SMALL DATA OSCILLATION IMPLIES THE SATURATION
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ABSTRACT. The saturation assumption asserts that the best approximation error
in H} with piecewise quadratic finite elements is strictly smaller than that of piece-
wise linear finite elements. We establish a link between this assumption and the
oscillation of f = —Auw, and prove that small oscillation relative to the best error
with piecewise linears implies the saturation assumption. We also show that this
condition is necessary, and asymptotically valid provided f € L2.

1. INTRODUCTION

The saturation assumption is widely used in a posteriori error analysis of finite
element methods [1, Ch. 5], [2], [3]. It asserts, in its simplest form, that the best
approximation error |V (u — uy)||, of a function u € Hj(Q2) with quadratic finite ele-
ments is strictly smaller than that with linear finite elements ||V (u — u;)||q, namely,

(1.1) V(v = u)llg < f|V(u—u)llg

for a suitable constant o € (0,1). Throughout this paper we assume that  is a
bounded polyhedral domain in R?, which coincides with its finite element decompo-
sition; we also use the notation |[v]|2 := [ |v|* for w C Q. If T denotes a graded
shape-regular partition of  of size hg, and 4%, {2 stand for the finite element sub-
spaces of Hy(Q) consisting of piecewise linear and piecewise quadratic functions,
respectively, then uq, us are the Ritz projections of u onto such spaces, that is

(1.2) up € UL /QV(u—uk)-quS:O, Vo € Uk

The assumption (1.1) becomes true, as hg — 0, for functions v € W7 () with
s —2 > dmax(1/p — 1/2,0) in dimension d as a consequence of standard interpo-
lation theory, provided a non-degeneracy condition holds (see §4). However, since
W;(Q) C H*"*(Q) with € > 0, such a regularity is never present for elliptic problems
with singularities for which adaptive mesh refinement is required. Even though it is
generally believed to be valid asymptotically, (1.1) is not known to hold under any
reasonable assumptions on the underlying function u which still allow for singulari-
ties. If 442 is enriched with cubic bubbles, and f = —Auw is piecewise constant over
%, then (1.1) is shown in [3] as a by-product of the equivalence between residual and
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hierarchical error estimators. However, the proof of [3] is indirect and does not shed
light either on the size of o nor on existence of o under more realistic conditions on f.
Moreover, a simple counting argument reveals that (1.1) cannot be valid in general
on any refinement level [3, Proposition 2.2], but does not explain what makes (1.1)
fail.

In this paper we discuss the validity of (1.1) and disclose a close relation with data
oscillation. Since (1.1) is about approximability in the Hj(£2)-norm, it is natural to
consider f = —Aw as datum in this discussion. We further assume

(1.3) f e Ly(Q).

For each interior node z; of ¥, we have a canonical basis function ¢; € 4t and
corresponding star w; := supp(¢;). We denote by f; := |w;|™" [ f the mean value of
f in w;, and define data oscillation to be the quantity

(1.9 ose(f, D)= (LIt~ fl2,) "

We prove in §3 the following sufficient condition for the validity of (1.1):

Theorem 1. There exists a constant 0 < u < 1 solely depending on shape regularity
of ¥, but independent of u and f, such that if

(1.5) osc(f, %) < pl|V(u—wu)llg
holds, then (1.1) is valid with o := (1 — p?)'/2.

For simplicity, we prove Theorem 1 in two dimensions, but comment on Remark 3.5
about the minor modifications for higher dimensions. We note that (1.5) is asymp-
totically valid as hg | 0, and we explore this matter in detail in §4. Alternatively,
(1.5) can be replaced by the more practical condition (3.9) which does not involve
u directly (see Remark 3.4). In §2 we exhibit an elementary example showing that
(1.5) is a necessary condition for (1.1). This also demonstrates that (1.1) may not in
general be valid in the preasymptotic regime, when the oscillations of f are not yet
well resolved by ¥.

2. COUNTEREXAMPLES

The purpose of this section is twofold. We give an explicit example violating (1.1)
and the same time argue about its connection with data oscillation. Let the domain
be the square 2 = (0,1)?, the partition ¥ have one interior node, and the forcing
function f be piecewise constant (see Figure 1). By symmetry, it easily follows that

(21) /QfQSZO VQSELGI,L[?I — U1:’U2:O,

which violates (1.1). We realize that the oscillations of f at the star level, in the
sense of (1.4), are responsible for this outcome. Since the counterexample is rather
elementary, we conclude that we could not expect in general the saturation assump-
tion to be valid in the preasymptotic regime, that is whenever data oscillation has
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not yet been resolved by the mesh ¥. But we might still expect that once ¥ becomes
fine enough to detect the structure of f, then (1.1) should hold.
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FiGuRrE 1. Function f and mesh ¥ of counterexample 1.

