CONVERGENCE OF ADAPTIVE FINITE ELEMENT METHODS

PEDRO MORIN*, RICARDO H. NOCHETTOf, AND KUNIBERT G. SIEBERT*

Abstract. For quite a long time, adaptive finite element methods have been widely used in appli-
cations. In practice, they converge starting from coarse grids, although no mathematical theory has
been able to prove this assertion. Ensuring an error reduction based on a posteriori error estimators,
together with a reduction rate of data oscillation, we construct a simple and efficient adaptive FEM
for elliptic partial differential equations (PDEs). We prove that this algorithm converges with linear
rate without any preliminary mesh adaptation nor explicit knowledge of constants. Any prescribed
error tolerance is thus achieved in a finite number of steps. A number of numerical experiments in two
and three dimensions yield quasi-optimal meshes along with a competitive performance. Extensions
to higher order elements and applications to saddle point problems are discussed as well.
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1. Introduction and main result. Adaptive procedures for the numerical so-
lution of partial differential equations (PDEs) started in the late 70’s and are now
standard tools in science and engineering. We refer to [21] for references on adaptivity
for elliptic PDEs, and restrict the list of papers to those strictly related to our work.
Adaptive finite element methods (FEM) are indeed a meaningful approach for han-
dling multi-scale phenomena and making realistic computations feasible, especially in
three dimensions.

A posteriori error estimators are an essential ingredient of adaptivity. They are
computable quantities depending on the computed solution(s) and data that provide
information about the quality of approximation and may thus be used to make judi-
cious mesh modifications. The ultimate purpose is to construct a sequence of meshes
that will eventually equidistribute the approximation errors, and as a consequence
the computational effort. To this end, the a posteriori error estimators are split into
element indicators which are then employed to make local mesh modifications by
refinement (and sometimes coarsening). This naturally leads to loops of the form

(1.1) Solve — Estimate — Refine.

Experience strongly suggests that, starting from a coarse mesh, such an iteration
converges within any prescribed error tolerance in a finite number of steps. Except
for the rather complete description of the one-dimensional situation by Babugka and
Vogelius [2], convergence of (1.1) in the multidimensional case is largely an open issue.
The fundamental paper [8] of Dérfler for the Poisson equation shows a linear error
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reduction rate for the energy norm towards a preassigned tolerance € in finite steps,
provided that

(a) the initial mesh is sufficiently refined to resolve data within a tolerance pe < e
(mesh fineness);

(b) the sum of the local error indicators of elements marked for refinement amounts
to a fized proportion of the global error estimator (marking strategy).

We also refer to [9] and [11] for related work. Our results are based on, and in fact
improve upon, this idea of Dorfler. They were first published in [12], and are reviewed
and slightly improved here as well as extended to saddle point problems.

To be more specific, let 2 be a polygonal (polyhedral) bounded domain of R?, for
d = 2,3, and let u be the solution to the following problem:

(1.2) div(AVu) = f in Q,
u =0 on 0,

where f € L2(Q) and A is a piecewise constant positive definite symmetric matrix.
Let 7y be a conforming triangulation of 2, with piecewise constant mesh-size H, and
let ug denote the piecewise linear finite element solution over 7y assuming exact
integration. This is an ideal situation which helps isolate essential difficulties from
quadrature issues; the latter deserve a separate investigation. The following quantity,
hereafter called data oscillation, will play a fundamental role:

1/2
(1.3) osc(f, Tu) = [|[H(f — fu)la = < > IH(f - fﬂll;) ;

TeTy

from now on fgy stands for a piecewise constant approximation of f over 7y with
element value fr equal to the mean value of f over T' € Ty . Such osc(f, Ty) measures
intrinsic information missing in the averaging process associated with finite elements,
which fail to detect fine structures of f. We stress that (1.3) is unrelated to quadrature
and quantifies data oscillation with the least amount of information per element,
namely one degree of freedom associated with fr. Its relation with the infamous
saturation assumption is explored in [10].

In contrast to [8], which imposes the constraint |H f|lo < pe on the interior
residual as a notion of mesh fineness in (a), we claim that a fixed reduction rate of
osc(f, Tg) in the adaptive procedure is what really matters; this crucial property is
derived in § 3. We observe that osc(f,7g) is generically of higher order than the
interior residual | H f]q. The original condition ||H f|lq < ue of [8] may easily lead
to an initial overrefinement (see § 5.2). As illustrated in Example 3.8, there might be
pathological instances when data oscillation and interior residual are comparable and
the concept of data oscillation reduction becomes relevant. We propose simple but
essential changes to [8] in order to avoid a restriction of mesh fineness. This results in
a practical procedure, Algorithm C of § 3, whose formulation needs no tolerance €. In
addition to marking elements according to (b) in each step, Algorithm C starts from
any coarse mesh and ensures one interior node for each marked element together with
a linear data oscillation decay. The interior node guarantees suitable error decrease
when data oscillation is relatively small. Its need is justified in Examples 3.6 and 3.7,
and a proof of the fundamental error reduction property is given in § 4. Algorithm C
yields the following convergence result, proved in § 3.
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Main result. Let {uy}ren, be a sequence of piecewise linear finite element solu-
tions in nested finite element spaces {V}ren, produced by Algorithm C. There exist
positive constants Cy and 3 < 1, depending only on given data and the initial grid,
such that

(1.4) lu = ullq < Co 5%,

where the energy norm is given by ||[v|lq = ([, Vv - AV0)Y/2. The initial coarse mesh
need not be adjusted to resolve data to any tolerance, and no explicit constants are
needed for Algorithm C to work.

