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1 Introduction

In this paper we show how the arguments of [DW3] may be extended to
prove a general result concerning the factorization of holomorphic sections of
line bundles on the moduli spaces of rank two parabolic bundles on Riemann
surfaces. This is the inductive step needed to prove the celebrated Verlinde
formula, which may be described as follows: Let £ be a positive integer, and
define 2
2 . (m+Dm+ D=
(1.1) Sm,, = (m) Sln_——-k_-:—é—__ .

For integers g (thought of as a genus) and integers ny,...,n,, set

k S S
(1.2) Nf{’.‘.. I Z(Szo)z”z"—i'i‘- L2
" fard Sio S

if each 0 £ n; < k, and set N,i’,’,’f.,,,m = 0 otherwise. Now pick a compact
Riemann surface X of genus g and distinct points pi,..., pw. Let o denote
the affine space of holomorphic structures on a trivial rank 2 hermitian bundle
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E — X with a fixed isomorphism class on /\2 E, let # be the group of unitary
automorphisms of £ with determinant 1, and define the “multiplicity space”
(1.3) vok  =Homg(Va, ® - ® Vp,, H (L, 4%%)).

Here, V,, denotes the n; + 1 dimensional irreducible representation of SU(2)

on which ¢ acts by evaluation at p;, 4 is the determinant line bundle det 0k,
and the homomorphisms in (1.3) are reqmred to mtert\mne the actmn of 4.
Finally, for ny,...,ny = 0, let D&% = dim¥%* ,  and set D&f , =0
otherwise. Then we prove

Theorem 1.4, (Verlmde fonnula for SU(2)) For g = 2 and all integers
Niyenoy Py, Dg;, - "'N
k

,,,,,

Implicit in this statement is the assertion that the dimensions Df;. ,, are inde-
pendent of the choice of complex structure on Z (see Theorem 3.8).

There are two special cases of Theorem 1.4 that are worth noting: First, let
My = o,/ denote the moduli space of stable rank two bundles and trivial
determinant on . Then 4 — .4, extends to the semi-stable compactification .4
as the ample generator & of Pic(.#). The holomorphic sections of @ —
also extend uniquely (see [DN]). Then Theorem 1.4 reduces to a statement
about the dimension of this space of sections:

1/2 2-2g
(15)  dimH(A,OP) = (k_;”%) Zk:(m (1k++12)n> |

1=0

Second, let #(&(— p)) denote the moduli space of stable rank two bundles
and determinant ~ @(— p). Then #(O(—p)) also has an ample generator &,
and as explained in [DW2] the dimension of its space of sections is computed
by the case m = 1, n; = k of Theorem 1.4 with the puncture at p. Explicitly,
for k even we have

(1.6) dim H(#(0(- p)), ©62**)

(k2 & INTAN DY
‘(T) 20 (3053 )
As in [DW3], the strategy for proving Theorem 1.4 is to realize 7" ?,,"

the space of holomorphic sections of a line bundle AX(ny,...,nm) O0 My, 4,
the moduli space of rank 2 bundles with parabolic structure and weight «;
at p;, and then to study what happens when the surface degenerates. Let us
briefly summarize the argument in the case of a non-separating cycle (the other
case follows similarly): Suppose X, is a surface of genus g + 1 degenerating
as t — 0O to a surface of genus g with a double point. We think of the
complex parameter ¢ as measuring the pinching of a non-separating loop C
in Z;. Now the theorem of Mehta and Seshadri [MS] identifies #,, ., with
the equivalence classes of flat connections on Z\{ py,..., pw} With holonomy
conjugate to «; around p;, so let r : My, ., — [0,1/2] = SU(2)/SU(2),y.
denote the holonomy map about C. Then for generic a, r~!(«) is a smooth
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hypersurface of real codimension 1, and there is an S' action making r~Y(a)
bundles on the normalization of the surface with a double point. Here, parabolic
structure with weight « has been placed at the two points in the preimage of
the node. Restricting sections of At(ny,..., ny) — .I?,,__,_,a,_ to r~!(a) and
decomposing in terms of the weight / representations of the circle action gives
sections of bundles 4*(ny,...,nm, 1, 1) — My, 4. 0. and an isomorphism

(1.7) LA AR eB ok

LTI N

The main difficulties in proving (1.7) are: (1) showing that the restriction
is an isomorphism between holomorphic sections on 4, 4, and CR-sections
on the hypersurface r~!(a); and (2) since the S' action is not holomorphic,
except at t = 0, we must degenerate the surface, and it is therefore necessary
to ensure that the dimension of the space of CR-sections does not jump. As
discussed in [DW3], both of these issues depend on having eigenvalues of
opposite signs for the Levi form of »~!(«) (see Proposition 4.11 below), and
indeed a similar factorization in the case of no punctures (i.e. m = 0) was the
main result of [DW3]. In the present paper, we prove (1.7) for all m. This is
the basic inductive step needed to prove Theorem 1.4.

Theorem 1.4 has independently been proven by Faltings [F] who uses a
description of "V ,,,,, n, in terms of loop groups (see also [TUY], [KNR], [BL.]}).
The result has also been obtained by Bertram [B1] who uses degeneration
arguments in the context of stable pairs (see [BD] and [B2]) combined with
the work of Szenes [Sz, BSz] who proves (1.6) and (1.7), and more generally
the case of one puncture. The moduli space of stable pairs has been used
by Thaddeus [T2] to prove (1.6) in a totally different manner. The proof of
Theorem 1.4 presented in this note is independent of all the results cited here.

2 Vector bundles on punctured Riemann surfaces

In this section we discuss the different descriptions of the moduli spaces of
vector bundles on punctured Riemann surfaces: as representations of the fun-
damental group, as L2 connections, and as parabolic bundles. Most of what
follows is a generalization of the case of one puncture described in [DW1-3],
to which we refer for more details.

2.1 Representations of the fundamental group

Let Z be a compact Riemann surface and py,..., py distinct points of Z. Let
(Di,z;) be local coordinate systems around each p;, i.e. z; D; = D are com-
plex analytic isomorphisms with the unit disk D C €. We assume that p; =

z71(0), and we denote by Z,, ,, the non-compact surface Z\{p1,..., pm}.
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We define new coordinates on D, = D\{p:} by w; = —logz;. Then
wi: D] — C/(1,0) ~ (1,0 + 2n)
maps D; analytically to the semi-infinite cylinder
C={(1,6):120,05 0= 2n}/(1,0)~ (1,0 + 21).
|

If we use polar coordinates (r,¢) on D* = D\ {0}, then the map w; oz,
D* — € is simply

T = -logr
¢=20.

.........

the hermitian vector bundle associated to the fundamental representation and
the product metric. Let of be the space of hermitian connections on E and o/F
the subspace of flat ones. Let 4 = Map(Z,, . 5,, SU(2)) denote the real gauge
group. We topologize both & and ¢ with the obvious Fréchet topologies and
set # = Ar/9.

There is an equivalent description of # in terms of representations of the
fundamental group of X, ., as follows: First choose generators {yi}f__‘fl of
m1(Z) and simple closed curves A,,...,4, around p,,..., p» which do not
intersect any of the 7;’s. We assume that the generators have been chosen such
that they form a symplectic basis for Hy(Z). Then

g
T Zpy,pm) = <7i, Ai _1—11[71‘, Vitglht -+ * Am = 1> .

The holonomy map identifies # with the space of conjugacy classes of
representations of (X, . ,,) to SU(2).
Now choose weights oy, ..., &, associated to the points p,..., pu such that

2.1 0<o;<1/2.

Let A,,...4, denote the subspace of & consisting of connections with holonomy
a; = exp(2nv/—14;) around p;, where

o 0
(22) A,‘ = (0 ‘ “W) .

In terms of representations,
5!,,,,‘,,,;_ ={pe R p(4;) is conjugate to a;} .

