Asymptotics of determinants from functional integration
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The expression for the determinant of the Laplace operator is used in terms of functional
integration to compute the asymptotic behavior on degenerating Riemann surfaces. In the case
of the Arakelov metric, the information is sufficiently precise to give a value for the absolute

constants appearing in bosonization formulas.

I. INTRODUCTION

The behavior of determinants of Laplace operators on
degenerating Riemann surfaces is of particular interest in
string theories, where analytic information about the string
integrand near the boundary of moduli space is essentially
strong enough to determine the integrand uniquely.! For the
case of the hyperbolic metric on surfaces of genus of at least
2, the determinant may be expressed in terms of the lengths
of closed geodesics. These serve as real parameters of the
degeneration, and an analysis of this expression gives the
asymptotic behavior.>®* Alternatively, one may look at
Green'’s functions and exploit the “bosonization” formulas
for determinants. This gives especially precise information
in the case of the Arakelov metric.® In this paper, we would
like to show how the expression for the determinant in terms
of functiona!l integrals readily yields the asymptotics of the
determinant and the next order term. This is a development
of ideas presented in Refs. 1 and 6.

Our main results are as follows: For a compact Riemann
surface M with metric g, let

7 - [817'2det'Ag]“"2

8 Area(M.,g) ’

where the determinant of the Laplace operator is given by
zeta regularization. We construct a family M, of surfaces
degenerating as ¢ — 0 to a surface with a node. There are two
possibilities: if the node separates the singular surface, then
the two components M, and M, are compact Riemann sur-
faces, and the node is the identification of punctures on M,
and M,. Let g, and g, be metrics on the components, and g,
a family of metrics on M,. Then we show that

Z, _(detvo(Ds))ZI
Z,Z, \dety Ay(4,)

88
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The determinants are with respect to the Euclidean metrics
and the Dirichlet problems on the disk D, of radius € and the
annulus 4, of outer radius € and inner radius |z |'/?, and they
have closed expressions [see (2.16)]; the regions
' = M, — D, where D% and 4 . are disks and annuli cen-
tered about the punctures; S; (o) is the Liouville action (see

Sec. II G), and H, is continuous with lim,_, H,(t,€) = 1.
If the node does not separate, then the singular surface

—— H,(1,€)
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may be regarded as a compact surface M with two punctures
a,b identified. In this case, we show

Z d A, (D
& _ (_eti’_o_(__f)_) 2m) ~ 12 [Iog ]VZH,,(t,e)

detp Ao (4,)
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_SL (0-1)14 :) - SL (Ut9A Z)}y

where § is a metric on the compact surface M. The difference
in the power of log(e/|z |'/?) is related to the creation of an
extra zero mode in the case of degeneration to a separating
node.

In Sec. III, we consider the example of the Arakelov
metric.” Combining the above formulas with our previous
results,’ we are able to determine the constant relating the
Faltings invariant §(M) to the determinant®®

8(M) =c, —6log[det’ A,/Area(M,g)],
where g is the Arakelov metric, and

¢, = (1 —h)ey + hey,

co= —24L'(—1) —6log2m —2log2 — 5,

¢, = — 8log2m.

I ll/2

Finally, we note that the constant ¢, is related to the absolute
constants appearing in the bosonization formulas (see Refs.
9-11).

. DERIVATION

In this section, we use the functional integral formula-
tion for the determinant of the Laplace operator to obtain an
expression from which the asymptotics of the determinant
on degenerating Riemann surfaces are easily obtained.

A. Degeneration to a separating node

Fix two compact Riemann surfaces M,,M, of genus
h,,h, >0. Choose points p,,p, (henceforth both denoted
simply by p) and local coordinates z, ,z, centered at p. When
M, and M, are endowed with metrics, we will always as-
sume the coordinates to be normalized. By this we mean that
if the metric is expressed in the coordinates z,,

d’s =2g,; dz, dz,
then g,; (0) = 1.
The degenerating family M, is constructed as follows:

From M, and M, remove the disks |z,| < |¢ | and identify the
annuli || < |z;] < 1 by the equation, z,z, = ¢. M, is then an
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analytic family of Riemann surfaces, compact of genus
h=h, + h, for t #£0, and “‘stable” in the sense of Deligne—
Mumford over the fiber = O (see Ref. 12).

