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Abstract. Let E be a hermitian complex vector bundle over a compact Kédhler sur-
face X with Kédhler form w, and let D be an integrable unitary connection on E defining a
holomorphic structure D” on E. We prove that the Yang-Mills flow on (X, w) with initial
condition D converges, in an appropriate sense which takes into account bubbling phe-
nomena, to the double dual of the graded sheaf associated to the w-Harder-Narasimhan-
Seshadri filtration of the holomorphic bundle (£, D”). This generalizes to Kéhler surfaces
the known result on Riemann surfaces and proves, in this case, a conjecture of Bando and
Siu.

1. Introduction

The main concern of this paper is the relationship between the Yang-Mills functional
and stability of holomorphic vector bundles on Kihler surfaces. By analogy with finite
dimensional symplectic geometry on the one hand, and geometric invariant theory on
the other, minimizing solutions to the Yang-Mills equations can be viewed as zeros of a
moment map on an infinite dimensional symplectic manifold, and the appearance of the
stability condition for the existence of such solutions may be regarded as a version of the
Kempf-Ness Theorem. More generally, one might expect a correspondence between two
stratifications: the stable-unstable manifolds defined by the gradient flow of the Yang-Mills
functional, and the algebraic stratification coming from the maximally destabilizing one
parameter subgroups.

This point of view originated in the work of Atiyah and Bott [AB] and was developed
further by Donaldson [Dol], [Do2] (see [Ki] for a general treatment of symplectic geometry
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vs. geometric invariant theory in finite dimensions). Let us recall some of the key points.
Given a holomorphic structure 0z on a complex vector bundle E of rank R over a Kihler
manifold X, one can associate a filtration by holomorphic subsheaves, called the Harder-
Narasimhan filtration, whose successive quotients are semistable. The topological type of
the pieces in the associated graded object is encoded into an R-tuple i = (g, ..., ug) of
rational numbers called the Harder-Narasimhan type of (E,dr). Atiyah and Bott used the
Harder-Narasimhan type to define a stratification of the infinite dimensional space .o/ of
holomorphic structures on E. The group 6" of complex automorphisms of E, or the
complex gauge group, acts on .«/” in a manner that preserves the stratification. The main
result of [AB] is that, when X is a Riemann surface, the stratification obtained from the
Harder-Narasimhan filtration is (ﬁC-equivariantly perfect, and this leads to a recursive
calculation of the cohomology of the moduli spaces of stable bundles, in certain cases.

On the other hand, fixing a hermitian structure H on E, one may identify .o/” with
the space .&/y of unitary connections on E via the map which sends a unitary connection D
to its (0,1) part D” = g (in higher dimensions we require the integrability condition that
the curvature F)p be of type (1,1)). The Yang-Mills functional, which associates to a con-
nection the L?-norm of its curvature, can be used as a Morse function on .Zy. For a fixed
holomorphic bundle (E,dr), the Harder-Narasimhan type gives an absolute lower bound
on the Yang-Mills number of any connection in the isomorphism class. Up to a topological
term, the Yang-Mills number is the same as the Hermitian-Yang-Mills number, which is
defined as the L2 norm of the contraction AF) of the curvature with the Kéhler form (see
(2.4)). If ji is the Harder-Narasimhan type of (E, dg), then:

R
HYM() := 27 > < HYM(D) := [|AFp|* dvol
i=1 X

for all D such that (E, D") is holomorphically isomorphic to (E,dr) (see Cor. 2.22 for a
proof of this result for Kéhler surfaces). Atiyah and Bott conjectured that, on a Riemann
surface, the gradient flow of the Yang-Mills functional should converge at infinity, achiev-
ing the lower bound expressed above. Moreover, the stable-unstable manifold stratification
should coincide with the Harder-Narasimhan stratification.

That this is indeed the case follows from the work of several authors. First,
Donaldson proved the long time existence of the L?-gradient flow for the Yang-Mills
functional on any Kéhler manifold [Dol], [DoKr]. For Riemann surfaces, the asymptotic
convergence of the gradient flow and the equivalence of the two stratifications was estab-
lished in [D] (see also [R] for a more analytic approach). A key fact which makes the two
dimensional case more tractable is that the Yang-Mills functional on Riemann surfaces
satisfies the equivariant Palais-Smale Condition C.

In higher dimensions Condition C fails. More seriously, the Yang-Mills flow can de-
velop singularities in finite time. Therefore, one cannot expect a Morse theory in the clas-
sical sense. For Riemannian four-manifolds, Taubes formulated an extended Morse theory
by attaching bundles with varying topologies in order to compensate for curvature con-
centration, or bubbling. In this approach one uses the strong gradient of the Yang-Mills
functional associated to a complete Riemannian metric on the space o7y, which exists for
all time by the fundamental existence theorem for ODE’s. In this way Taubes established
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the connectivity of the moduli space of self dual connections in certain cases. Moreover, he
was able to calculate the stable homotopy groups as predicted by the conjecture of Atiyah
and Jones [T].

In the case of Kihler surfaces it is more natural to consider the L? rather than
the strong gradient flow. Long time existence, as mentioned above, is guaranteed. Do-
naldson used this flow to prove the correspondence between anti-self-dual connections and
stable bundles (see [Dol], and more generally [Do2] and [UY] for holomorphic bundles in
higher dimensions). This is now known as the Hitchin-Kobayashi Correspondence, or the
Donaldson-Uhlenbeck-Yau Theorem. In [BS], Bando and Siu extended the correspondence
to coherent analytic sheaves by considering singular hermitian metrics with controlled
curvature. They also conjectured that the relationship between the Yang-Mills flow and the
Harder-Narasimhan filtration which holds on Riemann surfaces should analogously be
true in higher dimensions. We use the word “analogous” because even when considering
vector bundles the Harder-Narasimhan filtration in higher dimensions may be given only
by subsheaves, and the associated graded objects may not be locally free. Indeed, it is for
this reason that the generalization of Bando-Siu naturally leads to a conjecture on the be-
havior of the flow for vector bundles.

The purpose of this paper is to prove the conjecture of Bando and Siu for holo-
morphic bundles on Kéhler surfaces. To state the result precisely, let Grgns(E ,0r) denote
the Harder-Narasimhan-Seshadri filtration of (E,dg) with respect to the Kéhler form
w, and let Grgns(E, 0r)"" be its double dual. To clarify, we note here that the Harder-
Narasimhan-Seshadri filtration is actually a double filtration which takes into account the
possibility that the successive factors in the Harder-Narasimhan filtration may only be
semistable as opposed to stable (see Prop. 2.6). Thus, the individual factors in the asso-
ciated graded object are all stable. Since X is now assumed to be a surface, the double dual
is a vector bundle and carries a Yang-Mills connection which realizes the hermitian struc-
ture as a direct sum of Hermitian-Einstein metrics. Now for unstable bundles the flow may
not converge in the usual sense; again, because of bubbling. However, one can always ex-
tract subsequential Uhlenbeck limits which are Yang-Mills connections on bundles with a
possibly different topology than the original E. The bundles are isometric, and the con-
nections converge, away from a singular set of codimension four®. In dimension four, the
singular set is a finite collection of points. For the precise definition, see Prop. 2.15 below.
Our result is that on a Kéhler surface, the Uhlenbeck limits are independent of the sub-
sequence and are determined solely by the isomorphism class of the initial holomorphic
bundle (E, dr). More precisely:

Theorem 1 (Main Theorem). Let X be a compact Kéihler surface, E — X a hermitian
vector bundle, and Dy an integrable unitary connection on E inducing a holomorphic structure
Op = Dy. Let D, denote the Yang-Mills connection on Grgns(E ,0p)" referred to above. Let
D, be the time t solution to the Yang-Mills flow with initial condition Dy. Then as t — oo, D,
converges in the sense of Uhlenbeck to D, .

We now give a sketch of the ideas involved in the proof of the Main Theorem and
explain the organization of the paper. In Section 2 we lay out the definitions of the Harder-

3 In this paper, convergence of connections will always be modulo real gauge equivalence.
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Narasimhan-Seshadri filtration and its associated graded object. We review the Yang-Mills
flow and the notion of an Uhlenbeck limit. We also discuss other Yang-Mills type func-
tionals associated to invariant convex functions on the Lie algebra of the unitary group.
These are closely related to L? norms, and they will play an important role not only in
distinguishing the various strata, but also because one actually cannot expect good L? be-
havior in the constructions that follow.

Much of the difficulty in proving the Main Theorem arises from the fact that the
Harder-Narasimhan filtration is not necessarily given by subbundles. Since we have re-
stricted our attention in this paper to surfaces, the individual factors in the filtration are
themselves locally free, but the successive quotients may have point singularities. These
points are essentially the locus where one can expect bubbling to occur along the flow—
when the filtration is by subbundles one can show there is no bubbling—and they are
therefore a fundamental aspect of the problem and not a mere technical annoyance.

In Section 3 we therefore analyze the degree to which the singularities in the filtration
can be resolved by blowing up. To be more precise, we are interested in comparing the
Harder-Narasimhan filtrations of E — X and n*(E) — X, where 7 : X — X is a sequence
of monoidal transformations, and the Kihler metric w, on X is an e-perturbation by the
components of the exceptional divisor of the pullback of the Kidhler metric @ on X. In
Thm. 3.1 we prove that under the assumption that the successive quotients of the Harder-
Narasimhan filtration are stable, there is a resolution X such that for sufficiently small ¢,
the Harder-Narasimhan filtration of z*(E) is given by subbundles and its direct image by =
coincides with the Harder-Narasimhan filtration of E. The situation is more complicated
for semistable factors, and the resolution of the filtration by subbundles may not corre-
spond to the Harder-Narasimhan filtration for any ¢ > 0.

Nevertheless, this analysis is sufficient for our purposes. In particular, we introduce
the notion of an L’-approximate critical hermitian structure. Roughly speaking, this is
a smooth hermitian metric on a holomorphic bundle whose curvature in the direction of
the Kéahler form is close in the L” sense to a critical value determined by its Harder-
Narasimhan type (see Def. 3.9). We prove Thm. 3.11 which states that there exist L”-
approximate critical hermitian structures for all 1 < p < oo. This result is an L? version of
a conjecture attributed to Kobayashi. Interestingly, the method does not seem to extend to
p = 0.

The first step in the proof of the Main Theorem is to determine the Harder-
Narasimhan type of an Uhlenbeck limit. Since the Hermitian-Yang-Mills numbers are
monotone along the flow one can show that for an initial condition which is a sufficiently
close approximate critical hermitian structure, the Uhlenbeck limit of a sequence along the
flow must have the correct Harder-Narasimhan type. Then a length decreasing argument
for the Yang-Mills flow, which closely resembles Hartman’s result for the harmonic map
flow, implies that any initial condition must have Uhlenbeck limits of the correct type (see
Thm. 4.1).