A few comments and comparisons are now in order.

e Any prescribed error tolerance € may be met in finite steps, as in [8], but
without any special tuning of the initial mesh in terms of ¢; this issue is
important and its practical implications are fully examined in § 5.2.

e Depending on the flatness of u, the mesh-size H may not necessarily tend to
zero, which makes this a nonstandard finite element asymptotic statement.

e Even though no stability constants are required for Algorithm C, nor for con-
vergence, the constant in the upper bound of the residual-type a posteriori
error estimate is needed to stop the iterations; this is customary in adaptiv-
ity [21].

e Inequality (1.4) does not imply that the error decays in every single step as
in [8], and Example 3.8 shows that it may be constant for a number of steps
due to unresolved data oscillation.

e The interior node created by Algorithm C guarantees suitable error decrease
when data oscillation is small and is discussed in Examples 3.6 and 3.7. This
theoretical requirement may be viewed as a looking-ahead strategy, and the
two- and three-dimensional experiments of § 5 clearly indicate no additional
computational expense.

e Both Algorithm C and the main result extend to higher order finite element
discretizations (see § 6), and are instrumental for the application to the Stokes
problem (see § 7).

In § 5 we present several illuminating numerical experiments computed within
the finite element toolbox ALBERT [19, 20]. The first example is the crack problem,
which exhibits a point singularity of the form 71/2. The second example corresponds to
intersecting interfaces (discontinuous coefficients) and a much more severe singularity
of the form 77 with ~ arbitrarily close to 0. In both cases f is constant and thus
osc(f, Tg) = 0. We finally discuss a two- and three-dimensional example with variable
f and thereby test the effect of data oscillation. It turns out that this effect seems
to play a minor role for smooth f (relative to the underlying mesh). This provides a
heuristic explanation for the success of most adaptive strategies which disregard the
issue of data oscillation altogether. The experiments also reveal that the resulting
meshes are quasi-optimal: the error decays proportionally to N~/¢, N being the
number of degrees of freedom. Our theory, however, does not explain this important
property. Mesh optimality has been recently studied in [5] via wavelet algorithms
which resort to the entire wavelet expansions of u and f. These full expansions are
not available in practice though and somehow encode the missing information of data
oscillation.

This paper is organized as follows. In § 2 we recall the standard a posteriori
residual-type error estimators which constitute the core of adaptivity [21]. In § 3 we
present Algorithm C, justify its various steps, and prove the main result. In § 4 we
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derive the crucial error reduction property, thereby closing the gap. We present several
two- and three-dimensional experiments in § 5 which fully document the competitive
performance of our novel adaptive strategy. We briefly discuss how to extend these
ideas to higher order finite elements in § 6, and conclude in § 7 with an application to
saddle point problems via the Uzawa algorithm with emphasis on the Stokes equation.

2. A posteriori error estimators. We start this section with some useful
notation. For an open set G C R% we denote by H'(G) the usual Sobolev space of
functions in L?(G) whose first derivatives are also in L?(G), endowed with the norm

1/2
[l gy = (”U”%; + CUH%:)
(@)

)
where || - || stands for the L?(G)-norm.

Since A is piecewise constant, symmetric, and positive definite, the bilinear form
ay(-, -) defined for any open set G C 2 by

ag(u, v) = /GAVU - Vo

is bounded, and a(-, -) := ay(-, ) is coercive on H}(Q), i.e., there exist constants
0 < ¢y <C,4 < o0 such that

(2.1) ag(v, w) < Co [Vl g1y 1wl g2 Vu,we HY(G),
(2.2) Ca|vll3 0y < alv,v) Vv e HY(Q).

This implies, in particular, that the semi-norm |-, defined by [Jo]|% = a(v, v) is
equivalent to the Hg(Q)-norm when G = Q. We also define for any measurable set G

o o

In view of (2.1) and (2.2), problem (1.2) admits a unique weak solution u for any
feL3Q),ie.,

(2.3) u€ HEHR) : a(u, v) = (f, v)g Vv e HY D).

Let 7y be a conforming regular triangulation of €, with piecewise constant mesh-
size H, i.e., H|r = diam(7"). Let VH be the space of continuous piecewise linear
functions over 7z, and let V¥ be the subspace of functions of V¥ that vanish at the
boundary. Let ug denote the solution of the discrete problem

(2.4) ug €V alum, @) = (f. d)q Ve V.

The function fg will denote the piecewise constant function over 7y that, restricted
to each element T' € Ty, is equal to the mean value fr of f on T.

We denote by Sy the set of sides of the triangulation 7z that do not belong to
the boundary 952 of the domain 2. For S € Sg, the domain wg is the union of the
two elements in 7y sharing S, and Hg denotes the diameter of S. We assume that
all partitions 7y match the discontinuities of A, i.e., the jumps of A are located on
inter-element boundaries S € Sy.
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We now recall the residual-type a posteriori error estimators for (2.3) and (2.4)
[1], [21]. Subtracting (2.4) from (2.3) and integrating by parts yields the following
well-known relation between the error © — ug and the residuals:

(25) au—ug. ¢)= Y (f.é—=Tud)r+ > (Js.¢—TIud)g V¢ HH(Q).