B. Degeneration to a nonseparating node

Fix a compact Riemann surface M of genus A. Choose
two points a,b and local coordinates z, and z,, respectively.
As above, we construct a family M, by cutting out the disks
lz,| <|t| and lz,| < |¢| and identifying the remaining re-
gions {1} < |z} < 1 by z,2, = 1. For t #0, M, is then compact
ofgenus 2 + 1. M, is the surface M with the “punctures” a,b
identified. Notice that in this case, the node does not separate
the surface.

C. Definition of determinants from functional
integration

Given a metric g on M compatible with the complex
structure, we define the L * norm on real-valued functions ¢
on M with respect to g,

I8 = | a6 elor

We then fix a path integral measure & ¢ by,

1=J,@¢e—“/8">"¢"’. @1

We will denote by ¢* the projection onto the orthogonal
complement of the constant functions. Hence,

S N T
=4 Area(M,g)Ldg‘@gs'

We can now derive the normalization of Z¢* from (2.1).
Let A = Area(M,g). Then,

1= f Doe~ a/sm il

2 2
— fdc @¢* e (A /8mye* — (1/8m){jb* |}

= %f@wequmuwuz,
\/ A

[ @4t em e = (ﬁ) o
A

Choosing zeta function regularization, a similar argument

shows
Y PPN 7 L
! Area(M.g) ’

where the action 7 is defined by

I#) = -1 jngJawaZ.

87

or

(2.2)

(2.4)

D. Factorization of the path integral—Separating node
case

We now localize the right-hand side of (2.3). Recall the
construction of Sec. IT A. For small ¢, |t ]| <€ < 1, we define
three curves:
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Ce=A{lz|=¢h
Ci=Alzn|=¢}
C ={lzil =lz| = z}"’}

Furthermore, let AL be the annulus bound by the curve
{lz;| = |#{'*} and C%, and let D be the disk in M, bound by
the curve C..

By the “sewing” property of functional integration,
(2.3) becomes

J.@¢*e“’(°’"=f@¢} Do, Db, DY, DB, DB,

¥ Ta*txe~ ICByy — 1(dy) — K(ify) I(vbz),
(2.5}

where ¢, maps R ! = M, — D! to the reals with boundary
values

¢I ’6D§ =pB.

Likewise for ¢,, 1, maps 4 ! to R with boundary values 5,
and a*, respectively. Likewise for #/,. While no satisfactory
proof of the “sewing” property (2.4.1) for functional inte-
grals on Riemann surfaces exists, specific examples can be
verified directly. In the Appendix, we show that (2.5) holds
for the case of a disk cut out from a sphere.

Following D’Hoker-Phong,® we decompose the ¢’s and
¥'s into two pieces,

é; =‘3i + X
; =’;~bi +§n i=1.2,

where ¢, and #, have zero boundary conditions, and y; and
&, are harmonic. Note that, for example,

1é0) =I(3,) + - f dn* y, 3,y
8w Jap!

where n* is the outward normal. Using the above, and by
translation invariance of the measures, (2.5) becomes

f 1 2 I ¢2 e [(.') (b7} () — I 2)
g g ¢ g¢ gl[} Q; ¢ }‘ﬁz Iy I
Xf 281 QﬂZ Ja' exp{—-__f ldn“X[ 7 .

A A,
- Lkgd” X ——— [ A6

1

dn* ¢, d .