It follows that %,,,..q, is a real analytic variety of dimension 64 — 6+ 2m. The
varieties &,, . are singular in general, but if we restrict to the irreducible
representations we obtain a smooth open subvariety &, , of Zq,,. . q.-

,,,,,
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2.2 The L}-construction

weighted Sobolev spaces. In the case of one puncture our construction was
carried out in [DW1, Sect. 3].

.....

wi(hc), where hc = di? + d6* is the standard flat metric on the cylinder.
Fix weights ay,...,®, as in Sect. 2.1, and let 4; and a; be the associated
su(2) and SU(2) diagonal matrices (see (2.2)). Also let t,, C su(2) denote the
Lie algebra of the maximal torus T, C SU(2) which contains a;. Choose a
connection V, on E such that on D} it has the form V = d + v/—14,d0. We
will denote by V), the boundary operator of V) restricted to 0D}. We let

A5 =Vo+ Lig(T"Zp,,..pn ® 8E)

be the space of Sobolev Lf,a-connections. Following [DW1, Sect. 3] we define

Q= {0 € L} o (8UE)) : | Voollz, < o0},

and let
H#={pecQ:e Ve Vop =0}

be the subspace of harmonic ones. As in [DW1, Sect. 3] we have the splitting
Q= Lié(gI(E )) @ 5. Moreover, there is a map o, : Q — ker V5, ~ 1, given
by

a(@)0) = lim o(w'(1,0)).

We set ¢ = [[I_, 0;. Then ¢7'(0) = L 5(gl(E)) and

m
o H — [] ker Vo,

i=1

is an isomorphism.
Next we define the gauge groups

Y95={o€Q:99p*=9¢*¢o=1Ldetp =1}
Yos={9p€ b :0(p)=1}.

It is not difficult to see that %5 and %,s are Banach Lie groups with Lie
algebras

Lie9;={p€ Q0: 9" = —¢}
Lie%s={o € ll;: 0* = -0} .
Moreover, there is an exact sequence of groups

2.3) 1% —>% T, x---xTg, — 1.
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Let of 5 denote the space of irreducible flat connections in of5. We set

é
fa‘ geory King

= As5/%05, R

QY peeey

o = Hs5/%s

.....

via the sequence (2.3). More precisely, there is a splitting of (2.3) such that
(91,.--»9m) € Ta, %+ - xT,, is mapped to the unique harmonic gauge transfor-
mation g with the property that for all i = 1,...,m, lim,_.c, g(w; '(1,0)) = g;.
From now on we will identify T,, x --- x T,, with its image in 45 described
above. Clearly,

='¢2| ..... a../Tal x"‘XTa,.,.

like to briefly review their infinitesimal structure. Given V € A5, let V* =
*V»* denote the L2-adjoint and define the operator:

oy = (V,e"0V*e?) L3 (T*Z,,,.. 5 ® 8E)

Then for & > 0 and sufficiently small, dy is a bounded Fredholm operator of
index 6g — 6 + 2m (cf. [DW1, Proposition 3.5]). Let Hj, = ker oy, and let

(24) Yv:# — Hjy
be the map Y y(¢@) = Vo. Let
Hj.p = Hyy [image(y v) .
The importance of these spaces is indicated in the following:

Proposition 2.5. (cf. [DW1, Theorem 3.7]) (i) #2, , is a smooth manifold
of dimension 6g — 6 +3m. Moreover, for [V] € F 2, ..an the tangent space is

~
----- T s

(ii) 9?21,.'_’% is a smooth manifold of dimension 6g — 6 + 2m. Moreover, for
[Vle ® ., the tangent space

*] ~ 7}
Tivi%Ry,,..an = His pr -

.....

identify these spaces).
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In another direction, given V € o5 consider the unbounded operator

,,,,,  ® 0F) = LX(9F)

It follows as in [DW1, Sect. 3] that ker5:7 consists of (anti)-meromorphic
gf-valued (0,1)-forms with at most simple poles and strictly upper triangular
residues at p),..., pm. Moreover, as in [DW1, proof of Theorem 3.7,

(2.6) ker 5:7 ~Hjy,

and this defines an almost complex structure on 4,,, ., . In the next section we
will see that this is indeed a complex structure, and furthermore it coincides
with the complex structure defined by Mehta-Seshadri [MS]. Finally, we can

use (2.6) to define a splitting
2.7) H(;',V = ker 5:7 @ image(Y v)

as in [DW1, proof of Theorem 3.7], where v is the map (2.4). The splitting
(2.7) will play an important role in the arguments of Sect. 4.

2.3 Parabolic bundles and the generalized Hecke correspondence

In order to show that the almost complex structure defined in Sect. 2.2 is
a complex structure we need to introduce parabolic bundles and discuss the
theorem of Mehta and Seshadri. For this, it will be convenient to consider
holomorphic bundles E — X of arbitrary determinant A’E ~ A. When we
wish to spe(:1fy a holomorphic structure on the complex vector bundle E, ie. a
d-operator O, say, we shall write E % , although we will often omit this notation
when the holomorphic structure is understood Moreover, we shall think of a
flag of E at p; as a line /; in the fiber E7,. This is the dual of the flag defined
in [DW1-3], but hopefully the change of notation (which now agrees with that
of [B1-2]) will not cause confusion. Equivalently, a flag at p; can be viewed
as a map of sheaves

(2.8) E—Cp—0

where €, denotes the torsion sheaf supported at p;. Let £1,...,7n be flags at
the points py,..., pn and ay,..., o, weights as in (2.1).

Definition 2.9. The triple (E, {¢:}7,, {:}",) is called a parabolic bundle. It
is called parabolic stable (resp. parabolic semi-stable) if for any holomorphic
rank 1 subsheaf L C E we have

degL+ Y o~ Y oy < idegE (resp. £).
D=0  ¢;(D)*0
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Observe that this definition is equivalent to the standard one (cf. [MS}, [BI-
2]). Also, note that the case m = 0, i.e. no punctures, reduces to the ordinary
definition of stable and semi-stable bundles.

Given any rational weights «,,..., &, as in (2.1) one can apply the ma-
chinery of geometric invariant theory to construct a moduli space .#,,, 4, (A1)
of parabolic semi-stable bundles with fixed determinant A which has the struc-
ture of a projective variety. The space .#,, ., contains the open subvari-
ety Mg, ., of parabolic stable bundles. The gauge theoretic construction of
My, .., goes as follows. Fix a complex vector bundle E — £ with NE=~A
(topologically), and fix flags /y,...,/, over the points py,..., pm. Let o) ((A)
denote the space of J-operators on E which induce the fixed operator on A
and are parabolic stable with respect to the flags ¢,,...,/n. Let gﬁ,. denote
the subgroup of the complex automorphism group of E consisting of the gauge
transformations which induce the identity on A and preserve the flags £;,...,/n.
Then

Mean(A) = Ay ()] %,
The next result is due to Mehta and Seshadri (cf. [MS], [DW1, Theorem 3.13])

.....

quasi-projective variety. Moreover, My, o, (0), where O is the trivial bundle,
is diffeomorphic to Ry,,..q,, and the complex structure agrees with the almost
complex structure defined in Sect. 2.2.

Special choices of the weights a;,..., o, Wwill be important in this paper.
We introduce some terminology:

Definition 2.11. Let ay,..., &, be weights as in (2.1). Then we call oy,..., oy
small if Y1, a; < 1/2, and we will call them generic if 231", e;0; € Z, for
every choice of €y,...,6m, & = 1.

The meaning of the above definition lies in the following rather obvious

Lemma 2.12. Assume ay,..., oy are small and generic. Then parabolic semi-
stability is equivalent to parabolic stability. Moreover, if we fix flags £1,...,¢m
of E. Then

E stable = (E,{¢:},{a:}) parabolic stable = E semi-stable .

Finally, if (E,{¢:},{a}) is parabolic stable and m z 2, then for any j =
l,...,m, the triple

(E,{{l,...,2,-,...,t’m},{al,...,o‘zj,...,oz,,.}) .
where the circumflex indicates deletion, is also parabolic stable.