TeTy SeESH

Hereafter, Zp denotes the Clément interpolation operator, and Jg = [AVug]g - v
represents the jump of flux across side S which is independent of the orientation of
the unit normal v. Let ng be the (local) error indicator associated with side S € Sy

1
(2.6) 2= | HZJs| %+ | H fI1,

which consists of the jump and interior residuals, respectively. For any given subset
Sy C Sy we define

n(UH;SH)2 = Z 13-
SE§H

Upon taking ¢ = u—wug in (2.5), and using interpolation theory, the following residual-
type error estimator emerges [1], [21].

LEMMA 2.1 (upper bound). There exists a constant Cy, depending only on the
minimum angle of Tg, Cq, and cq, such that

(2.7) llu —umllg < Crn(ur. Su)*.

An early indication of the crucial role of oscillation is given by the (local) lower
bound [1], [21]. The construction by Verfiirth [21] will be important later.

LEMMA 2.2 (lower bound). There exist constants Ca,Cs, depending only on the
manimum angle of Ty, Cq, and ¢, such that

(2.8) Con? — CsllH(f — fi)|2, < lu— unl?, .

Remark 2.3. Suppose that ||H(f — fg)||ws is small with respect to ns. In such a
case, the significance of (2.8) is that the size of ng provides reliable information about
the size of [lu — ug| . This explains why refining elements with large error indicators
usually tends to equidistribute approximation errors, an ultimate goal of adaptivity.

Remark 2.4. Tt is worth realizing that fg in (2.8) could be any piecewise polyno-
mial and not just the mean value of f over the elements. This additional freedom in
measuring data oscillation disappears in dealing with consecutive discrete solutions
ug and up. This issue will be central to our discussions of § 4.

3. Algorithm C and convergence. We start with a marking strategy for error
reduction due to Dorfler [8]:

Marking Strategy E

Given a parameter 0 <0 < 1:
1. Construct a subset Sy of Sy such that

n(ug,Se) > 0n(uy, Sg).

2. Mark the subset TH of 7y of elements with one side in SH
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This marking strategy ensures that we choose sufficiently many sides S such
that their contributions 7ng constitute a fixed proportion of the global error estimator
n(ug,Sw). Using Marking Strategy E, we have the following error reduction result
which is proved in § 4.

THEOREM 3.1 (error reduction). Let T be a triangulation of Q, and let ']A’H be
defined in Marking Strateqy E. Let Tp, be a refinement of Tg satisfying VZ C V! and

(3.1) each element of T, as well as each of its faces, contains a node
' of Ty, in its interior.

Then there exists a constant 0 < a < 1, depending only on the minimum angle, 0,
Ca, and cq, such that the solution up, on the mesh Ty, satisfies

lu = unllg < allu —unllg + ose(f, Ta)-

Remark 3.2. The condition VH# C V" is crucial for error reduction. Using re-
finement by bisection directly leads to a sequence of nested spaces [17, 18]. Using
the procedure of regular (red) refinement with green closure does not result in nested
spaces due to removal of the green closure before a new refinement takes place [21].
In addition, creating an interior node for each element of Tu by bisection produces,
as a by-product, at least one interior node in each of the element sides (see § 5.1).

Remark 3.3. Theorem 3.1 establishes an error reduction provided the current
error is much larger than data oscillation in the sense that

(3.2) ose(f, Tu) < pllu—unllg

for some constant p < 1 — «; in fact this implies

(3-3) lu—unllg < Bllu-uallg,  B=a+p<l

In [8], Dorfler proves a similar result but assuming that

(3.4) IH flle < pllu—unllg

instead of (3.2). The notion of mesh fineness given by (3.2) is generically of higher
order than (3.4), and thus easier to achieve in practice. This is the key idea in [12].

Remark 3.4. The requirement of having a node of the refined grid 7, inside
each marked element of Ty is an essential difference with [8]. This requirement is
responsible for the new measure of data approximation. Its implementation in two
and three dimensions by bisection is discussed in § 5.

Remark 3.5. A repeated application of Marking Strategy E, and the special
refinement (3.1) of Theorem 3.1, would lead to an iterative process that reduces the
error according to (1.4) provided (3.2) were valid for all iterations; this is the case
of f constant because osc(f,7y) = 0. Consequently, any error tolerance e could be
achieved in finite steps. In this vein, the main contribution of [8] is to preadapt the
initial mesh 7y according to ||ho f]lo < pe and show that (1.4) holds until [Ju — up|| <
e. However, if this process were to be restarted with a stringent tolerance, neither (3.2)
nor (3.4) may be satisfied; this happens for instance in § 7. Consequently, this strategy
alone does not yield an asymptotically convergent algorithm.

To shed light on the ingredients for convergence, we discuss three examples. They
show the importance of the special refinement of Theorem 3.1 with an interior node
to obtain an error reduction, as well as the necessity of controlling data oscillation.
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Fic. 3.1. Example 3.6: Finite element solutions ug,u1,us for 8 consecutive meshes 1o, 71,72
obtained with 2 bisection steps. The triangles of 71 do mot have interior nodes but those of Tz do,
thereby yielding uy = ug = 1—12¢1 # us.

Ezample 3.6 (interior node 1). This example shows the necessity of creating an
interior node inside each refined triangle. Consider problem (1.2) with A = Id, f =1,
and © = (0,1) x (0,1). Let {(0,0),(1,0),(1,1).(0,1),(3,3)} be the set of vertices of
Ty (see Figure 3.1-left).