The second step in the proof of the Main Theorem is to show that the holomorphic
structure on the Uhlenbeck limit coincides with the double dual of the associated graded
sheaf of the Harder-Narasimhan-Seshadri filtration. The approach here is necessarily
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completely different from that of [D]. The main idea is to generalize an argument of Do-
naldson who constructs limiting holomorphic maps from the sequence of complex gauge
transformations defined by the sequence of connections along the flow. Instead of a map on
the entire initial bundle, we show that maps can be formed for each of the pieces in the
filtration separately. The result then follows by an inductive argument.

The proof that the limiting holomorphic structure is the correct one is largely inde-
pendent of the details of the flow. Indeed, we only use the fact that the Yang-Mills numbers
of a descending sequence in a complex gauge orbit are absolutely minimizing. Since this
result is in some way disjoint from Thm. 1, we formulate it separately (see Thm. 5.1).
Recall that sequences minimize Yang-Mills energy YM(D) if and only if they minimize
Hermitian-Yang-Mills energy HYM(D):

Theorem 2 (Minimizing sequences). Let X be a compact Kdhler surface, E — X a
hermitian vector bundle, and Dy an integrable unitary connection on E inducing a holo-
morphic structure 0 = D{. Let [iy be the Harder-Narasimhan type of (E, 0r), and let D,
denote the Yang-Mills connection on Gr'™(E,0g)™. Suppose D; is a sequence of smooth
unitary connections in the complex gauge orbit of Dy such that HYM(D;) — HYM(fi,) as
Jj — oo. Then there is a subsequence (also denoted j) and a finite set of points Z*™ < X such
that:

(1) E and Gr™(E, 0g)™ are L3 1o -isometric on X\Z*" for all p.

(2) D; — Do, in L}, away from Z*.

Acknowledgement. This paper is a substantially revised version of an earlier pre-
print. We thank the referee for an exceptionally careful reading of that initial manuscript
and for numerous and helpful comments. The references [Bul], [Bu2], [Bu3] suggested by
the referee, in particular, simplified some of our arguments and allowed us to remove the
restriction to projective surfaces required in the original paper.

2. Preliminaries

2.1. Stability and the Harder-Narasimhan filtration. Let X be a complex surface.
The singular set Sing(E) of a coherent analytic torsion-free sheaf £ — X is the closed
subvariety where E fails to be locally free. Since dime X = 2, the singular set of a torsion-
free sheaf is a locally finite collection of points and reflexive sheaves are locally free (cf.
[Ko], Cor. V.5.15 and V.5.20). A subsheaf S = E of a reflexive sheaf E is said to be satu-
rated if the quotient Q = E/S is torsion-free. In general, the saturation of a subsheaf S in
E, denoted Satg(S), is the kernel of the sheaf map E — Q/Tor(Q), where Tor(Q) is the
torsion subsheaf of Q. Note that S is a subsheaf of Satg(S) with a torsion quotient. A sa-
turated subsheaf of a reflexive sheaf is reflexive (cf. [Ko], Prop. V.5.22). We will also need
the following result, whose proof is standard:

Lemma 2.1. Let E be a torsion-free sheaf. Suppose S| = S, < E are subsheaves with
S»/S1 a torsion sheaf. Then Satg(S)) = Satg(S,).

Now assume that X is compact with a Kdhler form «w. We will assume the volume of
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X with respect to @ is normalized to be vol(X) = 27. The w-slope u(E) of a torsion-free
sheaf E — X is defined by:

1) o) = el — s [a(B) no

We define y,,,(E) to be the maximal slope of a subsheaf of E, and u,;,(E) to be the
minimal slope of a torsion-free quotient of E. A torsion-free sheaf £ — X is w-stable (resp.
w-semistable) if for all subsheaves F < E with 0 < rk(F) < rk(E), u,(F) < u,(E) (resp.
U, (F) = 1, (E)). When the Kéhler form is understood we shall sometimes refer to E simply
as stable or semistable, and we will also omit subscripts and write u(E).

Proposition 2.2 (cf. [Ko], Thm. V.7.15). Let E — X be a torsion-free sheaf. Then
there is a filtration: 0 = Ey < E\ < --- < E;, = E, called the Harder-Narasimhan filtration of
E (abbr. HN filtration), such that Q; = E;/E;_; is torsion-free and semistable. Moreover,

‘
w(Q;) > u(Qiv1), and the associated graded object Grah)“(E) = P Q; is uniquely determined
by the isomorphism class of E. i=l

It will be convenient to denote the subsheaf E; in the HN filtration by F™(E), or by
[FBE)(E), when we wish to emphasize the role of the Kdhler structure. The collection of
slopes u(Q;) is an important invariant of the isomorphism class of a torsion-free sheaf. For
a torsion-free sheaf E of rank R construct an R-tuple of numbers fi(E) = (u, ..., ug) from
the HN filtration by setting: p; = u(Q;), for rk(Ej_;) +1 =i = rk(E;). We call i(E)
the Harder-Narasimhan type of E. These invariants admit a natural partial ordering which
will be very relevant to this paper. For a pair i, A of R-tuple’s satisfying p; = --- = up,

R R
Al = 2 Ag, and Y u; = > 4;, we define:
= i=1

(2.2) i<ie w <Y 4y, forallk=1,....R

The importance of this ordering is that it defines a stratificaton of the space of holomorphic
structures on a given complex vector bundle over a Riemann surface. See [AB], §7 for more
details. We will make use of the following simple fact:

Lemma 2.3. Let fi=(u,...,1g) and %= (A1,...,Ag) be nonincreasing R-tuples
as above. Suppose there is a partition 0 = Ry < Ry < --- < R, = R such that y; = ; for
all pairs i,j satisfying: R 1 +1=i,j <R, k=1,....0. If > w < > 4, for all
k=1,...,/, then i < . J= Ry J=Ry

Several technical properties of the HN filtration will also play a role in this paper. We
again omit the proofs.

Proposition 2.4. (1) Let E — X be torsion-free and E < E with T = E/E a torsion
sheaf supported at points. Then F™(E) = ker(F!™(E) — T), and F™(E) = Satz (F™(E)).

(2) Let E — X be a torsion-free sheaf. Let Ey = FI"(E), and Q) = E/E;. Then
FM (E) = ker(E — Q1/F™(Q1)).
In particular, [Flhfl( )/ E = [F}m(Ql).
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(3) Consider an exact sequence: 0 — S — E — Q — 0 of torsion-free sheaves on X
With iy (S) > tnax(Q). Then the Harder-Narasimhan filtration of E is given by:

0=EycF™S)c---cFNS) =S cF(E) = --- c B (E) =
where FI™(E) = F™(S), i <k, and F?,(E) = ker(E — Q/F™(Q)) for i=0,1,...,/ — k.
In particular, Gr™(E) ~ Gr™(S) ® Gr™(Q).

We point out the analogous filtrations for semistable sheaves:

Proposition 2.5 (cf. [Ko], Thm. V.7.18). Let Q — X be a semistable torsion-free
sheaf. Then there is a filtration 0 = Fy = Fy = --- <= F, = Q, called a Seshadri filtration of
E, such that F;/F;_, is stable and torsion-free. Moreover, u(F;/Fi_1) = u(Q) for each i. The

‘
associated graded object Gr, (Q) = @ F;/F;_1, is uniquely determined by the isomorphism
class of Q. =1

Finally, the double filtration whose associated graded sheaf appears in the statements
of the main results in the Introduction is obtained by combining Prop.’s 2.2 and 2.5:

Proposition 2.6. Let E — X be a torsion-free sheaf. Then there is a double filtration
{E; ;}, called a Harder-Narasimhan-Seshadri filtration of E (abbr. HNS-filtration), with the
following properties: if { E; }l | is the HN filtration of E, then

E  =Eo<cE < ckEy,=E,

and the successive quotients Q; ;= E; j/E; ;| are stable torsion-free sheaves. Moreover,
w(Qi ;) = Qi j+1) and p(Q; ;) > u(Qiy1,;). The associated graded object:

ti

G/ (E) = éealgu

i=1j=

is uniquely determined by the isomorphism class of E.

2.2. Yang-Mills connections and Uhlenbeck limits. Given a smooth complex vec-
tor bundle £ — X of rank R, let Q”(E) denote the space of smooth (p,q) forms with
values in E. We will regard a holomorphic structure on E as given by a 0 operator
Op : QPY(E) — QP71 (E) satisfying the integrability condition dz o 0z = 0. We will some-
times denote the holomorphic structure on E explicitly by (E,dr). When this structure
is understood, we will confuse the notation for the holomorphic bundle and the sheaf of
holomorphic sections by E, as we have done in the previous section.

Now suppose we are given a smooth hermitian metric / on (E,Jg). Then there is
a uniquely determined H-unitary connection D on E satisfying D” = g, where D" de-
notes the (0, 1) part of D (D’ will denote the (1,0) part). We will sometimes denote this
connection by D = (g, H). Conversely, given a unitary connection D on E whose curva-
ture Fp =DoD is of type (1,1) (i.e. Fy> =0), then D” = dp defines a holomorphic
structure on E, and D = (D", H).
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For a ﬁxed hermitian metric, let .o/ denote the space of H-unitary connections D on
E, and let &f ! denote those satisfying F 3’2 = 0. The discussion above gives an identifica-
tion of .7}, b w1th the space .«” of integrable d-operators, or holomorphic structures, on E.
We denote by ® the space of unitary gauge transformations acting on .o/ by pulling back.
Via the identification .o}y ~ /", it is clear that we have an action on .Z,;' by G, the
complexification of &. We call ®° the complex gauge group. Notice that ®° also acts on
the space of hermitian metrics on E, where g(H) is defined by: g(H)(s1,52) = H(gs1,9s2).

Since many norms will be used in this paper, let us emphasize the following: if a is a
hermitian or skew-hermitian endomorphism on an R-dimensional hermitian vector space
with eigenvalues {11, ..., Ar}, we set:

(23) al = {zw}/

For a hermitian vector bundle E, let u(E) denote the subbundle of End E consisting of
skew-hermitian endomorphisms. If a is a section of u(E), then |a| will denote the pointwise
norm defined by (2.3).