87 Jaaz & # 2 }

The integrals in the top line just give the regularized determi-
nants of the Dirichlet problem for the regions R4 and 47.
We expand the boundary values in Fourier series,

Bj — 2 b_]"teina’
neZ

and define ¥ =B, — b}, Then the above expression be-
comes
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Z, = [dety A, (R}) detp A (RZ) detp Ay (A,) detp A (A42)] *’/2f 2B Z2BRrdb, db) Da*

(2.6)
1 j 1 1 1
Xexpy — — ant y, d,x, — — an* y, 4, ¥, — — dn* ¢, d ———J ant ¢, d .
P{ 87 Jor: X 0. X1 87 Jor: X2 0.X> 87 Jaa? §1 9.6 87 Joa? & ugz}
Now consider the compact surfaces M, with metrics g;. A derivation similar to the one above shows
_ o 1 i
Z, = [detp A, (RY) detp Ay (DL) ] ’”f DB¥ exp[ = dn* x; .X; — 8_7T-J¢;Df dn* §; ‘7;451] ,
where £; is harmonic on D’ and has boundary values ;. Combining this with (2.6), we have
Z, [detD A, (R 1y det,, A, (R 2y det, A, (D) det,, A&(Di)]l/2
Z,Z, |dety A (R!) detp Ay (R?) dety A, (A1) dety A (42)
SDBY DBrdbl dbl Da* exp{ — 1/87f . dn" x, 3. x4
SDBY DBY expl — 1/8mf . dn* x, dux
— 1/87S jq2dn¥ 3, 8, %, — 1/87S 5, dn* &, 3.6 — /87§ ,,2dn" £, 3.6} n
- l/SﬂfaRgd”"Xz x> — l/81rfaDLdn“ &1 9,8, — 1/8af yp.dn* &, 8#§2}. .
'

This expression is actually quite tractable, despiteits appear-  Imposing the boundary conditions, we have,
ance. The integrals (Wft _shall call them hgrmonic integrals) a, log r, — b, log 1, a,r" —b,re
may be evaluated explicitly. The determinants on the R.’s 4o = . y Ay =—7F——
can be related through the Liouville action. The remaining og ry /1y Fy—ra
determinants are evaluated on disks or annuli, and these by —a, wonf Oari —anrs;
have closed expressions. We now proceed to discuss all these o= log r,/r, B, =rir; P _pan , n#0.

quantities in detail.

E. Evaluation of harmonic integrals
In this section, we compute

Jdb(') db? Ta* exp[ —SL dn £, 3,6,

T Joa!

1

87 Joa?

dan* &, 8,,;2] . (2.8)
Such integrals have been discussed in Ref. 13. We consider
the general situation of an annulus 4 with inner radius 7, and
outer radius r, and with boundary conditions @ and f3, re-
spectively. Let y be the unique harmonic function on 4 with
the given boundary conditions. If we expand &, 3, and y into
Fourier coefficients,

a = z a, eme’ B — Z bn einB’ ¥ = 2 c, (r)einG,
neZ neZ neZ

we find the solutions,
co(r) =Ay + By logr,

c,(r)=A,r"+B,r =", n#0.
1
1 2 1 1
fdbodbo @a*exp{——— an* ¢, 4,6, — —
81 Jsal 8m Jaa?
bl 2
=fdb‘]’ exp__(_i__
4log r,/r,
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By computation,

by — a,)? o
M_+4ﬂ' z nbnb_"in

n=1

dntyd,y=2
o4 X %X i log r,/r,

+ 47 i na,a_,A,

n=1

= na,b_,rir;

—1672

n=1

, (2.9)
rin—pin
where, A, = (r3" +r3"/(r3t —ri".

On the space of functions: @ = =,;4a,¢"%, @, =a _,,
we have the inner product:

(a,B) = (1/2m)agh, + (a*B*) + (B*a@*),

where, (a*B*) = 3=_,na,b,. The path integrals are nor-

malized such that 1 = fPa e~ /P¢= Computing as in

Sec. II C, we find
f@a*e““*ﬁ*’= Q7). (2.10)

Applying the result (2.9) to the integral (2.8), we have,

dn* §, 8#4'2]

232 _ o -
J.db?,exp— (b5) J@a*e—(Qa*ﬂ*)—(Ta*,B*)‘<1/2)<QB‘.',B’,*)—(1/2)(Qﬂz",ﬂa‘).
4logr,/r
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The operators Q — 1 and 7 are trace class, depending on #,

and r,, and,
Q—1-0
-0

We may therefore take the limit. Using (2.10),

] as r, —0.