Corollary 2.13. If a,..., oy are generic then M,, ., (A) is a smooth pro-
Jjective variety. Moreover, if a,..., 0, are small and generic and m 2 2,
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then for any j = 1,...,m, there are “puncture forgetting” morphisms

.....

(2.14) Tt My, ,a(A) = Moy, 4,.0n(A)

whose fiber over a point (E,/l,...,ij,...,[,,,) can be identified with P(E7,).
The maps n; induce a morphism

(2.15) T Mo, an(A) = M(A)

where M(A) denotes the moduli of semi-stable bundles of determinant A.
Moreover, if E € M(A) is stable then the fiber of = at E can be identified
with P(E} ) x - x IP(E}, ) .

For rational choices of weights, Bertram proves in [B1, Corollary 3.4] that all
the A, _a,(A)s are mutually birational off a set of complex codimension 2
(assuming as usual that g = 2). Therefore, we obtain

Corollary 2.16. Let oy,..., o, be rational weights as in (2.1). Then there are
rational maps

.....

(2.14) T My, 0n(A) = —— = My, . g,,.an(A)

defined off a set of complex codimension 2 and whose fiber over a generic
(E,01,....0},....,Lm) can be identified with lP(E;j). The maps n; induce a
rational map

(2.15") N My, a(A) = —— — M(A)

defined off a set of complex codimension 2 and whose generic fiber has the
same description as the map (2.15).

We now specialize to the case 4 ~ (@, the trivial bundle, and we set
Moy vy = Moy 0, (0), # = H(O). Complementary to the map (2.14') are
rational morphisms
(2.17) Rj: May,.san — —— = Moy, dp,.n(O(— D))

defined as follows. Assume for the moment that the weights are small and
generic. Let U C My, o, be the subset n'(#), where # C M is the
subvariety of stable bundles. Let (E, {#;},{«;}) € U. Recall that a flag /; is a
map

(it E—-Cp —0.

Set F = ker#;. Then F is also a holomorphic rank 2 vector bundle, and we
have the following
Lemma 2.18. (F,(l,...,ij,...,/,,,,oq,...,o?j,...,oc,,,) is parabolic stable of de-
terminant O(— p;).
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Proof. Any subsheaf L C F is also a subsheaf of E. Hence, by the stability
of E, degL £ —1. It follows by the choice of weights «; that

degl+ > o— Y, o <-—1/2,

4L =0 (L") %0
Y]

and therefore F is parabolic stable. The determinant follows from the definition
of F.
O
We can thus define for (E, {7}, {x:}) € U:

RE ALY A} = (F by s lye s bty ey Gy )

,,,,,

Definition 2.19. Let a,,..., oy be rational weights as in (2.1). We set

(2.20) 7’ij . -/{al oy~ T vllaq ..... ol ,.(0("‘1-7}))

,,,,,

to be the maximal rational extension of the map #; defined on n='(U). The
rational correspondence

-ﬂm ..... ﬁj ..... (- "”Gl ,...,&/,.‘.,a,..(m(‘pj ))

is called the generalized Hecke correspondence.

Remark 2.21. In the case m = 1, the maps m;,#; are defined on the whole of
A ,, and the correspondence

M,
n / \ﬁl
M A (O(—p1))

is the ordinary Hecke correspondence of Narasimhan and Ramanan (cf. [NR],

[BSz], [DW2-3]).
2.4 Universal bundles and universal connections

,,,,,

(2.22) U™ — Z X My, a -

These are constructed as follows. Let U denote the pullback of E — X to
2 x s, via projection onto the first factor. Then U is endowed with a

tautological holomorphic structure such that U], {3} 18 isomorphic to E% as

a bundle on Z. Let I, — X x oA 5. denote th~e trivial line bundle with tlle
trivial holomorphic structure. Let Qfa, act on U in the usual way and on L;
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via evaluation at p, and the fundamental representation. Now constant central
elements of ¥, act trivially on U ®L,, so this bundle descends to a universal
rank 2 bundle U™ — X x #,, ..

For future reference we also introduce the universal connection on the

fibrations
(2.23) Tay X -+ X Top /Ty — F

obtained via the exact sequence of groups (2.3). Recall from Sect. 2.2 that
T8, . = Hiy and Tip| My, 0, = ker§p. On the other hand we have

seen that ker 5*V consists of meromorphic (0,1)-forms in 2, ,, with values in
& and having simple poles at py,..., pn With strictly upper triangular residues.
It was shown in [DW1, Lemma 3.9] that such forms are in L? for § sufficiently
small. Consider the harmonic projection operator ny : L — Hj ,, and set

oy = Tv(ker 5:7) CHjyp.

Clearly, ny commutes with the action of the harmonic gauge transformations,
hence SV .a, 1S invariant under the action of T, x - -+ x T, . It follows that
defines a connection on the principal bundle
(2.23). We will denote thls connection by Sy,..a, and call it the universal
connection. As was shown in [DW3, Sect. 2.3] for the case of one puncture,
we shall see in the proof of Proposition 4.11 that Sy, _,, is in some sense the
universal connection of Atiyah and Singer associated to the universal bundle

U™ (cf. [AS]).

3 Line bundles on moduli spaces and the vanishing theorem

We now define the line bundles on the space .#,,, . ., Which give rise to the
multiplicity spaces mentioned in the introduction. These bundles depend on
an integer &k and choices of integers ny,..., n, (which we think of as twice
the spins of irreducible SU(2) representations) associated to each puncture. In
Theorem 3.8 we generalize the main result of [DW2] to the effect that if any
n; > k the line bundle has no non-trivial holomorphic sections. Instead of the
topological arguments given in [DW2], we shall prove this result more directly.

Recall the definition (1.3) of the multiplicity spaces ¥, ,,,, .nn- These can
be reahzed as spaces of holomorphic sections of line bundles on A, 4, =

Aps. / par. S follows: The integers n,..., n,, define a character

3.1 Xyt gf,,,, - C*

via evaluation at the points. More precisely, given g € ?fa,‘ the induced map
9(p:)* : E; — Ep, defines (via an identification of Ej =~ C? and of the
dual flag to t’, with the standard flag in €2) an element of the Borel subgroup
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B* C SL(2,C). We set

where x, : Bt — €* is the character determined by the integer »,.

Letting ‘?,fa,, act on the trivial line bundle o/, ; x € via this character
defines a line bundle on the quotient .#,, ., provided that the character is
invariant under the isotropy group, i.e. provided that the sum of the n;’s is
even. We call this line bundle L(n,,..., n,). Recall also the map = of (2.15").
Then n* 4, where 4 is the determinant line bundle on .#(0), extends uniquely
to a line bundle on .#,,, ,, . Set

A, ..., hm)=n"4*Q L(n,,..., Ny) .
Then we have

Proposition 3.2. There is an isomorphism

...........

where ¥4% . is defined in (1.3).

..... I

.....

of codimension at least 2. Therefore it suffices to prove the result for small
weights. Let
BCoAXP x-.. xP!

be the set of points (dg,71,...,4m) such that E% is parabolic stable with re-
spect to the weights a,..., a, and the flags 7),...,7,. Notice that %/%C ~
d,,,s,/@fa,.. The space ¥~ Z’,'j,,,,,, may be identified with ¥C-invariant holomor-
phic sections of the line bundle 4*®B,,®- - -®8,, on & xP!x--.xIP! obtained
from the determinant bundle on & and the Borel-Weil-Bott bundles on P! (cf.
[DW1]). We next claim that the complement of # in &/ x P! x ... x IP! has
codimension at least 2. Since the weights are assumed to be small,

A xP' x - xP CBC A xP x.-- xP,

where & and of;; denote the stable and semi-stable points of o, respectively
(see Lemma 2.12). For g 2 2 the complement of &, in o has codimension at
least 2 (see [AB]). On the other hand, the strictly semi-stable points &7\
have codimension at least 1 in & (cf. [S]), and if a bundle E is strictly
semi-stable, then it is easy to see that it is parabolic stable for a Zariski dense
choice of flags. The claim then follows: Thus we have

.....