Given a Kihler metrlc o on X, the Yang-Mills functional (abbr. YM functional) is
defined by YM(D) = ||Fp||7 L2(w)> and the Hermitian-Yang-Mills functional (abbr. HYM
functional) is defined by HYM(D) = || A, Fp||7 12(w)- Here, A, denotes contraction with the
Kéhler form, and A, F)p is called the Hermltlan Emstein tensor associated to D. Since for
any D € .o/ we have (cf. [Ko], IV.3.29):

(2.4) YM(D) = HYM(D) + 4n*(2¢:(E) — ¢i(E)),

the YM and HYM functionals have the same critical points on .Z;'; namely, the Yang-
Mills Connections D*Fp = 0. We also note the Kéhler identities:

(2.5) D*Fp =vV—1(D' — D")A,Fp.

Given a holomorphic bundle EF — (X,®), a hermitian metric H is called a
Hermitian-Einstein metric if there is a constant x such that v/—1A F( B H) = = ulg, where Ig
denotes the identity endomorphism of E. If X is compact, then because of the normaliza-
tion vol(X) = 27 it is necessarily the case that u =y, (E) (see (2.1)). The celebrated theo-
rem of Donaldson-Uhlenbeck-Yau relates stability to the existence of a Hermitian-Einstein
metric (cf. [Dol], [Do2], [UY]):

Theorem 2.7. A holomorphic vector bundle E on a compact Kdihler manifold (X, ®)
admits a Hermitian-Einstein metric if and only if it is holomorphically split into a direct sum
of w-stable bundles, all with slope = u(E).

The following is standard (cf. [AB], §4, or [Ko], IV. §3):

Proposition 2.8. Let D € &/1;"1 be a YM connection on a hermitian vector bundle over

‘
a Kdhler manifold X. Then there is an orthogonal splitting (E,D) = @(Q;, D;), where

i=1
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V—=1A,Fp, = ulo,, for constants ;. In case X is compact, u; = u(Q;), and the critical values
of the YM functional on ;z/H are discrete.

For the proof of the following version of Uhlenbeck compactness, see [U1] (and also,
[UY], Thm. 5.2):

Proposition 2.9. Let X be a compact Kihler surface and E — X a complex vector
bundle with hermitian metric H. Assume D; is a sequence of integrable unitary connections on
E such that || AFp,||; .. is bounded uniformly for all j. Fix p > 4. Then there is:

(1) a subsequence {ji},

(2) a finite subset Z* < X,

(3) a smooth hermitian vector bundle (E.,, H.,,) — X\Z* with a finite action con-
nection D, on E,

(4) for any compact set W =< X\Z*™, an L5-isometry
V(B Hoo)ly — (E,H)lyy
such that for W = W' cc X\Z*, <" =<"'|,,, and <" (D;,) — D, weakly® in LY (W).
We will call any D, arising in this way an Uhlenbeck limit of the sequence D;. We will
often omit the isometries ¢/ from the notation, and simply identify (E.,, H.,) w1th (E,H)
on X'\Z*". Also, it is useful to note here that weak L{ . convergence implies convergence
of local holomorphic frames. This may be proven, for example, using Webster’s proof of
the Newlander-Nirenberg Theorem [W]. We refer to [DW] for more details on the follow-

ing result:

Proposition 2.10. Let D; — D, in L} toc. (X\Z*™) for some p >4, as in Prop. 2.9.
Then for each x € X\Z*™ there is:

(1) a coordinate neighborhood U = X\Z* of x,
(2) a sequence {s;} of D/'-holomorphic frames on U,
(3) a D! -holomorphic frame s, on U,
(4) and a subsequence {ji} < {j},
such that s;, — s, in C'(U).
Next, we turn to a situation where the Uhlenbeck limits are Yang-Mills:

Proposition 2.11. If in addition to the assumptions in Prop. 2.9 we assume
|DiAFp,||p> — O, then any Uhlenbeck limit D, is Yang-Mills. Moreover, the triple

4 We will denote weak convergence by “— and strong convergence by “—”’
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(Ex,Dy,Hy) extends smoothly to X, and the extension has a holomorphic orthogonal
splitting as a direct sum:

where H £? is a Hermitian-Einstein metric on Q(ocl)

Proof. The last statement follows by the removable singularities theorem (cf. [U2])
and the argument cited above (cf. Prop. 2.8). To see that D, is Yang-Mills, we argue
as follows: by the compactness of the embedding L7 — C° and the fact that D;, — Do,

o
weakly in L7, ., we may assume D, % D, and AFp, — AFp, in L7 .. It follows that
Dy AFp, — D, AFp, in L_1 locs SAY, where L2, is the dual space to L2 On the other
hand, D AFD = D,kAFD [D ,k,AFD ], so by the added hypothes1s we also have,

L
Do, AFp, L 0. This implies D, AFp, = 0. The statement that D,, is Yang-Mills now
follows from the Kéhler identities (2.5). This completes the proof. []

Corollary 2.12. With the assumptions as in Prop. 2.11, AFp, L—F>AFDI for all
l1=p< .

Proof. Set fk—AFD — AFp,. Then by the proof of Prop. 2.11, fi — 0 in

LP and D, f — 0 strongly in L2

loc.

By Kato’s inequality, |fi| is uniformly bounded in

loc.*
Lf loc.s SO | x| ﬁ> 0. Since |f%| is also uniformly bounded in L, it follows that | fx| 220 for
all p. O

We conclude this subsection with a technical result on the boundedness of second
fundamental forms. This will be important in the proof of the main result. Let Q < X be
an open set. Let {D;}, D, be integrable unitary connections on £ — Q with D; — D, in
Lf 1oc.(€2), for all p, 1 < p < oo. Let 7; (resp. 7)) be (smooth) projections onto D}’ (resp.
DTC ) holomorphic subbundles of E. Let us assume the following:

(1) AFp, is bounded in L7, () uniformly in j.

loc.
(2) 7 is bounded in L, (€) uniformly in ;.
() M7 = 7o lle @ — 0asj— co.

Lemma 2.13.  With the assumptions above, n; is bounded in LY | (Q) uniformly in |,
for all p. In particular, the second fundamental forms DJf’ nj are locally uniformly bounded.

Proof.  Set p; = nj — n,. By [D], Lemma 3.2, we may write:

(2.6)  Ap,(pj) ={Dwpj, Deopj} +{DouTjs pj} +{Dopj, ;} + {1}, I} + G,

where the brackets {,} indicate a bilinear combination of the two arguments with
bounded coefficients, I'; = D; — D, and Gj is uniformly bounded in L, (€). Since I is
uniformly bounded in L (Q) and p; — 0 1n Ly (Q), it follows from [GiM], Thm. 1 4,
and [Gi], Thm. VI.1.5, that p; 1s bounded in C (Q ) Q) for any 0 < o < 1, uniformly in j. The
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L7 .. (Q) bound then follows from the L?-elliptic estimate (cf. [GT], Thm. 9.11) applied to
(2.6). For the second statement, write: D/'mj = D! m; + T'/n;, and note that the right hand
side is locally bounded since it is in Lfloc_ forp>4. [

2.3. The Yang-Mills flow. The basic object of interest in this paper is the Yang-
Mills flow for a family of unitary connections D = D(¢) = D,. This is the L?-gradient flow
of the YM functional, which may be written as follows:

oD
(2.7) — =-D'Fp, D(0)=Dye Ayt

By the work of Donaldson and Simpson (cf. [Dol], [Si]), (2.7) has a unique solution
in (s '/®) x [0, 0). Furthermore, D, lies in a single ®" orbit, namely ®" - Dy, for all
t € [0, 0). One way to see this is to fix the d-operator 0z = D{/ on E and look at the family
of hermitian metrics H = H () = H, satisfying the Hermitian-Yang-Mills flow equations:

(2.8) g

e = 2(V=1A,Fy, — lg), H(0)= H.

In the equation above, Fy, denotes the curvature of D, = (0g, H,), and u = u,(E) (see
(2.1)) depends only on the topology of E and the Kdhler form . The two systems (2.7) and
(2.8) are equivalent up to gauge. See [Dol] for more details. Also notice that it is easy to
factor out the trace part of the connection and gauge transformations. Therefore, in the
following we shall assume that the solutions to the above equations all preserve determinants.
Also, in the following and throughout the paper, we will often omit the Kéhler form w
from the notation when doing so is unambiguous.

The following is an immediate consequence of (2.7) and (2.8) (see [Dol], Prop. 16, for
a proof):

Lemma 2.14. (1) Let D, be a solution to (2.7). Then 0Fp,/0t = —AFp,, and:
d 2 2 * 2 <0
I = ~20D; o 3 <0
Hence, t — YM(D;,) and t — HYM(D;,) are nonincreasing.
0
(2) The pointwise norm |AFp |* satisifies Er IAFp,|* + A|AFp|* £0.

Uhlenbeck compactness applied to the flow gives the following:

Proposition 2.15.  Let D, be a solution to (2.7) on a compact Kdhler surface X, and fix
p > 4. For any sequence t; — oo we can find the following:

(1) a subsequence {t,,},

(2) a finite set of points Z*™ < X,
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(3) a smooth hermitian vector bundle (E.,,Hy) — X with a finite action Yang-Mills
connection D, on E,

(4) and on any compact set W << X\Z*", an L5-isometry
(U (EOC7HOO)|W - (E07H0)|W’

such that for W < W' cc X\Z*, <" = g"'|,,,, and t¥(Dy, ) = Do, weakly in L{(W).
Moreover, the triple (E,,, D, H.,) extends smoothly to X, and the extension has a holo-

/ . . . .
morphic orthogonal splitting as a direct sum: @(Q(;C), Dg?, H(;)), where Héé) is a Hermitian-
i=1

Einstein metric on QEQ.

Proof. By Lemma 2.14 (2) and the maximum principle, ||AFp,||, - is decreasing in ¢,
and is therefore uniformly bounded. By [DoKr]|, Prop. 6.2.14, tlim |D:AFp,||;» =0. The
— 0

weak L{, . convergence along a subsequence to a YM connection now follows from Prop.
211 [

As in §2.2, we will call D,, an Uhlenbeck limit of the flow. Note that a priori, D,
may depend on the choice of subsequence {¢;, }, however we will see shortly that this is not
the case.