In §3 we establish this conjecture upon quantifying the size of data oscillation. In
§4 we prove that (1.1) is always valid in the asymptotic regime provided f € Ly(Q)
and u satisfies a non-degeneracy condition.

The notion of data oscillation (1.4) is not completely local since the stars w; overlap
slightly. The counterexample of Figure 1 shows that it is impossible to reduce this
notion to the element level since the element oscillation f — fr of f is zero; here
fr == |T|™" [, f stands for the mean value of f in the element T € T. One may
wonder whether enriching the space 42 with cubic bubbles, as in [3], and redefining

(22) oses(£,) = (Y0107 — fl3)

Tex

might lead to a statement similar to Theorem 1. To explore this idea consider the
counterexample of Figure 2 with enriched space 0%, for which (2.1) still holds due to
the symmetry of f. We realize again the link between size of (2.2) and (1.1), which
is further investigated in Remark 3.6.
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FiGURE 2. Function f and mesh ¥ of counterexample 2.
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3. VALIDITY OF THE SATURATION ASSUMPTION

In this section we prove the main result of this paper, namely that small data
oscillation implies the saturation assumption. For simplicity, the result is derived in
two space dimensions but it is valid in any dimension.

Even though the saturation assumption is a basic issue in approximation the-

ory, the technique used here comes from a posteriori error analysis. In fact, it con-
sists of exploiting orthogonality to relate the errors |V (u — u2)|| and ||V (v — u1)||q
via ||V (u2 — u1)l|g, and then showing a lower bound for ||V (us — u1)||g in terms of
IV (v — u1)||q- This entails deriving precise expressions for interior and jump resid-
uals on stars. We split the argument into several steps.
Orthogonality. Since us is the orthogonal projection of u onto {2 with the scalar
product of Hy(f2), we deduce that [, V(v — ug) - Vv = 0 for all v € {42. Therefore
Ug — U € il% is perpendicular to u — ug, and u — u; = (u — ug) + (u2 — u;) satisfies
the orthogonality (Pythagoras) relation

(3.1) IV (w = wr)llg = 1V (w = ua)llg + 1V (w2 = wr) [

We conclude that to prove the saturation assumption (1.1), it suffices to establish
a lower bound of ||V (uz — u1)||q in terms of ||V (u — u;)||o- This is possible at the
expense of an additional term involving the oscillation of f, and is shown below. But
before we prove an elementary upper bound of ||V(u — uy)||g in terms of residual
estimators.

Upper A Posteriori Bound. We intend to express the usual upper a posteriori bound
with the interior residual accumulated by stars instead of by elements. The following
estimate is well-known [1, Ch. 2]

IV (=il < G (32 IR2T15 + D IR,

Se6 TeX

Here, G denotes the set of all interior sides. We recall that w; denotes an interior
star and f; indicates the mean value of f in w;. Since any element of ¥ belongs at
most to 3 stars in R?, we can replace the interior residual by

S IRfl < O IRFIE, < € (D URAIL, + 3 Ik(F = FI2,)-

TeY i

The above two estimates together give rise to the modified upper bound

62 IV@=wl < Ca( X IRAIIE+ S InAE, + 3 Ia(f = RIE,).

Se6 i

We conclude that to prove (1.1) we need to bound the jump and interior residuals,
the first two terms on the right hand side of (3.2), by ||V (ug — u1)||q-

Local Estimate of Jump Residuals. For any side S let wg be the union of the elements
that meet at S and let ¢s € {2 be the canonical functions with degree of freedom at
the midpoint of S. Using Simpson’s rule, integration by parts, and the equation for
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us (in this order), we obtain for any interior side S

2
ghst = / Jsps = —/ Vu; - Vg
S wg

(3.3)
= /w (V(U2 —w1) - Vos — figs + (fi — f)¢s);

here it is crucial that Js is constant. Consequently, squaring and recalling that
(3.4) Vs, < 185llug, il < Chi,

as well as hs||Js||5 = ||h1/2J||S, we end up with the local estimate

35) W < G (19 s — w)l, + IRAIE, + 180 ~ RIE,)-

Local Estimate of Interior Residuals. This is the key estimate which relates [|hfi|,,
with ||V(us — u1)l|,.. The proof entails deriving a sharp relation for the jump resid-
uals in terms of piecewise linear and piecewise quadratic functions. To this end, it is
essential to work on stars because on these sets there is a natural relation between
interior and jump residuals for piecewise linear finite elements. A similar idea was
used in [8] to remove the saturation assumption.