= H(Ap 1, 45, .., i)™
= Ho(‘ldl,...,a,..r Ak(nh ey nm)) >
and this proves the proposiﬁon. a
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Lemma 3.3. The restriction of L(my,...,ny) to the‘generic fiber of the map
ﬁj Of (220) is @pl(”nj).

Proof. Fix (F,(y,...,¢,...,{m) a generic point in My, g, «(O(—p;)). The
fiber of 7; over this point can be identified with P(Ext!(C p»F))- Let i; denote
the natural inclusion of the fiber. Then the following diagram commutes:

Ext(C,,, F)\{0} &, Ap.s.
(3.4) l,; . lﬁ
PEXNT,, F)) 2 My = Hps[5S,,

where p and p are the obvious projection maps and 7; the natural inclusion.
Observe that for A € €* and ¢ € Ext'(C,,, F)\{0},

(3.5) 71(A8) = g21(£),

where g; = diag(4,A7!) € gﬁ,_. This can be verified as follows. Given an
extension ¢ corresponding to the bundle E, we have an exact sequence of
sheaves

(3.6) 0—-F—E—-Cp, —0.
By restricting to the fiber at p; we obtain a four term exact sequence
0o cLr, - E,5C—0,
where f can be identified with ¢ via the isomorphism
Ext'(C,,F)~ Fp, .
Moreover, the following diagram commutes

0——»C—£—>ij——>E

u [s 2
0o — ¢ 24 F, — E, ¥ € — o,

S € — 0

aaaaa

and hence L(n,..., ny) restricts to Opi(—n;) on ]P(Ext'(ij,F)). The lemma
follows. o

Lemma 3.7. Let © be the map (2.15'). Then the restriction of n*4 to the
generic fiber of the map #i; of (2.20) is Op:i(1).

Proof. By taking the long exact sequence in cohomology associated to (3.6)
we obtain _ -
det Jg ~ det 0 ® HY(C),)*

(recall that the definition of the determinant line bundle gives the dual of the
determinant of the index bundle (cf. [D])). If we lift n*4 to o, . anfl restrict
to the extension ¢ corresponding to E in Ext(C p,»F) we obtain det 0g. If we
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rescale the extension £ by A € €* then the action on det dF is trivial, since
F is fixed, whereas the action on H%(C,,) ~ € is given by multiplication by
A. Hence the action on det Jg is given by multiplication by A~!. The lemma
follows. O

Taken together, Lemmas 3.3 and 3.7 imply the following generalization of
the main theorem of [DW2].

Theorem 3.8. For any choice of integers my,..., ny,, not necessarily positive,
let

----------

if Yon; is even, and set D&* , =0 otherwise. Then the numbers DS¥ . are

independent of the weights oy, ..., am, the locations of the points p,,..., Dm,
and the complex structure on Z. If any n; < 0 or n; > k, then Dik . =0,
In particular, dim ¥ % . =0 if any n; > k.

Proof. For the vanishing, by Lemmas 3.3 and 3.7, the restriction of
4¥(ny,..., ny) to the fiber of #; is Opi(k ~ n;). Since #; is defined on an
open dense set, there are no non-trivial holomorphic sections for n; > k. A
similar argument for n; < 0 applies using the map n; of (2.14). The inde-

.....

birational off a set of codimension at least 2, and for 0 £ ny,...,n, S kand a
particular choice of weights ay,..., «, (depending on ny,..., n,) one can show
that

HY (Mo, 00, A (11, 1)) = 0,
(see [B1, Corollary 3.5]). ]

We end this section by discussing some results which will be used later.
Let

be the dual of the universal bundle constructed in Sect. 2.4, and let P™ be
the associated SO(3)-bundle. Let

(m) _ p(m)
PPMH =P |{Pm+l}x-la|,..,um )

Then for a choice of maximal torus T, C SU(2)

(3.9) To/Z, — P — P /T,

Pm+1

defines a principal S! =~ T,/Z, bundle, and P{") /T, may be identified with
My, 00 for o sufficiently small. We claim

Lemma 3.10. The line bundle associated to (3.9) via the standard represen-
tation of T./Z, is isomorphic to L(0,...,0,2).
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Proof. Let gf,f,,__ =1g€ gfa,_ : g(Pms1) = 1}. It follows that

(3'11) dp‘s‘/gﬁr,_l — dp.:./gﬁu, = vlla.,...,a...,a

is a principal B*/Z(B*)-bundle, where B+ C SL(2,C) denotes the Borel sub-
group and Z its center. It also follows that the fibration (3.9) is a T,/Z; C
B*/Z(B*) reduction of (3.11). Moreover, the character yp,_ o, defined in (3.1)
corresponds to the standard character y : T,/Z; — C*. The lemma follows. O

Next recall the principal circle bundle

(3.12) To/Z, — F, JTay % -+ X Tap = Moy, ana

Jeees Ol X
Proposition 3.13. The principal S'-bundles (3.9) and (3.12) are isomorphic.
In particular, the line bundle associated to (3.12) via the standard represen-
tation of T,/Z, is L(0,...,0,2).

Proof. An explicit T,/Z,-equivariant isomorphism between #3 . /T, x
-+-xT,, and P§?), can be constructed as follows: Given [V] € #2 . /Ta x
--+ x T,,, choose a representative V € o/ such that V = d + id;d6 around
pjyJ=1,...,m+1, and where we set &, = d. Let Jv denote the associated
J-operator, and let g be a (singular) complex gauge transformation such that

. vk
§(z) = 1 if 2€ 2y, pupms \UE'D;
diag(|z|%/%, |z|~%/?) if z is near p; .

By the Mehta-Seshadri theorem, g(5v) € oAp.s; let [g(év)] denote the class
of g(dv) in o ./9S, ; = Pon.. Then the map [V] — [g(3v)] defines the
desired T,/Z,-equivariant isomorphism. |

i Z+.0 -0 ..
Given spaces #,° | /Ta %+ XTs, and Fo0 0 /Ta,, X XT,,

associated to Riemann surfaces £+ and X~ with corresponding marked points,
we can form the principal bundle

Sl >~ Ta/ZQ

(3.14) {Fre JTa % xTa } x1, {F 2 [Taps, X xTa}

----- [ TR R

+ -
M.tme X He..tnn

where T, acts diagonally. Then we have

Proposition 3.15. The line bundle associated to (3.14) via the standard repre-
sentation of T,/Z, is isomorphic to the exterior tensor product L*(0,...,0,2)
®L(0,...,0,2).
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Similarly, let

6.16) P = P, xs000 P2,
Then P defines a principal S' ~ T,/Z,-bundle
3.17) To/Z; - P— P[T,,

Clearly, P/T, can be identified with #,, . .« and as in Lemma 3.10 we
have

Lemma 3.18. The induced line bundle from (3.17) via the standard represen-
tation of T,/Z, is isomorphic to L(0,...,0,1,1).

Finally, recall the principal S' ~ T,/Z;-bundle
(19)  To/Zy = Fo an)Tar ¥ - X Toy X Ta = May na s
where the last T, acts diagonally. The analogue of Proposition 3.15 is then

Proposition 3.20. The principal S'-bundles (3.17) and (3.19) are isomorphic.
In particular, the line bundle associated to (3.19) via the standard represen-
tation of T,/Z, is L(0,...,0,1,1).