Lemma 2.16. Let D,; be a sequence of connections along the YM flow with Uhlenbeck
limit Dy,. Then for t; 2 tg 2 0, ||AFp, ||~ = ||AFDt/_ e < | AFD, |-

Proof. As stated above, |AFp,| ;. is decreasing in ¢z. Fix ¢ >=0. Then for any
1 < p < oo and j sufficiently large we have:

|AB,|

0 S0 P|AR, |, < (20) | AR,

(recall vol(X) = 27). On the other hand, by Cor. 2.12, lim [|AFp, ||, = |AFp, ||, for all
J— 0 J
p. Hence, |AFp, ||, < (27)"7||AFp,| ... Letting p — oo, we conclude

IAFD, |- = [AFD |- OO

Lemma 2.17. If D, is the Uhlenbeck limit of Dy, then AFD,j E;AFD% for all
1 < p < 0. Moreover, tlim HYM(D,) = HYM(D.,).
— 0

Proof. The first part of the lemma follows from Cor. 2.12. The second part is im-
mediate, since by Lemma 2.14, t — HYM(D;) is nonincreasing, and

HYM(D,) — HYM(D..). [
The Uhlenbeck limits obtained from the Yang-Mills flow are unique:

Proposition 2.18. Let D, be the solution to the YM flow (2.7), and suppose D, is an
Uhlenbeck limit for some sequence Dy, with singular set Z*". Then D, — D, in L3 . away
from Z*™. In particular, the Uhlenbeck limit of the flow is uniquely defined up to gauge.
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Proof. By (2.4) and Lemma 2.17,

lim YM(D,) = HYM(D.,) + 4n*(2¢2(E) — ¢{(E)).

1— 0

From (2.7) and Lemma 2.14 (1), if t; = :

i

||oD, ;o
ds: (D!, |17
t

d.
0s s

1Dy, = Dil|z: <

L2

-—5f4

1
2 ds = 3 (YM(D,) — YM(D,)).

Since the limit of YM(D,) as t — oo exists, |[Dy — Dif;» — 0 as ¢ and j — co. Since

D, i» D, the convergence follows. For tpe last statement, if D, and D, are two Uh-
lenbeck limits with singular sets Z*™ and Z*™, then the argument above shows that D,
and D, are gauge equivalent on X \Z*™ v Z* . In particular, the holomorphic bundles
(E,D") and (E.,D") are isomorphic on X\Z* U Z. But then their reflexive ex-
tensions are isomorphic as well by Hartogs theorem. [

Remark 2.19. In light of Prop. 2.18, we may speak of the Uhlenbeck limit of the
flow D,. Note, however, that we have not established that the singular set Z?™ is indepen-
dent of the subsequence {}.

We next turn to the HN type of the Uhlenbeck limit:

Lemma 2.20. Let D; =gj(Dy) be a sequence of complex gauge equivalent in-
tegrable connections on a complex vector bundle E of rank R with hermitian memc H,.

Let S be a coherent subsheaf of (E,Dy) of rank r. Suppose that \/—1AFp, LN a, where
ae L'(V—1u(E)), and that the eigenvalues A, = --- = Jg of a (counted with multlplzanes)

are constant almost everywhere. Then: deg(S) < Z i
isr

Proof. Since deg(S) < deg(Satg(S)), we may assume that S is saturated. Let 7;
denote the orthogonal projection onto g;(S) with respect to the hermitian metric Hy. This
is a bounded measurable hermitian endomorphism of E, smooth away from the singular
set of E/S. The condition of being a weakly holomorphic projection implies rcj =m =/,

]LD”nj =0, where nl = I —m;. In fact, the n; are L} sections of the smooth endo-
morphism bundle of E (cf. [UY], §4), and conversely, any such 7 defines a unique saturated

subsheaf®. Moreover, the usual degree formula applies (see [Si], Lemma 3.2), so:
1
(2.9)  deg(S j(Tr (V=1AFpm;) — |D}'m|*) dvol < > [ Tr(V/~1AFp,n;) dvol
Tx ' X ’
J" r(an;) dvol +5 fTr( (V—1AFp, — a)m;) dvol.
Ty

We now use the following result from linear algebra:

5 We will often confuse the notation 7 of the projection operator with the subsheaf it defines.
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Claim. Let V be a finite dimensional hermitian vector space of complex dimension
R, L e End(V) a hermitian operator with eigenvalues Ay = --- = Ag (counted with multi-
plicities). Let 1 = n*> = n* denote the orthogonal projection onto a subspace of dimension r.
Then Tr(Ln) < > .

isr

Proof (sketch). Let {e;} X, be a unitary basis with Le; = Je;. If we set o; = Hnele

then the claim follows by showing that the affine function F(ay,...,ag) = > 4 — Z Aili,
R isr

is nonnegative on the affine set 0 < o; < 1, > o; = r. This may be proven by con51dermg
i=1

the extreme values of the o;’s and using induction on r and R. We omit the details. []

Given the claim, along with the fact that ||z;||,.. <1, and the normalization
vol(X) = 2=, it follows from (2.9) that deg(S) < Z Ai + (1/27z)||\/ IAFp, —al|;1. Now

let j — oo in this inequality to complete the proof of the lemma. []
Recall the partial ordering (2.2) of HN types of holomorphic structures on E:

Proposition 2.21. Let D; be a sequence along the YM flow on a bundle E of rank R
with Uhlenbeck limit D,. Let fiy = (u, ..., ug) be the HN type of E with the holomorphic
structure Dy, and let A, = (A1, ..., AR) the type of D! . Then [iy < A,.

Proof. Let {E;}\_, be the HN filtration of D{. Then deg(E;) = Y. . By
I J=Tk(E;)
Lemma 2.17, AFp, L AFp, . The type - corresponds to the (constant) eigenvalues of

AFp, . Lemma 2. 20 applied to S = E; implies deg(E;) = >, J;, foreachi=1,...,7.
The proposmon now follows from Lemma 2.3. [ JETk(E)

The following generalizes a result in [AB] to Kédhler surfaces:
Corollary 2.22. Let ji= (uy,...,ug) be the Harder-Narasimhan type ofa rank R

holomorphic vector bundle (E, 0g) on X. Then for all unitary connections D in the 6" orbit of
(E,0):

'Mw

2 < — [|AFp|* dvol.
U'e

1
; 2n

Proof. Let D, denote the YM flow with initial condition D. By Lemma 2.14 (2):

(2.10) [I1AFp,|* dvol < [|AFp|* dvol,
X X

for all t = 0. Let D, be the Uhlenbeck limit along a subsequence #; — co. By Lemma 2.17:

(2.11) [IAFp, |* dvol = lim [|AFp, |* dvol.
X J70 xy /

Now v—1AFp, has constant eigenvalues 7., which satisfy i < s by Prop. 2.21. It follows
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from [AB], 12.6 (see also Prop. 2.24 below) that Z w < Z /7. This fact, along with (2.10)
and (2.11), prove the result. [] i=

2.4. Other Hermitian-Yang-Mills type functionals. One of the technical difficulties
in dealing with holomorphic vector bundles of rank bigger than two is that the Hermitian-
Yang-Mills numbers do not distinguish the different critical levels (or equivalently, different
Harder-Narasimhan types) of the functionals YM and HYM. This was resolved by Atiyah
and Bott in the case of vector bundles over Riemann surfaces by introducing Yang-Mills
type functionals corresponding to higher symmetric functions of the eigenvalues of
V=1 % Fp (cf. [AB], §). In the case of vector bundles over higher dimensional Kihler
manifolds there are analytic restrictions on the type of functionals we may consider. In this
subsection we will explain in some detail how to use these functionals in order to distin-
guish the different critical levels.

Let u(R) denote the Lie algebra of the unitary group U(R). Fix a real number o > 1.
Then for aeu(R) a skew hermitian matrix with eigenvalues v —14;,...,vV—14g, let

p,(a) = Z |2;]”. Tt is easy to see that we can find a family ¢, ,, 0 < p < 1, of smooth con-
‘]7

vex ad-invariant functions such that ¢, , — ¢, uniformly on compact subsets of u(R) as

p — 0. Hence, by [AB], Prop. 12.16, it follows that ¢, is a convex function on u(R). For a

given number N, define:

(2.12) HYM, v(D) = [ ¢,(AFp+v—1NIg)dvol,
X

and HYM, (D) = HYM, (D). Notice that HYM = HYM, is the ordinary HYM func-
tional. Also, by a slight abuse of notation, we will set

HYM,, (i) = HYM, (i + N) = 2mp,(V-1(@+ N)),

where [+ N = (u;+N,...,ug+N)

is identified with the diagonal matrix diag(x; + N, ..., ug + N). In particular:
R
(2.13) HYM(@i) = 213" 1.
i=1

1/
Lemma 2.23. The functional a — (jgpa(a) dvol) , defines a norm on L*(u(E))
which is equivalent to the L* norm. X

Proof.  First, notice that there are universal constants C, C’ (depending on R) such
that for any real numbers A;,...,Ag, and « = 1:

1 R ) O€/2 1 R . o R ” R o , R 2 O€/2
=\ 2214l s (2l ) =Ml = XAl ) = O 1A :
C i=1 C i=1 i=1 i=1 i=1
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Applying this to the eigenvalues of a and by integrating over X:

1 [(Traa*)*?* dvol < [ ¢,(a)dvol < C' [(Traa*)*'* dvol.
Cx ¥ ¥

The lemma follows. []
We will require three important properties of the functionals HYM,_ y:
Proposition 2.24. (1) If i < 7, then ¢,(v/—1j1) < ¢,(vV—11) for all o > 1.

(2) Assume up =0 and ig = 0. If ¢,(vV—1[) :qoy(\/—lz) Sor all o in some set
A < [1, 00) possessing a limit point, then i = A.

Proof. (1) follows from [AB], 12.6. For (2), consider f(x)=¢,(v/—14) and
g(«) = ¢,(v/—1ji) as functions of «. As complex valued functions, f,g clearly have an-
alytic extensions to C\{o = 0}. Suppose that /() = g(«) for all o € A. Then by analyticity,
f(2) = g(a) for all « e C\{a < 0}. If i &+ 4, then there is some k, 1 <k < R, such that
w; = A for i < k, and py % A; say, y > Ak. Then for any o > O:

800 -£)
</1k) :i;c Ak z;cik -

Letting & — o0, we obtain a contradiction; hence, the result. []

Proposition 2.25. Let D, be a solution of (2.7). Then for any o =1 and any N,
t — HYM,, n(D,) is nonincreasing.

Proof. Because we can approximate ¢, by smooth convex ad-invariant functions
9y, — ¥y it suffices to show that the functional 7+ [ ¢, (AFp, +V—1INIg)dvol, is
X

nonincreasing along the flow for any p > 0. This follows from integrating the following
inequality:

(214) (ﬁ/at)gaap(AFD, + Vv —lNIE) + A§0a7p(AFD, + Vv —1NIE) <0.

