VARIATIONS ALONG THE FUCHSIAN LOCUS
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1. INTRODUCTION

Classical Teichmiiller theory provides links between complex analytic and
dynamical quantities defined on Riemann surfaces with conformal hyperbolic
metrics. More precisely, properties of the geodesic flow of a hyperbolic structure
are related to holomorphic objects on the underlying Riemann surface. The Selberg
trace formula is an instance of this correspondence. The goal of this paper is to
extend this relationship in the context of higher rank Teichmidiller theory. Specifically,
in the case of Hitchin representations we find analogs to the fundamental results
of Wolpert — as well as those of Hejhal and Gardiner — that compute variations of
dynamical quantities for deformations of the complex structure parametrized by
holomorphic differentials. In particular, we refer here to Gardiner’s formula [15]
which computes the variation of the length of a geodesic in terms of Hejhal’s periods
of quadratic differentials; the relation between the Thurston and Weil-Petersson
metrics [42]; the computation of the variation of the cross ratio on the boundary at
infinity of surface groups and the study of Fenchel-Nielsen twists [41].

Let us be more concrete. Let X be a closed Riemann surface of genus at least two,
and X the underlying oriented differentiable manifold. Let 0x be the monodromy of
the unique conformal hyperbolic metric on X. Let ,, be the irreducible representation
of PSL(2,R) in PSL(n, R). The Fuchsian point is the representation

Oxn =ty 0 0x : 11(X) — PSL(n, R) .

A Hitchin representation is a homomorphism 6 : m1(X) — PSL(n, R) that can be
continuously deformed to the Fuchsian point. We call the set H(X, n) of conjugacy
classes of Hitchin representations the Hitchin component. The Fuchsian locus is the
subset of H(Z, n) consisting of Fuchsian points obtained by varying the complex
structure on X. By an abuse of terminology, we shall refer to these Fuchsian points
as Fuchsian representations 11(X) — PSL(n, R). Furthermore, throughout this paper
we can and will assume a lift of Hitchin representations from PSL(n, R) to SL(n, R).

Hitchin [21] proves that H (X, n) can be globally parametrized by the Hitchin base:
QX,n) = Pr- H(X, K¥), where K is the canonical bundle of X. Thus, the tangent
space of the Fuchsian point of the Hitchin component can also be described as
Q(X, n). This infinitesimal parametrization, which will be crucial for our calculations,
depends on some choices, and it is natural to normalize so that the restriction to
the Fuchsian locus corresponds to classical deformations in Teichmiiller space. In
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fact, in this paper we shall use two natural families of deformations (that is vectors
in Ts,,H(Z, n) associated to a point g € Q(X, n)) which are related by a constant
depending only on 7 and k:

(1) The standard deformation y°(q), for which the result of the computations are
easier to state,

(2) The normalized deformation y(g), for which the Atiyah-Bott-Goldman sym-
plectic structure of the Hitchin components coincides along the Fuchsian
locus with the symplectic structure inherited from the L?-metric on the
Hitchin base (see Corollary 5.1.2).

Recall that the moduli space of representations m1(X) — SL(n, C) is a hyperkéhler
variety [20]. This structure is reflected in three algebraically distinct descriptions:
the Dolbeault (Higgs bundle) moduli space, the de Rham moduli space of flat
connections, and the Betti moduli space of representations. We exhibitisomorphisms
of the tangent space to the Fuchsian point in each of these manifestations as
Q(X, n) ® Q(X, n). We furthermore show that the different points of view actually
give rise to the same parametrization of the tangent space at the Fuchsian point.
A key point is that the first variation of the harmonic metric for certain variations
of Higgs bundles vanishes (see Theorem 3.5.1). This result may be viewed as a
generalization of Ahlfors’ lemma on variations of the hyperbolic metric under
quasiconformal deformations by harmonic Beltrami differentials [1]. All this
occupies Section 3.

The discussion above is the complex analytic side of the Hitchin component,
and we now wish to relate it to the dynamical side. In [25], the first author shows
that if 6 is a Hitchin representation and y a nontrivial element in 7;1(X), then
0(y) has n-distinct positive eigenvalues. The underlying idea is to associate to a
Hitchin representation a geodesic flow (see also [18] and [8]), thus giving a dynamical
characterization of the Hitchin component.

This leads to the main motivation for this paper. In [8], Bridgeman, Canary, Sam-
barino and the first author constructed a pressure metric on the Hitchin component
whose restriction to the Fuchsian locus is the Weil-Petersson metric. In Section 6,
we shall prove the following

Theorem 1.0.1. Let 6 be a Fuchsian representation into SL(n, IR) associated to a Riemann
surface X with a conformal hyperbolic metric. Let q be a holomorphic k-differential on X,
2 < k < n, and let °(q) be the associated standard deformation. Then the pressure metric
is proportional to the L>-metric:

1 k—1)! 1
Py (476 °60) =y | S [ e

Moreover, two deformations associated to holomorphic differentials of different degrees are
orthogonal with respect to the pressure metric.

The first ingredient in the proof of this theorem is an extension, Theorem 4.0.2, of
Gardiner’s formula to Hitchin representations. This computes the first variation of
the eigenvalues of 6(y) as a function of 6 under a standard deformation. The result,
proven in Section 4, is a generalization of the classical formula for holomorphic
quadratic differentials [15]. We reproduce the statement here for the highest
eigenvalue.
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Theorem 1.0.2. [GARDINER FORMULA] For Hitchin representations, the first variation at
the Fuchsian locus of the largest eigenvalue A,, of the holonomy along a simple closed geodesic
y of hyperbolic length €, along a standard Hitchin deformation given by q € H(X, K*), is

“1fm-1)! [& o e
dlog A, (¥°()) = % /O R (4(7,....7)) dt.

The complete result, Theorem 4.0.2, also gives the variation of the other eigenval-
ues, and Corollary 4.0.4 gives the variation of the trace. The proof of Gardiner’s
original formula makes use of the theory of quasiconformal maps. For Hitchin
representations, no such technique is available, and our proof is purely gauge
theoretic. Finally by a formula in Hejhal [19] (attributed to Petersson) the right
hand side of the equation above can be interpreted as the L? pairing of g with the
relative Poincaré series @,ff‘) associated to y (cf. Section 2.1.3 and Proposition 2.1.1).

The second component in the proof of Theorem 1.0.1 is a relationship, proved in
Section 6, between the variance and the L2-metrics for holomorphic differentials. The
correspondence with the variance metric in the case of quadratic differentials has
been discussed by different methods in McMullen [28]. We conclude with a remark
on the family of pressure metrics that one can define on the Hitchin component.

Let us pause to note an interesting consequence of the dependence on the degree
of the differential in Theorem 1.0.1. We shall see later on that the Atiyah-Bott-
Goldman symplectic form w, on H(E, 1) is also related to the L>-pairing. Given the
pressure metric P and the symplectic form w, one obtains the pressure endomorphism
A so that P(1,v) = w,(A- u,v). Observe that A is analytic on the Hitchin component.
Our result is the following

Corollary 1.0.3. The eigenspaces of A% along the Fuchsian locus are, after the identification
of the tangent space with the Hitchin base, precisely the subbundles H(X, K¥) consisting of
holomorphic differentials of degree k. Moreover, the induced complex structure (by A) on
these eigenspaces coincides with the complex structure on H°(X, K¥).

In other words, two objects from the dynamical side, the pressure metric and
symplectic form, detect the decomposition along the Fuchsian locus of the tangent
space in sum of complex bundles of holomorphic differentials, a decomposition
coming from the analytic side. It therefore seems interesting to study the decompo-
sition into eigenspaces of A? everywhere on the Hitchin component, and not only
along the Fuchsian locus.

We further investigate the symplectic geometry of the Hitchin component in
Section 5.1. To a simple closed geodesic y and an element / of the Cartan subalgebra
of PSL(n,IR) we associate a higher Fenchel-Nielsen twist T,(h), which is a vector
field on H(X,n). In Corollary 5.2.2, we show that these twist deformations are
represented by linear combinations of the relative Poincaré series of y (of different
degrees). The Hamiltonian vector fields of the eigenvalues of 6(y), viewed as
functions of the representation 6, are expressed as linear combinations of the twist
deformations about y. We also prove the following generalization of [41, Theorem
2.4].

Theorem 1.0.4. [RECIPROCITY OF THE TWIST DEFORMATION] Forall integersk,p,1 < p < n,
2 < k < n, and any simple closed geodesics a, B, the following holds at the Fuchsian locus:

dlog AY (lpo(i' @,(sk))) = —dlog /\EP) (wo(i @ff))) /
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where /\(yp (6) is the p"-largest eigenvalue of 5(y).

In Section 7, we compute the variation for the cross ratio under Hitchin defor-
mations, generalizing [41, Lemma 1.1.]. We give two formulations of this result:
Theorem 7.2.1 using a generalized period that we call a rhombus function, and
Theorem 7.0.1 using automorphic forms. We also comment on the triple ratios for

SL(3, R).

Finally, in Section 8, we provide two applications to large n-asymptotics. First,
in Theorem 8.1.1 we show that (after a further normalization) the pressure metric
converges for large rank to a multiple of the L2-metric. In this situation, it is more

natural to consider the renormalized highest eigenvalue y, = /\;%1 , and the associated
renormalized pressure metric. The reason for this choice is so that the highest
eigenvalue does not depend on n along the Fuchsian locus.

We prove the following

Theorem 1.0.5. [LARGE n-asymprotics] The large n asymptotics for the renormalized
pressure metric and renormalized deformation 1(q) associated to a holomorphic k-differential
q is given by

2k - 1)!
RGO Y0) ~ 555 . WlPdo

This theorem provides a link between two large n-asymptotic theories of the
Hitchin component. In [22], Hitchin argues that one can build a Higgs bundle
theory for SU(c0), regarded as the group of symplectic diffeomorphisms of the
sphere. The Hitchin base is @;., H’(K"), and thus describes a large n-analytic
side. On the other hand, in [26] the first author has shown that there is a Hitchin
component H(oo,R) of representations of 7t1(X) in SL(co,R), where the latter is
considered to be (a subgroup) of the group of Hamiltonian diffeomorphisms of
the annulus. In this approach, all Hitchin components embed in H(co,R), and
all representations in H(co, IR) are associated to geodesic flows and spectra, thus
providing a dynamical side to the story. It is therefore tempting to try to understand
in which way, at least formally, these versions of SL(c0) and SU(c0) have the same
complexification.

The second application is motivated by the question raised at the end of the
introduction of [26], a somewhat simpler version of which was posed to us by
Maryam Mirzakhani: are the geodesic currents arising from Hitchin representations
dense in the space of all geodesic currents? An even simpler test question is
the following. Given p conjugacy classes of pairwise distinct primitive elements
V1,-..,yp in (X)), let

AS = Uy, {(10g Ay, 9),..., Jog Ay, (6) € RP | & € H(EZ,m)} .

Then what is the closure of A;’;’ in (R+)7? We prove in Theorem 8.2.1 that this set
has nonempty interior. This result should be compared with a result of Lawton,
Louder and McReynolds [27] which states that two elements of 771(X) have different
traces for a certain linear representation.

Acknowledgments. The authors warmly thank Jergen Andersen, Marc Burger,
David Dumas, Maryam Mirzakhani, Andy Sanders, Mike Wolf, Scott Wolpert and
Alex Wright for useful conversations related to the material in this paper. They
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2. PRELIMINARIES

In this section we present background material. First, in Section 2.1 we give a
review of holomorphic differentials, introducing periods, relative Poincaré series
and the Petersson and L? pairings. Section 2.2 is a review of what we shall need
from Lie theory. Next, in Section 2.3 we present a summary of Higgs bundles for
general complex semisimple Lie groups. Finally, we give the definition of opers
(here only for the case of SL(n, C)) in Section 2.4.

2.1. Holomorphic differentials.

2.1.1. The L?-metric. Let X be a closed Riemann surface of genus > 2. We will always
assume a conformal metric on X is the hyperbolic metric of constant curvature —1.
We denote the area form by do, and the Hodge operator by . The metric induces a
hermitian structure (, ) on K, and hence on K*. For 71,2 smooth k-differentials, we
define the L?-metric

(q1,92) = /X<q1/lh>d(7-

In local holomorphic coordinates z = x + iy, and with slight abuse of notation the
area form may be written do = o(z)dx A dy for a locally defined function o(z). Let
h = ({(dz,dz))"". Then 2k = g, so that do = ih(z)dz A dz. It follows that if g; = q;(z)dz",

G020 = /X 1 RN (E) do . (1)

Warning: The definition above differs from the usual Petersson pairing [31]:
e = [ @G0 @ do =2 g ax

Let X = T\H? be the uniformization of X coming from the hyperbolic metric.
We will assume that I has been lifted (once and for all) to a discrete subgroup of
SL(2,R).

2.1.2. Integration along geodesics. Let m : UX — X be the unit tangent bundle of X,
equipped with the Riemannian metric induced from X. Let ¢b; be the geodesic flow
and u the Liouville measure normalized to be a probability measure. In general, if
f is a function on UX, and y : [0, {] — UX a geodesic arc, we shall write

4
[ras= [ so.onas @
Yy 0

For integers k, a smooth section g of K* defines a complex valued function § : UX — C
that is homogeneous of degree k with respect to the S'-action on UX. If y is a unit
speed geodesic with parameter s in X, we will also use the alternative notations

t
/q(y,...,y)ds:: /qu.
0 14

In this notation we regard g € K* as a k-C-multilinear form on TX. Then 7 € K'is
defined by

qlus, ..., u) = qQua, .. ug) -
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so that -
t t
/Oﬁ(%--.,y)dw/oq(y,...,y)ds- €)

2.1.3. Relative Poincaré series. Let q be a holomorphic differential on H. Let I' be a
Fuchsian group then the following series, when it exists and converges,

COEDSIOR
nel

is called the Poincaré series of q and is I' invariant. For any pair of distinct points
u, U € d.H? LI H?, let

(U - it)dz
Ez-)z-1)’
where it and U are the endpoints at infinity of the geodesic joining u and U with
the obvious convention. Observe that for any n € PSL(2, R), we have

Ou,u(z) = (4)

N0uu = O,y -

Let y be a closed geodesic associated to an element (also called y) of I', and u, U
the repelling (resp. attracting) fixed points of y in JH2. Observe that y"©,,;; = O, 1.
The relative Poincaré series (of order k) of y, is

@g‘) = Z rf@’;,u .
ner/(y)
From the definition, one immediately sees that
ey, = (-ned. )
By direct computation (see [19, eq. (77)]) we find
Proposition 2.1.1. For any automorphic form q of degree k,

[adas=n-qef), . ©)
')/

where
=125 2((k — 1)1)?
(122 = 1)) .
(2k-2)!In
Remark 2.1.2. Note that if {,, denotes the length of y, then the theta series in [19, eq. (56)]
is = (2sinh(¢, /2)) - ©.

e =

2.2. Lie theory.

2.2.1. Principal s\(2) subalgebras. Here we review material from Kostant [23] using
(partly) his convention about the generators. Let G be a complex semisimple
Lie group G of rank / with Lie algebra g. Let (-,-), denote the Killing form of g,
normalized so that the squared length of a longest root is 2. Fix generators for sl(2):

[a,x]=x,[a,yl=-y, [x,y]l =—a. (8)

Here we use a different convention for the sign of x from that of Kostant. With this
understood, the defining representation is denoted «; : sl(2) ~ sI(C?). Notice here
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that, for the sake of coherence with [23], we use a (nonalgebraic) convention, which
differs from that of Bourbaki.

ww= ("7 0,) =0 V) ew=( 5 o) ©

Consider a principal sl(2, C) embedding x, : 5I(2) < g. Then g decomposes into
irreducible representations of the principal sl(2),

l
a=EPoi, (10)
i=1

with dim¢ v; = 2m; + 1. The numbers m; are all distinct and ordered so that
m; < Mjs1 .

