosgére
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simple, for sufficiently smal§ we can also guarantee thaavoid as neighborhood of
the zeros. Now the proof follows as in [W1, Lemma 4.6]. Note that alohgrenonic
maps ray(that is, a sequenag such that Hopfu;) is of the formz; ¢ for a fixedy and

an increasing unbounded sequengewe no longer necessarily have monotonicity
of the norm of the Beltrami differentialgc(s;)|. The argument for the estimate still
applies, however, since the representativese uniformly supported away from the
zeros. There, we apply the estimate Lemma 5.1. The details are omitted. O

Next, we comparé, with the translation length ifS.

PrOPOSITION 5.4 Letp : ' — SL(2,C) andu : HZ — H?3 be thep-equivariant
harmonic map withp = Hopf(«). Suppose € QD,. For all classeqy] there exist
constantsn and¢ depending orilg||, [¥], ande, so that

mly([yD+¢=Lu(lyD = £,([¥ D,

wherem — 1and¢|l¢||~Y/? — 0 as|l¢| — oo in QD,.
Combining Propositions 5.3 and 5.4 proves Theorem 5.2. O

Sketch of proof of Proposition 5.40ne observes that away from the zeros, the im-
ages of the horizontal leaves of the foliationgoflosely approximate (long) geodesics
in H3, while by Lemma 5.1 the images of vertical leaves collapse. More precisely,
the following is proven in [M, Thm. 3.5].

LEmMMA 5.5 Fix § > 0, a representatiorp : I' — SL(2,C), and letu : H2 —
H23 be the p-equivariant harmonic map with Hopf differential. Let 8 be a seg-
ment of the horizontal foliation af from x to y and suppose that, for alp € 8,
dist; (p, Z(¢)) = 5. Then there is am, exponentially decaying ifi||, such that the
following hold:

(1) u(B) is uniformly withine of the geodesic ifil® from u(x) to u(y).

(2) The length of«(B) is within & of distys (u(x), u(y)).

The following is a key result.

LemmA 5.6, Giveng € SL(2, ©), let £(g) denote the translation length for the
action ofg on H3. Suppose that c H? is a curve that isg invariant and satisfies
the following property: For any two points, y € s, the segment of from x to y is
uniformly within a distancd. of the geodesic i3 joining x and y. Then there is a
universal constan€ such that

)icréfydistu.us (x, g(x)) <{l(g)+C.

Proof. The intuition is clear; such anmust be an “approximate axis” f@r. The
proof proceeds as follows: Choase s, and letc denote the geodesic iti® from x to
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g(x). By [Cp, Lemma 2.4] there exists a universal consfa@ind a subgeodesiof ¢
with the property thaiength(¢) — £(g)| < D. Leta andb be the endpoints a@fclosest
to x andg(x), respectively. By the construction éfin the reference cited above, it
follows that disjys(b, g(a)) < D; hence, disfs(b, g(b)) < £(g)+2D. Now by the
assumption om, there is a poiny € s close tob, so that disgz(y, g(¥)) < £(g)+C,
whereC =2(D +1). O

Proceeding with the proof of Proposition 5.4, choose the represenjatigedis-
cussed in Proposition 5.3. We may then liftjioc H? so thaty is invariant under
the action ofg. Now y is written as a union of horizontal and vertical segments
of the foliation of@. Lets = u(y).Then Lemmas 5.1 and 5.5 imply thakatisfies
the hypothesis of Lemma 5.6. Moreover, using Lemma 5.5 again, along with some
elementary hyperbolic geometry, one can show thatirdistys(x, g(x)) is approx-
imated by the length of a segmentufy) from a pointu(x) to u(gx). We leave the
precise estimates to the reader. O

From Lemma 3.2, we see that foldings can only arise when the Hopf differentials
converge inSQD to differentials with multiplicity at the zeros. From the point of
view taken here, this corresponds to the fact that the representatives for closed curves
y chosen above may be forced to run into zeros of the Hopf differential where the
estimate Lemma 5.1 fails. These may cause nontrivial angles to form in the image
u(y) which, in the limit, may fold the dual tree.

Consider again the situation along a harmonic maps ray with differenti@iven
[y] corresponding to the conjugacy class of an elemgert ", representativey
still may be chosen as in the proof of Proposition 5.3 so that the horizontal segments
remain bounded away from the zeros. However, it may happen that a vertical segment
passes through a zero of order two or greater. For simplicity, assume this happens
once. Dividey into curvesyy, y2, andy,, wherey, is the offending vertical segment,
and lift to segments, 7», andy, in H2. Note that one end point of each of thigs
corresponds to either end pointaf, and the other end points of thgs are related
by ¢. By the Lipschitz estimate for harmonic maps to nonpositively curved spaces,
we have a bound on the distancelif? between the end points af(y,) in terms
of the length ofy, and the energy (u)Y/2 (cf. [S2]). Thus, the rescaled length is
small; in fact, since the length of, is arbitrary, the distance converges to zero. On
the other hand, the previous argument applies to the segm@hmdsandu (72), which
are connected by(7,). Adding the geodesic ifl2 joining the other end points of
u(y1) andu(y2) forms an approximate geodesic quadrilateral, which, in the rescaled
limit, converges either to an edgegno folding) or a possibly degenerate triped
(folding). In both cases, there is an edge that, by the same argument as in the proof
of Proposition 5.4, approximates the axis@f(g) for large j. At the same time,
the rescaled length of this segment is approximated by the translation length of the
elementg acting on a folding off;; at the zero.

Aninteresting question is whether this approach may be used to determine precisely
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the fibers of the map in the main theorem. While the essential ideas are outlined here,
a complete description is not yet available. We will return to this issue in a future work.
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