Let ¢1 be the nodal basis function of Vq that corresponds to the node (3, 1).
Then, it is easily seen that the finite element solution ug is ug = %Qﬁl. Let 77 be the
grid obtained from 73 by performing two bisections on each triangle of 7 using the
newest-vertex bisection and assuming that (%, %) is the newest vertex on the initial
grid (see Figure 3.1-middle). This is the standard refinement performed in [8] and
does not lead to an interior node in the refined elements. Then we get a set of 5 nodes,
and the finite element solution w1 on 77 solves a simple 5 X 5 system which satisfies
u1 = ug, as can be seen in Figure 3.1. Since u —u; = u— ug, we conclude that without
one interior node in at least one triangle, no error reduction is obtained even when
osc(f, 7o) = 0 and ||Ju — uogl|;, > 0. The presence of interior nodes (with respect to 7o)
in the refinement 73 of 77 yields a change of solution values (see Figure 3.1-right).

|
-
| ' ' |
e AN T A I e e
Rl B e A B A
[
'
-
| | f |
S N A A A B
'
-
S S A A A B

To— Th— To—

Fic. 3.2. Ezample 3.7: Checkerboard function f for n = 3 (left), and grids Ty for k =
0,1,2 (right).

Ezample 3.7 (interior node 2). At first sight, it may seem that the situation of
Example 3.6 may occur only at the first refinement step. This example shows that
such a situation can also happen at any refinement step n.

Fix n € N and consider (1.2) with A = Id, Q = (0,1)2, and f given by

1 fxe@2™@E+1)2™) x (27" (G +1)27™) and i + j odd
flz) = .
—1 otherwise;
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see Figure 3.2. Then, if we start with 7y equal to the grid 7y of Example 3.6, and ¢,
also as in Example 3.6, we have that ¢; is orthogonal to f and consequently ug = 0.
If we now define recursively 7i11, K = 0,1,... as the grid that results from 7; by
performing two newest-vertex bisections on every triangle (see Figure 3.2), we will
have up =0 for £k =0,1,...,n — 1, due to the fact that f is orthogonal to the basis
functions of 7y for k =0,1,...,n — 1.

For k = n the solution w, will not be zero anymore, but it will be zero along
the lines where f changes sign due to the symmetry of the problem, and the same
will happen with u,1 (see Figure 3.3). Then, if we observe u,, and u,1 in a fixed
square where f is constant, they behave exactly as vy and u; do in Example 3.6, and
consequently u, = u,+1, which means that the error does not decrease, even when
the oscillation osc(f, 7,,) is zero. Figure 3.3 depicts this situation.

Fic. 3.3. Ezample 3.7: Finite element solutions uz,us,us and meshes Ta, 73, Ty with n = 2.
Since ug = u3 # ua, error reduction may fail to hold at any adaptive loop not just at the first one.

Ezample 3.8 (data oscillation). This example shows that if the data oscillation
osc(f, Tg) is not small, then, even introducing an interior node on all elements, the
error may not decrease. To see this, consider Example 3.7 for some fixed large n € N.
Observe now that if we obtain 7;,1 by performing three bisections on all the elements
of 7, then three new nodes are created on the edge opposite to the newest vertex in
addition to an interior node per element (see Figure 3.4). Even though this refinement
is stronger than required by Theorem 3.1 in each step, the solutions, uj will all be
zero for k < 2n/3.

To— T— Ti— Th—

Fic. 3.4. Resulting grid T1 (left) and T> (right) after performing three bisections on each
element of To and 71, respectively.

We conclude from Examples 3.6 and 3.7 that the interior node is necessary to
obtain an error decrease, and from Example 3.8 that this may not be sufficient if the
mesh does not resolve oscillation of data. Therefore, in order to obtain an asymptoti-
cally convergent sequence of discrete solutions, we must readjust the mesh to resolve
osc(f, Ty ) according to a decreasing tolerance. The following simple results guarantee
that this is always possible. The first lemma considers the worst scenario situation of
f just in L?(Q), whereas the second lemma addresses the case of f piecewise smooth.
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LEMMA 3.9. Let 0 <~ <1 be the reduction factor of element size associated with
one refinement step. Given 0 < 0 < 1, let & := (1 — (1 —~2)0%)'/2. Let Ty be a subset
of Ty such that
(3.5) osc(f, Ta) > Oosc(f, Tu).

If Ty, is a triangulation obtained from Ty by refining at least every element in ’f'H,
then the following data oscillation reduction occurs:

(3.6) osc(f, Tn) < &osc(f, Tw).

Proof. Let T € Ty, be an element contained in 7' € Ty. Since fr = |T| ! Jr [ s
the L2-projection of f onto the space of piecewise constants over 7', we have

If = frlr < f = fallz.

Since hr < vhyg, we discover that

osc(f, Tp)? = Z hzllf — frilz

TeT),
D D N o S S VA
TeTu TeTu\Tu

= (v2 =D osc(f, Ta)? + osc(f, T )? < &2 osce(f, Tar ). a

LEMMA 3.10. Let f be piecewise H® for 0 < s < 1 over the initial mesh, where
H? stands for the space of functions f with fractional derivative D*®f of order s in
L2. Let data oscillation be redefined by

1/2
osc(f,Tp) = (Z h%“SIIDSfIIZT) :

TeT,

Let & := (1 — (1 —~225)02)1/2, where v and 0 are defined in Lemma 3.9. If Ty, is as
in Lemma 3.9, then

(3.7) osc(f, Tn) < &osc(f, Ty).

Proof. It suffices to use that hp < vyhs for all T' € 7; contained in = ’j'H and
argue as in Lemma 3.9. O

We point out that v depends only on the minimal angle of the initial mesh, and
that v < 1/2 in two dimensions provided one interior node is created per marked
element; we refer to Figure 5.1 of § 5. This implies that the reduction rate squared of
Lemma 3.10is 42 < 1 — 15@2/16 ~ 1 — 62 in two dimensions provided f is piecewise
H.