They are called the exponents of the group G. The grading by the element a gives
the decomposition

g= @ S - (11)

=—m,

Given a Cartan involution p of g, fixing the principal subalgebra, and such that
y = p(x), we shall say that a basis {e1,..., e} (resp. {fi,..., fi}) of highest (resp.
lowest) weight vectors for the sl(2, C) action is normalized if

(1) fi = ple), and
(2) foreachk,

= (e fi)g = d(9) , (12)
where d(g) is the Dynkin index for the principal embedding, which is defined
by

_ (xq(a), k4(a))q
TR 13

Observe that a normalized highest weight vector is uniquely determined up to
multiplication by an element of S!. The justification for the introduction of this
normalization will appear in Section 5.1.

In the case G = SL(n, C), we can make a more explicit choice of highest weight
vectors. Let «, : sl(2) — sl(n) denote the principal embedding (unique up to
conjugation), viewed as a linear embedding via the defining representation of
SL(n,C). We will use two choices of highest and lowest weight vectors EJ, F) €
sl(n, C), for the representation of sl(2). First, let X = x,(x), Y = x,(y) = p(X), where
p(M) = —M" is the standard Cartan involution. Then define the standard highest and
lowest weight vectors

= (—V2X)", B = p(E) = - (V2Y)' (14)

We now renormalize these highest and lowest weights with respect to the trace to
obtain the normalized vectors:

Er = mE} , Fx = p(Ex) , (15)

where 1) is a positive number so that E; and Fy are normalized in the sense discussed
above. That s,
o dn)
= T EDRD)

(16)
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where the Dynkin index d(n) of the principal sl(2) < sl(n) is (cf. [30])

_ Tr(ka(@)?)  (n+1

An explicit calculation of the normalization and the constant )y is given in Corollary

A.2 in the Appendix:
_ 1 n+1 1/2. n+k\ (18)
T=r\ 3 %k+1)

2.2.2. A useful basis. We will need the following technical result which is probably
well-known.

Lemma 2.2.1. Given a choice of highest weight vectors {e;}._, there is a basis {hj}§:1 of the
centralizer 3(X — Y)R, such that (ei,hj)g = bjj.

.....

Proof. Recall the decomposition (10). This is an orthogonal decomposition for the
Killing form. First, observe that since X — Y is conjugate to a multiple of g,

dim3(X-Y)Np; =dim3@) Nno; =1.

To conclude, we need to prove that the Killing pairing with e; defines a nonzero
form on 3(X — Y) N v;. Recall that v; is generated by ¢; and its iterated images
under ad(X - Y). In particular, if w € 3(X - Y) and (w,¢;); = 0, then for all k,
(w, (@d(X — Y))k ei)q = 0 and thus w = 0. We can therefore find an element /; in v; so
that (h;,¢;); = 1. The result follows.

]

2.2.3. The involution associated to the real split form. We briefly recall material from
[23], which is also explained in [21, 3]. The choice of a principal subalgebra with
its standard generators defines a Cartan subalgebra and a (C- antilinear) Cartan
involution p. Moreover, one can define a C-linear involution ¢ characterized by

O(Ei) = =€, O(Y) =-Y.

Then ¢ and p commute. Furthermore, the real split involution A = ¢ o p is such that
its set of fixed points is a real split subalgebra gy of g. The complexification of gy is g.

2.3. Higgs bundles.

2.3.1. The Hitchin component. A representation of 7t;(Z) into the real split form Gg of
Gis Fuchsian if it is conjugated to a discrete faithful representation taking values in the
principal SL(2, R). A representation is Hitchin if it can be continuously deformed into
a Fuchsian representation. The Hitchin component is then (a connected component)
of the space whose points are equivalence classes of Hitchin representations up to
conjugacy by an element of Gr. We denote the Hitchin component by H(Z, Gr).
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2.3.2. Higgs bundles and the self duality equations.

Definition 2.3.1. A G-Higgs bundle is a pair (P, ®), where P is a holomorphic principal
G-bundle P — X, Gp = P Xg g is the associated holomorphic adjoint bundle, and
® € H' (X, Gp ® K).

Let K ¢ G be a maximal compact subgroup. We will regard a reduction of P
to a principal K-bundle Pk as arising from a smooth family of Cartan involutions
on the fibers of Gp. By a slight abuse of notation, we denote such a family by
p. A connection on Pk induces a covariant derivative V on the vector bundle Gp
satistying V(p) = 0. Conversely, given p and a connection on P that is compatible
with the holomorphic structure, there is a uniquely determined connection on Px
called the Chern connection. The curvature Fy of such a connection is a section of
Q% (X, Gpy)-

With this understood, we introduce Hitchin’s equations.

Fy ~[®,p(@)] =0,
V(p)=0.

For a given G-Higgs bundle (P, ®), eq. (19) may be viewed as equations for p. A
solution p to eq. (19) will be called a harmonic metric [13, 10, 24]. As a consequence
of the Hitchin equations, the associated connection

D=V+®-p®),

is flat, and the associated representation of 71(X) — G is called the monodromy of
the solution of the self duality equations.

In this paper we will not need the details of the notion of (semi)stability of Higgs
bundles, other than to note the following (cf. [20, 33, 6]).

(19)

Theorem 2.3.2 (HrrcHIN-KoBAYASHI CORRESPONDENCE). A stable G-Higgs bundle admits
a harmonic metric, i.e. a solution to (19).

2.3.3. Hitchin sections. We recall here the construction of the Hitchin section, which
depends on a normalization. First, the Hitchin base is defined as

!
QX,0):= HHUX K", (20)
i=1
Forq =(q1,...,q1) € Q(X, g), we define the normalized Hitchin deformation

!
o) = D qi®ecQXG), (1)
i=1
where {e;}}_, are normalized highest weight vectors for the principal sl(2) < g (see
equation (12)). In the case of SL(n, R) it is convenient to introduce the standard
Hitchin deformation

1
() = DY ai®E cQVXG), (22)

i=1
We shall choose our Hitchin section L : Q(X, g) = Mpuy(X, G) to be

Lgr,---q) =G Y+ 1) . (23)
Then by [21] we have
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Theorem 2.3.3 (HitcHIN sEcTION). For any g, the Higgs bundle L(q) admits a unique
solution of the self duality equations (19). If 6(q) the monodromy of the corresponding
solution modulo conjugacy, then the map q — 5(q) is a diffeomorphism from the Hitchin
base Q(X, g) to the Hitchin component H(Z, GRr).

2.3.4. The Fuchsian Higgs bundle. Let us consider the holomorphic vector bundle
H=K'e0eK.

Choosing a spin bundle S on X identifies H with the sI(2, C) bundle of trace free
endomorphisms of S ® S!. Actually, this identification is independent on the
choice of S. The hyperbolic metric defines a metric on S @ S7!, and hence a Cartan
involution on H. Finally, the canonical bracket map viewed as a holomorphic
section of K® K™! ¢ K® H, defines a holomorphic section @y € Q0(X, H). The
hyperbolic metric defines a connection on #, and all together V, p, @y satisfy (19).

2.3.5. The Fuchsian G-Higgs bundle. Let G be a complex Lie group equipped with
a choice of a principal SL(2,C) with its canonical generators 4, X, Y. We use the
grading defined in eq. (11) to define a holomorphic bundle G by

m
G:= P anoK". (24)
m=—m
Since the complex vector bundle underlying G will later be equipped with another
holomorphic structure, we will refer to (24) as the split holomorphic structure. Observe
that now H maps into G by

H - (19K @ge(@meKk),
w,o,w)y —» (Yu,auv, Wuw).

Thus the Higgs field @y € Q°(H) defined in the previous paragraph gives rise to a
Higgs field, also denoted by @ € Q(G). By definition, the equivalence class of
the Higgs bundle (G, ®y) is the Fuchsian point in Mpy(X, G).

Observe that the family of Cartan involutions on H defined in the previous
paragraph extends to a section of Cartan involutions on G (also denoted p). Similarly
the hyperbolic metric connection extends to a connection. This connection, also
denoted V on G, is compatible with the holomorphic structure and metric: V(p) = 0.
In other words, V is the unique p-compatible Chern connection on G. Then,
altogether the connection (V, @y, p) solves Hitchin equations (19).

In the special case of SL(n, C), it is useful to consider the vector bundle

&=Sym"'(Ses)=Ps¥ T, (25)
p=1
where S is a spin bundle. Then G will be the (trace free) endomorphism bundle of

E.

2.4. Nonslipping connections and opers. In this section, we restrict ourselves to
the case G = GL(n, C) and refer to [4, 5] for general G (see also: [12], [37], [17] the
original reference [14] and the geometric version [32] for further discussion). Let
P — X be a holomorphic vector bundle. A holomorphic filtration of P is a family
{Fp}1<p<n of holomorphic subbundles of # such that

« Fu=P,
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« i CT
e dim(F,) =p.

Definition 2.4.1. [OrEers] A holomorphic connection D on P equipped with a holomorphic
filtration {F,h<p<n is nonslipping if it satisfies the following conditions

o VF, C Fpy1 forallp,

e If ay is the projection from Fp1 to Fps1/Fp, then the map

(X, u) = a(Dx(w)),

considered as a linear map from K* ® F,/Fp1 = S" 1% to Fpar [ Fp = S" 1% is
the identity.
A nonslipping connection is also called a GL(n, C)-oper.

2.4.1. The Veronese oper and the nonsplit holomorphic structure. Let S be a spin bundle
on the Riemann surface X, so that S* = K. Let Eop =] "=1(§1=") be the holomorphic
rank 7 bundle of (1 — 1)-jets of holomorphic sections of S'™". Let ¥, be the vector
subbundle of G, defined by

Fp={j""o|j" "o =0}

The family {#,}1<p<n is @ holomorphic filtration of Gop: we have 7, = Eqp, Fp-1 C F
and dim(¥,) = p. Observe furthermore that

ﬂ/ﬂ—l — Kn—p—l ® Sl—n — Sn—l—Zp .

In particular, the graded bundle associated to the filtration is given by &in (25). We
let &p be the same underlying complex vector bundle, but with the holomorphic

structure induced by dp. We will call this the oper holomorphic structure. The Veronese
oper or Fuchsian oper is &, equipped with the above filtration and the Fuchsian
holomorphic connection D.

3. MoDULI SPACES AND THE TANGENT SPACE AT THE FUCHSIAN POINT

By construction, every Riemann surface defines a Hitchin parametrization of the
Hitchin component by the Hitchin base. In particular, the tangent space at the
Fuchsian point (the image of zero under this parametrization) is identified with the
Hitchin base.

However, working directly with this description of the tangent space at the
Fuchsian point might not be very handy since, at first sight, it involves solving an
elliptic PDE. We rather describe another approach which will be more helpful in the
sequel: roughly speaking we will describe the tangent space of Hitchin component
at the Fuchsian point as the real part of an oper deformation.

Let us summarize here the construction in the following

Proposition 3.0.2. Let g € Q(X, g) be an element of the Hitchin base. Let A be the real split
involution, D the flat connection at the G-Fuchsian point, and ) (q) = ¢(q) + M¢p(q)) €
QYZ, g). Then,

dp¢(9) =0, dpy(g) =0.

Furthermore, passing to cohomology, the map 1 realizes an isomorphism ¢ : Q(X, g) —
H}(g), which coincides with the isomorphism coming from the Hitchin parametrization.
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In this proposition, we refer to the renormalized Hitchin section, but the same
statement clearly holds for the standard Hitchin section.

By the previous proposition ¢(g) can be considered as an element of H., (%, G).
It is the tangent vector to a one parameter family of flat connections: D; = D + t(q),
which we will call an oper deformation.

In the course of proving Proposition 3.0.2, we will actually describe and relate
the Fuchsian points in various moduli spaces, parametrize their tangent spaces and
spend some time describing intermediate results of independent interest.

3.1. Moduli spaces. We define the following moduli spaces (see [35, 36]):

(1) The Dolbeault moduli space Mpe(X, G) of s-equivalence classes of semistable
G-Higgs bundles on X,

(2) The de Rham moduli space Mr(Z, G) of gauge equivalence classes of reductive
flat G-connections,

(3) The Betti moduli space Mp(Z, G) of conjugacy classes of completely reducible
representations 71 (X) — G.

There are homeomorphisms, which are diffeomorphisms in the neighborhood of
the Fuchsian point

Mpa(X,G) & Mur(Z,G) & My(z, G) (26)

where HK (resp. RH) is the Hitchin—Kobayashi (resp. Riemann-Hilbert) correspon-
dence.
We also introduce two distinguished submanifolds of the moduli space:

(4) The Hitchin component H(L, Gr) of conjugacy classes of Hitchin representa-
tions into a split real form of G;
(5) The oper moduli space Op(X, G) of gauge equivalence classes of G-opers.

This section focuses on the common (smooth) Fuchsian point in the moduli spaces
that we have encountered before: the Fuchsian G-Higgs bundle, the Fuchsian
or Veronese oper etc. The Fuchsian point is a point of transverse intersection of
H(Z,Gr) and Op(X, G). The outcome will be to describe this tangent space in its
various guises using the Hitchin base and the Hitchin section.

More precisely we have several goals in this section.

e In Propositions 3.2.1 and 3.3.1 and 3.4.1, we describe, using Hitchin de-
formations, the tangent space at the Fuchsian point for the three moduli
spaces Mp(X, G), Mr(X, G), and Mg(X, G). The description is in terms
of isomorphisms with Q(X, g) ® Q(X, g), where Q(X, g) is the Hitchin base
(20). The corresponding tangent vectors are called Dolbeault, Hodge and
Betti deformations, respectively.

e Then in Corollary 3.5.2, we show that all these descriptions coincide. In
other words, the isomorphisms with the space of holomorphic differentials
commute with the Riemann-Hilbert and Hitchin-Kobayashi correspon-
dences. This follows from the vanishing of the first variation of the harmonic
metric for Dolbeault deformations.

e Finally, we use this (now unambiguous) description to achieve our main
goal: describing the tangent space of the Fuchsian point in the Hitchin
component as the Hitchin base in Proposition 3.6.1. In particular, we relate
this tangent space to the handy oper deformations.
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We remark here that this discussion extends the various isomorphic descriptions
of the cotangent space of Teichmiiller space as holomorphic quadratic differentials
[41], as well as the global parametrization via harmonic maps due to Wolf [40]. We
also point out the thesis of Dalakov [11], which also studies the germ of the moduli
space at the Fuchsian point.