4 Semicontinuity of Verlinde dimensions
The purpose of this section is to prove the following inequalities:

Theorem 4.1. For g 2 2 and any choice of integers ny,...,ny, then
Datly < ZD';}f..,n,. e
1=0 T

Theorem 4.2. If g. 22, 9- 21, 9g=¢g. +9g_,and 1 £ m* < m, then

Dyt . < ZDy‘\ s zDz,:il e

Both Theorems 4.1 and 4.2 are proved by degeneration. We shall argue in
Sect. 5 that the inequalities in the theorems above are in fact equalities. Our
method is almost certainly strong enough to prove this result directly, but we
have not gone to the trouble of establishing the vanishing theorems necessary
to carry this out. Instead, we note that for the situation of Theorem 4.2 with
no punctures (m = 0) and g4 = 2, D% is equal to the decomposition on
the right hand side. This was the main theorem of [DW3] (see also Theorem
4.27 below), and it turns out that this is all we need to prove that the general
case also ylelds equalities (see Sect. 5). For reference, we also remark that the
quantities N,‘,’, ., defined in (1.2) satisfy the “factorization rules” above (cf.

.....

[V], [MoSb}),
k
(4.3) Ngthy = ENf.’f.,n..,z,v
.
(4.4) NEk . = EN"*,.'.., ne d Nl -
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4.1 Proof of Theorem 4.1

.....

Pis--+s Pm. Let pwy1, pm+a be distinct points of X, . and
(4.5) zi:D;—>D

be disjoint coordinate systems around p;, p; = z7'(0) for i = m + 1, m + 2.
Given a complex number ¢ in the punctured disk D* let Z,, ,.(t) denote

the Riemann surface of genus g + 1 obtained by glueing in the usual way
via the equation zm41Zmiz = ¢ (cf. [DW3]). Let € = |t]|'/2 and let C, denote

,,,,,,,,,,

such that yp = id and x, = id outside the pinching region {|t| < |zn41], [Zm+2]
< 1}.

Notation 4.6. For simplicity we shall use the following notation for this sub-
section only:

Zl‘ = Zp| ..... p,..(t) ’ 20 = Z‘p| ..... Pms2 *

Also, given rational weights «;,..., #, as in (2.1) we set
M(t) = Mo,.0(t)

and
r: M(t) — [0,1/2] ~ SU(2)/SU(2) 4.

for the holonomy map around C..
The next result is straightforward.

Lemma 4.7. The map r is continuous and it is smooth over the preimage of
the open interval (0,1/2). Moreover, r has only finitely many critical values.

The critical values can only occur for those a for which oy,..., ay,,a,4& are
non-generic (see Definition 2.11).

Let o be a regular value of r (which we may take to be a rational number
by Lemma 4.7). Then .#.(t) = r~'(a) has the structure of a CR-manifold.
Indeed, for [V,] € #,(t) we set

(4.8) Sty = Tiva#o(t) N % Ty Ma(2) ,

where *, denotes the complex structure of .#(¢) which is induced by the *,-
operator on X;. Then S* C T.#,(¢) defines a CR-structure on .#,(¢).
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Let 4*(ny,..., ny Xt) denote the holomorphic line bundle defined in Sect.
3. For o as above, we set

Lo(t) = 441, s B X0 4,y -

Then L,(t) is a CR-line bundle over .#,(¢), and since .#,(¢) has real codi-
mension 1 in .#(¢) the restriction map

p: HO(M(t), 4 (ny, ..., nm)(t)) — HEG(Ma(1), La(1))
is injective. In particular,

(4.9) DIy = dim HO(M(t), 4 (ny,..., nn)(0)) S dim HE(Mo(2), Lo(1))

where & priori the right hand side may be infinity. In order to relate this to
the right hand side of the formula appearing in Theorem 4.1, we will have to
degenerate X, to ¢ = 0. Our arguments closely follow those in [DW3].

Recall from Sect. 2.2 that for [V/] € #(¢), Tiv,#(t) can be identified
with the subspace Ky, (¢) of L2 J(T*Z?" ®g¥) consisting of meromorphic (0,1)
forms on X, having at most simple poles with strictly upper triangular residues
at p;. Moreover, by using the identification y, : o — Z,\C,, we can view
Kv,(t) as subspaces of L2 ;(T*Z0! ® gf) (cf. [DW3, (3.22)]). Furthermore,
the degeneration theorem of [DW3, Sect. 3] is local around the punctures, so
as in [DW3, Corollary 3.24, Proposition 4.13] we have that

Ky,(t) — Ky, (0)

is a continuous family of vector spaces in L2 j(T*Z' ® g%), where Ky, con-
sists of meromorphic (0,1) forms § on X, with at most simple poles with
residues strictly upper triangular at py,..., pm, upper triangular at pmi1, pm+2,
and satisfying the matching condition

proj;,  1e8p,, f = projy, resp,.,f .
Now assume that V, € .4,(t). Then
To, Mo(t) ~ K% (t) = Ky,(t) Nkerdr C L2 (T*23" @ of),
and as in [DW3, Corollary 4.17},
v.(t) = K, () N * ker Ky (1) — g, (0)

is a continuous family of subspaces in L% 5(7’*2‘3" ® g¥), where 8%, (0) con-
sists of meromorphic (0,1) forms with at most simple poles and strictly upper
triangular residues at py,..., pmi2. However, S (0) ~ Hj, , can be viewed

as a subspace of
T Vo(ﬁz,

where the last T, acts diagonally. Therefore, if we define the limiting CR-
structure on F2 /T x -+ x T, x T, by §%(0), then we obtain as in
[DW3, Theorem 4.11]

.u-.a.,a,a/Tan X -+ X Tg, x Ta),
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Proposition 4.10. Let M, = Uycp#My(t). Then MM, is a differentiable family
of CR-manifolds parametrized by the disk.

As a consequence of Proposition 4.10 we have

Proposition 4.11. The Levi form of #,(0) has everywhere at least two pos-
itive and two negative eigenvalues.

The existence of two eigenvalues of each sign was crucial for the proof of
continuity in the degeneration of {DW3]. In the general case, however, the
relevant H'! group cannot be shown to vanish at ¢ = 0, and it is for this reason
that by direct arguments we are only able to obtain semicontinuity.

Proof. Recall from Sect. 2.4 that the fibration
7

o Um0 Mo, om0

has a “universal” connection Sy, g, 4 By dividing out by Tg, x---xT,, xT,
where the last T, acts diagonally we obtain a connection S* on the S! ~ T,/Z,
bundle

(4.12) FL o ana]Tay % X Tay X Ta = M a0,a -

.....

On the other hand, the Atiyah-Singer universal connection on U™ induces an
SO(3)-invariant connection on the bundles P and P defined in Sect. 3. By
Proposition 3.20 it follows as in [DW3, Sect. 2.3] that the above connection
coincides with S*. In particular, the connection S* on (4.12) is SO(3)-invariant.
Let 1,541, tm+1 denote the inclusions of the generic fiber of m,yy, fiy4 in the
generalized Hecke correspondence. Since 1y, im+1 are SO(3)-invariant maps,
the connection S* restricts to an SO(3)-invariant connection on the bundies
Op (1) and Opi(—1), respectively (see also Lemma 3.3 and Proposition 3.13).
Therefore, the curvature Q(S*) must be the + curvature of the homogeneous
connection on IP!, and hence the eigenvalues of the Levi form of #,(0) are
uniformly bounded away from zero. Since the CR-structure is defined every-
where on .#,(0), we obtain everywhere one positive and one negative eigen-
value. By repeating the same argument for 2,2, im+2, the proposition follows.
o

Combining Propositions 4.10 and 4.11, we also obtain

Corollary 4.13. Given o a regular value of r, there is an €y such that for all
t satisfying 0 < |t| < &g the Levi form of #.(t) has everywhere at least two
positive and two negative eigenvalues.

Let us further examine the space .#,(0) and the map
(4-14) D: -/la(o) - ‘I{al,...,a,.,ac,a .