Taking into account that a subset Ty of Ty is already selected by Marking Strat-
egy E, the following procedure, in conjunction with Lemma 3.9 or 3.10, guarantees a
data oscillation decrease by a factor & < 1.
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Marking Strategy D

Given a parameter (0 < 6 <1 and the subset Ty C Ta produced by
Marking Strategy E:
1. Enlarge 7y such that

osc(f, Tg) = Gosc(f, Ta).

2. Mark all elements in ’f’H for refinement.

In light of Theorem 3.1, Examples 3.6, 3.7, and 3.8, and Lemmas 3.9 and 3.10,
we are now in the position to formulate Algorithm C and prove its asymptotic con-
vergence.

Convergent Algorithm C

Choose parameters 0 < 6, 6<1.

1. Pick up any initial mesh 7p such that A is piecewise
constant over 7y and set k:=0.

Solve the system on 7. for the discrete solution uy.
Compute the local indicators 7g.

Construct Ty C Ty by Marking Strategy E and parameter 6.
Enlarge ’]A} by Marking Strategy D and parameter 0.

Let 7;41 be a refinement of 7; satisfying the interior node
property (3.1).

7. Set k:=k+1 and go to Step 2.

O WN

THEOREM 3.11 (convergence). For 0 < 0,0 < 1,1let 0 < o < 1 be given by
Theorem 3.1 and 0 < & < 1 by Lemma 3.9 or 3.10. Let «g := max(«,&). Then
for every B such that g < B < 1, the sequence {ug}ren, of finite element solutions
produced by Algorithm C' satisfies
(3-8) lu = ukllg < Co 5,
with

1
Co = [lu — uollg + oo osc(f, To).

Proof. We first apply Lemma 3.9 recursively to get
osc(f, T) < dosc(f, Tp—1) < -+ < &k osc(f, 7o).
We then set ey := ||u — ux|q, and utilize Theorem 3.1 to deduce
eps1 < aeg 4+ osc(f, Tp,) < aep + &F osc(f, o).

which by recursion implies

k
(3.9) ers1 < affleg +OSC(f,7E])ZO[jOAék7j.
=0



CONVERGENCE OF ADAPTIVE FINITE ELEMENT METHODS 11

Since a < ag and & < 3, we obtain the estimate

k k .
S e aqg\J . 1 1
Jak—i < gk (_) < gk _ gkt ’
; <82 (3 <P =0

=0

from which the assertion follows immediately. O

Remark 3.12. Algorithm C is fully practical in that it needs only parameters 6, 0.
The unknown constants « and & are not explicitly needed by Algorithm C, but they
dictate the convergence rate (3, which improves upon and is more explicit than the
original value of 3 in [12]; observe that 3 can be as close to ag as desired! Moreover,
if & # &, we have that ag > a1 := min(«, &), and in this case the assertion of the
theorem holds even with 3 = g, taking Co = [Ju — o, + ﬁ osc(f, o).

Remark 3.13. Stopping the sequence {u}ken, to achieve an error tolerance is the
only instance that requires the constant C; of Lemma 2.1. This difficulty, associated
with residual-type estimators, is customary in the literature though.

Remark 3.14. Since all existing a posteriori error estimators for (1.2) are equiv-
alent to the residual estimator n(ug, Sy ), perhaps up to data oscillation, Theorem
3.11 extends to them. We specially refer to [13] because it deals with a new star
estimator with excellent effectivity indices and shows convergence of adaptive loops
without ever resorting to comparisons with n(ug, Sg).

Remark 3.15. In view of Lemma 3.10, and since we only have to expand the set
of already marked elements Tu by Marking Strategy D, we expect data oscillation to
yield rather minor additional refinement to step 4. This is confirmed by the numerical
experiments of § 5.4 in both two and three dimensions, and provides some solid
theoretical grounds for the convergence of adaptive strategies which disregard data
oscillation altogether.

4. Error reduction. In this section we prove Theorem 3.1. The following or-
thogonality result is essential and gives us an idea of how to proceed.

LEMMA 4.1. If Ty, is a local refinement of Tr, such that VE C V", the following
relation holds:

(4.1) = unllgy = llu — wrllgy, = lwm —unllg, -

Proof. By Galerkin orthogonality, a(u — up, v) = 0 for all v € V2, whence uj, —
up € V} is perpendicular to u — up. Therefore, since u —ug = (u —up) + (up, —um),
the assertion (4.1) follows from the Pythagoras’ theorem. 0

We can see from this lemma that the error reduction is exactly |Jug — s[5 In
order to guarantee that the error decreases a fixed proportion of the current error, we
have to bound |lug — uh|||?2 from below by |lu — ug |||?2 In view of Lemma 2.2, this
reduces to show a lower bound in terms of n%. The following lemma establishes a
local lower bound for the error decrease in terms of the local error indicators. This
result will be needed, in conjunction with Lemma 2.1, to prove a global lower bound
of the error decrease in terms of the current error.

LEMMA 4.2. Let Ty be a triangulation of Q, and let Tu and Sy be as defined
in Marketing Strategy E. Let Tp, be a refinement of Ty satisfying (3.1). Then there
ezists a constant Cy, depending only on the minimum angle and c,, Cqy, such that

(4.2) ng < Cy (lun—wnll, +[H( = fu)ll,) VS €Sn.