— (Qa*B*) — (Ta*B*y — (1/2)(QB¥.B¥) — (W2 (QBEBYE)
f@a* e ¥ ?‘ 2y

(2 exp nd _ 2%y __ 1 (R* RB*)L
\"" il L ,IJII \I-’ZYI"ZIJ 3

Ni—
DNl

as r, —0.

A similar computation is easily carried out for harmonic
integrals over the disk of radius 7, with boundary values 3 *.
We find,

dn* £38,& = 4w (B*B*).
D

Putting these results together, we have for the guotient of

arra i dwmtaneale

hdllllUlllU llllCEldlD lll \L I },
DB DBEdbl db? Ta*--

=2 log ——
SDBt DBy

’ ’1/2

H,(Le).

(2.11)
H, is continuous, and lim,_, H,(t,€) = 1 for fixed €.

F. Case of a nonseparating node

In (2.11) the appearance of the log(e/|t |"/?) was due to
the integration over both 4} and b3. This corresponds
roughly to the creation of an extra zero mode as the surface
M is pulled apart. We shall see that the situation is quite
different for the case where M degenerates toasurface witha
nonseparating node.

J

Z,

4

dety A, (R.) dety A, (42) dety A, (4°)

SDp, Dut Daexp— (1/8mH{fap,dW y d,x + S ane an's, 3.5, + fa,,gd”jgb 3,55}

z, [ dety A, (R,) dety A, (D2) dety B, (D) ]'/Z

Recall the construction of Sec. II B. Again, we choose €
small and define three curves:
Ci= {fza[ = ¢},
Cl= {lzb} = ¢},
C ={lzy| = |z| = t]"*}.
We define, as in Sec. II D, the disks D ¢,D %, and the annuli
A2A% Let R, =M — D% — D’ We factorize the func-

tional i m;egrax asin (2.5), except that now we allow constant
values on C, and restrict to nonconstants on C?2, Let the
boundary values be & on C,,u,, on C?, and u¥ on C% Then

we have
r
z, =J D¢ DY, D, D, Dur Pa

— 1Py — I,y — ICyy)
Xe (¢’ ('lh’

where ¢,¢,, and ¢, are defined by analogy with Sec. IIVD.
We split the functions into harmonic pieces and functions
with zero boundary values,

¢=$+X’ %Ila:iba""ga’ ‘&b ¢b+§b7
and simplify,

Z, = [dety A, (R,) dety A, (A4¢) dety, A (42)] ™'

Xff/l’ua Duk ,@aexp—-——l——{f dr y d,y
8m Jar,

v avsoe+ [ awe, ajgb] »
At

942

If we denote by g the original metric on M, then,

, (2.12)

SDp, Dus exp — (V/8M S ap,di ¥ O3 + 0 AW £, 3is + S 50l &, 3,6}

where £, is harmonic on D¢ and has boundary values p,,
etc. Referring to the result (2.9), and expanding u by its
Fourier coefficients

— z mkeikﬁ’
kez,
we have,
(mo —a, )2
77' — e —
log(e/|t]'?)
+ 47 (Qa*,a*) + 8m(Ta* uk),
5
F—0
log(e/|t}'*)
+ da(Qa*,a*) + 8w (Ta* if).
Thus we may evaluate the harmonic integral

f dn' ¢, 8L, = + 4 (QuEEY)
2

f dn &y 3¢, = + 47 (QuEt)
oA’
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T

= ~fdao exp —

x f Da* exp[ ~ (Qu*a@*) — (Ta* i)

@aexp—-si{ 5 an' ¢, 3,6, +L ar' ¢, 3j§b}
¢ eK

aé + (2, — m0)2
4 log(e/|t]"?)