To prove (2.14), simplify the notation by setting /= AFp, + V—1NIg, ¢ = ¢, ,. We first
claim that:

(2.15) Alpo f)(x) = — % @7 (x*Dof, Dif) + 97y (A, f ).

Indeed, A(gp o f)(x) = —«dxd(po f)(x) = —*d =gy (D,f), because ¢ is invariant un-
der the adjoint action. Then:

—xdx gpy(Dif) = = % d(9f (+Dif) = = % 97 (D, Duf ) = 57 (Di % Dif)

=k (0;(x)(*thv D.f)+ §9}(x) (Ap,f).
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The claim (2.15) follows. Since ¢” is a positive definite quadratic form:

A(po (AFy, + V—1NIg))(x) < ¢'(Ap,(AFp, + V—1N1Ig))

- _g,,/(;t (AFp, +V=IN IE)>

0
= — 7[(0(AF[)’ + Vv —INIE>,
where the first equality follows from Lemma 2.14 (1). This verifies (2.14) and completes the
proof. []

Proposition 2.26. Let D, be a subsequential Uhlenbeck limit of D;, where D, is a
solution to (2.7). Then for any o = 1 and any N, tlim HYM, y(D;) = HYM, n(Dy).
— 00

Proof. Let D, be the Uhlenbeck limit of a sequence D,. By Lemma 2.17,

P
AFD,/ = AFp, for all p. Hence, by Lemma 2.23, HYM, n(D;) — HYM,, n(D..). The
convergence in general follows by Prop. 2.25, since HYM,, y(D,) is nonincreasing in ¢. [

3. Blow-up of the Harder-Narasimhan filtration and approximate metrics

The first goal of this section is to show how to resolve the Harder-Narasimhan fil-
tration of a holomorphic bundle E — X by passing to a modification 7 : X — X of the
Kaéhler surface X. We shall see that this procedure works well when the associated graded
object consists of stable sheaves. While this result is not directly needed for the remaining
sections, we have chosen to present it here since it may be of independent interest. In the
case where semistable quotients appear, the relationship between the HN filtration of £ and
that of #*E is more complicated, and we have not attempted a complete description. As
pointed out by the referee, much of this analysis has already appeared in the work of
Buchdahl [Bul], [Bu2].

The second goal is to show that there is a Hermitian metric H on 7*E so that the
Hermitian-Yang-Mills numbers of (n*E, H ) with respect to a natural family of Kéhler
metrics w, are arbitrarily close (in an appropriate norm) to the slopes of Grf;“(E ) on X for
all ¢ sufficiently small. This is an important first step toward finding an approximate critical
hermitian structure on X itself. We formulate this latter result below in Thm. 3.11. The
argument we give here circumvents the need for an explicit description of the HN filtration
of n*E.

3.1. Resolution of the Harder-Narasimhan filtration. By Prop. 2.2, a holomorphic
bundle £ admits a filtration by saturated subsheaves E; so that the successive quotients
Q; = E;/E;; are semistable and torsion-free. It follows that the E; are locally free sheaves,
i.e. vector bundles. They may, however, fail to be subbundles at finitely many points.
Equivalently, the quotients Q; are not necessarily locally free. For each i, we have an exact
sequence of sheaves: 0 — Q; — Q7" — T; — 0, where Q;* is locally free and 7; is a torsion
sheaf supported at finitely many points. Define the set Z; to be the support of 7;, and let

k

732 = | J Z;. We will refer to Z?'2 as the singular set of the filtration { E£;} (in this paper we
-1

ignore multiplicities). We will prove the following:
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Theorem 3.1. Let E — X be a holomorphic vector bundle over a smooth Kdhler sur-

face X with Kihler form . Let Grhn(E) @ Q; be the w-HN filtration of E. We assume
i=1

that the Q; are stable. Then there is a smooth surface X obtained from X by a sequence of

monoidal transformations n: X — X with exceptional set e = X satisfying the following

properties:

(1) n(e) = Z¥e.

(2) There exists a smooth, closed (1,1) form n on X and a number gy > 0 such that
w, = w*w + en is a family of Kdhler metrics on X for all g = ¢ > 0.

(3) There is a number &1, &y = &1 > 0 such that for every 0 < ¢ < g1, the w.-HN filtra-
tion {[F (E)} of E = n*E is independent of ¢ and is a filtration by subbundles.

4) For 0<e<e, & as above, F™ (E) = Satg (n* [Fh“(E)). Moreover, if we write:

1,y

Ghn( ) = @Q,, then for 0 < ¢ < &), k = k, and (1,Q,)"™ ~ Q.

Remark 3.2. The assumption that Q; is stable is necessary. One can find examples
where the pull-back of a semistable bundle is unstable for all ¢ > 0. More generally, the
resolution of the Harder-Narasimhan filtration of £ may not coincide with the Harder-
Narasimhan filtration of z*E for any ¢ > 0.

We begin by comparing stability of sheaves £ — X with stability of their direct
images E = n.E on X. To do this, we need to define Kéhler metrics. First, consider the
case where X is the blow-up of X at a point and e is the exceptional divisor. Then there
is a smooth, closed form 5 of type (1,1) in the class of ¢;(Cy(—e)) on X such that
w, = n*w + e is positive for all ¢ > 0 sufficiently small. This can be constructed quite ex-
plicitly (cf. [GH], pp. 182—187). In general, since X is a sequence of blow-ups at points, we
can construct a family of Kéhler forms on X by iterating the above argument. We state this
precisely as:

Lemma 3.3. Let n: X — X be a sequence of monoidal transformations with excep-
tional set e, and choose a Kéhler form w on X. Then there is a smooth, closed (1,1) formn on
X and a number g > 0 with the following properties:

(1) w, = n*w + en is a Kéhler form on X for all &y = & > 0.

(2) For any closed 2-form o.on X, [ n*ann = 0.
X
Consider a family of Kéhler forms in the manner of Lemma 3.3. Note that we do not
normalize the volume of (X, ,), though we still assume the normalization on (X, w); so
vol(X,w;) — 2m as ¢ — 0. In the following, let us agree that the slope x(E) of a sheaf on X
will be taken with respect to . For a sheaf E on X, we denote by u,(E) the slope of E with

respect to the metric w,.. Similarly, a subscript ¢ will indicate that the quantity in question is
taken with respect to w,. With this understood, we have the following:
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Proposition 3.4.  Given a holomorphic vector bundle E — X with E = n.E, and given
0 >0, there is ¢; > 0, depending upon E, such that for all 0 < ¢ < & we have the following
inequalities:

(1) w(E) — 6 < w(E) < u(E) +3,
(2) :umax(E) -0 = :umax.,e(E) = /umax(E) +57
(3) :umin(E) 0= = HUmin, g(E) :umm(E) + J.

Proof.  Since p, (E) = —a (E*), part (3) will follow from part (2) applied to E*.
Parts (1) and (2) are essentially contained in [Bul], Lemma 5. The statement there assumed
E is a pull-back bundle, but the proof works as well for general £. []J

As a consequence, we have (cf. [Bu2], Prop. 3.4 (d)):

Corollary 3.5. Let E — A:’ and E = ntE be as above. If E is w-stable, then there is a
number &, > 0, depending upon E, such that E is wg-stable for all 0 < ¢ < ¢.

An inductive argument repeatedly using Prop. 3.4 implies convergence of the HN
type:

Corollary 3.6. Let E — X be a holomorphic vector bundle with E = n,E. Let [, de-
note the HN type of E with respect to w, and [i the HN type of E with respect to w. Then
i, — pgase—0.

Next, we state a general result on resolution of filtrations:

Proposition 3.7. Let 0=Eyc Ey <---< E; | = E; = E be a filtration of a holo-
morphic vector bundle E — X by saturated subsheaves E;, and set Q; = E;/E;_. Then there
is a sequence of monoidal transformations 7 : X — X with exceptional set e and a filtration
0=EycE/ c--- cE, \ c E, = E =n*E, such that each E; = Satg(n*E;) is a subbundle
of E. If we let Q, E; i/ E;_1, we also have exact sequences 0 — Q; — m, Ql — T; — 0, where
T; is a torsion sheaf supported at the singular set of Q;. Moreover, n(e) = Z*%, the union of
the singular sets of Qi; m.E; = Ej; and QF* = (n.0,)™.

Proof. The proof is standard resolution of singularities (cf. [Bul], §3, for the step 2
filtration; the general argument then follows by induction). The form E; = Saty(n*E;)
follows from Lemma 2.1. The remaining statements follow easily, and we omit the
details. [

Proposition 3.8. Let n: X — X be a sequence of monoidal transformations with ex-
ceptional set e as above. Let E — X be a holomorphic vector bundle, and set E = n,E. Let
E; = FM™(E) denote the HN filtration of E, and assume that the successive quotients E;/E;
are stable. Let j: n*E; — E denote the induced map. We also assume that the sheaves
Sat ( ( “E; )) are subbundles of E. Then for ¢ >0 sufficiently small, the HN filtration
{[Fz,a( )} with respect to the Kihler metrics of Lemma 3.3 is independent of & and is given by
FM(E) = Satg (j(n"E;)).
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Proof. We will proceed by induction on the length of the HN filtration of E. If F is
stable then the result follows from Cor. 3.5. Assume now that E is not stable, and define
= Sat;(j(n*E;)). Note that with this definition it follows as in the proof of Prop. 3.4 that
n*E E;. We claim that E, = F!(E) for e sufficiently small. This follows because (1) by
the hypothesis and Cor. 3.5, E is stable for ¢ sufficiently small, and (2) we may arrange that
1, (Ey) > ptx (0;) for e sufficiently small, where O, = E/E;. The claim then follows from
Prop. 2.4 (3). Let Q; = E/E;. By pushing forward, we have 0 — Q; — Q; — T — 0,
where 0, = n*Ql, and T is a torsion-sheaf supported at points. Hence, by Prop. 2.4 (1), the
HN filtrations of Q1 and Q, are related by [Fh“(Ql) = ker([Fh“(Ql) — T). For convenience,
set F; = FM™(Qy), F; = FM™(Q,). Notice that Q; and Q, continue to satisfy the hypothesis of
the proposition. Hence by 1nduct10n we may assume that for ¢ sufficiently small the HN
filtration of Q, is given by F(Q = {Sat, (i( n*F;))} (where j now is the induced map to
Ql) Now n*F; — n*F; with a torsmn quotlent By Lemma 2.1,

Sat, ((n*Fy)) = Sat, (](7‘[ F)).