As in [DW3, Lemma 5.9], p is a principal S! CR-bundle, i.e. both the circle
action and the map p preserve the CR-structure. Let

,,,,,
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denote the holomorphic disk bundle associate to (4.14) in such a way as to
make 0D(.#,(0)) CR-isomorphic to .#,(0). We also let ¢ — My, o a0
denote the associated line bundle to (4.14). Then it follows from Proposi-
tion 3.20 that ¢ ~ L(0,...,0,1,1). Recall that L,(¢) denotes the restriction of
A5 (ny,..., nm)(2) to M(t). Set

Ly(0) = p*4*(my,..., nm,0,0),

where p is the map (4.14). We have

Proposition 4.15. Ler

L, = |J Lo(1).
teD

Then £, is a continuous family of CR-line bundles parametrized by the disk.
Proof. The argument proceeds exactly as in [DW3, Sect. 6.1].

Proof of Theorem 4.1. By semicontinuity of Kohn-Rossi cohomology (see
Corollary 4.13 and [DW3, Theorem 5.8]) we have

(4.16) dim Heg (M o), Lo(t)) S dim Hg (M (0),Lo(0)) .
On the other hand, since both the S*-action and the map p are CR, we have

(4.17) HE (H(0),L,(0)) = @ H® (Mo...0n,0,0 4 (n1,..., 1y, 0,0) @ ')
leZ

Since by Proposition 3.20, ¢ ~ L(0,...,0,1,1) we obtain from the vanishing
theorem (Theorem 3.8) that

k
4.18) dim Hn (Ho(0),La(0) = LD 11

Combining (4.9), (4.16), and (4.18) proves the theorem. ]
4.2 Proof of Theorem 4.2

Now we turn to the proof of Theorem4.2. Let 2}, , and X, . becom-

pact Riemann surfaces of genus g, and g_, punctured at the points py,..., pm+
and Pm+it,.--, Pm, Tespectively. We ‘assume g, = 2 and g_ 2= 1, and let

PE€Z} p. P €I, . o bepoints with coordinate systems z and Z’
(see (4.5)). Given a complex number ¢t € D*, let X, , denote the Riemann

yyyy

......

Z, e \{I2'| S |t]} via the equation z2’ = 1. Let £ = |¢}'/? and C, be

Pt 10 i
the circle in X, ,.(t) defined by the equation |z| = |2/| = e. Let CZ be

the circles in 2;1 and 2, defined by |z] = ¢, |2/| = &. We give

,,,,,
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coming from X A {27] < €} Set

plll++l """ P

E;: ----- p...+,p Pl .P.-+\{p}

- ’
Put strnbml’ = & Puts1ropm\ P }

Zppmi2 = E uxs

..... Pu+ P Pt 4y PmiP’ ?

where we have let pyy = p, pmia = p’. We also fix a family of diffeo-
morphisms

such that yo = id and x, = id outside the plnchmg region {|f| < |z|,|2'| < 1}.

Notation 4.19. For simplicity we shall use the following notation for this sub-
section only:
2= Z‘Pl Pm(t) 2o = EPI,--»P:»H .

,,,,,

Also, given rational weights a;,..., oy as in (2.1) we set
M) =My, ()

and
v M(t) — [0,1/2] =~ SU(2)/SU(2),4.

for the holonomy map around C.. As for the non-separating cycles, Lemma
4.7 holds also in this case.

Given a a regular value of r, which we may assume is also a rational
number, set (1) = r~!(«) with the induced CR-structure S* defined in
(4.8). Following the notation of Sect. 4.1 we let

Ly(t) = A (ny, ..., nm)(2)| D)
Then as in (4.9) we obtain
(4.20) DYk < dim HQ(Mu(t), La(t)) .

.....

As in Sect. 4.1, for [V,] € #(t), Tiv,.#(t) can be identified with the
subspace Ky, (t) of L2 t;(T"E?l ®gf), and

Ky (t) — Kv,(0)
v, (1) = S7,(0)

are continuous families of subspaces of L? ‘S(T"Z?’l ® g'}f ), where Ky, (0) and
S%,(0) are defined as in Sect. 4.1. Moreover,

%,0) = HL, oo @ HL o
can be viewed as a subspace of

TVn({'g:a-:’f..,aﬂ,a/Ta: «x T, +} X1, {9’"“ AP a,,.,a/T“m++| X X Tam}) s
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where T, acts diagonally. If we define the limiting CR-structure on

s ¢,.+,ar/Tal X-ee X Tﬂ,.+} XT, {y-—,d .,a,.,a/Td,.+H X X Ta-}

ot 41
by $*(0), then we obtain the following analogue of Proposition 4.10.

Proposition 4.21. Let M, = Uep M (t). Then WM, is a differentiable family
of CR-manifolds parametrized by the disk.

Proposition 4.22. The Levi form of M (0) has everywhere at least one pos-
itive and one negative eigenvalue. If we also assume g = 2, then there are
at least two eigenvalues of each sign.

Proof. As in [DW3, Theorem 4.16], the Levi form of .#,(0) equals the direct
sum of the curvatures Q(S%)® (S* ), where S are the connections induced
on the fibrations

Fre o) Tax o xTy, — M

&) 5errs U4y

Fo [Ta,, % xTa, — My

Oyt g ooy Em o0 ot 41 900 Um0 °

Since g, = 2 we can restrict £(S%) to the fibers of the Hecke correspondence

associated to the Riemann surface Z; , ., and the puncture p. Thus we
obtain as in Proposition 4.11 one positive and one negative eigenvalue. The
second statement is clear, since then we may do the same with S*. ]

Combining Proposition 4.21 and 4.22 we obtain the following analogue of
Corollary 4.13.

Corollary 4.23. Given o a regular value of r, there is an ¢, such that for all
t satisfying 0 < |t| < e¢ the Levi form of M (t) has everywhere at least one
positive and one negative eigenvalue.

Next we examine #,(0) and the map

p: M (0)— "I(;,...,am,a X "l{o-t:,,++l,‘.4,am,x .
As in [DW3, Lemma 5.9] and Sect. 4.1, p is a principal S' CR-bundle. Let
D(#,(0)) and € denote the associated complex disk bundle and line bun-
dle, respectively. It follows from Proposition 3.15 that ¢ is isomorphic to
L*(0,...,0,2) ® L=(0,...,0,2). Recall that L,(t) is the restriction of
A (ny,...,nm) to M,(t). We now make the assumption that the integers are

chosen such that E;":‘n.- € 2Z. The case where this sum is odd can also be

treated, and we shall state our results on the dimensions (e.g. (4.26)) without
such an assumption. Set

Lu(o) = n‘(Ai(nl;- [ n,,,+,0) ® At("m*-H,- sy nm’O)) .
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Then we have as in Proposition 4.15:

Proposition 4.24. Let
2, = U LJ1).

1€D
Then £, is a continuous family of CR-line bundles parametrized by the disk.

Proof of Theorem 4.2. By semicontinuity of Kohn-Rossi cohomology, inequal-
ity (4.16) still holds. The isomorphism (4.17) becomes in this case

(425)  HER(ML0),L(0)) = D H(H,
1e22

QHUM . . anwr A (mrstse ooy im, 1))

A (ny,..., npe 1)

O yeens T O

By the vanishing theorem for the first factor in the tensor product, (4.25)
becomes

(4.26) dim HOg (#4(0), Ly(0)) = ZD”*”‘ Dpi-*

Pty I Bt i 4

Combining (4.16), (4.20), and (4.26) proves Theorem 4.2. a

Finally, we would like to point out that in the case of no punctures (m = 0),
we have previously shown [DW3, Main Theorem]

Theorem 4.27. Assume gy = 2. Then

k

k= lzszD;“’"Df-"‘ .
Proof. In the proof given in [DW3], it was assumed that g, = 4. This was
because the vanishing theorem (Theorem 3.8) had only been proven by us-
ing topological considerations which required high codimension (see [DW2]).
However, we have shown in Theorem 3.8 that the vanishing holds under the

weaker assumption g+ = 2. All the arguments then go through to prove the
result Theorem 4.27. ]