~ (Ta*py) — 1/72(Qui.p¥) — 1/2(Qui.p¥) ].
Asbefore, @— 1 and T—0as t—0, so by (2.10), the a* inte-
gral — (27) ~ . The g, integral is easily evaluated. The ratio
of the harmonic integrals in (2.12) may therefore be written
SDu, Duf Da- -
IDu, Dy

1/2

H[[ (t’€)7

= m = [log -
(2.13)
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with lim,_ o H;,(t,€) = 1 for fixed €. The fact that log|¢ | is
raised to the power 1/2 rather than 1 will mean that the
singularity for the logarithm of the determinant carries and
extra log( — log|¢|) term [see Eq. (2.17)].

G. The Liouville action

We now recall the relationship between determinants on
surfaces with boundary for conformally related metrics.'*
Suppose that on a surface R with boundary we have metrics g
and ¢ related by a conformal factor, g, = ¢*°%,;. Then for
the Dirichlet problem on R, we have,

det, A, (R) =det, Ag(R)eSL(a’R),

where
S(a,R)--———fd%‘fKa——— ds ko
J d & \§8"%d,0 8,0
127
- ds n-do, (2.14)
47 Jar

where K is the scalar curvature and &, is the geodesic curva-
ture, both with respect to the metric g.

Using this expression and (2.11), we can rewrite (2.7)
as,

2y (detD Ao (D) )21
Z,Z, \dety Ay (4,)

xexp3{—S.(0,R!) —S,(0,,R?)

—— H,(t,€)

I |l/2

+S8,(0,, D) +S.(03,D}) — S, (5,,4])
— S, (0,40} (2.15)

Here, o, is the conformal factor relating g, to g; on R/, and
that relating g, to the Euclidean metricin the annuli47. o is
the conformal factor relating g; to the Euclidean metric on
D’ A, is the Laplace operator in the Euclidean metric.

The form of (2.15) makes it easy to compute the asymp-
totics of the determinant when one has sufficient estimates
for the behavior of the metric. The Euclidean determinants,
as mentioned, may be evaluated explicitly—we recall these
results for reference (see Ref. 14):

dCtD A (D ) =2~ 1/6 ~I/2€—1/3
xexp[ —25'(—1) —5/12],
detp Ao (A,) =7~ 1t|%~ 1
xlog(e/|t |2 [ f(|t]/€)]172, (2.16)
where £ (s) is the Riemann zeta function, and fis the parti-
tion function
fla-
n=1

For the case of a nonseparating node, we have, from
(2.12) and (2.13),

flx) = xm) L

1771 J. Math. Phys., Vol. 32, No. 7, July 1991

;g_l_?_ (dCtD Ao (De) ) 2m) - 12 [10g

1/2H
t,e
det, Ay (A.) ] n(be)

,1/2
1 . N
Xexp —- {=S.(0,R)+S.(8,:D%) +8,(5,D?)

—S,(0,,42) — S, (0,42},

with the obvious definitions.

At this point, we can see the difference in the behavior of
the determinant depending upon whether the degeneration
is to a separating or nonseparating node. Roughly speaking,
one expects that for “reasonable” families of metrics g,, the
Liouville actions will contribute singularities of the order
~log|t |. Comparing (2.15), (2.16), and (2.17), we see that
asymptotically logdet’'A has an additional term
log( — log|t |) if and only if the node is nonseparating,

(2.17)

1. EXAMPLE—THE ARAKELOV METRIC

We use the results of Sec. IT to obtain the asymptotics of
the determinant in the Arakelov metric. Comparing this
with our previous results on the asymptotics of the Faltings
invariant, we are able to obtain the exact additive constant
relating the two.

A. Estimating the Liouville action

We now evaluate the terms in the exponential of (2.15)
for surfaces degenerating with the Arakelov metric.” We
shall treat only the case of degeneration to a separating
node—recall the construction of Sec. IT A. The asymptotics
of the metric are’

log g = 2(h,/h)? log|t | + log g
— 4(h,/h) log GV (z,p) + o(1),

for zeM, and G 'V (z,w) the Arakelov—Green’s function for
M, . A similar expression holds for zeM, .