Before getting into the proof of this lemma, observe that this result is similar to
the result of Lemma 2.2. Their main differences are that here we get a lower bound
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for Jlup —uml|,, instead of [lu — uml|l,,, and that fx stands for a piecewise constant
approximation of f, i.e., fg has only one degree of freedom in each triangle T' € 7.

Proof of Lemma 4.2. The proof consists of several steps. We first introduce the
nodal basis functions ¢g, @1, and s of V/ associated with the interior nodes zg of
S, and 1, 2 of T1 and Ty, respectively; here T and T denote the two elements of
T sharing S (see Figure 4.1). Note that the existence of 1, 22 and x5 is guaranteed
by step 6 of Algorithm C.

Fic. 4.1. Example of a refined two-element patch wg = T1 U Ty in two dimensions.
Integrating by parts in wg we deduce the following equation for up — ugy

a(un —um, p) = ([, O)ps + (Js: ©)g = (fu, P)ug T (Js, P)s +{f — fr: ©)us

for all ¢ € VA N H}(ws). We choose the bubble functions ¢s, 01, 2 € VAN H (ws),
properly scaled, as test functions in this error representation formula (see Figure 4.2).

F1G. 4.2. Discrete bubble functions 1, ps associated with the interior nodes x1,xs of Fig. 4.1.

Since f is piecewise constant, we have ¢ = fg; € VA N HY(T;) (i = 1,2) and
thus obtain by the localization due to ¢; and scaling arguments
cllfull®, = (fa, fuedr, = alun —um, fap) — (f — fa, faedr,
<Mlun —walig, 1 fa @illr, + 1f = fullz || fo @il

Using the continuity of the bilinear form, namely || fr ¢ill7, < Coll fEV@illT,, together
with the inverse estimate || fg V||, < Chg'||fxll1;, we conclude for i = 1,2

Ti)

We proceed analogously for the jump Jg. Since Jg is also constant we have
¢ =Jsps € VAN H}(ws) and similar scaling arguments imply

7, +hs|lf — fulln, < C (llun —uglly, + hs If — fxl

(4.3) hs|f|

cllJslls = (Js, Js ps)s = alun —um. Js @) = (f, Js @),
< C (Nun —unllyy +hs 1 fllos) bs' s llws-
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1
Applying the scaling [|Js||lws < k2 ||Js]|s in combination with (4.3), we conclude

1
hg 1 Tslls < C (lun —umll,, +hs |f = frllos).

which finishes the proof. O
Now we can state and prove a global lower bound for the error reduction.
COROLLARY 4.3. Let Ty and Ty, be triangulations of Q0 satisfying (3.1). Then
we have the following global lower bound for the error reduction

2 2
llun — umllg > (CES e llu— unllg, — ose(f, Ta)*.

Proof. By Lemma 4.2 and step 1 of Marking Strategy E we have

0. Su)® < nun,S)* < Co Y (lhun = walls, + 1H( = fa)I%,)
SGSH

< (d+1)Cy (|||uh —ugllg+ |H(f - fH)II?z) :

Hence,

2

0
mn(tusH)2 - ||H(f - fH)”sz)y

2
llun — umlle > (
and the assertion follows from (1.3) and Lemma 2.1. O
Lemmas 4.1, 4.2, and Corollary 4.3 have provided us with the necessary tools to
prove Theorem 3.1.
Proof of Theorem 3.1. In view of Lemma 4.1 and Corollary 4.3, we have

e = unlley = llu = wrllgy, = lur —unlls,

02
< lu — unlg <1 IRCESeReA

which proves Theorem 3.1 with a = /1 — (dﬂﬁﬁ. O

5. Numerical experiments. We start with a brief discussion of crucial im-
plementation issues, and conclude with three relevant experiments which corrobo-
rate convergence of Algorithm C without mesh preadaptation, produce quasi-optimal
meshes, and show a very competitive performance.

) +ose(f. T )?

5.1. Implementation of Algorithm C. Convergent Algorithm C is imple-
mented within the finite element toolbox ALBERT [19, 20]. For the implementation
of this algorithm, we have to change the standard adaptive solver for elliptic problems
of ALBERT slightly. The following modules are added to, or replace modules of, the
standard solver. They are all minor modifications.

Interior nodes. During the refinement of a marked element we have to ensure that
one node in the interior and nodes in all sides of the element are created. ALBERT uses
recursive bisectioning refinement: the newest-vertex refinement in two dimensions [18]
and the algorithm of Kossaczky [17] in three dimensions. This leads to a sequence of
nested grids, which is crucial in obtaining the error orthogonality of Lemma 4.1.

Creating interior nodes is rather easy in two dimensions. First, elements are
marked for two bisections and then refined. This already produces a node at the
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Fi1G. 5.1. Refinement of triangles in two dimensions by newest-vertex bisection. Dashed lines
indicate the refinement edges, which are sides opposite to the most recently created nodes.

midpoint of each edge. Second, the two grandchildren with index 1 are bisected once
more. The whole refinement process is shown in Figure 5.1. The first refinement
step may, as usual, involve surrounding elements which are not marked. This is an
inevitable effect in order to preserve mesh conformity. The second refinement step is
local in that it involves only the two grandchildren with index 1 and does not spread
outside them.

In three dimensions it is impossible to perform the second step by dealing only
with children of the original tetrahedron. The first step consists of three bisections.
In order to obtain the interior nodes, the second step consists of marking some sub-
tetrahedra for two or three additional bisections. This has the spreading effect of
creating additional nodes in the edges of the original tetrahedron. For the implemen-
tation, we do not split the refinement into two steps, but rather mark a tetrahedron
for six bisections which are performed in one step. This creates an interior node in
the tetrahedron and interior nodes in all the element faces. Example 5.4 demonstrates
experimentally that the additional nodes are not too many and the resulting meshes
are still quasi-optimal.