3.2. Dolbeault deformations for Higgs bundles. Let us first consider the Dol-
beault moduli space Mp, (X, G). The first order deformations of the Fuchsian point
can be described as follows.

The tangent space T (g0 Mpy(X, G) is given by the first cohomology of a defor-
mation complex Cpy(G, @). In the presence of the solution (V, p) of Hitchin self
duality equation, we may take harmonic representatives for H'(Cp,(G, ®)) — and
denoting the corresponding vector space by H(Cp,(G, @)). Then (cf. [34] and [29,
Sec.7]),

H'(Cou(6, D) = {(p,p) € 01X, 6) 0 P (X,G)
3 + 19,61 =0, dsp ~ [p(@), ¢] = 0]

Here, we let V = V10 + V%! be the decomposition of the connection into type, and
we have also introduced the notation: dy := V10, gy := Vo1,

In the expression of the deformation complex above, § is responsible for the
infinitesimal change in the holomorphic structure of G, whereas ¢ is the change in
the Higgs field ®@. In general, the condition of holomorphicity of the Higgs field
relates these two variations, but at the Fuchsian point they decouple, and we have
the following simple description (see [39, Example 2.14] for the case G = SL(n, C)).
Let us denote for b € Q(X, g),

Proposition 3.2.1. [DOLBEAULT INFINITESIMAL PARAMETRIZATION] At the Fuchsian
point, the map

(@) : QX 9)®Q(X,8) — H'(Cpu(G, P))

where, p being the Cartan involution,

B(b) := p(p(b)), 7)
defines a complex linear isomorphism.

Proof. Notice that for (p,5) = (¢(g), (b)) as above, ¢ is holomorphic and f is
harmonic with respect to dv. Moreover, [®, BB)] =[Y, ()] =0, and [p(D), p(g)] =
-[X,¢(q)] = 0. Hence, (p(q), b)) € H(Cpu(G,®)). This gives an inclusion
Q(X, ) ® Q(X, g) — H' (Cpu(G, D)), and now the result follows for dimensional

reasons. O

We could actually use Serre duality, the hyperbolic metric on X and the Dolbeault
isomorphism to identify Q(X, a) with @'_; H*!(X, K™), where the script indicates
harmonic forms.
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3.3. Hodge parametrization in the de Rham picture. Recall that Mr(Z, G) is the
moduli space of reductive flat G-connections. By Corlette’s theorem [10, 13, 24],
for any reductive flat connection D and conformal structure X on L, there exists a
unique harmonic metric p. This completes the Hitchin-Kobayashi correspondence.
Fixing a metric p, we can take harmonic representatives for the the first cohomology
of deformation complex at a flat connection D, and write:

TiopMar(E, G) =~ H' (Car(D)) = {B€ Q'(X,G) : DB=D'B=0} , (28)
where D" is the formal adjoint of D for the metric

ABe [ pBeD),
so that D* = p(Do]). Then at the Fuchsian point we have the following identification

Proposition 3.3.1. [HODGE INFINITESIMAL PARAMETRIZATION] At the Fuchsian point
[D], the map

(i, ) : Q(X,0) ® QX, 9)—H" (Car(D)) - (29)
given by
¥(@) = o(9) — p(@@) ,
a(b) = B(b) + p(B(b)) ,

defines a real linear isomorphism.

Proof. Recall: D = dp +dp, D* = i (dp — dp). We first show that B := a(b) + ¢(q) is
harmonic. Breaking into type, we see that the result is equivalent to dpB = 0 and
dpB = 0. The first of these equations is

In(p(BD)) + P(@)) = Iv(p(BB)) + P(q)) = [p(®), p(BB)) + P(q)]
= p(Ivp(D)) + Iv(9) — pI®, B(1)] — [p(D), p(@))]

= p(Avpb)) + Ive(g) — plY, BB)] + [X, ¢(9))] (30)
=0,

since the first two terms terms on the right hand side of eq. (30) vanish because
the gi (resp. bx) are holomorphic (resp. harmonic), and the last two terms vanish
because the e (resp. fi) are highest (resp. lowest) weight vectors, and p(Y) = X.
The second equation follows similarly. Note that we have used the fact that p is
parallel with respect to V. The fact that the map is an isomorphism follows from
dimensional reasons. o

3.4. Oper parametrization in the Betti picture. Let V be the local system deter-
mined by the holomorphic connection D on G,p,. By Weil [38], the Zariski tangent
space TipyMg(Z, G) is given by H'(V).
Now there is an exact sequence of sheaves of C-modules, where C is the locally
constant sheaf.
O—)V—)QOPLQO},@K—)O,
Since D is irreducible this gives an exact sequence in cohomology:

0— Ho(gop) — Ho(gop@’K) — Hl(V) — Hl(gop) — Hl(g0p®K) — 0, (31)

The full tangent space to Mz(Z, G) at the Veronese oper will be described by the
next lemma.
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Lemma 3.4.1. We have the following
(1) The inclusion Q(X,g) C HO(QOp ® K) induces an isomorphism with the cokernel of
the map H(Gop) = H(Gop ® K).
(2) The inclusion Q(X,g) C Hl(gop) induces an isomorphism with the kernel of
HY(Gop) = H'(Gop ® K).
Proof. As in the proof of Proposition 3.3.1, Q(X, g) C ker D*, and hence Q(X, g) is
orthogonal to the image of D. Now by the Riemann—Roch formula,
dim¢ H'(Gop ® K) — dime H(Gop) = dime Q(X, g) -

This implies the first statement, and the second statement is proven similarly. O

The involution A gives a splitting of the short exact sequence (31), which in turn
via Lemma 3.4.1 provides a real linear isomorphism

QX 9®QX,9) — H(V), (32)
@b) = (@), A@®) (33)

Actually, this parametrization will prove to be different from the previous ones.
The compatible choice is given in the following

Proposition 3.4.2. [OPER INFINITESIMAL PARAMETRIZATION] At the Veronese oper, the
mapping

(x, €) : Q(X;9) ® QX 9) = ToMar(E, G)
given by
X@) = @) + AMP(q), () = Ppb) = AP(D),
defines a real linear isomorphism of Q(X; g) ® Q(X, g) with H'(V).

3.5. Identification of the different infinitesimal parametrizations. Our main re-
sult here is Corollary 3.5.2, which states that the three descriptions of the tangent
space to the moduli space at the Fuchsian point given in the previous section are
compatible with the Hitchin-Kobayashi and Riemann-Hilbert correspondences (26).
This relies on the following theorem, which may be regarded as a generalization of
the classic result of Ahlfors [1, Lemma 2].

3.5.1. Variation of the harmonic metric. In this section we prove

Theorem 3.5.1. The first variation of the harmonic metric vanishes for the Dolbeault
deformations in Proposition 3.2.1.

Proof. Fix (q,b) € Q(X,9) ® Q(X, g). Let ﬁ denote the first variation of the Cartan

involution for the Dolbeault deformation (¢(g), f(b)). Then p;.) is a family of
derivations, and since G is semisimple there is a smooth section Z of G such that

p;.) = adz. Then for any other one parameter family of sections U of G,

() = p(UD) + [p(Z), p(LD)] . (34)

For convenience, set k = —p(Z). To begin, we claim that the first variation of the
connection satisfies:

(V)M = avk + p(B()) - (35)
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Indeed, since V is the Chern connection for p, for any fixed U € I'(G) independent
of the variational parameter, V(p(U)) = p(VU). Hence differentiating, using eq. (34),
we have

IV, p(L)] + VIp(2), p()] = [p(Z), p(VLD] + p[V, L] .
Thus
[V, p(LD)] = [V(K), p(LD)] - [k, V(p(U))] = —[k, p(VLD)] + [p(V), p(LD)],
[V = V(k), p(W)] = [p(V), p(LD)] ,

V= V() + p(V) (36)

since U was arbitrary. Now by definition, (%)0'1 = B(b), so (35) follows by taking the
(1,0)-part of (36). Notice that from (35),

Ey = V(V) = 39V + dg(V)!
= Iy(@vk + p(BD)) + Avp(b)
— Jvdk .
Differentiating (19), we then get

vk - [p(@), p(@)] - [©, pd(@)] + [, [k, p(@)]] = 0
Fydvk - [6(q), X1+ ple(g), X1 + [, [k, p(@)]] = 0.

However, as in the proof of Proposition 3.3.1, since ¢(g) is a combination of highest
weight vectors,

[¢(), X] = plo(q), X] = 0.
We therefore obtain

Ivavk +[@, [k, p(@)]] = 0. (37)
Let (U, V) = —=(U, p(V))y. Then using the Kéhler identities

Py =ixdy, dy = —ixdy. (38)
Using (37) and integration by parts yields successively
/ (Gvavk, o)), do + / (1, Tk, p(@)T1, p(6)),, do = 0,
X X
/ (95K, p(dvk)), do + / (K, p(@)], [@, p(0)]), do = 0,
X X
/(8vk, dvk), do + /([CD, p(0)],[®@, p(k))gdo = 0. (39)
X X

Both terms on the left hand side of (39) are nonnegative; hence, both vanish.

Vanishing of the second term implies that p(k) is a linear combination of lowest
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weight vectors, so k is a linear combination of highest weight vectors. Now egs.
(38) imply the Bochner formula

gvav + 3v§v =Fy — 8§8v = g*vgv +i*Fy.
Since m; > 1, the metric has constant positive curvature, i * Fy > 0, on the highest

weight components. This implies that ker dy = {0} on the highest weights. Hence,
the vanishing of the first term on the left hand side of (39) implies k = 0. O

3.5.2. All parametrizations coincide.

Corollary 3.5.2. The Dolbeault, Hodge, and oper parametrizations coincide. More precisely,
the following diagram commutes:

Q®eQ

00 et

H(Cpo(G, D) s HU(Cir(D)) T2 HL(V),

where the vertical isomorphisms are those described in Section 3.1, and (HK)., (RH). are

the derivatives of the Hitchin—-Kobayashi and Riemann—Hilbert maps.

Proof. The commutivity of the identification of de Rham and oper deformations
follows from the following simple remark. By construction, we have o(¢(g)) = —¢p(q)
where ¢ is the involution defined in Section 2.2.3; thus A(¢(g)) = —p(¢(g)). The
content of the lemma is therefore in the Hitchin-Kobayashi correspondence. For
simplicity, abbreviate the notation ¢ = ¢(g), f = p(b), etc. We need to show that:

(HK)(¢,p) = a+ ¢ =B = AB) + ¢ + M) . (40)

Because the Fuchsian point is a smooth point of the moduli space, deformations are
unobstructed. We may therefore find a family of Higgs bundles (V%!, ®,), passing
through the Fuchsian point at € = 0, and satisfying

WP =B, d=o.

Moreover, the Fuchsian bundle is stable, which is an open condition, so we may
assume the Higgs bundles (V!, ®,) are stable for ¢ sufficiently small. Let p, be a
family of harmonic metrics, whose existence is guaranteed by Theorem 2.3.2. Then:

HK(VS’l,@E) =Ve+ O — pe(De) .

By Theorem 3.5.1, the first variation of the harmonic metrics F.7 vanishes. We
therefore conclude that

(HK).(b,B) = V + ¢ — p(¢)
=B+ p(B) + b — p(@)
=B=AB) + ¢+ A®)
=a+y,

which verifies (40). The result follows. O
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3.6. The tangent spaces to opers and the Hitchin component. We explain in this
section our main technical tool, which we state in the de Rham picture:

Proposition 3.6.1. At the Fuchsian point D,

(1) The map ¢ (regarded as taking values in Tp Myr(Z, G)) defines an isomorphism of
Q(X, o) with the tangent space Tp Op(X, G),

(2) The map ¢ + A(¢p) defines an isomorphism of Q(X, g) with the tangent space of the
Hitchin component TpH(Z, Gr), which coincide with the infinitesimal version of
the Hitchin parametrization.

Proof. The first point follows from the fact that the tangent space of opers is the
set of variations of flat connections fixing the holomorphic structure G.,. Now
the variations ¢(g) defines such a variation, and for dimensional reasons ¢(Q(X, g))
identifies with Tp Op(X, G).

The second point follows at once from Corollary 3.5.2. Indeed, the Hitchin
infinitesimal parametrization is interpreted in the Dolbeault parametrization as the

map g — ¢(q), but by Corollary 3.5.2, (HK).(¢(q)) = P(q) + AP(q). O

4. First VariaTioN or HoLoNoMY

The main result of this section is a Gardiner type formula for the variation of the
eigenvalues of the holonomy under deformations of the Fuchsian point. Although
the approach can be generalized to linear representations for all split groups we
shall concentrate here on the case of SL(n,R). Then, if y is a closed geodesic of

length ¢,, the largest eigenvalue A, (resp. p-th largest /\(yp )) at the Fuchsian point is
Ay =eV62 (resp. A = elr+1m206/2) (41)

Recall that in this context, we have associated to an element g = (g2,...,41) €
Q(X, n):
The standard oper deformation ¢°(q) = > j_, r ® EY_,,
The normalized oper deformation ¢(q) = > i_ Gk ® Ex-1,
The standard Hitchin deformation ¢°(q) = ¢°(q) + A(¢°(q)),
The normalized Hitchin deformation Y(q) = ¢(q) + A(P(q)),

Our main results in this section are the following.

Theorem 4.0.2. [GARDINER FORMULA] Along the Fuchsian locus, the first variation of the
largest eigenvalue A,, of the holonomy along a simple closed geodesic y of length €, along a

standard Hitchin deformation given by g, € H°(X, K¥), is

(Dfm -1t [©
22(n - k) Jo

More generally, the first variation of the p"-largest eigenvalue is

dlog A, (¥°(q0)) = R (7, 9)) dt

€)’ L] L]
dlog A (W (q0) = ¢ /O R (q(,-..,7)) dt.

min(k,p) 2
— 1)1 - p)! —k\ (k-1 ,
s L DY <n )(1’—1) O @)

j=max(1,k+p—n) P=J

where
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In particular, for k = n,

- - f}, . o
leg /\gf’)(lp(qn)) — (_1)p+n+1 % (Z 3 :1l) /0 R (qn(y, ce ,‘)/)) dt. (43)

Remark 4.0.3. For the special case of deforming in the direction of quadratic

differentials, notice that CEZ )2 =n+1-2p, and by (7), , = 1/2n. It follows from

Theorem 4.0.2, Proposition 2.1.1, and eq. (41), that if g € H'(X, K?),
1 4
e, ((q)) = E‘R(q, eP) = ;?’\ /X u(z)- 0P (z) dxdy ,

where 1i(z) = 4(z)(0(z))"! is the harmonic Beltrami differential associated to g. This
is the formula in [15, Theorem 2]. Hence, Theorem 4.0.2 is indeed a higher rank
generalization of Gardiner’s formula.