Recall thatin (2.15), the conformal factor near p relates
the above metric to the Euclidean metric, and away from p
the relation is with respect to g, To simplify notation, we
write g for g'* and £ for the Euclidean metric.

For z near the node p, we use G "’ (z,p) ~|z|, in local
coordinates.

(3.1)
(3.2)

0,(z) = — (h,/h) loglz|* +
d,0,(z) = — (A, /h)(V/z) + -+
Away from p, we have,

0,(2) = (hy/h)? log|t| — 2(h,/h) log GV (zp) + *--,
(3.3)

8, 3,0,(2) = — 2mi(hy /)pd + (3.4)

where u‘" is the canonical metric on the surface M, .
Near p we compute, using (3.1) and (3.2), to order ¢,

L f A€ 329,0 dyo
127 Ja}

277 € h 2
J—f def rdr(—z) 1
T Jo (e} h/ r?
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1 2 hy )2
_3( )lg[tl (h log €,
__I_ ds k.o = _1_ _ 172
- f dsk o ) dﬁ{a(e) ot}
=£—h—g—loge—%£}:—log{t[.

h

The other terms in the Liouville action are order €. Away
from p, we use (3.3) and the expression for the curvature of
the Arakelov metric d,3; log g7 = 4mi(h — 1)p3:

L!dea——(h —«1)f Iy {( )log[t{

h
—2—-hilog G‘”(z,p)]

J

1

28 g 2 b

as €0,

by the normalization of the Green’s function:

f p(z) log G(z,w) =
M

We also have,

1 1 A\
_ A ask =_[(.~_) log]t
& Jomy BT =3\ ol

-2 —hhi log e} as e—~0.

And finally, using (3.4),

——izl—f d *\gg™d,0 8,0 = ————4( ) J. dv(2)g™d, log G (z,p)3, log GV (z,p)
T JR!

127

1
3r

=—(h72) f dv(z) log GV (z,p) A, log G (z,p)
R}

h 2
__L(-i) dn*log GV (z,p)d, log G (z,p).
aR

Ir\ k

The first term vanishes as €~ 0 by d,d; log G(z,w) = wip 3,
zs£w, and the above normalization, The second term is

1 hz )Z.I-277 1 2 (h2 )2
~—— = edd—log GV (zp)y~—{|—] loge.
3 ( h o € g (zp 3\4 &

The computations for R ? are identical. Adding these togeth-
er, we have

Sy (0’,,R;) +SL(0';9R§) —I—SL(U,,A ;) +SL(0};A i)

bk
A

Furthermore, it is easy to see that S,(c,,D!), and
S, (0,,D?) are also o(€).

=% 2 logt| ——;—Iogtt} + o(&,). (3.5)

B. Asymptotics of the determinant

Combining the resulis of (2.15), (2.16), and (3.5), it
follows that for g, the Arakelov metric,

det’ A h h
lim log s _ 2% g0
10 Area(M,.8,) 3 h
det' A, det’ A G

5

0 Io -
& Area(M,.g,) +log Area(Mz,gz) 6

(3.6)
wherecy, = —245'(— 1) —6log2r —2log2 — 5.
The Faltings invariant is related to the zeta regularized
determinant with respect to the Arakelov metric by>®

(M) =c, — 6log[det’ A,/Area(Mg)], (3.7)
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where ¢, is constant depending only on the genus. Our pre-
vious results on the degeneration of §(M) show that, under
the degeneration above,”

lim 8(M,) + 4(hy s /h) log|z| = 8(M,) + 5(M,).

Comparing this with (3.6) allows us to evaluate ¢,,, ‘
e, =he, + (1 — A)ey, (3.8)
where ¢, is as above, and ¢, is the constant in the elliptic case.
This may be evaluated explicitly (see Ref. 15 for determi-
nants on the torus and Ref. 8 for the Arakelov metric):
¢, = — 8log 2.
The constant ¢, is related to the absolute constants ap-
pearing in bosonization formulas.®!! For example, the spin-
1 formula reads

I+ +puy +x—p—A)
P ( det’ A,
det Im O Area(M,g)
H;': 1 G(p;p)
Hj<kG(pj’pk) '

3/4
)" et ()

APPENDIX

Here we give an example of the “sewing’ property (2.5)
for functional integrals on Riemann surfaces. The glueing of
the two ends of a cylinder to obtain a torus was shown in Ref.
6 and other examples in the plane can be found in Ref. 13,
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We consider the example of glueing two disks to obtain a
sphere.