Side-based error estimator. In view of (2.6), we mark sides for refinement. Usu-
ally, error indicators are stored element-wise and marking is also done element-wise.
These modules are now changed in such a way that the jump residual ||H é/ Jslls
across a side S and the element residual ||H fl|,s of the two adjacent simplices are
stored at the side S itself. The marking function thus uses side error indicators ng
and marks both adjacent elements for refinement.

According to Marking Strategy E, we collect sides in Sy with biggest side error
indicators 7g until

n(um,Su) > 0n(ug, Su).

In order to avoid a complicated sorting algorithm for the ordering of the error indi-
cators, we adapt the algorithm proposed in [8].

ALGORITHM 5.1 (Marking algorithm). Let 0 < 0, v < 1 be given parameters,
where 6 ~ 0.5 and v ~ 0.1:

Nmax = max(ns, S €S8y), sum := 0, v := 1

while sum < 6%n% do
v :=~y—v, sum := 0
for all S in Sy do
if 1s > ¥ Nmax
mark both adjacent simplices for refinement
sum := sum + 73
end if
end for
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end while

An alternative to the side-based marking uses element-stored indicators as follows:
an element is marked together with all its neighbors. This leads to a slightly larger
number of marked elements but may again be viewed as a looking ahead strategy. An
advantage is that only the marking strategy has to be modified.

Data oscillation. The last module we supply is a function which marks elements
due to data oscillation, i.e., an implementation of Marking Strategy D. For each
simplex T, we compute the mean value fr of f on T and store the value || H(f— fr)||7.
Given 6 and ’f’H, the set of marked elements by Algorithm 5.1, we enlarge Ty in such
a way that

osc(f, Ta) > Oosc(f, Tr)

holds. If this inequality is satisfied by T, we are done. Otherwise, we use a modifi-
cation of Algorithm 5.1 to mark additional elements. This is now done element-wise
using the oscillation ||[H(f — fr)||r of f as an indicator.

Quadrature. Computations involving integrals of (non-constant) f and the exact
solution u, such as the right-hand side of the linear system, data oscillation terms
and errors, use a quadrature rule of order 7. Exact integration was used for the
construction of stiffness matrices and right-hand sides for constant f.

5.2. Example: Crack problem. We consider the domain Q = {|z| + |y| <
11\{0 <z <1,y =0} with a crack and the exact solution u in polar coordinates

u(r,0) = T% sing - %’I“Q.
We solve (1.2) with A = I and f = 1, and a non-vanishing Dirichlet boundary
condition on 0€2. We scale the estimator ng with the factor 0.25.

We compare the guaranteed error reduction strategy (GERS) of Dérfler [8] with
our convergent strategy (CONV). Using GERS, all marked triangles are only bisected
twice; the interior node is not created. Since f # 0, GERS requires an initial mesh
refinement to satisfy the mesh fineness condition; since f =1 this initial mesh refine-
ment is a global refinement. Strategy CONV does not need these preadaptation steps;
CONYV thus starts from a very coarse mesh.

true error

C | | L R
0.001 0.01 0.1 1
CPU

Fic. 5.2. Exzample 5.2: Comparison of scaled CPU time for GERS and CONV.

Figure 5.2 displays a superior performance of CONV in terms of (scaled) comput-
ing time (CPU) due to the coarser initial grid for CONV. From Figure 5.3 we realize
that the reduction rate 3 as a function of the iteration number k is comparable for
GERS and CONV, the latter being above because CONV starts from a coarser mesh
and thus requires more iterations for the same accuracy. Combining both figures
we learn that CONV needs more adaptive iterations to reduce the error below the
tolerance 0.05 than GERS but only half the CPU time.
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F1G. 5.3. Ezample 5.2: Comparison of reduction rate o* for GERS, CONV.
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Fic. 5.4. Ezample 5.2: Quasioptimality of GERS and CONV. The optimal decay is indicated
by the green line with slope —1/2.

v
N
KON,
I 1)
5
N
w7
N
K
% L

Fi1c. 5.5. Example 5.2: Adaptive grids for iteration 8 of the CONV strategy: full grid (top left),
zooms to (—0.1,0.1)2 (top right), (—0.01,0.01)2 (bottom left), and (—0.001,0.001)2 (bottom right).
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F1G. 5.6. Ezample 5.2: Comparison of local mesh-sizes h on the line y = 0 for GERS (red line)
and CONV (blue line) on meshes with approzimately same errors |u — ug||q -

Figure 5.4 is quite revealing. It shows the asymptotic relation [|u — ux|, = C
DOFs(k)’l/ 2 typical of quasi-optimal meshes in two dimensions and thus of quasi-
optimal numerical complexity. In the log-log plot the optimal decay of ||u — ug||, is
a straight line with slope —1/2. This (green) line is also plotted in Figure 5.4.

Figure 5.5 displays the grid of CONV for iteration 8, and three zooms at the
origin. The rather strong grading of the quasi-optimal partition is quite apparent.