5 Proof of the main Theorem

To complete the proof of the Verlinde formula Theorem 1.4, we must first show
that the inequalities in Theorems 4.1 and 4.2 are in fact equalities. Then we
can apply the known factorization formulas for N,,l .n, to show inductively that
if D,,,, oy = N,ﬁ" n.. for genus 2 with any choice of ny,..., ny, then equality
holds for all g = 2. We shall do this in steps. First, in Sect 5.1 we shall
show that it suffices to consider just one puncture (see Proposition 5.9). Then
in Sect. 5.2 shall show how the main theorem of [DW3] (Theorem 4.27 above)
and the inequalities of Theorems 4.1 and 4.2 actually prove equalities.
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5.1 Induction on the number of punctures
Recall that for small «,

(Sl) -/{ah....a..,a ~ P(U(M)‘) s

Pmst

where Uﬁ,’ﬂf is the dual universal bundle on X x .#,, _, restricted to the

point {pm+1} (see Sect. 2.4 and the discussion preceding Lemma 3.10). Let
T = My be the “puncture forgetting” map (2.14), which in this case is simply
the bundle projection in (5.1). Let ¢(—1) denote the tautological line bundle
for the projectivization in (5.1), and as usual let @(1) denote its dual and
O(1) = 0(1)®'. Then we have

Lemma 5.2, For any choice of integers ny,...,Npm,Nmy1 With even sum,

L(ny,...onpmy i) = LAY — B, 12, ) @ O(Bmyy) -

Proof. Recall from Sect. 2.4 that the universal bundle U™ is obtained by the
quotient of U®L on X x Ap.s. Set p = ppsy. If we restrict to {p} x p.s.
and check the action of ¥, on the tautological line in U| ) ®L,, we see that
0(1) is holomorphically isomorphic to L(1,0,...,0,1). The result now follows
by noting that L(n,,..., n,,0) on My, 4.« is isomorphic to n*L(ny,..., ny)
on My . q- 0o

The main consequence of this is the following

Proposition 5.3. Suppose 1 S n; Sk j=2,....mand 1 £ n < k. Suppose
also that the sum of ny,...,n, is odd. Then

OHY( My, o, A () + Ling,....np)) .
Proof. By Lemma 5.2 we have
(5'4) Ho(‘lm ,,,,, [ . 23 Ak(nlrua Bpy, 1))

We shall henceforth drop the .#,, ., argument when it is understood. Let

L(2) = L(2,0,...,0) denote the quotient of I:?z on M,, ., Note that L(2) is
not the square of a line bundle. Then we have the following

00— UM - L2)—0.
Lemma 5.6. There exists a choice of generic weights ay, ..., oy such that both
HY (Mo, s 8 (1 — Lma,... ;1)) =0,
H'\(Ma, 00 & (m + 1,my,...,nn)) =0.
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Assuming these two lemmas, the proposition follows immediately by tensoring
the exact sequence in Lemma 5.5 with 4%(n; —1,n,,...,n,) and letting p — p;
in (5.4). The vanishing from Lemma 5.6 guarantees that the dimension of H°
does not jump. O

Proof of Lemma 5.5. Consider the universal bundle U—ZIx A 5. and its
restriction Uy, to {p1} x o). 5. Then the flag at p, induces a natural map
U p— Ly — 0. Indeed, given g € ofp.s aflag £ at p, defines a surjection
Ef,'f — € — 0, which extends to a map

(5.5) UpSodty s xCT—0.

If ¢ is a local equivariant section of (7,,, and g € gﬁm, then

£op(g-8g)="¢0(g-0X3)=g(p1)-£ 0 9(dg) = 1u(g) © 9(3k),

where x; is the character defined by evaluation at p; and the fundamental
representation. Hence, £ o ¢ is a section of .L;. The kernel of (5.5) is the
line bundle on &, ; defined by the kernel of £ in Uj,. Clearly, this can be

identified with L}. Thus on &, ; we have
0—>l~.; ——+UP, -, —0.

Tensoring by L; and noting that the resulting sequence is gfa,_ equivariant
proves the result. a

Proof of Lemma 5.6. By [B1, Corollary 3.5] there exist weights a;,..., oy, and
al,...,0%n such that both

Ak(nl - l,nZ,---,"m)* ®K - -/Iloq ..... Uy 3

m 2

Ak(nl +1, n2s~-'1nm)* ®K, - ”I{a{,...,a

are negative, where K and K’ denote the canonical bundles on .#,, ,, and
M > respectively. The case where m = 1 was proven in [DW3, Theorem
6.9]. For the case m = 2, A (n;,ny)* ®Ku,,., is always semi-negative and
is negative on a dense, open set, regardless of the weights. Hence, we may
assume m = 3 (cf. [S]). Strictly speaking, the particular choices «y,..., &, and
«},...,0 given in [B1] may be non-generic. Making «; a bit larger and «{ a
bit smaller guarantees that the weights are generic, but now the line bundles
above can only be assumed to be semi-negative and negative on a dense open
set. In any event, again referring to [B1] one can see that there is at most one
non-generic value of a,0p,...,a, for ¢y < o < aj. Consequently, it follows

,,,,,

(5.7) N

,,,,,,
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where Z is the mutual blow-up of #,,, 4, and A, ,, along smooth centers
X and X’ which are projective bundles over the Jacobian variety of Z. Then
a calculation as in [BH] shows:

codim(X) + codim(X') =29 -2+ m.
Hence, we may assume without loss of generality that codim(X’) = 3. Let
=4+ L, np) @K — May,an s
L' =4+ Lna,...,nn) QK — My . .

1 reeed £

By the Nakano vanishing theorem for the semi negative case [S], H* (&) =
H""(.Z’ ) = 0. Let 4 denote the exceptlonal divisor in (5.7), and set &# =

&, 7 = (n')*&’. Then Z = 2 ® 4" for some 1 = 0. We claim that
also ¢ < 1. For let L(2) be as above. Then the assumption on the weights im-
plies that Z®L(2)~! is sem:-negatlve and so Z®@n*L(2)! is semi-negative.
Restricting to the fiber of n’ implies that 4 — ¢ < 0, where ¢ is the Chemn
class of L(2)|,. But this is easily seen to be 1. If u = 0, then we are finished.
Otherwise, suppose u = 1. Then we have an exact sequence

0—4.52’—»91—+$~”I|A—+0,
and a corresponding long exact sequence
e — Hn—z(g"A) - H”~l(-‘?) N H"”l(,@') —

But since H"~(Z') = H""(#') = 0, and .S?IlA is pulled back from X’ which
has dimension < n —3, we must also have H"~2 (.@’I A) = 0. This completes
the proof of Lemma 5.6.

Recall from Theorem 3.8 that D&* , = dim v%*

.. is independent of the

.....

choice of a,...,a,. Note that Proposition 5.3 1mpl1es

(5.8) Dt = pot + Do

LI | ny+i,m,.. :nm m=1np,.,nm *

This gives the main result of this subsection:

Proposition 5.9. Fix g = 2. Assume that Theorem 14 is true for genus g
with one puncture (m = 1) and any choice of integer ny. Then it is true
for genus g with an arbitrary number of punctures and arbitrary weights
Nigeoos Ny

Proof. The following argument is very similar to that of Gawedzkl and
Kupiainin for the case of genus zero [GK]. The numbers N&¥ . defined in
(1.2) satisfy

g) '
N o S Z .,n,.,INI:a,b >
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where the N, ., (the “fusion rules™) are the truncated Clebsch-Gordon coeffi-
cients (see [V], [MoSb])

Ny = 1 if I=la-bl,la—b|+2,...,min{a+ b2k —a- b},
Lab =0 otherwise .

Then (5.8) holds with D’s replaced by N’s, since the N ., satisfy

{l fl=b-1200rl=5b+1%5k,
N =

(5.10) 0 otherwise .

Hence, given (5.8) and assummg that for all ny, DZ, = N,?,", then by induction

on the number of points, D Nf. .. for any ny and any number of I’s.