Let z; be an interior node, ¢; € 4t be the corresponding nodal basis function and
w; be its star. Denote by &; the set of interior sides S in w;. Since ¢; is piecewise
linear, the trapezoidal rule combined with the equation for u; implies

- Z hsJs = / Js¢; = / Vuy - Vg

(36) SEG; 5661

- [ soi= =gt + [ G-

We now repeat this calculation for quadratics, namely ¢s € 4%. Adding (3.3) for all
sides S in &;, we obtain

—Zhsjs——sz/ ¢S+Z/ Uz—Ul V¢S+(fz_f)¢5)
Se6; Se6; Se6;
Since
> / bs=1 Y lusl = ol
5e6; SEG
we readily deduce
(3.7) 2 Z hsJs = __fz|wz Z / (ur —u2) - Vos + (f — fi)¢s)-
566, 5€6;

Examining (3.6) and (3.7) reveals the main idea of the proof: the jump residual
can be eliminated, thereby giving an expression for the interior residual in terms of
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V(us — u1) and data oscillation. In fact, we get

o =3 3 [ (Tl =) Vo5 + (5~ o) 6 [ (5= fo

SEGl

Since each wg is only counted twice in the above sum, in light of (3.4) we obtain the
crucial local upper bound

(3.8) | fill,, < Clfillwi] < 05(||V(U2 —u)ll,, + [IR(f = fi)“wi)'

Proof of Theorem 1. We now collect the above estimates. We first note that combining
(3.5) with (3.8) yields the local estimate

SR+ IRAI2, < O(I9 @ — w2, + IA(F = £)I2,)-

SeG;

Inserting this bound into (3.2), and using the finite overlapping property of stars,
gives

1V (= )}, < Co (19 (w2 = wn)lf}, + osc(£,5)%).

In view of (3.1) and the small oscillation assumption osc(f, %) < u||V(u — u1)||q, We
thus end up with

IV (u = u2)llg < (1= Cs) [V (u =)l + 0§C(f, )?
< Q=G5+ ) IV (u—w)llg.
The asserted estimate (1.1) follows from choosing u? = (2C¢)™! and o? = 1 — p?.

Note that both x and o are quantities which solely depend on shape regularity of ¥;
the argument carries over even for highly refined meshes though.

Remark 3.1. It is worth stressing once more that the chief idea of the proof is to
work on stars, which are viewed as basic cells for piecewise linear approximation.
This gives rise to the link between interior and jump residual of (3.6), which would
not be possible otherwise.

Remark 3.2. Suppose that quadratics over a mesh ¥y with mesh-size H are re-
placed by linears over a uniformly refined mesh Tp/» obtained from ¥y via two
bisections. The number of degrees of freedom and their location is the same for both
spaces 2, and L, /2 The question thus arises whether or not 4% could be replaced by
il}q/z in the above construction and argument. The example of Figure 3, introduced
in [7], shows that the answer is in general negative.

Let Ty and ¥/, be the uniform meshes depicted in Figure 3, let ¢; € UL be the
canonical basis function over ¥y, and let f = 1. It is easy to see that
ug = upse = ¢1/12,
whence
IV(u —ur)llg = [[V(u = unp)llg
which violates (1.1). We may thus wonder what goes wrong in the above argument
which seems to extend to this situation as well. What happens is that in trying to
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FIGURE 3. Example with f =1 and ug = ug».

eliminate the jump residuals from (3.6) and (3.7), the interior residuals also cancel
out, thereby providing no useful information. Quadratics do indeed encode finer
information than refined linears.

Remark 3.3. Suppose that Zp/3, obtained from Ty by two bisections, is replaced
by a red refinement T, of all triangles around z; [9, Ch. 4] (see left picture in
Figure 4). Then the inequality (1.1) can be established for u; = ugy and uy = “;1/2
with the given technique. The same happens for three consecutive bisections T,
of T because the basis functions of T7 , are contained in the resulting (and richer)

finite element space of T7 , (see right picture in Figure 4).
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FIGURE 4. Meshes produced by red refinement of Ty and three bisec-
tions of Tg.

Remark 3.4. It is perhaps useful in the context of a posteriori error estimation,
to express data oscillation fineness (1.5) in a computable fashion, that is without
referring to the unknown function u. We thus propose the following computable
alternative to (1.5):

(3.9) osc(f, %) < || |lq.
To see that this implies (1.5), we resort to the lower bound for the error

B2l < Ci IV (u = w) g + Caosc(£, ),
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which simply arises from dropping the interior residual in the usual lower bound [9].
Hence

aCy
(1— Cy)

for a suitably small value of f, still solely depending on mesh geometry.

osc(f, %) < IV (u—u1)llq = ]|V (v = u1)||q,

Remark 3.5. To extend the proof of the main result to dimension d > 2, a few
minor modifications are necessary: we must check how (3.6) and (3.7) change. Let
w; be the star corresponding to an interior node z;, T € ¥ a d-simplex contained in
w;, and S be a (closed) side of T' containing the node z;. Instead of (3.6), we now
have

(.10 3 20 IS =gyl + [ (= o

On the other hand, to deal with quadratics we first recall the quadrature rule over T'
which uses the d + 1 vertices v; of T and the d(d + 1)/2 midpoints of edges e; of T as
quadrature points:

d+1 d(d+1)/2
/ ¢~ d-l—#‘d-i-% ( ;(2 —d)p(vi) + 12:1: 4¢(6i)>-

This formula is exact for quadratics. Let ¢5 be the quadratic function which is 1 at
the d — 1 midpoints of (closed) edges of S containing z;, and vanishes at the vertices
of T as well as the remaining midpoints of edges of 7. We note that ¢s vanishes on
Ow; and thus ¢s € U2. The quadrature rule gives rise to the following substitute for
(3.7)

(3.11) 5€6
+Z/ (s — ) - Vs + (i — £)ds).