Summing over in the index p in (43), and using (41), we have the following

Corollary 4.0.4. [VARIATION OF THE TRACE] For a standard Hitchin deformation given by
an element g, € H(X, K"), the first variation of the trace of the holonomy along a closed
geodesic y of length €, at the Fuchsian locus is

[)’ L] L]
dTr(6(7)) (@ (qn)) = 2(=1)"(n = 1)! (sinh(¢,/2))"" /0 %(qn(y,...,y)) dt.

As another corollary, one gets

Corollary 4.0.5. [VARIATION OF CONSECUTIVE EIGENVALUES] Using the notation of
Theorem 4.0.2, we have

AP
d10g 75 (4(0.) = A(p k) /

Y

t,

R (g7, 7)) dt,

where A(p, n, k) only depends on the integers (p, n, k) and is nonzero.
Finally, we also have

Theorem 4.0.6. [Orer pDEFORMATIONS] The first variation of the p™-largest eigenvalue
of the holonomy along a closed geodesic y of length €, along a standard oper deformation
given by an element g, € H(X, K), is

0 Gk (O e
dlogA)” (¢°(qr)) = %/0 a(y,...,y)dt,

where cff ,)( is defined in (42).

In order to prove these results, in Section 4.1 we first recall a general formula
computing the variation of eigenvalues by the variation of parameters method. In
Section 4.2, we give an explicit description of the Fuchsian bundle along a geodesic
and in Section 4.3 prove our results.
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4.1. A general formula. Consider a connection V and a closed curved y in X so
that the holonomy of V along y has an eigenvalue A, of multiplicity 1. We denote
by L, the corresponding eigenline along , H, the supplementary hyperplane stable
by the holonomy, and 7 the projection on L, along H,.. In the sequel, let us use the
the general notation,

| o

F=< fw.

Q.

tlizo
. Then we have

Lemma 4.1.1. let V' be a smooth one parameter family of connections. Then there exists
(for t small enough) a unique smooth function A, (t) such that

e 1,(00=4,,
o A, (t) is an eigenvalue of the holonomy of V; of multiplicity 1.

Moreover,

6 .
Ay = —)\)//0 Tr(V(s)-m) ds . (44)

Proof. The first part of the lemma is obvious. Observe now that the left hand side
of equation (44) is invariant under gauge transform of the family V’. For the left
hand side, let Vi = A;V!, where A = 1d.

Then V.o = % + VA. In particular,

6 . 6 . 6, .
/ Tr(Vo(s)-m) ds = / Tr(V(s)- ) ds +/ Tr(V(A)(s)- ) ds .
0 0 0

But, since nt is V-parallel,

& d .
/0 $Tr(A(s)-n) ds

Tr (A(s)- 7'()] Z},

0, .
/ Tr(V(A)(s)- ) ds
0

Il
—

o

Thus the left hand side of (44) is also invariant under gauge transform.

We may now use a gauge transform so that the eigenline L, and the transverse
parallel hyperplane Hj, are constant. Let ¢ be a nowhere vanishing section of L,
(after possibly taking an irrelevant double cover of y), let f be a section of H;, C &
Then for all ¢

b (F(s) | Vie(s))
0 O Ty

where the bracket denotes the duality. Then a standard derivation yields

log A}, = —

1Y f6) | Ves))
0 () [e6)

We have completed the proof of formula (44). O

. o °
Ay =-A, ds = —/\y-/o ) Tr(V(s)-mt) ds .
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4.2. The Fuchsian bundle along a geodesic. Consider the case of the principal
SL(2)in SL(n, C). Let S — X be a choice of spin structure on X, so that S*? = K. Then
we can describe the associated bundle to the defining representation of SL(n, C) by
(25). Let y be a geodesic in X, we then have the following structure on & along y.
(1) a harmonic metric: If @ is defined as in Section 2.3.4, then the hyperbolic
metric on X induces a (split) hermitian structure on & which solves Hitchin’s
equations (19).
(2) a trivialization: We have a canonical trivialization (up to sign) of S given by a
section s along y so that sz()'/) = 1. We also have an identification of S* with
S using the metric and denote by 3 the dual section of S* corresponding to s.
Both give a trivialization of & along y by the frame

(@ = "5 PYyey o,y €SP

(3) a real structure: We have a real structure on & characterized by @; zTT] =
7/,Dn+1—j'
Observe that if

A(w) = B(w) + B(w), C(w)=C(w),
then
Tr(A-C) = 2R (Tr(B- C)) . (45)
Finally let x = (s + 5) and y = 3(i5 — is), so that x + iy = s and x — iy = § then x and
y are real sections of S.

With respect to the Chern connection V on &, the frame {w,} described above is
parallel. The flat connection D = V + @y — p(Py) along the geodesic y is may now
be expressed

D= *V+(Y—X)®£
‘J/ 7/ VE 4
where Y and X are endomorphisms satisfying
(_X)(wp) = Cp'wp+1 ’
Y(Z@p) = Cp-1° Z@pq .

where ¢, = (p(n —p) J2)12 (see [23, p. 978]). The factor of 1/ V2 is due to the fact that
the hyperbolic metric is twice the real part of the hermitian metric on K™!. If we
change to a new V-parallel frame defined by

w, = {(p-Dln—-p)1}" @,

then
(=X)(wy) = %(P -1D-wp1, (46)
Y(wp) = 501 = p) Wy - (47)

The action of (Y — X) ® dt/ V2 on & identified with the action of a first order
differential operator on homogeneous polynomials of degree n — 1 in s and 5. It is
given by

ar 1 ( d d )
Y-X)® —==5 |55 +5-- ) ®dt.
(=X 5=20% "%/
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Introducing the sections x = 5(s +5) and y = 5(5 — 5), we have

a1 < J d )
Y X)®\/§_2 x5 y&y ®dt.
In particular, let us now define
U, := Xyt (48)

We observe that the system {u,},-1,.., is a V-parallel eigenbasis of (Y — X) ® dt/ V2,
with eigenvalues (2p — n — 1)/2. Thus,

Deuy = ——F—1u,. (49)

Furthermore, if  is a closed geodesic of length £, the p-th largest for the holonomy
of D is given by (41).

The lines L, generated by u, form a parallel frame along any geodesic for both
Vand D. Let 7, be the projection on the eigenline L, orthogonal to ;,, L;. For

k=1,...,n=1,1et EY = (= V2X)5, F = p(EY) = —(V2Y)*. The proof of the following
proposition is in the Appendix (see Proposition A.3).

Proposition 4.2.1. For all k, p, we have Tr(F{n,) = — Tr(E{m,). Moreover,

(=D -1)!
2% —k—1)!

_ _ min(k,p—1) L 2 4
Tr(Eg.np)zw > (” k 1) <k> 1. (51)

jemax(@k+p—n) \P 717 1J\J

Tr(E): 1) = (50)

It is interesting to remark that Tr(Eg' 1t1) # 0 for all k and n. On the other hand,
for p =n -1, k < n -2 the second equation yields

“o & n—k=1\[(k\
Tr(Be ) = zk(fan—kzl)! 2 <Z—j—2) <1> e
]

i=k—1
 m-2) n—k-1 kO
T 2km—k-1\\n-k-2) \k-1
-2
_ 72k(1(1n_k21)!(n—k2—k—1),

which vanishes forn = k> +k+1 (e.g.n =3,k =1).

4.3. Proof of Theorems 4.0.2 and 4.0.6. We now have the following consequence
of the calculations in the previous section. For the standard Hitchin variation ¢°(gx),
the corresponding variation of flat connection is

D=g®E  —p(@®E,) .

In particular, for any endomorphism B commuting with the real involution, as a
function on UX,

/Ot Tr (b B) ds = /Ot 2R (k) Tr(E) ,-B)ds . (52)

The theorem now follows from Proposition 4.2.1 and egs. (52) and (44).
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We note that the same argument applies to oper deformations at the Veronese

oper, where now D = g, ® E) , . In particular, we immediately obtain 4.0.6.

5. THE SYMPLECTIC STRUCTURE AND TwisT DEFORMATIONS

The purpose of this section is to investigate some relations between the Hitchin
parametrization along the Fuchsian locus and the “symplectic nature of the funda-
mental group of a surface,” to paraphrase Goldman [16].

(1) In Corollary 5.1.2, we show that via the (normalized) Hitchin parametriza-
tion the symplectic structure of the L? pairing coincides with (a multiple of)
the Atiyah—Bott-Goldman symplectic structure.

(2) In Section 5.2, we relate the twist or bending deformations to relative
Poincaré series, in Section 5.2 we prove the Reciprocity Theorem 5.3.1.

(3) In Theorem 5.4.1 wstudy the Hamiltonian flow of the length functions in
term of twists and the relative Poincaré series.

5.1. Symplectic structure. Recall [2, 16] that the de Rham moduli space M;r(Z, G)
carries the Atiyah—Bott-Goldman symplectic form w given by:

wd(A,B) = /Z (AAB), . (53)

It will also be convenient to consider the normalized symplectic form.

L
wa(A,B) = - © w(A,B), (54)
where d(g) is the Dynkin index of a principal sl(2) < sl(n) subalgebra (see (13)). Then
restricting to the Fuchsian locus one has wg = w,, where w; is the standard Weil-
Petersson symplectic form on Teichmiiller space. In general, when G = SL(n, C),
we denote the Atiyah-Bott-Goldman symplectic form by @) and the normalized
one by w;.
As will become clear from the computations below, the Hitchin space H (X, Gr)
a symplectic submanifold of M;r(X, G), and the oper moduli space Op(X, G) is
Lagrangian. To illustrate, let us evaluate a)OG on real de Rham deformations.

Lemma 5.1.1. Let g1, g2 be differentials of weight m; + 1 and m; + 1, respectively. Then if
i=j,
wa(W(q1), P(q2)) = =234q1, 92) -
ifi#j
wa(P(q1), ¥(g2)) = 0.

Proof. Observe first thatifa = a®Aand b = f®B then (a Ab)y = a A - (A, B)g. Thus
if v € K™*! and w € K™i*!

(0@ E)) A (p(w ®e))),
(v® E?) A (w®ej))g

i6;jd(g) (v, w) do ,
0. (55)
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It then follows that
w0 ((q1), Y(q2)) = /X ((n ®E) = pqr®e)) A (g20¢; = plg2®¢)))),

= [@oE) Ap@oe - [ (a8 E) A @oe),
X X

=1-06;j-d(a) (‘/}((ﬂlﬂz)dﬁ'*‘/}((‘h/qﬁdg)
= —0ij-d(8)- 23 4q1,92)x -

O

As an immediate consequence of this lemma we have the following corollary,
which explains the normalization that we have chosen.

Corollary 5.1.2. At the origin in the Hitchin base, the pull-back of the normalized
Atiyah—Bott—Goldman symplectic form wg on H(L, Gr) by the normalized Hitchin section
coincides with the symplectic form on Q(X, g) associated to the L2-metric.

5.2. Twist deformations. Let D be a flat connection on a bundle E over L. Let y
be a closed simple curve, whose holonomy is g, and let finally /# be an element in
the Lie algebra 3(g) of the centralizer of g. We can then construct an element 7, (i)
in H}(Z,ad(E)) by the following construction. Choose a tubular neighborhood
U = S'x]0,1[ of y, let f be a function on U which is constant equal to 1 on a
neighborhood of S! x {1} and 0 on a neighborhood of S! x {0}. Observe finally that
the parallel sections /1 of ad(E) restricted to U are identified canonically to elements
h € 3(g). Then we define

,(h) == df-h = D(f-h) € Q'(U,ad(E)), (56)

and observe that 7, (h) extends (by zero) to all of .

For Hitchin representations, the monodromy is regular [25] and so using the
previous notation, 3(g) is identified with a Cartan subalgebra b). Thus the previous
construction associates to every element 1 € § a vector field 7, (h), called the twist
vector field, on the Hitchin component.

At the Fuchsian locus we furthermore have an identification 3(g) = 3(X — Y)r.
This leads to

Proposition 5.2.1. For any B € TipyMur(Z, G) we have
BB, 700 = [ Bh, .
'/1/

In particular, if gy is a k-holomorphic differential, k = m; + 1 for some i, then

=21 (h, €;)g

wa(Y(qr), Ty (h)) = W

- g, -00), (57)

where 1y is given in (7).
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Proof. The first assertion follows from egs. (53) and (56) from integration by parts
(recall that DB = 0). For the second, since A(/) = h, and using Proposition 2.1.1,

QW) T () = / (h, (@1 ® k1 — (G ® cir))e

= h/i ar
( 6)g< qu+Aqk>

= (neDone (a1, 09) + (g, ©0))
= =2(h, &)y I(qr, i-OF) .

The statement now follows from (54). O

Recall Lemma 2.2.1 and the notion of a principal basis.

Corollary 5.2.2. The space of twist deformations at a simple geodesic y is the R-span of
the relative k-Poincaré series of y, for degrees k = my +1,...,m; + 1. More precisely, if
(hy)ic1,..1 is the principal basis of 3(X — Y)R, then

Ty(h 7;1l1z+)1 ll)( m+1)) '

Proof. Write
!
T, (h) =) ¥(Q),
i=1

where Q; € HY(X,K™*1) (as a real vector space), and let g; be an arbitrary k-
differential, k = m; + 1 for some i. Then using Lemma 5.1.1 and eq. (57), we
find

=21 (h, e

)q (k)
10 RUORACHY

wa(W(qr), Ty (h) = =23(qr, Qi) =
and,

=21 (h, e

)CL (k)
d( ) ‘P\Wk/ 6)/ >/

wa((iqe), T, (h) = =2(ei, fi)sRiqr, Qi) =

from which

(G Qi) = ”‘fii’g;’)“ (1,1 ©) .

Since k and g, were arbitrary, the result follows immediately. o

5.3. Reciprocity: twists and lengths. By Corollary 5.2.2, it follows that each relative
Poincaré series i- @;k ) corresponds to a unique twist deformation ¢ (i- @;k ). Recall
that )\gf’ ) denotes the p-th largest eigenvalue for the holonomy about y.