Now suppose we have proven that D,’{,’f = NZE . for any m and integers

0 n,...,n, £1 < k. Consider Dﬂl ,,,,, » Where some n;, say n; = [+1 2 1.
Then we have
Dyt . = Dﬁ,k 1,12, Dzlk—z rgpanm 0 (5-8)
= N}?,'Iix,nz,.‘., N,‘,’;_z ns..m, DY assumption
=Ngt | by (5.10).
By induction, this complctes the proof. o

5.2 Induction on the genus
The goal of this subsection is to prove the following

Proposition 5.11. The Verlinde formula is true for genus g = 2 with one
puncture and any integer ny, ie. Dﬂ, = N,?; for all my.

As a consequence of Propositions 5.9 and 5.11, we have a proof of the general
Verlinde formula for SU(2), Theorem 1.4.

We prove Proposition 5.11 by a simple induction on the genus. The first
step is genus 2.

Lemma 5.12. For any choice of integers ny,...,ny, D3*  =NZF

Proof. By Proposition 5.9 it suffices to prove the result for one puncture. This
may be done by using the explicit description of the moduli space due to
Newstead. We defer the details to the Appendix (Proposition A.1). O

Lemma 5.13. Suppose that for fixed g = 2, DI = Ng* for all ny. Then
Dg+2k — Ng+2 k

Proof. From the main theorem of [DW3] (Theorem 4.27 above),
k k
DItLE — IZ%D"IMD%" - E)N;;,kNIZ,k = NYItLE

where the second equality holds by assumption and Lemma 5.12, and the third
equality holds since the N’s satisfy the factorization rules (4.4). 0
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Lemma 5.14. Under the same assumptions as in Lemma 5.13, we have
DEFVE = NEYYE for all n,.

Proof. By Theorem 4.1 we have
k
k
Dgrl’k § I;QD:“I,I ‘

Now by the assumption and Proposition 5.9, we have D%" | = N%*  for all n,
and /. Hence,

k
(5.15) . DYk < SNEE = NEHE

I=0 ’
since the N’s satisfy the factorization rules (4.3). It is not hard to see that the
moduli of parabolic bundles on the torus with one puncture is isomorphic to
P!, It then follows from direct computation (cf. proof of Theorem 3.8) that
DP* = N}"* =k~ I+ 1 for all k and even / satisfying 0 < / < k. Using this
fact, Theorem 4.2, (5.15), and (4.3), we obtain

k
Dy+2,k < f:D?+"kD;’k < Zng+l,kNIl,k = Ng+2,k .
1=0 1=0

But now Lemma 5.13 implies all the inequalitics must in fact be equalities. O

By induction, Lemmas 5.12 and 5.14 imply Proposition 5.11, and this com-
pletes the proof of Theorem 1.4. o

Appendix — Genus 2 with one puncture

In this appendix, we prove the Verlinde formula for genus 2 and one punc-
ture. This was the inductive step necessary in Sect. 5.2 (see Lemma 5.12).
Fortunately, Newstead has given an explicit description of the moduli space in
question [N1] — it is a projective bundle over the intersection of two quadrics in
IP5. In particular, the cohomology ring is completely known, and the Verlinde
formula is a consequence of Riemann-Roch.

Proposition A.1. For all integers n, D>* = N>*.

Proof. The proof consists of writing out both sides and verifying that they
are equal. We begin by computing the.dimension of the space of sections
according to the Riemann-Roch formula. Let U, — .#(2,—1) be the universal
bundle restricted to a point p, normalized such that ¢,(U,) = « is the positive
generator of H2(.#(2,—1),Z). For a given even integer n, the line bundle we
are interested in is L, = (n* )2 ® &=, where ¢ is the O(1) on n: P(U}) —
M(2,~1). Since for 0 < n < k the higher cohomology of L, vanishes (see
[DW3, Theorem 6.9]) as well as its higher direct images under 7, it suffices
to compute the Euler characteristic of n.L, = «™? ® S*~"U,. We need the
following
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Lemma A.2. Let U be a rank 2 bundle, o = ¢|(U), ﬂ = —cy(End U). Then

we have for all 1 € Z* :
sinh (1—3—1 \/ﬁ)
frry N2 VR
ch(S'U) = exp (la/2) sinh(\/ﬁ/Z) .

Proof. By the splitting principle it suffices to check this when U = 4 @ B,
where 4 and B are line bundles. Let a = ¢,(4), b = ¢,(B). Then

l X ) ! ; L
ch(S'U) = 3 ch(4/ @ BNy =3 . e!=1 = ¢lb 3 gita=b)
j=0 Jj=0 J=0

Let x = (a - b)/2 = \/3/2. We must show that the right hand side above is
equal to
Qlatb)2 . sinh(/ + 1) ol gl sinh(/ + 1)x
sinh x sinh x

or that
olx sinh(7 + 1)x

/
— 27x .
sinh x ,Z;; ¢
But the left hand side is

s sinh(/ + 1)x e el+x _ o=(+1n

- =14+e¥+.- - +e&*. m]
sinh x e —e~ ¥ tet e

From the lemma we have

. sinh (L_%l‘/ﬁ) :

ch(mLn) = sinh \/5/2

We also have (cf. [T1])
- = __\/_______ B2 2
td(A(2,—1)) = exp(x) (si \/_/2 ,

in genus 2. Hence, by Grothendieck-Riemann-Roch,

o (k—n+tl
W)= [ e* D, sinh (=8+LVB) (B2 \’
P S sinh \/B/2 sinh 1/B/2

Using the expansion of sinhx we obtain

_(k—n+1)k+2)
- 12

3
{(k +2)2‘"7 +((k—n+1) - 3)9‘4—13}[,4(2,—1)].

x(Ln)

In genus 2, f is half the first Pontryagin class f = (cZ — 2c;)/2 = —a? (see
[N2], p. 261). Moreover, since .#(2, —1) is the intersection of two quadrics in
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IP*, the degree o’[.#(2,—1)] = 4. Hence,
(A4)
D** = dim I'(A,,L,) = k-n +1;Xk +2) {(k+2y —(k—n+1)Y+3} .

We now show that (A.4) is in accord with the Verlinde formula. Let S,,
be as in (1.1). Note that Sg_nm = (—1)"Sm. We have (see (1.2))

kS L Stk
NZ,k:___ nm = —1y" (k—~n)m
" mz;:o (Smo )? Eo( ) (Smo)?
(k=n+ )m+)r
=.k_i_2i(_])msm k+2

2 = _(m+ D}
(sm g—k—_*.—l—)
We assume that 7 is even, since otherwise D2* = N** = 0. Following {Z}, we

can therefore rewrite this as
{k—»n+l ;. ‘f—(k—n+l)

NEb = (k+2) ¥ &2

[T (é —_ é"’l )3
ey
T 1~ é2(k~n+l)
= k42 g—~(k-n—2)
(k+2) ;ﬁ;_, k2 ~=ay

£ E 3]
Sk 42) T ErRg- -2 | ] — gk-ntl

2 (1-¢&y

2227 (k=n=2)2(y _ k=n+ly(k | 2)dz
=MD X ,’:?{ @Y1 - 2p 7}'

(£

Letting z = ¢* and applying the residue theorem, we find

—k+2r {(k+2)sinh[(k-—n+ 1)x] }
x=0

NZ,k =
n 2 Sinb[(k + 2)x](sinbx)°

k+2 (k+2)x x
7 o%f { sinh[(k + 2)x] (sinhx

Finally, expanding the sinh’s, we obtain
k42 f(k=n+1P k-n+1 (k+2)
2 6 2 6

_(k=n+1)k+2)
- 12
which agrees with (A.4). This proves Proposition A.1. o

)3 sinh{(k —n + l)x]} .

N2k = (k-—n+1)}

{(k+2)* = (k—n+1)*+3},

Acknowledgements. We are gratef\il to Y.-T. Siu and K. Matsuki for discussions.
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