Since we can still eliminate the jump residual between (3.10) and (3.11) and obtain a
representation formula for the interior residual, for all d > 2, then the proof continues
as above.

Remark 3.6. Let 0% denote the space of piecewise quadratic polynomials 42 en-
riched with cubic bubbles {br}rcs; recall that by = AjAsA3 is the product of the
three barycentric coordinates of T € X. Let vy € QI% be the finite element solution.

The presence of the additional bubble degree of freedom per element simplifies the
above argument to a large extend. First, we observe that we have

(3.12) fT|5£'| Z/TfTbTZ/TV(Uz—M)-VbT+/T(fT_f)bTa
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because [, Vuy-Vbr = — [, Auiby = 0. This implies, instead of (3.8),

(3.13) 1efell < o (I (2 = w) 3+ 1IA(F = £)I2)-
On the other hand, if wg = T} U T3, then (3.3) becomes

2 2
(3.14) ghst = / V(ug —uy) - Vos — Z/T (fTi¢S — (fr, — f)¢s);
wgs i=1 i

Since fTi fr.os = fr, u;'i', we can use (3.12) to replace the middle term in (3.14) in

terms of V(vy — uq) plus data oscillation. Consequently, instead of (3.5), we obtain

2
(3.15) In2a1s < G (I e — w2, + D2 IR(f = )3, )-
i=1

If osca(f, ¥) is now defined as in (2.2), then combining (3.13) with (3.15) we deduce
the fundamental estimate

IV (= w)lly < C (19 vz = )l + osea (£, %)?),

and the argument proceeds as in the proof of Theorem 1. We have thus derived the
following more local version of Theorem 1: there exists u < 1 such that

osea(f, %) S ullV(u—w)lly = [Vu—wv)llg < (1= k)2 IV (u — u)llg.

4. ASYMPTOTICS

We finally consider the generic situation in which both u and a sequence of meshes
% satisfy the non-degeneracy property: there exists a constant A > 0 independent of
¥ such that

(4.1) IV (u = ug)llg > Ahs,

where ul is the Ritz projection onto 4% and hg is the largest mesh-size of ¥. This
is guaranteed, for instance, if |D?*u(z)| > C > 0 for all x in a fixed region w of €,
where the local mesh-size is of order hg, namely hy > Chg; in particular, this is valid
provided +f(z) > C > 0 for all € w. Therefore, (4.1) is not a very restrictive
condition in practice.

We first show that, as asserted in the introduction, the saturation assumption (1.1)
is valid as hg | 0 provided u € W;(€2) with s — 2 > dmax(1/p — 1/2,0). Since

¢t :=min (s — 1 — dmax(1/p — 1/2,0), 2) > 1,

standard approximation theory in Sobolev spaces [4, Theorem 16.2], together with
(4.1), yields

IV (u = u2)|| Ly () < ClIA*D*ul|L,@) < Chy < CREH|V (u — u1) ||z, (0)-

We next prove the asymptotic validity of (1.5). To this end, we use a simple
density argument for f € Ly(Q2). Given ¢ > 0, let ¢ be a smooth approximation of
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f satisfying ||f — ¢[|o < e. Since the mean value f; satisfies | fill,, < [/fll,, for all
interior stars w;, we have

If = filly, <1If = 8l + ¢ = dilly,, +11(¢ = Fill.,
<2/ = ¢ll,, + ChillVell,,,

whence, making use of the finite overlapping property of stars,

(4.2) osc(f,T)* < B3 _|If — fills, < Chi(e + hs) = o(h3).

Combining (4.1) with (4.2), we deduce that (1.5) is valid for all f € Ly(€2) provided
the mesh-size hg¢ < h, is sufficiently small. The size of the threshold h, depends on
both u and f. This implies the saturation assumption (1.1).

For f € Ly(€)), however, the ratio o(hg)/hg may tend to zero extremely slowly for
the validity of (1.4) in practice. If f € H*(2) with 0 < s < 1, then osc(f, T) < Ch'®
and the asymptotic regime could be reached with practical meshes. Note that s < 1/2
allows for discontinuous right-hand sides f.
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