Theorem 5.3.1. [RECIPROCITY OF THE TWIST DEFORMATION] For any k, p, and any simple
closed geodesics a, B, then at the Fuchsian locus,

leg Agj) <1,[;(1 @);ik))) =-d log Ag’) (l[/(l ®g<))> .
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Proof. From Theorem 4.0.2 and eq. (6),
dkgA?Qw@@$»:éﬂ%/ﬁ@?:—ﬁQKS@@$¢@9>
«
=+ 9G- 00, i-0)
= —dlog A (y°i-0)) .
[m}

5.4. Hamiltonian functions and twists. Recall that the Hamiltonian vector field
Hy of a C' function f on a symplectic manifold (M, w) is defined by

df(V) = w(V,Hy),
for any tangent vector field V on M.

Theorem 5.4.1. Fixasimple closed curvey. Then along the Fuchsian locus the Hamiltonian
vector field of the function

log A;f’) cHE,n) — R
with respect to the normalized Atiyah-Bott-Goldman symplectic form w, is given by

n )

chiremer
Higg a0 = D~ (- 6), (58)
k=2

where cif ,)( is defined in (42), r in (7), and ni—q in (18).

Proof. Let gy be a k-differential. From Theorem 4.0.2 and Proposition 2.1.1,
dlog A ((qu)) = <) mpea- R / gk = ~cOhre it I, i-©W) .
4

On the other hand, from Lemma 5.1.1,
wu(Y(qe), Y- OF)) = —2(qy, i-©F) .
Since k and gy are arbitrary, the result follows. o

Remark 5.4.2. We point out that for the highest eigenvalue A, (i.e. p = 1), the coefficients
in the expression (58) are nonzero for all 2 < k < n (see Theorem 4.0.2).

6. THE VARIANCE AND THE PRESSURE METRICS

6.1. The pressure metric. In the following paragraphs we shall recall some of the
results of [8], where the authors introduced the pressure metric P on the Hitchin
component. We will prove the following

Theorem 6.1.1. [PRESSURE METRIC FOR STANDARD DEFORMATIONS] Let & be a Fuchsian
representation into SL(n, R) associated to a Riemann surface X with conformal hyperbolic
metric. Let q be a holomorphic differential of degree k on X, and let 1°(q) be the associated
standard deformation, then

1 k—1)!(n—1)!1?
o (40 9°0) = 3 ||

Moreover two deformations associated to holomorphic differentials of different degrees are
orthogonal with respect to the pressure metric.
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The pressure metric for normalized deformations y(q) = -1- ¥°(¢), when g has
degree k now follows:

Corollary 6.1.2. [PRESSURE METRIC FOR NORMALIZED DEFORMATIONS] Let 0 be a Fuchsian
representation into SL(n, R) associated to a Riemann surface X with conformal hyperbolic
metric. Let q be a holomorphic differential of degree k on X, and let 1(q) be the associated
normalized deformation, then

-1 (n+1 (2k - 1)!
Po (@) 9@) = 2ol s )Gk i o PP
Moreover two deformations associated to holomorphic differentials of different degrees are
orthogonal with respect to the pressure metric.

Corollary 1.0.3, stated in the introduction, follows at once from Corollary 6.1.2
and Corollary 5.1.2.

The proof of the theorem and the structure of this section fall into several
parts. First, we recall the definition of the pressure metric for projective Anosov
representation in Section 6.2. More importantly, we shall introduce the notion of
variation of paramatrization for a deformation of representation in Section 6.2.1 and
state eq. 59 which relates the pressure metric and the variation of reparametrization.
In Section 6.2.2, we identify the variation of reparametrization associated to the
standard variation 1°(q) for g a holomorphic differentials, and we deduce eq. (60),
which identifies the pressure metric as a multiple of the variance metric. The rest of
the section is devoted to the proof of Theorem 6.3.1, which computes the variance
metric for holomorphic differentials in terms of the L?>-metric. In a concluding
Section 6.6, we sketch how one might extend these results to other pressure metrics.

The pressure metric has been discussed in the quasi-Fuchsian context in [28, 9, 7],
and the construction of the pressure metric in [28] ties in Wolpert’s approach of the
identification of the Thurston metric with the Weil-Petersson metric [42].

6.2. Projective Anosov representations. Introduced in [25] and studied further in
[18] and [8], a projective Anosov representation 6 of a hyperbolic group I' in SL(n, R) is
characterized by the following features:
o A spectrum that is a map which associates to every nontrivial element y of
I, the number ¢, (6) := log|A, (6)|, where A, (6) is the highest eigenvalue (in
modulus) of 6(y),
e An entropy defined as

h(o) := lim % log (#Ls(R)),

where Ls(R) :={y €T | {,(0) < T}.
e Moreover, one can define the intersection of two projective Anosov represen-
tations 61 and 0, as

. 1 £(62)
1(61,07) := lim ! .
(01,02) Too fLo (T) £~ 6,(01)

and the renormalized intersection [(01,02) 1= ZEZ?;I (61, 02).
As proved by the first author, Hitchin representations are examples of projective
Anosov representations, and indeed they were the initial motivation for the defini-
tion [25]. The article [8] introduces entropy and intersections. The pressure metric P,
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which by definition is the Hessian at a representation 0 of the function 6 = J(0o, 0),
is a consequence.

6.2.1. Variation of reparametrization. In [8], an explicit formula for the pressure
metric was given as follows. To simplify the exposition, we work in the context of
deformations of Fuchsian representations. Let {0t}ie(—¢,¢) be a family of deformations
of a Fuchsian representation 0y, associated to a hyperbolic surface X. A Holder
function f on UX is a variation of reparametrization associated to & if for every y in

(L),
d
Af“Zdt

Then the pressure metric is given by the variance of f that is

£y () -

t=0

2
P; <6,6> = Var(f) := hm (/ f qbs(x) ) du(x), (59)

t—oo f

where y is the Liouville measure of UX.

6.2.2. A consequence of Gardiner Formula. From the Gardiner formula, Theorem 4.0.2,
and the definition of variation of reparametrization in Section 6.2.1, we immediately
obtain that for 4 be a holomorphic k-differential, 4 the associated complex valued
function on UX and ¢ = R(j), the function

(-1 -1
P

is the variation of parametrization associated to the standard deformation y°(g).
Thus it follows from (59), that

(n—

PG ) = |y | Var(g), (60)

no2
2(n k)l}
where by a slight abuse of notation we write Var(q) := Var(j). We note again that
Curt McMullen has treated the case of quadratic differentials in [28].

6.3. Variance and the L2 metric. The goal of this section is to prove

Theorem 6.3.1.
22 (k — 1)1?

Varl) = =)

4, Px -

Moreover, if two holomorphic forms have different degrees, then they are orthogonal for the
bilinear form underlying the quadratic form Var.

This theorem, together with eq. (60), concludes the proof of Theorem 6.1.1.

6.4. Preliminary computations.
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6.4.1. Hypergeometric integrals. For nonnegative integers m and d, and R € [0, 1], the
following incomplete Beta functions will play a technical role in the sequel:

R
Lua(R) = / (1 — 2% dt .
0
We postpone the proof of the following result to the Appendix.
Theorem 6.4.1.

n+2p-— o2 5
I E R) | =27 -1n=.
(Ilog(l—R)l < ) wpt( )> -1
6.4.2. In the Poincaré disk model. Let us define the function

HR) = %log G i ﬁ) . (61)

We recall that if dy is the hyperbolic distance in the Poincaré disk model, then
dp(0,Re'®) = r(R) .

Let
q(z) = dz" ) a,-2",
n=0

be a holomorphic k-differential on the Poincaré disk. Let us also consider the real
valued function

. J 9 9 _q_p)2
G(z) ._‘R(q(z)(ar,...,ar)> where 3 =(1-R 3R
| ——

k

If furthermore g and ¢° are two holomorphic forms of degree k and ko, respectively,
we will consider the complex valued function

1000 =90 (2, 2 )@ (2, 2. 6

k ko

The main result in this section computes integrals related to the holomorphic
differentials g and ¢°.

Proposition 6.4.2. We have

27
dTdo B
/ || (T 16)”21 T2 = Zkzanan'IZn,2k—1(R), (63)
nelN
L ey 4T ) 1S
21 Jo (/0 q(Tele)l—ﬁ) o = 3 Dl Iy (R). (64)
n=0

Moreover, if ° = (dz)f S0 b,z is of degree ko, then

1 o ioy AT 0 iy AT
7 ; (/0 G(Te )1—T2)(/ (Te )1 e de

1
=3 Z R (bpsk—kon) I 1 (R) Lkt kp-1(R) - (65)

n=0
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Finally

a8 (/ “gogre L ) TRED S (R 169
L — = — n+k—ko%n* 12n+k—ko k+ko+1 :
21 Jo 0 1-T 243

Proof. We first prove

lg(Re®)I? = 21 - R*)* (Zanan- R+ anum-R"W-e'”) . (67

nelN IeN n—m=l

The hyperbolic metric of the Poincaré disk model is

_ 1 2 2

O= IR (dx* +dy?) .
Thus ||dz|> = 2(1 — R?)? (recall our conventions from Section 2.1.1). It follows
that ||f(2)dZ"I> = |f(z)?2¥(1 — R*)*, and hence (67). Now (63) is an immediate
consequence of (67).
Let us now move to the proof of (64). By (61), we have that

dz (%) =(1-R%:-dz (i>

dR
q(ei9¢r(x)) =R <§: ﬂan(l _ RZ)kei(n+k)9) .

n=0

= (1-R?e"7.
ReIO

ReiO
Thus

It follows that
i ioy dT = i(n+k)0 K " 2yk—1
/Oq(Re )i—m = R > ae /OT(l—T) dT
n=0

1 — , ,
- E Z In,k—l(R) (anel(n+k)9 + Ene—z(n+k)9> )

n=0

Thus we obtain after taking the square and integrating over 0, that

1R dT e
o ), < /O §(Te") 1_T2) do = ) andn L (R).
n=0

Moreover, if g if of degree k, and ¢° of degree ko > k, then the same argument yields

1 o ioy_dT R~0 ioy_dT
21 )y (/0 ARe )1—T2> (/0 TR ) 40

1o _
=5 > " Ruskotofn)- Lot (R) kot -1 (R) -
n=0

Let us move to (66). We have that

70 qO(ReiQ) — (Z ﬂan(l _ RZ)kei(n+k)9> <Z mem(l _ RZ)kgei(m+ko)6>

n=0 m=0

Thus again, integrating over the circle yields

2n ©

1 . _
E 70 qO(Relé’)de — Z ﬂnbn+k_k0R2n+k_k0(1 _ RZ)k+k0 )
0 n=0
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Further integration now gives

1 [ /R 0, ig,dTdO N
- 10} (Reze) — a.b ek / T2n+k7ko(1 _ T2)k+k071dT
2m 0 0 q q 1- T2 ; nEnR 0

(o)
= D Aubuskty Pk ko1 (R) -
n=0

O

6.4.3. Functions on the unit tangent bundle. Observe that any x in UX gives an
identification of X the universal cover of X with ID the Poincaré disk model: the
identification sends 7t(x) to 0 and x to (1, 0). We can then write the analytic expansion
of a k-differential g in these coordinates:

0x(2) = d2" ) " au(0)z" . (68)

n=1

In particular, in this way we obtain complex valued functions a, on UX. The
functions a, contain all the information about ¢ with some redundancy. We can
use the family of holomorphic forms g, to describe the functions that we wish to
study on UX. As we have done previously, we also view g as a function on UX,
homogeneous of degree k. Let us furthermore recall that the circle acts on both UX
and the Poincaré disk model (hence on holomorphic forms). With this understood,
we have the following

Proposition 6.4.3.
lg(@rE®x)IF = llg<(Re)I? (69)
Gp(e?) =GR, (70)
100 (Pr(e”0) = 4. O ReY). (71)

Proof. By construction,

Goox = (€9)qx .

Therefore,
Igeox@IF = llgx(“2)IP,
qe"sx(z) = qx(elez) ’
Jeioy O qgsx(z) = ;0O qg(eigz) .

We now describe the action of the geodesic flow. We have

lg(@- eI = 1lgRIP,
(%)) G:(R),
704" (§r(x)) g: O °(R) .

Combining the two actions, one gets the proposition. o
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6.4.4. The Hilbert norm and the analytic expansion. Let
Av= [ a@mdu . 72)
ux
We now prove
Proposition 6.4.4. Forany1 >R >0,

1 ) 2k+1 &
20 1 = g TE Y Avbuxa®) | - (73)

1-R n=0

Moreover, if q° is a holomorphic ko-differential on X with associated functions b, on UX,
then forany 1 > R > 0,

/ goOqod g1+R (mek —ko kg~ 1(R)/ () byt (X)- dy(x)) . (74)

As a corollary, we obtain

Corollary 6.4.5. The following hold:

2% (m+2k-1 -
Ay = 27?|)((X)|< . )'“’7”)(/ (75)
and for ko # k,
0= [ @i - ds). (76)
Ux

We can now proceed to the

Proof of Proposition 6.4.4. We view ||| as a function on UX. Then, by the normaliza-
tion of the Liouville measure,

I = [ NalPdo = 2001 [ laGIPaaco).
X ux
Since the Liouville measure is invariant by the geodesic flow, we have for all r,

s _ 200l [ [ b
Il = 22 | g duts)

Let us further use the action of the circle on UX and the invariance of the Liouville
measure to get

X 21 pr )
[ tatpao = 2L [ Cguetyar do-aue . o7
X r uxJo Jo
Using the notation defined in eq. (68), we have by eq. (69) that if t = (T),
lg(pe @O = llgu(Te)IP . (78)

By (63) and using that df = dT

271
/ 4 ’9)||2de9 = 2N (080 b s (R)

2
1-T nelN

Combining egs. (77) and (78) with a further integration over UX, the first result
follows. The second equation follows from the same ideas using egs. (71) and
(66). O
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We move to the proof of Corollary 6.4.5.

Proof. Near R =0, I;, 4(R) ~ R. Taking the limit when R — 0 of (73) therefore leads
to

271 x(X)|- 2 Ao = liqli% , (79)

Thus, we can rewrite (73) as
o R
rR)-Ag=> Ay / T'(1 - T>)%1dT .
n=0 0
Taking the derivative with respect to R leads to

(1-R*)™Ag =) A, R¥(1-RH)*1.
n=0

Taking L = R?, we get

iAnL" S

T (=L
n=0 (1 L)
From the asymptotic expansion
1 — (m+N-1
A-LN ~ Z( - )‘Lm' (80)
m=0

(which follows inductively by differentiation) we obtain that

A - <n+2k—1>.A0‘
n

Eq. (75) now follows from (79). We note that g ® go(e'®x) = ¢* %% @ go(x). Thus,

for kg # k,
/ qgOqo-du=0.
Ux

Then (74) yields

0= 3 Btciprona®) | o (buici (O duce).

n=0

Taking the derivatives as a function of R we get

0= SRR [0, (0, G du).
X

n=0
Thus,
0=3 R /U i 0 ),
n=0

and this last assertion concludes the proof of the corollary. ]
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6.4.5. The variance and the analytic expansion. We perform a similar analysis for the
variance to get

Proposition 6.4.6. We have

R—-1

Var(q) = hmllog(l R|ZA 2 a(R).