This, combined with Prop. 2.4 (2) gives FM(E) = ker(E — Ql/Sat (§(n*Fi-1))). More-
over, F;_ = E;/E,. Clearly then, [F (E) contains j(n*E;) with a tors1on quotient. Thus,
again by Lemma 2.1, F(E) = Saty (j(n*E ). O

Proof of Theorem 3.1. By Prop. 3.7, the HN filtration {E; = [Fhn w(E)} of E admits a
resolution to a filtration {£;} by subbundles on X. By Prop. 3.8, the filtration {E;} is the
HN filtration with respect to w, for ¢ sufficiently small. The remaining assertions follow

easily. [

3.2. An approximate critical hermitian structure. For a fixed holomorphic structure
on E — X, a critical point of the functional H +— HYM(dg, H) is called a critical hermi-
tian structure [Ko], p. 108. By the Kahler identities (2.5), this occurs if and only if the
connection (0g, H) is Yang-Mills. The general form for a critical hermitian structure is
therefore (see Prop. 2.8):

_ /

In the above, the holomorphic structure dg on E splits E = € Q;, and the induced metric
i=1

on each factor Q; is Hermitian-Einstein with slope y;. Notice that if we assume the slopes

are ordered g, > --- > u,, then the HN filtration of E is given by: F™(E) = @ Q.

J=i

For a general holomorphic structure on E, the HN filtration will not be holomorph-
ically split, so there can exist no smooth metric satisfying (3.1). What is more, the HN
filtration may not be given by subbundles, so the right hand side of (3.1) is not even
everywhere defined as a smooth endomorphism. In this subsection, we define precisely what
is meant by an approximate solution to (3.1) (compare the following discussion with that in
[Ko], IV. §5).

Let H be a smooth metric on E, and let # = {F;}/_, be a filtration of E by saturated
subsheaves: # :0=Fy, c F; < --- < F, = E. Associated to each F; and the metric H we
have the unitary projection z// onto F;. As mentioned previously, the z// are bounded L}
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hermitian endomorphisms. For convenience, we set mfl = 0. Next, suppose we are given
a collection of real numbers y,...,u,. From the data % and (y,...,u,) we define a

‘
bounded L{ hermitian endomorphism of E by ¥ (7, (u,...,1,), H) = Z{,ui(nf’ —al).
At points where the F; are all subbundles there is a smooth orthogonal splitting:

‘
E = @ F;/F;—; with respect to which W(Z, (uy,...,u,),H) is diagonal with entries ;.
i=1
Given a holomorphic hermitian vector bundle E on a compact Kéhler surface (X, ), the

Harder-Narasimhan projection, W™ (0, H), is the bounded L} hermitian endomorphism
defined above in the particular case where % is the HN filtration F; = [Fl.h“(E) and

W = u(Fi/Fioy).
Definition 3.9. Fix 0 >0 and 1 < p < c0. An L?-J-approximate critical hermitian
structure on a holomorphic bundle E is a smooth metric H such that

IV=1AuF 5, ) = Yo' (0p, H) | o) <6

)

Let us immediately point out the following:

Theorem 3.10. If the HN filtration of E is given by subbundles, then for any 6 > 0
there is an L™ -0-approximate critical hermitian structure on E.

Proof. First, by the equivalence of holomorphic structures and integrable unitary
connections, it suffices to show that for a fixed hermitian metric H there is a smooth com-
plex gauge transformation g preserving the HN filtration such that:

(3:2) H\/__lAwF(g(5E>,H) — ¥ (9(0k), H)| =9,

L*(w)
(see [Dol]). Next, for semistable E (i.e. the length 1 case), the result follows by the con-
vergence ||v—1Aq,Fp, — u(E)Ig|| L#(w) — 0, where D, is a solution to the Yang-Mills flow
equations (2.7) with any initial condition (cf. [Dol], Cor. 25). With this understood, choose
&’-approximate metrics, where 0 < 6’ « J, on the semistable quotients Q; of the HN fil-
tration of E to fix a metric H on E = Q) ® --- @ Q,. Then by appropriately scaling the
extension classes: 0 — E; | — E; — Q; — 0, one finds a complex gauge transformation
satisfying (3.2). We omit the details. [

We may now formulate one of the main results of this paper:

Theorem 3.11. Let E — (X, ) be a holomorphic vector bundle on a smooth Kdhler
surface X. Given any 6 > 0 and any 1 < p < oo, there is an LP-d-approximate critical her-
mitian structure on E.

Remark 3.12. The metric produced in Thm. 3.11 depends upon p. In particular, the
proof we shall give does not extend to p = oo. This leaves open the following question: Can
one find an L*-d-approximate critical hermitian structure in general?

The proof of Thm. 3.11 will be given in Section 4.2 below. A preliminary result in this
direction is obtained by passing to a resolution of the filtration. We will prove the follow-
ing:
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Proposition 3.13. Let E, X, and  be as in Thm. 3.11. Let p; = p,,(F(E)/F™ (E)).
Then there is a sequence of monoidal transformations giving a Kéhler surface n: X — X, a
number py > 1, and a family of Kdihler metrics w, converging to n*w as ¢ — 0, such that the
following holds: Let & be the filtration of n*E = E given by {SatE (n*[Flhn(E))} Then for
any 0 > 0 and any 1 < p < pq there is & > 0 and a smooth hermitian metric H on E such
that for all 0 < ¢ < er, ||[V=1Auw F5 5 —¥Y(F, (w1 otr), H) || 10,y S0

For a fixed ¢ > 0 sufficiently small compared to J, the analogous result for any p is a
consequence of Thm. 3.10. The key point in the statement of Prop. 3.13 is that a metric H
may be found which satisfies the condition of the proposition uniformly in ¢. The direct
construction of H given below, however, requires that p be sufficiently small. This re-
quirement derives from the following:

Lemma 3.14. Let n: X — X be a blow-up of the type discussed in Section 3.1, and let
w, = 1w + en be the family of Kdihler metrics defined in Lemma 3.3. Then there is asso-
ciated to X a positive integer m with the following property: given any p, 1 < p < 1 + (1/m),
there is &y > 0 such that for any p satisfying p(l —m(p — 1))7 < p £ 400, there is a con-
stant C(p,e1) such that ||Aw, G| 1) < C(P,&1)||Aw, GHU,(wSl),for all smooth (1,1) forms
Gon X and all 0 < ¢ < ¢.

Proof. Since w, — n*w smoothly, and n*w is a Kdhler metric off the exceptional
set, the estimate is clearly local near the exceptional set e. Let X € e = X with x = n(%). We
may choose local coordinates (z1,z;) near x with respect to which the Kéhler form w is
standard to first order. Since e has normal crossings, we may choose coordinates (&;,&;) in
a neighborhood U of %, centered at %, and such that e n U is contained in the union of the
coordinate axes {51 =0} U {& = 0}. Regarding z, z> as holomorphic functions on U, let
us write: z; ~ Y& zy ~ & f’f;’ , modulo higher order terms, where a, b, m, n are nonnegative
integers and an + bm. In these coordinates we have:

(33) 7 (@A) = (&1 DIE P (an — bm)?
X <§d51 /\d51> A (gdfzf\d@)

modulo higher order terms. At this point we set: m = max{(a+b—1),(m+n—1)}. Let
g;- denote the Kéhler metric with Kéhler form w, in the coordinates £,, o = 1,2 on the
neighborhood U. It follows from (3.3) that there is a constant C uniform in ¢ such that:

(3.4) detg’s| = I

Let g% = M /det g i denote the inverse metric. Since dime X =2, M* = = elrgis,

where €'l = ¢22 =0, €'? = 1. In particular, we can arrange for a constant C uni-

form in ¢ such that in a nelghborhood of x (still denoted U):
(3.5) M| < clm),

for all 0 <& < &. Using (3.4) and (3.5) we now prove the lemma. Let G _; be the local ex-
pression in the coordinates (£, &,) on U of the form G in the statement of the lemma. Then
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by (3.5) there is a constant C independent of ¢ and G such that: |Gxﬁ»M§‘/§ P'<cC G, M, O‘ﬁ|”
forall p =1 and 0 < ¢ < ¢;. Then:

1A0. Gl 5.0 II]IGa/;gfl”(detgﬁ)ldéll d&|*

&

detggﬁ. - ¢ 2 2
=Cll G 4ot y (detg)|d& |dé,|*.

Now det g“1 is uniformly bounded away from zero on U by a constant depending upon &;.
If p= oo, “the result follows from (3.4) and the assumption on p. If p & oo, we apply
Holder’s inequality with the conjugate variables: r = p/p, s = p/(p — p), and find:

) l/s
P P e \(1=p)s 2 2
(36) 180Gl S CllAG,GlY s, ety Pl }

From the assumption on p we have 2m(1 — p)s > —2. By (3.4), this implies that the
integral on the right hand side of (3.6) is convergent uniformly in &. This proves the
lemma. []

Proof of Proposition 3.13. 'We proceed by induction on the rank of E. The case of
rank 1 is trivial, since line bundles admit Hermitian-Einstein metrics. Suppose that
rk(E) > 1, and consider the HN filtration {[Flhg)(E ) }. If the filtration is by subbundles, then
the result follows from Thm. 3.10. Consider the case where the filtration is not by sub-
bundles. For convenience, set E; = [th( ), Qi = E; /E, 1, and ; = 1, (Q;). By Prop. 3.7
there is a resolution 7 : X — X where the ﬁltratlon E = Saty n*E is a filtration of E=nE
by subbundles. Let Ql E; /E, 1. By the inductive hypothesis, given 6 > 0 and for any
¢ > 0 sufficiently small we may find L? §-approximate critical hermitian structures H fon
each Q;, for some p > 1. Since E;/E;_; is semistable, it follows from Prop. 3.4 that for a
given 0; we may assume ¢; has been chosen such that | ,umax,s(Ql) ,Umm,g(Ql)| <9, for all
0 < ¢ < ¢. Here, d; > 0 will be chosen presently. In particular:

(3.7) ||\Pg?(5Qi7ﬁi£1) - ﬂ[IQi||Lﬁ(w£) = (9,

for a constant C independent of ¢ and ;. Associated to X is an integer m as in Lemma
3.14. We choose py sufficiently close to 1 so that py < p(1 —#m(po — 1)). Then the conclu-
sion of the lemma, along with (3.7), guarantee that for each 1 < p < po, each i, and each
0<e=Ze, ||\/_AwEF o B T wl Q | £r(e,) < €01, for a constant C independent of ¢ and

01. Choose a smooth sphttmg E= @ 0,, and let H = EB H °!, This is a smooth metric on
i=1 i=1

E. Since the filtration {E,} is by subbundles, we may argue as in the proof of Thm. 3.10

that H may be modified to produce the desired result if we choose ¢; sufficiently small

(depending upon the constant C) compared to J. []

4. The Harder-Narasimhan type of the Uhlenbeck limit

As indicated in the Introduction, the proof of the Main Theorem proceeds in two
steps. The goal of this section is to prove the first step:
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Theorem 4.1. Let D, be a solution to the YM flow equations (2.7) with initial condi-
tion Dy and Uhlenbeck limit D.,. Let E., denote the holomorphic vector bundle obtained
from D, as in Prop. 2.15. Then the Harder-Narasimhan type of (E,,,D")) is the same as
that of (E, Dy).