Let M be the sphere of radius 1 (regarded as CU{ 0 })
with constant curvature metric g given by

d’s =4[ |dz|>/(1 + |z]*)?].
The conformal factor relating g to the Euclidean metric g,
defined by g = %78, is

o=1log2 —log(1 + |z|*).
From (2.3) we have

(27 det’ Ag)“’/2=f@¢*e““¢). (AD)

In the local coordinate z, we cut out a disk
B(R) = {|z| < R}. We must evaluate det,, A, (B(R)) where
D denotes the Dirichlet problem. From Sec. II G, this re-
duces to evaluating the Euclidean determinant and the Liou-
ville action (2.14). This is easily done—the result is
2

LS N
1+R?> 3(1+R?*» 3
Substituting R for €in (2.16), we have

S, (o,R) = ——~§—log2+

dety A (BURY) = () =R =V exp| — 267~ 1)

R? 1 1]

1+R? 3(14+RH 12

(A2)
For the disk M — B(R), we use the coordinate 1/z to obtain

detp A (B(1/R)) = (27) ~/’R % exp{ —-28'(=1)

1 R? _L}
1+R?* 3(1+R?» 12
(A3)
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We now decompose the path integral as in Sec. III D:
f g¢* e 1® - J @tﬁ, g¢2 Ga* e~ 140 —1(42)

= [detp A, (B(R))det, A (B(1/R))] '/

Xf@a* exp[—LJ‘ dn* y, 9, x\
AB(R)

87

1

87 Jasi/ry

dn#XZ ayXZ] .

The harmonic integral is evaluated as in Sec. II E. The an-
swer is simply (27) ~'. Putting this together with (A1),
(A2),and (A3), we have for the determinant on the sphere,

det’ A, =exp(—45'(—1) + 1/2),

which is the result obtained directly by evaluating the zeta
function for the eigenvalues of the sphere (see Ref. 16).

! A. Belavin and V. Knizhnik, Sov. Phys. JETP 64 (2), 214 (1986).

2E. D'Hoker and D. H. Phong, Commun, Math. Phys. 104, 537 (1986).

3E. Gava, R. Iengo, T. Jayaraman, and R. Ramachandran, Phys. Lett.
B 168, 207 (1986).

8. Wolpert, Commun. Math. Phys. 112, 283 (1987).

3R. Wentworth, “The asymptotics of the Arakelov-Green’s function and
Faltings’ delta invariant,” to be published in Commun. Math. Phys.

SE. D’Hoker and D. H. Phong, Phys. Rev. Lett. 56, 912 (1986).

’S. Arakelov, Math USSR 1zv. 8, 1167 (1974).

8@. Faltings, Ann. Math. 119, 387 (1984).

*D.-J. Smit, Commun. Math. Phys. 114, 645 (1988).

191, Alvarez-Gaumé, J.-B. Bost, G. Moore, P. Nelson, and C. Vafa, Com-
mun. Math. Phys. 112, 503 (1987).

"' E, Verlinde and H. Verlinde, Nucl. Phys. B 288, 357 (1987).

12D, Mumford, Ens. Math. 23, 39 (1977).

1¥H. Tsukada, “String path integral realization of vertex operator alge-
bras,” preprint, 1989,

'4*W. I. Weisberger, Commun. Math. Phys. 112, 633 (1987).

'3 J. Polchinski, Commun. Math. Phys. 104, 37 (1986).

RS Weisberger, Nucl. Phys. B 284, 171 (1987).

Richard Wentworth 1773

Downloaded 03 Sep 2009 to 134.157.13.117. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