Proof. Recall (61). Then by the invariance of the Liouville measure,

Var(g) = lim / ( / V q<¢t<x>>dt)2du<x>

27 dT 2
i0
" 10g log & /UX 2n/ ( / ((Te") 77 | dodu(x), by (70)

~lim — / Zanunnkl(R)dum, by (64)

R—1 log

= kim m ZA L, ,(R), by(72)

where in the last line we have used the fact thatasR — 1,
(1+R)
(1-R)

log [log(1 - R)| .

6.4.6. The bilinear part of the variance and the asymptotic expansion. We have

Proposition 6.4.7. If g and q° are holomorphic forms with different degrees, then

t
}Hz},t ( / qqss(x))ds) < /0 q°(¢s<x>)ds) du(x) =

Proof. We use the invariance by the action of the circle to get that

/ ( / (s x))d8> ( / *(¢s(x) )ds) dp(x)
/ux/ ) </ e (ezex))ds> </ (@(@lex))dS) dp()do .

Using the identification (70), and s = r(S), we get that

_ 1 m T e dS o
- 7T/UX/O (/0 Gx(Se ))1_52) (/ qx(Se ))1 Sz)d,u(x)d@,

We now use (65) to get that

3R ([ bk @90 ) s DD

n=0
But from (76), B = 0. This concludes the proof of the result. O
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6.5. Proof of Theorem 6.3.1. From Proposition 6.4.6, we get that

Var(g) = hmllog(l B ZA 2 a(R) .

R—-1

By Corollary 6.4.5,

ok 2 [+ 1 — (n+2k-1
Var(g) = m”‘]”x (}{ILI} m; < " ) k- 1(R)>

Thus the first part of the theorem follows from Theorem 6.4.1. The second part
follows from Proposition 6.4.7.

6.6. A family of pressure metrics. The pressure metric (which may sometimes
be degenerate) was defined in [8] for projective Anosov representations using the
logarithm of the highest eigenvalue as an initial input for “length”. The spectrum
of a representation is defined as the indexed collection of lengths. Then, from this
data, the intersection and pressure metric are defined. In the context of Hitchin
representations, one has many choices for lengths. For instance, one could take
the quotient of two consecutive eigenvalues, or any polynomial in these. Via the
Gardiner formula that we have obtained, we can in principle compute all the
associated pressure metrics at the Fuchsian locus. Jorgen Andersen and Scott
Wolpert have suggested to us that for one of these lengths the pressure metric
should actually be the L>-metric. A count of parameters is consistent with this idea.
Starting form the work presented here, a somewhat tedious calculation might verify
this conjecture.

7. FirsT VARrIATION OF CrROSS RATIOS

We recall that one can associate a cross ratio to a Hitchin representation: that is,
a function on 4 points on the boundary at infinity (see [26]). More precisely a cross
ratio is a function b on

deomtr (T)* 1= {(x, Y,z,w) € oo (L)* | x # y#z#wh.

satisfying some functional rules. Conversely, the cross ratio determines the represen-
tation. Moreover, one can characterize those cross ratios which arise from Hitchin
representations [26, Theorem 1.1]. For example, the cross ratio for a Fuchsian
representation is the cross ratio that comes from the identification of de,m1(X) with
PY(R) associated to the hyperbolic structure.

More generally, a cross ratio is associated to projective Anosov representations.
Since the construction only depends on the limit curve of the Anosov representation,
the value of the cross ratio at four given points (x, y, z, w) depends analytically on
the representation (cf. [8, Theorem 6.1]).

The purpose of this section is to describe the variation of the cross ratio under
oper and Hitchin deformations associated to a holomorphic differential of degree k.
This is achieved in two theorems: Theorem 7.2.1 and Theorem 7.2.2 stated in Section
7.2. The first theorem interprets the variation as a “generalized period” which
we call a rhombus function. This requires further definition. The second theorem
gives a description in terms of automorphic forms, and we can state it right now.
This result is a generalization of [41, Lemma 1.1]. The latter uses techniques of
quasiconformal maps which are not available in this context.
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Theorem 7.0.1. Let O; be a family of Hitchin representations coming from the standard
deformation associated to a 1t;(X)-invariant holomorphic differential q of degree k. Let bl
be the corresponding family of cross ratios. For (x,y,X,Y) € dwmt1(Z)%,

H
a logb'(x,y, X, Y)

t=0

(=1 (n = 1)! v k
(5Fomm) = fox (s 5 1 (0.) > do(2),

ije(1,2
where 1y is defined in (7).

After a preliminary definition of the rhombus function, we state our two main
results. Then we proceed through the proof. It is enough to study oper variations,
since Hitchin variations are twice the “real part” of oper variations. The idea is to
first study the variation of cross ratios for points inside H> mapped into CIP(E) and
CIP(E") by the associated Frenet immersion (see Section 7). Once this is done we
extend this variational formula to points in the boundary at infinity in Section 7.4.
Finally in Section 7.4 we relate the rhombus function to automorphic forms.

7.1. Preliminary: the rhombus function. We recall the following obvious and
classical lemma which follows from the fact that geodesics ending at the same point
at infinity in H? approach each other exponentially fast.

Lemma 7.1.1. Let f be a Holder function on UH?. Let y1 and y, be two geodesics in H?
so that y1(+00) = ya(+00). Then

t t
t— [ s [ fGaonds,
admits a limit when t goes to +oo.

The previous lemma allows us to make the following definition. Given four
points x, v, X, Y € 0H?, let by, hy, hx, hy be corresponding Busemann functions. Let
Y2,z be the geodesic going from z to Z. For any a € {x,y}, A € {X, Y} and ¢ € {a, A},
choose t; , so that

he (yaa(tin) =t
For a Holder function f, we define the rhombus function by
Rh(x,y, X, Y; f)

tf,x ° tf/x ° txY,Y . t;Y .
:=;m{/ FGdds= [ Gy 0ds— [T G- ﬂww@}
- ti,x tg,x t';,Y t;;,Y

Intuitively speaking, Rh(x,y, X, Y; f) is the alternating sum of integrals along
geodesics that pairwise meet at points at infinity. See Figure 1.
The following proposition is a consequence of hyperbolicity.

Proposition 7.1.2. Let f be a Holder function on UH2. Let xq,x2, X1, X5 be pairwise
distinct points in dH?. Let (! hnew and (X!} be points in H?,i,j € {1,2}. Assume
that

n
i

° 1imn—)00(x:lf]') = Xi.
o lim,e(X})) = X;i.
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Ficure 1. Integrating over a rhombus

L hmn—)oo d(XZ]/ X;:,]) = 0
Then
X .
Rh(x1,x2, X1, X f) = lim > (=1)" / £ (i) ds.,
" a2 X

where we consider the geodesics 1;; joining xj; to X{'; as curves in UH2.
Proof. We may as well assume that
hy, (x) = hy, (x) =t
and
g (Xj) = hx, (%) =T}
Let then z{; and ZJ; be the points in the geodesic y;; := yx,x, so that
hy, (Z05) =TV, hy (1) =t

Elementary hyperbolic geometry implies that the sequences {d(z];, x})}sen and
{d(fo ir XZj)}neN all converge to zero. For a positive number a, there exists a positive

¢ such that if d(x, z) < € and d(X, Z) < ¢, then

[ rGudas= [ 5G.z)as

<a.

It follows that

lim =0.

n—oo

[ Gy as— [ r () as

ij

The proposition follows from this last assertion.
O

7.2. Statement of the results. We can now state our two main results on the
rhombus function.
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7.2.1. The period formulation for variations of cross ratio. The following will be proved
in Section 7 .4.

Theorem 7.2.1. Let (x,y,X,Y) € o1 (X)*. Let 8 be a Fuchsian representation giving
rise to a hyperbolic structure on X, and let O; be a smooth family of representations of
111(X) = SL(2, C) so that the tangent vector at & is a standard oper variation given by a
holomorphic k-differential q. Let b® be the corresponding family of cross ratios on de1(Z).
Then

(=D (n = 1)!
—| loghP(x,y,X,Y) =
di o og by (x, Y ) ( k-1 (n— k)'
where § is the function defined in Section 2.1.2.
Similarly, assume that the tangent vector at ¢ is a standard Hitchin variation given by a

holomorphic k differential q. Let bl be the corresponding family of cross ratios on de1(Z).
Then

) : Rh(x/ ]/, X/ Y/ ‘?) 7

da (=D (n - 1!
dt 2k=2 (n — k)!
7.2.2. The automorphic form formulation. An alternative formula for the rhombus

function, and hence for the variation of cross ratios, is given in the following result.
We prove this theorem in Section 7.5.

IOg bfl(x/ }// X/ Y) = < ) ‘ % (Rh(x' y, X/ Y, q)) ’

t=0

Theorem 7.2.2. Let q be a 71y (X)-automorphic holomorphic k-differential on H?, and let
x,y,X,Y € H? be pairwise distinct points. Then

o Xi—x)dz \F
Rh(x1, x2, X1, Xo; ) = Vk'/H <11(Z)/ Z (=1 ((z(—]x)(z)—;)) >da(z),
2 i j

ijef1,2)
where 1y is defined in (7).

7.3. Opers, Frenet immersions and cross ratios. let D be a nonslipping connection
on P equipped with the flag structure 1 C ¥, C --- C ¥, = P. Let D be the
universal cover of X. Let 0 be the holonomy of this connection. Then ¥, viewed as
a line subbundle over ID, defines a 6-equivariant holomorphic map D — CP(P).
Moreover, this map is a Frenet immersion: for every k, the derivatives up to order k
generate a k-plane (called the k'"-osculating plane of ) which is actually identified
to the projective subspace generated by . Conversely, any such Frenet immersion
uniquely defines an oper, and we have thus described an isomorphism between
opers up to gauge equivalence, and Frenet immersions up to precomposition by
projective transformations.

To an oper we can also associate a cross ratio, which in this case is a function of
four generic points of ID. The construction goes as follows: let x, y, X, Y be four
points on ID. We trivialise P over ID as ID X E and consider 71 =: £ and ¥,,-1 =: £* as
maps from DD to CIP(E) and CIP(E), respectively. Then by definition the cross ratio
of four generic points is

(€@ | £ EW) 1EM)
E@ &M EW1EX)

where &(z), £*(z) is a nonzero vector in &(z) and &*(z), respectively. The generic
condition is that 71 (x) ¢ F°_,(Y) and F1(y) ¢ F°,(X). For the Veronese oper, this

bo (x/ ]// X/ Y) =
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condition is always satisfied provided x # Y and y # X. Thus given x, y, X, Y, there
exists an open set of opers for which the cross ratio is defined at x, y, X, Y.

It then makes sense to compute the variation of b°(x,y, X, Y) along an oper
deformation. The main result of this section is an explicit formula for this variation
(for points inside the disk D) at the Veronese oper. More precisely, we shall prove

Proposition 7.3.1. Let {x}, x5, X}, X3}, be a sequence of quadruples in D converging

to x1,x2, X1, Xy in JD. Then along an oper deformation associated to a holomorphic
k-differential q,

b0, X, X5, YE) .

’}g{}o W = A(k, n)-Rh(x1, x2, X1, X2; §) .

—1F (n-1)!
where A(k,n) = §3 ((Z_k;,.

We will prove this proposition in Section 7.3.3.

7.3.1. Lifting and elementary functions. Let us choose points z and Z in D and a
path y : [0,1] — D so that ¥(0) = z and y(1) = Z. Let {y € &(z) and (] € £(Z) be
nonzero vectors and covectors. Consider the elementary function G,z on the space
of connections on E defined by

Gy z(V) = (G, G (V)),

where t — (V) is the V-parallel section along y starting at Cy. Let also t — C;(V) be
the V parallel section so that (j(V) = &}. From the definition of the cross ratio we
immediately get

Proposition 7.3.2. For x1,x2,X1,Xs in ID, and an oper variation associated to a k-
holomorphic differential q, one has
bO(x1, 20, X1, Xo) Z (_1)i+]‘dVG"”X/(V)

bO(x1, x2, X1, X2) G henal Gy, x;(V)

Observe that, fixing z and Z, G, 7 is well defined up to a multiplicative constant.

Then let
GGV

P=2G) = T vy

be the projection on the V-parallel line L, generated by C, along the V-parallel
hyperplane Pz = ker(C;). Then the variation of parameters method gives

Proposition 7.3.3. We have

déj;zv()é) B /o1 Ir (pZ,ZO/)'%) ds.

&£l Vs = V. Let B be
the section of End(P) along y so that f(y(0)) = 0 and V; (t)ﬁ =V ()./) Let G° be the

family of sections of End(P) along y so that G°(z) = Id and (G°)*V = V®. Then by
construction

Proof. Let V, be a 1-parameter family of connections so that

d
ds

G =p.

5=0
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Moreover,
G:z(V°) =(GG(V) | G* (CG(V))) -
It follows that .
dvG.z(V) =<G(V) | B(G(V)))
Let now
f(8) =GV | B(C(V))),
so that
dyG. (V) = £ - £0)
_ [tdf
- 0 dS ds

/O (V)| V@) ds .

Since Gz,z(%) = Tr(C;(V) ® Cs(V)), this completes the proof of the proposition. O

7.3.2. The Fuchsian bundle along a geodesic again. Let y be a geodesic, we need the
following

Lemma 7.3.4. There exist positive number o and ty only depending on n, so that for any
kef2,...,n}, foranys,t >ty
|Tr (Eiy Prsp) — Al m)] < e™ + e

Proof. We use the notation of Section 4.2. Let y be a geodesic and lets consider the
bundle & in (25). As noted previously, this bundle inherits a (split) connection V
from the hyperbolic structure, as well as a (nonsplit) connection D from the flat
connection. From the description of the Veronese oper in Section 2.4.1 we have
&(z) = S"1and &(z) = S'" @...5"" 172, Finally we have a V-parallel frame {u,}
defined in eq. (48) and which satisfies by eq. (49)

D}.,u,, =ap.y,
where a, > ..., > ap-1 > a1 > 0. Then L, is the (parallel) complex line generated
by u, and let 7, be the orthogonal projection on L, for all p.

By construction, m1(&(z)) is always nonzero. Then, since £(z) is V parallel, it
follows that there exist positive a, K and t; so that for s > t

d(E(y(s)), L) < K-e™™,

where d is the metric on CPP(&) inherited from the metric on &. It then follows
(using a similar argument on E) that we have a constant K so that for s, u > ty

A(Tt1, Py(-s),ya) < K(e™® +e™).
The result now follows from eq. (97). .