We prove this theorem in the first subsection below. In the second subsection, we use
this fact to prove Thm. 3.11.

4.1. Proof of Theorem 4.1. We begin with the following:

Lemma 4.2. Let E — X be a holomorphic bundle of HN type [,. There is o > 1
such that the following holds: given any 6 > 0 and any N, there is a hermitian metric H on E
such that HYM,, n(0g, H) < HYM,, n (i) + 0, for all 1 < a < a.

Proof. To begin, let 7 : X — X be a resolution of the HN filtration guaranteed by
Prop. 3.7, w, the family of Kéhler metrics from Lemma 3.3, and E = n*E. As a direct
consequence Prop. 3.13, where &y = pg, and Cor. 3.6, there is &y > 1 such that the follow-
ing holds: given any 6 > 0 there exists a smooth hermitian metric H on E, and & > 0 (de-
pending on H) such that:

(4.1) HYMy (g, H) £ HYM,, n (i) +6/2,

for all 1 £ a < dy, and all 0 < & < ¢g. In order to obtain a metric on X, we use a cut-off
argument. Let x € Z¥2 and choose a coordinate neighborhood U of x. For R > 0 suffi-
ciently small, let Bx = U denote the ball of radius R about x with respect to these coor-
dinates. We also choose a holomorphic trivialization of £ — U. This gives a trivialization
of E on U =z~ '(U), with respect to which we regard H as a positive definite hermitian
matrix valued function. Given R, we may choose a smooth function ¢ on U, 0 < ¢y < 1,
pr =0 on a ball of radius R/2 centered at p, and ¢p =1 outside a ball of radius R,
and such that |ph| < CR™! and |p} | < CR2, where C is a constant independent of R.
Deﬁne a metric H,, as follows: If Hs; = J;s; with respect to a unitary frame {s;}, then
H,.si= (prhi + (1 f(pR))s, With this definition, H,, extends as a smooth metric on
E— U Let H,, denote the pull-back metric on X. A calculation then shows that there
are constants C; and C,, depending on H but not on R or &, such that on 7! (Bg\Bg 2):

A(ufF Ll A(ugF GpF) + f: r, where in the coordinates used in the proof of Lemma
3.14:

(4.2) forl £ |detgls| ™' (C1 4+ CR7?).
Continuing this way for all points in Z alz. we obtain a metric, still denoted H, o> with

H

Pr
respect to the trivialization inside Ug/,. Hence:

= H outside the union Ug of the balls Bg, vol w(UR) ~ 4, and H, standard with

Pr

’HYM;UEN(a_EJﬁw ) HYMwFN(aE>H>’

4 %
< CR* + ClAw F5, )l 1wy T Clerll Lz 1 (v vg)

where C is independent of R and . By the construction of H, the second term on the right
hand side tends to zero as R — 0, uniformly in ¢. Hence, we may choose R sufficiently
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small so that this term is less than /4, say, for all ¢ < ¢;. Letting ¢ — 0 and using (4.2) to
bound the third term, we obtain an estimate of the form:

IHYM \ (0F, Hy,) — HYM", (0g, H)| £ C(14+ R**)R* +5/4.
Now by (4.1), provided oy < & and oy < 2, we may take R sufficiently small so that:

HYM;?N(éEv H,,) < HYM, y(fy) +J

forall o < ag. [
Next, we have the following “distance decreasing’ result:

Lemma 4.3.  Let oy be as in Lemma 4.2. Let H be any smooth hermitian metric on E,
and let D, be a solution to the YM flow equations (2.7) with initial condition (0g, H). Then:

lim HYM,, y(D,) = HYM,_ x (/).

1—0o0

forall 1 £a < oy, and all N. In particular, if D, is the Uhlenbeck limit along the flow, then
HYM,, v(D) = HYM,, v (f).

Proof. We first point out that the second assertion follows from the first because of
Prop. 2.26. For fixed o, 1 < o < o, and fixed N, define o > 0 by:

(4.3) 200 + HYM, y(f;) = min{HYM, y (&) : HYM, v (@) > HYM, n (i)},

where i runs over all possible HN types of holomorphic vector bundles on X" with the rank
of E. Consider metrics H on E with associated connection D = (Jg, H) satisfying:

(4.4) HYM,, n(D) £ HYM,, v (i) + do.

Let D, be the Uhlenbeck limit along the flow with initial condition D. Then combining
Prop. 2.21, Prop. 2.24 (1), and Prop. 2.25, we have:

HYM, y(iy) S HYM, n(D,) S HYM, n(D) < HYM, n (i) + 0.

Hence, by (4.3) we must have HYM, y (Do) = HYM, n(f,). This shows that the result
holds for initial conditions satisfying (4.4).

In the following, let us denote by D! the solution to the YM flow at time ¢ with initial
condition D! = (dg, H). We are going to prove that for any initial condition H and any
0 > 0, there is T = 0 such that:

(4.5) HYM, x(D) < HYM, y(iiy) +0, forallt=T.

Without loss of generality, assume 0 < 0 < dy/2. Let #; denote the set of smooth hermi-
tian metrics H on E with the property that (4.5) holds for D/’ and some 7. From the dis-
cussion above, s is nonempty: indeed, any metric satisfying (4.4) is in #}, and according
to Lemma 4.2 we may always find such a metric. Let H/ be a sequence of smooth hermi-
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tian metrics on E such that each H/ € #;, and suppose H/ — K, in the C* topology, for
some metric K. Since H’/ € #; we have a sequence T; such that for all # = Tj:

(4.6) HYM, x(D/"") < HYM, v(D]l") < HYM, (i) + 6.

By Lemma 2.14 (2) and the C* convergence of H/, |AF H,H“ and [|AFpxl|p. are
bounded uniformly for all # = 0. Hence, it follows from Prop 2.11 that we may find a
sequence t; = T;, Yang-Mills connections D(w) and D(oo), and bubbling sets Z‘m and

Zi, such that D" — DY) in LY, (X\Z&) and DK — D) in LY, (X\Z&), for all

1= p<oo. Moreover by Cor. 2.12, AF, 0 — AF and AFDK — AF strongly in L?,
for all p. i - "
Claim. DY) = DY

Proof of the Claim. Write H/ S =t 'K,,. 1t follows by [Dol], Prop. 13, that
supa(H/,K,) — 0 as j — oo, umformly in ¢, ‘where:

o(H,K)=TrH 'K+ TrK 'H — 2rk(E),

is the; usual CC-distance on the space of hermitian metrics on E. In particular,
sup|h/, —Ig| — 0 as j— co. Let Z* = Ziy v Zyy, and choose a smooth test form

e Ql 0(End E), compactly supported on X' \Z*". We have
(D) = (DE) = (h]) ™ (DK) ().
For notational simplicity, set D; = Df ,and h; = h{j Then there is a constant C such that
|<hj_1D/( i), ¢ = CIKhy, (D)) 92| = C{|<hy, (D} = D.) ¢ 12| + [<hy, (DL,) ¢ 12}

Now D; — D’ in LY ., SO we may assume D} — D, in C°. Combined with the uniform
bound for |4, || 1=, this implies that the ﬁrst term on the right hand side above goes to zero.

For the second term, notice that since /; N I

<hiy (D) ¢ — g, (DL) ¢ = ){Tr(Dgo)*(/ﬁdvol = ia*Trqﬁdvol =0,

by Stokes’ theorem. This proves that (D!’ — D) — 0 in L (X\Z*), and the claim
follows. [

Set D, = DO? = D(2 Since AFD,,, — AFp, and AFDK — AFp,, strongly in L?, for

all 1 < p < oo, we have (see Lemma 2. 23)

lim HYM,, N(DH’) = lim HYM, y(Df) = HYM, n(D.,).

j—o0 j—o
Hence, for j sufficiently large:

HYM%N(Df) <HYM, (D) +6 = lim HYM (DH’) +0

J—o

< HYM, v (&) + 26 < HYM,, y (i) + b0,
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where in the second line we have used (4.6) and the fact that 0 < Jy/2. It follows from (4.3)

and the discussion above that for j sufficiently large: tlim HYM,, N(D,K_H) HYM,, v (i)
— 00 :

In particular, HYM,, N(Dt ) <HYM,, y(iiy) +6, for t = T, T sufficiently large. There-
fore, K € #;. This proves "that Hs is closed in the C™ topology. By the continuous de-
pendence of the flow on initial conditions, J#; is also open. Since the space of smooth
metrics is connected, we conclude that every metric is in J#;, and (4.5) holds for all 6 > 0
and all initial conditions H. In particular, we can choose J < dJy and conclude that
lim HYM,, y(DF) = HYM,, y(i,), for any H. Since the choice of N was arbitrary, the

t—o0

proof is complete. []
Finally, we have:

Proof of Theorem 4.1. Let iy = (u,...,1g) (resp. Ay = (A1, ..-,/R)) be the
HN type of (E,D{) (resp. (E,D’)). By Lemma 4.3, ¢, (i, + N) = ¢,(A- + N) for all
1 < o = o9 and all N. In particular, we may choose N sufficiently large so that uz + N = 0.
By Prop. 2.21 we also have Ag + N = 0. Since % > 0, the hypotheses of Prop. 2.24 (2) are
then satisfied, and we conclude that iy + N = A, + N, and so jiy = A.. [

4.2. Proof of Theorem 3.11. Let (£, D() be a holomorphic bundle, D; = g;(Dy) a

sequence of unitary connections in the ®" orbit of Dy, and set F; = Fp,. For the next result
we make the following assumptions:

Assumptions 4.4. (1) D; converges off a finite set of points Z* < X weakly in
forall p>4,toa Yang Mills connection D, on a bundle £,

lloc’

(2) The HN type of (E., D’) is the same as the HN type of (E, D).
1
(3) [|AFj||;- is bounded uniformly in j, and AF; 5 AF,, where F, = Fp_ .