As a corollary of Proposition 7.3.3 and Lemma 7.3.4 we get

Corollary 7.3.5. There exist positive number a and to only depending on n, so that for
any k €1{2,...,n}, forany s, u > ty

dVGy( )/(u)(v) _
A(kn)/q ..,j/)ds e e,
GV( —5),y(u) (V)
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Proof. Indeed, for a standard oper deformation associated to a holomophic differen-
tial of degree k, we have

T (200 V) = 4G D) THEL o)
The corollary now follows. |

7.3.3. Proof of Proposition 7.3.1. Let {x},x3, X}, X3},en be a sequence of quadruples
in ID converging to xq,x, X1, X5 € JD. Let 7/2]. be the geodesics joining x7 to X}“.
Since x1, x2, X1, X, are all pairwise distinct, we may choose a parametrization so
that )/l’-f]-(O) stays in a compact regior}. 'Thus let 7./17]-(52]-) = x; and y;fj(sl’»f]-) =X;.

From Corollary 7.3.5 and Proposition 7.3.2, it follows that

bO(x, x4, X2, Y1) i [ 4 —as!, | -aS!,
e x vy~ Ak | 20 [ gas )| <X e

ijel1,2) Vij

The result now follows from Proposition 7.1.2.

7.4. Extension to the boundary at infinity. We can now prove our first result on
variation of cross ratios: Theorem 7.2.1. The statement consists of two assertions.
The second assertion is an immediate consequence of the first one using the
description of the tangent space to the Fuchsian point of Section 3.1.

The proof of the theorem therefore follows from Proposition 7.3.1 and the
following result, whose proof occupies the rest of this section

Proposition 7.4.1. Assume that the function defined for every quadruple of pairwise
distinct points in 1D by

(x,y X Y) - d‘ (x,y,X,Y),
dt |

extends continuously to a function f defined on quadruple of pairwise distinct points of
JD. Then, for every (x, y, X, Y) pairwise distinct in D,

flo,y,XY)= d’ v, X, Y).
dt |-

7.4.1. Opers and the boundary at infinity. For the moment we prove the following
result. Let us first notice that, by the openness property of Anosov representations
there exists a neighborhood Uy of the Veronese oper, so that if an oper O belongs to
Uy its monodromy is also Anosov. In particular, one can associate to O a cross ratio
on dD (identified with de.7t1(X)), which will also be denoted by b°.

Although it is quite likely that on a smaller neighborhood, the cross ratio is
actually defined for all quadruple of distinct points and extends continuously to
the boundary at infinity, we content ourselves with a weaker and easier result.

In this section and the next one, &o, &, are the Frenet immersions from D to
CIP(E) and CIP(E"), respectively, associated to the oper O, and &, £* those associated
to the Veronese oper as in Section 7.3. Let also denote by 6o (and similarly 0)
the monodromy of the oper O and the Veronese oper, respectively. Finally the
contragredient of a representation 1) is denoted n*.
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Proposition 7.4.2. Let x be a point in D, let a1, aa, a3 and vy be four nontrivial elements
of m1(X). Let af be the attracting point of a; in JID. Assume that af, a;, a3 and aj are all
pairwise distinct. Then there exists ng and a neighborhood U of the Veronese oper, such that
if O € U, then

e First, for n > np, bO(a’(x), a(x), a2 (x), al(x)) is well defined,
e Moreover, lim,_,o b°(af}(x), @4(x), al(x), a}(x)) = bO(af,af, a3, a}), and the
limit is uniform in O.

Proof. Observe that £(x) and £*(x) both lie in the basin of attraction of the unique
fixed point of 6(«;) in either CIP(E) or CIP(E*). By continuity the same holds for
&o an & for an oper O close enough to the Veronese oper. It then follows that
Eol(a}(x)) converges to the attracting fixed point of 6p(a;), and similarly & (e} (x))
converges to the attracting fixed point of 67,(«;). The results follow immediately,
and the uniform convergence in O is similarly obtained. ]

7.4.2. Analyticity. We note the following

Proposition 7.4.3. Letx, y, X, Y inID (or all in dD). Then the function O — bo(x, y,X,Y)
is complex analytic in a neighborhood of the Veronese oper.

Proof. For points in dD, this follows from [8, Theorem 6.1]. For points in ID this
follows from the fact that for a differential equation whose parameters vary complex
analytically, the solution also varies complex analytically. ]

7.4.3. Proof of Proposition 7.4.1. We remark that by continuity it is enough to prove
that on a dense set of points in JD,

fry,XY) =y, X Y).

We thus will only prove this proposition when x, y, X, Y are the attracting points of
elements «; in 711 (X). But by Proposition 7.4.2, there exists sequences {x, }ieN, {Vn}ien
AXnlien and {Y}}ien converging respectively to x, y, X and Y so that the function

O bo(xn/ Ynr X, Yo,

converges uniformly to O +— b°(x,y, X,Y). Since all the functions involved are
analytic in O by Proposition 7.4.3, it follows that their derivatives in O also converges.
This is what we needed to prove, and the proof of Proposition 7.4.1 is now complete.

7.5. The rhombus function and automorphic forms. In this section, we prove
Theorem 7.2.2 to give an alternative formula for the rhombus function, and hence
also for the variation of cross ratios.

7.5.1. Slabs and cusps. For u and v in H?, let ¢ be the geodesic arc between u and
v. The slab S(u, v) defined by u and v is the region bounded by the two orthogonal
geodesics c.x and ¢, to ¢ at u and v, respectively. We extend the notion of slabs to u
and being possibly at infinity.

We need the following two propositions, proved in the next two sections, and
their corollaries. Our first proposition and corollary deal with integration over
slabs. Recall (4).
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Proposition 7.5.1. [INTEGRATION OVER sLaBs] There exists a constant K, such that such
that for any bounded k-differential q, and u,v € H2, we have

/ (9,0y,)do
S(u,0)

Proof. We can work in the upper half plane model and assume that # and v belong
to the imaginary axis so that

< K- ||glleo- d(u, v) .

Qu,v = .
zZ

Then the slab S(u, v) is defined in polar coordinates as
T
S(M,U) = {(T, 6)|6 € [_EI E]/ |1/l| < V|U|} .

Then

= —0— k — o k
7 sin(0) drd0, 16; ]l = sin®(0) .

Thus the result follows from a simple integration with K = fé sin*~2(0)do.

It will be useful to note the following

Corollary 7.5.2. Let q be a bounded k-differential. Then there exist constants K and &
such that if € < gy and d(ug, vo) + d(u1,v1) < € and d(ug, u1) > K then

/ (q,0% ,,ydo - / (q,0% ,ydo
S(ug,uq) S(vo,v1)

Proof. Let y be the geodesic passing through 1y and u; so that y(0) = uy and
y(€,) = uy. Then, by continuity and elementary hyperbolic geometry, there exist
constants A and ¢y such that if ¢ < g and d(uo, vg) + d(u1,v1) < € and d(ug, u1) = K
then, writing ug = y(+Ae) and uy = y(A(f, + ¢)), we have

<K-¢.

S(ui, uy) € S(vo,v1) C S(uy, ui) .

Now let x be the characteristic function of S(vp,v1). Then using the previous
proposition twice yields

[ @oide- [ q6h,)do
S(uo,u1) S(vo,v1)

< 2AK-éllglle + / (q,0%,,,)do - / (4,65, ,,)do
S(uy ) ’ S(vo,v1) '
e (=090l do
g Uy
< 24K-glglle + / ((1-x)9, Ql:{ofuﬁda + / (1 -9, Gﬁo,quG
S(ua,ug S(uy 1+)
< 6AK-¢lglles -

The result follows from this last inequality. |
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Proposition 7.5.3. Let q be a Lipschitz differential. Let y be a geodesic from x to X in
dwH?. Let T be a parabolic transformation fixing X then

. ,, k _
Tt wmxﬁq Gy =0
Proof. We use the upper half plane model and the geodesic joining 0 to co. Let also
az
z+a
Let x; be the indicatrix of the set S(y(t), X). We want to prove that

T:ZH

Ll

dz\F
(q—T*q, (7) Y- xt — 0,

where the convergence in L'(H?, o). Observe that since ¢ is Lipschitz, there exists a
constant K so that

lg = Tqll: < K-d(z, ©(2))
Moreover, there exists a constant K5, so that dyy2(z, 7(z)) < K2 J(2). It follows that we
have a constant K3 so that, using polar coordinates,

-va (£))] <62

— = K5 rsin*"1(0) .
2 3 |Zk| 3 ( )

Integrating along the area form of the hyperbolic space

_drdO
rsin(6)2 '
we get
’(q - 7'g, (C}:)% do < K3 sint1(6)drd6 .
The result follows. o

As a corollary of Proposition 7.5.3, we have

Corollary 7.5.4. Let x, X1, X, € dH2. Let h be a Busemann function associated to x, so
that h(—oo) = x. Let y; be geodesics from x to X; for i € {1,2}. We parametrise the geodesics
so that h o y;(t) = t. Then for any sequence {Sy}neN, {tn}nen g0ing to +oo so that t, > sy,
for any automorphic form q, we have

tim >~ 1y (4,04 ) do | =0

i€{1,2) S(yi(sn),yi(tn)

7.5.2. Conclusion of the proof of Theorem 7.2.2. Let Q be the set of those points in de.1H?
which are end points of geodesics whose projection on UX have a dense w-limit
set. Observe then that any geodesic ending on () satisfies the latter property. By
ergodicity and Poincaré recurrence, (2 is nonempty, and hence, by m1(Z) invariance,
dense.

By density, it is enough to prove the result when (x1, x, X1, X5) belongs to Q). Let
vij be the geodesic joining x; to X;. Then by hypothesis, for all i, j € {1, 2}, there exist
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sequences of points {uff ]-}HE]N and {vff j}neN of y; ; converging to x; and X, respectively,
as well as elements ’7;‘1,]' in 711(X) so that for all 4, j, k € {1,2},

n—oo

d(uijuj) —— 0,

', of) 2%,
A}, @) — 0. (81)

Applying the closing lemma, we deduce from (81) that there exist 4; and 7/ on the
axes of nj}; with i, (4 ;) = 97/; so that
n—oo

d(u?,]’/ ﬁi,j) 0 s (82)
d(o};,0f) — 0. (83)

ij’
Let us denote by x(u, v) the characteristic function of S(u, v). By Corollary 7.5.4, as
n — oo,
D D iy, o6 xS Y (1) x
ij ij
where * denote the convergence in the dual of the space C%(H?) of Lipschitz
function on H?. Then by (82) and (83), as well as Corollary 7.5.2, we obtain,

D @ 00 o = D (DO (84)
ij i,j

As in Proposition 2.1.1, since 97; = n{(it};), for any automorphic form g,

Tk / , 62%.,@/}.) do = / gds,
@0 K [an,o" ]

i,j770,)
where [u, v] denotes the geodesic between u and v. Observe now that

n—oo

@y, ) > 0,

@}, o) 222000,

Thus we get from Proposition 7.1.2, that

ne S e[

i,jel1,2) S,

n—oo

<q,9k 5 )dO — Rh(xl,xl,Xl,Xz;q“) .
) ]

nn 1
7Y%,

Combining this last equation with (84) concludes the proof of the theorem.

7.6. A remark on triple ratios for SL(3, R). For representations into SL(3, R), the
triple ratio of three points is defined as

T(x,y, w) = b (x, y, w, m)- b" (w, x, y, m)- b (y, w, x, m) ,

for all auxiliary points m. It follows from the formulae in Theorem 7.2.2 that the
variation of the triple ratio along a cubic differential g is given by

S| togmmmn = [ @, 3 0% dota).

dtli=o i#]

For SL(n, R) there are W cross ratios, and similar formulas give only a small
fraction of all triple ratios.



VARIATIONS ALONG THE FUCHSIAN LOCUS 47

8. LARGE 1 ASYMPTOTICS AND APPLICATIONS

In this section, we describe two phenomena related to the large n asymptotics of
our formula. In particular, we shall see that asymptotically the relation between the
pressure and L?-metrics becomes remarkably simpler, once we perform a natural
renormalization.

8.1. Large n asymptotics of the pressure metric. For large n asymptotics, it is more
natural to consider the renormalized highest eigenvalue

fy = ()7

and the associated renormalized pressure metric. The reason for this normalization
is that then, by (41), the highest eigenvalue does not depend on 1 along the Fuchsian
locus.

We prove the following asymptotics

Theorem 8.1.1. [LARGE n-asymrrorics] We have the large n-asymptotics for the renor-
malized highest eigenvalue given by

. -DF (k-1 §
Hy g - 1)!( 3 ) 'Am"k)dt'

Finally, the large n asymptotics for the renormalized pressure metric for the renormalized
deformation (q) associated to a holomorphic k-differential q is given by

2k -1
PO, ¥0) ~ 315 [ WlPdo

We need the following consequence of Lemma A.1.

Lemma 8.1.2. Asn — oo we have the asymptotic expression,

(k!)?
Qk+ 1)

- Tr (EJF}) ~ n®*".

Proof of Theorem 8.1.1. Since qug_l = qiNk-1Ex-1, where mi_ is as in (16), we apply
Theorem 4.0.2 to gimi-1 to get

Y _ k Mk=1 (1’1 - 2)' b . .
TR W R el R (- 7))
We have d(1n) ~ n%/6. Using (16), and combining with Lemma 8.1.2, this implies

N 1 ((Zk - 1)!)1/2
T~ -1\ 6 '

The result then follows from the fact that

(n-2)! _
TR n
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8.2. Asymptotic freedom of eigenvalues. Fix p € IN. As previously, let A, denote
the largest eigenvalue. Let 7/ = ()1, ..., ) be pairwise distinct conjugacy classes of
primitive elements of 71 (X). We can then construct a map

A(yl’) CH(E,n) — R,

o (Aé(yl)/ ceny )\é(;,p)) .
We then have

Theorem 8.2.1. For n sufficiently large (depending on y) the image of Af/ff) contains an
open set.

This theorem will be an easy consequence of the following, which is of indepen-
dent interest:

Proposition 8.2.2. Let C be the set of conjugacy classes of primitive elements of 11(Z).
Let ko > 2 be some integer. Let R be the real vector space freely spanned by elements of C.
Then the real linear map defined by

R¢ - éHO(X, Ky,
k=ko
y @9 ...,00,. ). (85)
is injective.
8.2.1. Proof of Proposition 8.2.2. The proof relies on the following

Lemma 8.2.3. Let {f; : i € IN} be nonzero holomorphic functions defined on the unit disk
D, and {a;; i € IN} be a bounded infinite sequence of complex numbers . Assume that:

(1) the real analytic functions |f;|* are all pairwise distinct;
(2) the series Y i2q fi(z) is pointwise absolutely convergent for every z € ID;
(3) there exists a sequence {Ny}men, Ny — 00, such that for all mand all z € D,

Zaj -fl-N”’(z) =0.
i=1
Then, for all i, a; = 0,
Proof. Since "2, fi(z) is pointwise absolutely convergent, it follows that given

zo € ID, there exists:

e an integer ip;

e a finite set Iy C IN containing Iy;

e a neighborhood Uy of z;

e areal number Ky > 1,
such that

*) {|fi(20)| = |fi(z0)l  foralli€ Jo
lfiy @) = Kolfi(z)] foralli¢ly, andallz e Up.