Recall that for a weakly holomorphic projection 7 of E, the rank and degree of « are,
by definition, the rank and degree of the associated saturated subsheaf of E (see the dis-
cussion in the proof of Lemma 2.20).

Lemma 4.5. (1) Let {n ® } be the HN filtration of (E, D”) and {n;}} the HN filtration
of (E,D")). Then after passing to a subsequence, n( — Ty slrongly in LP nL?, , for all
1§p<ooandalll

1,loc.>

(2) Suppose (E,D{)) is semistable and {nss i} are Seshadrz filtrations of (E,D;').

Without loss of generalzty, assume the ranks of the subsheaves j are constant in j. Then

there is a filtration {nssm} of (Ey, DY) such that after passing to a subsequence,

29 ngs OO strongly in LP "L} ., for all 1 < p < oo and all i. Moreover, the rank and

ss, j
degree of nss w IS equal to the rank and degree of n. . forall i and j.

SS/

Proof. For part (1), set E; = FI"(E, DY) and EY) = FI(E.., D!,). Hence, n is the
orthogonal projection onto the subsheaf g;(E;) of (E, Djf’ ). As in the proof of Lemma 2.20
we have:

deg(E;) + 5 IIID'/ NPdvol = ¥ uk+ IIAF AFollpr,
rk(E,

k=
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where i = (uy,...,ug) is the HN type of (E,, D%). By the assumption 4.4 (2), i is also the
HN type of (E, D(/), so deg(E;) = > . It then follows from 4.4 (3) that:

k<tk(E))
(4.7) Dj/»/ﬂj(»i) — 0 inL>
Write
(4 8) D’ 7'[(.i) = D{/T[(.i) + (D” _ D/’)n(’)
’ 0T J 0] ] J

We may assume after perhaps passing to a subsequence that nj — ngo) in L? for some

U

1,1oc.>

L? projection noo Since 7;” is uniformly bounded, n Ra 7zgC for all p. Then as in the proof

of Prop. 2.11 we conclude from (4.7) and (4.8) that D’ nw =0. In partlcular noo defines
a saturated subsheaf EY of Ew Furthermore, it is clear that rk(EY) = rk( ) Also, we
claim that deg(E ) deg(E >) To see this, note that since D’ n&.? =0, and AF; — AF,

andn ) 7D in 12

deg(EY) = I f r(V—1AF, 7 )dvol—hrn—fTr\/ AFrc ) dvol

J— 0 TCX

= deg(EY) + 5 lim 1D} = dea(EY)

o0

as claimed. Now the maximal destabilizing subsheaf [F}‘“(EOO) of E., is the unique saturated
subsheaf of E,, with this rank and slope (cf. [Ko], Lemma V.7. 17). Hence, 7)) = 7).

2 2
Notice also that since D} — Bl D", (4.7) and (4.8) 1mp1y that n D 7). Proceed by in-

duction as follows: fix 1 < k < ¢, and assume n(x) = 7zOC fori < k Then E (k+1) /E *) has the
same rank and slope as the maximal destabilizing subsheaf of EOO /E(OC), and 1s therefore
equal to it as above. Again we conclude that E( ) E(k . Continuing until k =7/
completes the proof of part (1) of the lemma.

For part (2), notice that the argument given above applies to a sequence of Seshadri
filtrations as well, where because of the lack of uniqueness of Seshadri ﬁltrat1ons we may
conclude only that the ranks and degrees of EQ correspond to those of EY @ O

Proof of Theorem 3.11. Let D, denote a solution to the YM flow equations on
E — X with initial condition Dy = (0g, H), and let D,, be the Uhlenbeck limit for some

sequence D;,. Then ||FD || - is uniformly bounded, and by Lemma 2.17, AFp, = AFp, for
all 1 £ p < 0. Moreover we have shown in Thm. 4.1 that the HN type of the limit
(E%,Dg’o) is the same as that of (E, D). Hence, the assumptl(irpls 4.4 (1)—(3) are satisfied,
and we may apply Lemma 4.5 to conclude that ¥; — ¥, for all p, where
¥; = ¥)(D;, H) and ¥, =¥ (D!,, H,). Since D, is Yang-Mills, V-1AFp, =¥,
(Cf Prop. 2. 8) So H\/_AFD, Yl = HAFD,]. —AFp |l + W) =Yl — 0. O

5. Proof of the Main Theorem

In this final section we complete the proof of the Main Theorem. The missing ingre-
dient is an identification of the holomorphic structure of the Uhlenbeck limit. As stated in
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the Introduction, this part of the argument applies to minimizing sequences as well.
Therefore, both Thm.’s 1 and 2 will follow from:

Theorem 5.1.  Let Dy be an integrable unitary connection on E — X, and let [i, be the
HN type of (E, Dy). Suppose that D; is a sequence of integrable connections in the complex
gauge orbit of Dy such that: HYM(D;) — HYM(f,). Then there is a YM connection D, on
a hermitian bundle E,, — X and a finite set of points Z*™ such that:

(1) (E.., D") is holomorphically isomorphic to Gr™ (E, D{)*.

(2) E and E, are identified outside Z*™ via Li loc. Isometries for all p.

(3) Via the isometries in (2), and after passing to a subsequence, D; — D, in L}
away from Z*™.

loc.

The main idea for the proof of Thm. 5.1 follows Donaldson [Dol] who constructs a
nontrivial holomorphic map (E, D{) — (E, D’). With such a map in hand, one may then
apply the basic principle that a nontrivial holomorphic map between stable bundles of the
same rank and degree must be an isomorphism.

First, however, let us reduce the problem to the case where the Hermitian-Einstein
tensors A Fp, are uniformly bounded. Let D; ; denote the solution to the YM flow equations
with initial cond1t10ns D; at time ¢. Fix o > 0. It follows from Lemma 2.14 that

AFp, [*(x fKt(x VA Fp,,[*(y) deol(y),

where K,(x, y) is the heat kernel on X. Since 0 < K,(x, y) £ C(1 + ¢~2) for some constant

C (cf. [CL]), it follows that for ¢ =t >0, ||AFp,,|[;~ is uniformly bounded for all j in
terms of ||AFp,[/;.. Note also that HYM(4,) < HYM( ;) = HYM(D; ;) < HYM(D;).
Next, fix dp > 0. By Prop.’s 2.25, 2.26, and Thm. 4.1, it follows that for each j we may ﬁnd
t; Z to such that:

(5.1) HYM, () < HYM,(D, ) < HYM, (fy) + .

for all 1 <« < 2. Moreover, as in the proof of Prop. 2.15, we may choose the {7} so that
| D;, t]AFD |I;2 — 0. By Prop. 2.11, we may assume, after passing to a subsequence, that
D;,, has an Uhlenbeck limit D., Wthh is a Yang-Mills connection on a bundle E.., L}
isometric to E off a finite set of points Z2™. Moreover, if dy is chosen sufficiently small in
(5.1), then the HN type of (E,, D) is i, (see Section 4.1). We now argue as in the proof of
Prop. 2.18 (see also (2.4)):

21Dy, — Djl3 < HYM(D) — HYM(D;,,) < HYM(D,) — HYM(@,).

Ll’
Since D; ;, — D, and HYM(D;) — HYM(i), it follows that D; B D... Therefore, we
may assume from the beginning that ||AFp,|[,.. is bounded unlformly in j.

Let Z?™ denote the bubbhng set of Uhlenbeck limit D; — D,,. Associated to an
initial HNS filtration {no } of (E,D{) there is an algebralc s1ngular set Z%2. Set
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Z =27y Z% and Q X\Z. Next, we recall from Lemma 4.5 that we may assume
there is a sequence {n } of HNS filtrations of (£, D}’), with ranks constant in j, such that

for each i, n]) — 7 in L N L7 . (Q). Here, {noo} is a filtration of (E,D!) on X by
holomorphic subbundles with the same ranks and degrees as the nj( We will prove the
result inductively on the length of the HNS filtration. The inductive hypotheses on the
bundle £ — Q are the following:

Hypotheses 5.2. (1) D; = g;(Do) on Q for complex gauge transformations g;.

(2) D; — D,, weakly in LY, _(Q), where D, is Yang-Mills.

1,1oc.

(3) (E,D{) and (E,D”)) extend to X as reflexive sheaves with the same HN type.
(4) AFp, is bounded in L7 () uniformly in ;.

The conclusion of the inductive argument will be that (E.,, D’ ) is holomorphically
isomorphic to Gr™(E, DJ)**.

To achieve this, let S < (E,D() be the stable subbundle with u(S) = u.(E, D)
corresponding to the initial element 7y = 71(() of the filtration {7:8 }, and let Q = E/S. It
follows from Prop. 2.4 (3) that Gr™(E, D) = S ® Gr™(Q). Let Qy = Q be the comple-
ment of a union of balls around the points of Z. By the proof of [Bu3], Lemma 2.2 (which
also works for weak L7 convergence, p > 4; see also Prop. 2.10), after passing to a sub-
sequence we may find holomorphic maps f;: S — (E,D;’) which converge weakly in
Lé’ loc. () to a nonzero holomorphic map f., : S — (E, D! ). The map f,, in turn, extends
to X by Hartog’s Theorem. If 7; denotes the projection to f;(S), then as mentioned above

l loc
m; —% 7., where 7., is a subbundle of the same rank and degree as S, and 7, o, = f.0,

D" n,, = 0. Write Gr™(E,D") =S, ® Q.,, where S,, = n,.(E), Q.. =kern,,. It fol-
lows (cf. [Ko], Cor. V.7.12) that f,, must be an isomorphism onto its image: S — S, < E.
In particular, £, is everywhere injective. Since f; — f, locally uniformly on Q, it is easy to
verify that n; — 7., locally uniformly as well. By Lemma 2.13 we may assume, after pass-
ing to a subsequence, that 7; — 7, weakly in L7 (Q) and strongly in Ll 1oc () for all p.
After applying a suitable sequence of gauge transformations which are umformly bounded
in Lf loc, (€2) (cf. [D], Lemma 5.12) we may assume from the beginning that D}’ preserves the
subbundle S. With this understood, we are ready to use induction. We have shown that the
induced connection myD;my on S converges to a connection on S,, whose holomorphic
structure is isomorphic to S. This is the first step in the induction. Now consider the in-
duced connections Dj = ny Djmy- on Q. These still satisfy the hypotheses 5.2 (1)—(3) above.
By Lemma 2.13, the second fundamental forms D!z, are locally uniformly bounded, so by
[Ko], 1.6.12, DQ also satisfy 5.2 (4). By induction then, Q.. ~ Gr"(Q, (DOQ)”)**. This
completes the proof of Thm. 5.1.
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