If #1p > 1, then using the fact that the functions |fj| are distinct one can find z; near
2o, satisfying conditions (*) for z;, I1, Uy, K (instead of (2o, Iy, Uo, Ko)) where

ﬁll < ﬂl() .

In other words, by induction, we may as well assume that Iy = {ip}.
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We now proceed by contradiction. Suppose some a; # 0. Then after relabeling,
we may assume that all a; # 0. Applying the previous argument we may find z,
Ko > 1, and iy, jo, so that

|fio (z0)] = Kol fi(zo)I (86)

for all i # ip.Then, the equation

Z i fi"(z0) =0,
i-1

yields

fi(zo0) )Nm
A, = — o (
! ; ﬁo (ZO)
where the right end term converges. Then since
NECAP (e
fio(20) fia(20)
where A = |f; (zo)| ™ sup, lail, Lebesgue dominated convergence theorem yields

that N
. ( fizo) \™" _
i 3 (fe5) =0

1#1)

<A |fl(20)} s

Thus a;, = 0; a contradiction. m]

We can now pass to the proof of Proposition 8.2.2. Let y1,...,y, be different
conjugacy classes. We may as well assume that we have an involution o of {1, ..., p}
so that y; = y;(li). Assume that there exist ay, ..., a, real numbers so that for all k,

4
Y a0l =0,
i=1

Let (x;, X;) be the end points at infinity of y;, then we can write

p
i=1

p * iz k
(Eai > o <z—xi><z—xz->>)' &)

nem(X)/{y:

Defining g;, by

. dz
in(2)-dz =1 ((z—x,)(z—Xl)) '

we get

p
0= > > a(su@) .

=1 nem(Z)/(yi)

Hence, for all even k,

p
0 = Z Z (az‘+%(i>)'(8i,n(2))k' (88)

i=1 nem(Z)/{yi)
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Similarly, for all odd k,

14
0= > Y (@i-amw) (8i@)" (89)

i=1 nem (Z)/{y:)

Next we observe that if for all z, |g; ()] = Ig;c(2)|, thenn =, and i = jor i = o(j).
Recall that g4, = —gi,y- Therefore, applying Lemma 8.2.3 to the sequence of even
integers, we get from (88), that a; + a4 = 0 for all i. Similarly, applying Lemma
8.2.3 to the sequence of odd integers, we get from (89), that a; — a;) = 0 for all i. As
a consequence, a; vanishes for all i. This concludes the proof of the proposition.

8.2.2. Proof of Theorem 8.2.1. The proof is an immediate consequence of the following

Proposition 8.2.4. Let 6 be a Fuchsian representation. For n large enough, A;f) isa
submersion at o.
Proof. Let 6 be a Fuchsian representation with values in SL(r, R), y be a nontrivial

element of 711(X), let A, () be the highest eigenvalue 6()). Then by Theorem 5.4.1,
the Hamiltonian vector field H, of log A, at 6 is given by

H, = Z Cln, k- (i-09) (90)
k=2

where C(n, k) are all nonzero (see Remark 5.4.2), and are independent of y. Now
if y1,...,yp are primitive elements of 711(Z), the proof of the proposition will be
complete if we can show that the set of vector fields {H,,}"_; is linearly independent.
Let W be the finite dimensional subspace of R¢ spanned by the y;,i =1,...,p. Then
from the finite dimensionality of W and Proposition 8.2.2, there exists some k; so
that the map

ki
pw:W — > HUXKY,
k=2
y - (6(2),...,6551)),

is injective. Suppose that we have a; € R, so that

P
Z(X,‘ . H)/i =0.
i=1

Since the (i . @g?) are orthogonal for different values of k, from (90) we obtain
that

p
Cnl)Y ary(i-0¥) =0,
i=1
forallk € {2,...,k}. Since C(n, k) # 0, and 1 is real linear and injective, we find
p
Sar-eli=0,
i=1

and thus

p
ow <ZOH'%’> =0.
i=1
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Finally, by the injectivity of ¢w, we conclude that a; = 0 for all i. This shows that
{H,,}\_, is linearly independent and finishes the proof. o

APPENDICES

A. Computation of traces. For the irreducible embedding «, : sl(2) — sl(n), set
X = xu(x), Y = ku(v) (see (9)). Then the action of X, Y in the standard basis {@,} of
C" is given by
(_X)(wp) = Cp wwl ’
Y(Z’l\)p) = Cp—l'wp—l .
where ¢, = (p(n—p)/2)'/? (see [23, p. 978]). If we make a change of basis by rescaling

w, = {(p—1!(n— p)!}”z-w,,

then
(=X)(wy) = %(” —P) Wps1, 91)
Y(w,) = %(p = 1) wpq . (92)

The action of X and Y is then identified with that of first order differential operators
on homogeneous polynomials of degree n — 1 in in the variables z = x + iy and
z = x — iy. Namely, identifying w, = z/~'z"7 we have

o 9
—\/EX—zg,\/EY—ZE. (93)

Fork=1,...,n—1,1et E) = (- V2X)}, F) = =(V2Y).
We first compute the following

Lemma A.1.
~Tr (EOFD) = (kI)? ( 2’;{1’;) .
In particular,
= Tr (E)1Fyo) = (1 =112, (94)
and
~Tr (EF) = d(n), (95)
for all n (see (17)).

Corollary A.2. Recall the definition (18). Then,

_l n+1 1/2' n+k 2
Y 2% +1 '

Proof of Lemma A.1. From (91) and (92),

0 Wy _ Wpik
Ei ((n—p)!) S (m-p-k!’
FO( Wy >=_ Wp-k
-1t (p—k=-1t"

(-1 (=D (-p+E)!
G-k T k=D (i-p)

Hence, forp > k + 1,

—E{F{w, = E}
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By summing over p, we get
- -1\ (n-p+k
~Tr(EOFD) = (k)? 3 (p ; )( Z )
p=k+1
n
p=1\(n—-p+k\ [n+k
U063, .
p=k+1

This is actually clear from the combinatorial interpretation. Alternatively, define a

generating function
= m
fie(x) == Zx"’<k> .
m=k

Then the left hand side of (96) is coefficient of x"**~1 in f2(x). On the other hand, by
(80),

We claim that

k

fiul) = a—JCW ,

from which xf2(x) = fox+1(x). Hence, the coefficient of x"**~1 in f2(x) is the coefficient
of x"*in fy41(x), which is the right hand side of (96). This proves (96) and hence
also the lemma. O

Letu, = x*~'y""?, and let 7, denote the orthogonal projection to the 1-dimensional
space spanned by 1,. Note that by the hermiticity mentioned above, Tr(F{r,) =
- Tr(E{m,). We then have the following proposition

Proposition A.3.

(-1 -1)!
2 —k— 1)’

min(k,p—1) 2
_(p=-D'(n-p) n—k=1\(k\ i
) = Sk 2 (p—j—1)<j> e e

’ j=max(0,k+p—n)

Tr(EY- 1) = 97)

Proof. Set a,, = 2'7P(2i)'™", so that u, = a,,(z + 2)’'(z — 2" . As a warmup,
consider the easy case when p = 1 and prove (97). Then using (93),

k
E,?'ul = dau (z%) (z-z)"t
— |
= (—1)kanllzkﬁ(z —z)yrk1
= (”_"zfl)k 7(11(? I 1);()' -2 (z+2) +(z-2)"
_ apn (n-— 1! 7y
= ( 2) 7(71_1 k)'Z Z +ZA U;
= (-2 k(n(n — k)| u + ZA u;, (99)
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where A; are some complex numbers. Eq. (97) follows. Let us move to the general
case and prove (98).

o _ o
Ep-u, = an,pzkﬁ (z+zy ' z-2)"7)

LK\ (o o
= a2 ) ( j) (o) (azk-i(z - ZW)
j=0

min(k,p—1)
— k § : +k k (P — 1)! S\p—j— (Tl - P)! s\n—p—k+j
o v (1) ((;7—1—j)!(z+z)p ~) (m]-_k_,,)!@—z) )

j=max(0,k+p—n)
min(k,p—1)

o Hp=1im—p)
RN SR el sy ey ey A A

j=max(0,k+p—n)

min(k,p—1)
=K, > (=it <p . 1) (’Z B 5’) (z + 21z — zyripkgk

j=max(0,k+p—n) ]

kla min(k,p—1) . 1 " 4 ,
= 2 (_1)]+k<pf >(k—?)(zﬁ)”-f‘l(z—z)”*f-P—k((z+z)+(z—z))k

j=max(0,k+p—n)

kla min(p-1)  k ‘ 1\ /- ‘ | |
e T S (7)) (e

j=max(0,k+p—n) =0

Kl min(k,p—1) p— 1 n—p k .
R < j ><k—j) <f>(_l)]+ ty+ ) Aj i,

j=max(0,k+n—p) J#p

for some coefficients A; that we do not need to make explicit. Thus

Kl min(k,p—1) p- 1 n—p k A
Tr(E}- 1) = o > ( j ) <k— j) <]> (=1
j=max(0,k+p—n)

min(k,p—1)

_(p-Dn-p) 1 AN
B 2k ) (P—]’—l)!(n—P—k+j)!(j> 1Y

j=max(0,k+p—n)

min(k,p—1) 2
p-Din=pt TN (m=k=1) (B
- Zk(n - kn— 1;;! (n ) ( ) o

j=max(0,k+p—n) p=i- 1 ]

This concludes the proof of the proposition. O

B. Proof of Theorem 6.4.1.

B.1. Closed formula for the integrals. We shall need the technical formula
Proposition B.1. We have

d
Im,d(R) — ZRm+2k+1(1 _ RZ)d—k'
k=0

@d)!1(m — 1!t
Q(d — R)(m + 2k + 1)1

(100)
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Proof. An integration by parts leads to the recursion relation

2d 1
Lya(R) = mfmu,d—l(R) o 1Rm+1(1 - RY)7. (101)
Indeed,
R
Lna(R) = / (1 — £2)4 dt
0
2d (R 1
_ 2] _ 2yd-1. g¢ L] _ 2)dR
) A R Rt s G (R
2d 1
= Sl R) + ——R™(1- R
Observe that
1
I R) = m+1
m,O( ) m+1 ’
satisfies equation (100). Moreover, the right hand side of equation (100) satisfies
the recursion formula. O

B.2. Asymptotic series. If G,, and H,, are positive functions on [0, 1], we write
Gu(R) =< Hyuy(R),
If

Gm(R) © | )
{Hm(R)}mGIN — f(R) where lim f(R) = 1.

We will also use the nonstandard convention that
n—-1\ 1
n “n’
k
(n + ) s
n

_ @2p - 2)!1?
Fk,p) = > Rp-1-iRE-1- )"

i+j=kj,j<p-1

which is coherent with

for all k > —1. Let also

(102)

In particular
F(2p —2,p) = (2p = 2)!* =27 2(p - 1)1
We now prove
Proposition B.2. We have
2p-2
m+2p—1 o (M+2p-3—k
< i’ )1,314,_1 = R T R*(1 - RRE, ( b > “F(k,p) . (103)

m
k=0

Proof. From equation (100), we get

2d

2 _ 2m+k+1) (1 _ p2\2d—k, (2d)!2(m — 1)1
La® =3 (R (1=R) 2 @(d - i)' — 1)1 + 20 + Dli(m + 2 + 1!

k=0 i+j=k,j j<d

) |
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Since (m + 2i + 1)!!(m + 2j + 1)!! ~ m**2(m — 1)!'2, we obtain

2p-2 )
= . (m+k+1) _ a2k, 1 (2p —2)!!
LR = Z R2Am+k+1 <(1 R2)% o Z BT ik =i | -

k=0 i+j=k,i,j<p-1
Recall that
b, = (m +2p - 1) 21
m
Then by (102)
2p-2
bm‘ I;%/l,p—l (R) = . Z RZ(m+k+1) ((1 _ R2)2p727k‘ m2p737k. F(k, p)>
k=0
2p-2
2p-3-k
~ Z R2m+k+1) <(1 _ RYk, (m + pm 3 )-F(k, P)) .
k=0
This finishes the proof of the proposition. |

B.3. A preliminary lemma. We need an easy lemma.
Lemma B.3. Assume that the positive functions G, (R) and H,,(R) satisfy
Gn(R) = Hu(R),
V¥m, lim H,,(R) = lim G,,(R) =0,
R—-1 R-1

(o8]

lim Hu(R)=D <, (104)
- m=0

then
lim mzzo Gu(R) = lim mzzo Hu(R) .

Proof. Let ¢ > 0, from the hypothesis (104), there exist 0 < a < 1 and kp such that
forallm>kyanda <R <1

'1_GM<R> <.
Hou(R)

Thus

(Gu(R) — Hy(R))| < 2¢:D.. (105)
)

m:ko

Using (104), we now choose a so that for all m < kp and all R > a,

ko
> (Gu(R) - Hu(R)| < .. (106)
m=0

Combining equations (105) et (106) one gets that for all R > «a, one has

<e(@D+1).

> (Gu(R) = Hu(R)
m=0

This last assertion concludes the proof of the lemma. ]
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B.4. Proof of Theorem 6.4.1. We now prove the theorem.

Proof. Let
_ m+2p-1 I2m,p—1
Cu(R) = _< m ) log(1 - R)
Rm 2 m+2p—3—k
- _ ) %+2(1 _ R2)2p-2-k, )
H®) = gy 2R R ( . ) F(k,p)

From proposition B.2, one gets that
Gm(R) < Hu(R) .
Using the asymptotic expansion, for 0 < k <2p -3,
2\2p-2-k o (M2 =3k _ 22p-2-k__ Fk p)
(1-R)¥ F(k,m-ZR’".( . = (R
F(k,p) .

m=0

Similarly for k = 2p — 2, we get that

(1 _ R2)2p—2—kF(2p _ 2’ p) Z RZm, (m - 1)

m=1 m

* R2m

= F2p-2p)) —
m=1

F(2p-2,p)(1 —log(1 - R)) .
It follows that (with the convention that Hy(R) := 0)

o5 2p—2
E(k,p)
Hm R — R2k+2‘ F 2 _ 2, _
m§:0 (R) @p-2,p) kEZO log(1 - R)

In particular
; § H.(R)=F _ —922p-20, _ 1)12
1lzlll1l 2 m( ) = (Zp 2, p) =2 (p 1) .

We now observe that H,,(R) and G,,(R) satisfies the hypothesis (104) of the previous
lemma, thus

; — 9220, _ 1)12
lim mzzo Gu(R) = 2% 2(p - 1)2. (107)
Thus we obtain Theorem 6.4.1 as a consequence of (107). O
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