In order to compare the different local mesh-sizes for GERS and CONV due to the
preadaptation of GERS, we plot the mesh-sizes along the segment {—1 < z < 0,y = 0}
in Figure 5.6. We choose the meshes in such a way that the error on the respective
meshes is approximately the same for GERS and CONV. The pictures correspond to
the meshes in iteration 0 (top left), 4 (top right), 8 (bottom left), and 12 (bottom
right) of GERS with errors |lu — ug|, = 5.8e—02, 2.8e—02, 1.4e—02, and 7.7e—03
and iterations 10, 14, 18, and 22 of CONV with errors 5.8e—02, 2.7e—02, 1.3e—02,
and 6.8e—03. We realize the strong effect of mesh preadaptation needed by GERS:
in contrast to CONV, GERS has to reduce the mesh-size solely near the origin. This
corroborates our claim that mesh preadaptation is unnecessary for constant right-hand
sides f.

Finally, we compare CONV with the maximum strategy (MS), which is not known
to converge but is the strategy of choice among practitioners. Figure 5.7 depicts a
similar performance of both CONV and MS in terms of DOFs.

10 E|
&—a Cowv | 1
c—o Ms ]

=
O,

true error

i
o,
®
T
|

10 ' 5 ' 5 ' 5
DOFs

Fic. 5.7. Exzample 5.2: Comparison of CONV and MS.

5.3. Example: Discontinuous coefficients. We invoke the formulas derived
by Kellogg [16] to construct an exact solution of an elliptic problem with piecewise con-
stant coefficients and vanishing right-hand side f; data oscillation is thus immaterial.
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We now write these formulas in the particular case Q = (—1,1)%, A = a1 in the first
and third quadrants, and A = as[ in the second and fourth quadrants. An exact weak
solution u of (1.2) for f =0 is given in polar coordinates by u(r, ) = r7u(6), where

cos((m/2 — o)) - cos((0 — /2 + p)v) if0<0<7/2
(0 = cos(py) - cos((0 — m + o)) ifr/2<6<m,

cos(o7y) - cos((6 — 7 — p)7) if m<6<3n/2,

cos((m/2 — p)y) -cos((0 —3m/2 —o)y) if3n/2<0 <27,

and the numbers 7, p, o satisfy the nonlinear relations

R:=a1/az = —tan((7/2 — o)7) - cot(py),
1/R = —tan(py) - cot(a7),

R = —tan(o) - cot((7/2 = p)v),
0<vy<2,

max{0, 7y — 7} < 27yp < min{ny, 7},

max{0, 7 — 7y} < —2y0 < min{m, 2 — 7y}.

Since we want to test the algorithm CONV in some worst case scenario, we choose
v = 0.1, which produces a very singular solution u that is barely in H!. We then
solve (5.1) for R, p, and o using Newton’s method to obtain

R=ay/a; = 161.4476387975881,  p=m/4, o= —14.92256510455152,

and finally choose a; = R and az = 1. A smaller v would lead to a larger ratio R,
but in principle v may be as close to 0 as desired.

10° R \ : ; —

B—=8& true error
G—=© estimate

Lo

true error
I

]
10°F | . | . | . | . | . |

. .
0 5 10 15 20 25 30 35
iteration

Fi1G. 5.8. Example 5.3: Error reduction: estimate and true error.
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F1G. 5.9. Ezample 5.3: Quasioptimality of CONV: estimate and true error. The optimal decay
is indicated by the green line with slope —1/2.
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Fic. 5.10. Ezample 5.3: Final grid (full grid with < 2000 nodes) (top left), zooms to
(—=1073,1073)2 (top right), (—=1076,1076)2 (bottom left), and (—1079,1072)2 (bottom right).
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FiG. 5.11. Ezample 5.8: Graph of the discrete solution, which is = 01, and underlying grid.
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TABLE 5.1
Ezxzample 5.4: Total number and number of marked elements per iteration in two dimensions
(left) and three dimensions (right): est.: marked elements due to error estimator, osc.: additionally
marked elements to data oscillation.

| iter. || elements | est. | osc. | | iter. || elements | est. | osc. |
0 4 8 0 0 6 6 0
1 64 16 16 1 384 48 0
2 704 56 8 2 7776 48 48
3 2256 80 0 3 15936 576 0
4 4208 96 8 4 112320 5040 0
5 6624 112 24 5 860592 5136 | 720
6 8752 344 0 6 1693536 | 30144 0
7 17512 432 0
8 28368 608 0
9 42896 768 16
10 60216 | 2192 0
11 113040 | 2296 24
12 160592 | 3816 24

In Figures 5.8-5.9 we see the same behavior of the true error ||u — ug||, and the
estimator 7 scaled by the factor 0.05. Figure 5.9 demonstrates that the grids and
associated numerical complexity are quasi-optimal: |Ju — ux[lq, = C DOFs(k)~1/2 is
valid asymptotically (the performance of an optimal method is again indicated by the
additional green straight line).

For this problem the grid is highly graded at the origin. It is worth realizing the
strength of the singularity at hand in Figure 5.10. We see a mesh with less than 2000
nodes and three zooms at the origin, each obtained with a magnifying factor 103, and
yet exhibiting a rather strong grading. This is also reflected in Figure 5.11, which
depicts the graph of the discrete solution over the underlying mesh: the solution is
flatter in the quadrants with a ~ 161 although the grid is finer, which accounts for
the presence of @ in the energy norm. This picture was created using the graphics
package GRAPE [15]. This example is much more singular than Example 5.2.

5.4. Example: Variable source. In Examples 5.2 and 5.3 the source term is
constant. It is our purpose now to examine the effect of data oscillation (1.3). To this
end, we consider the domain Q = (—1,1)% with d = 2,3, and the exact solution

U(I‘) — 6710 |z|?

of (1.2) with A = I and non-constant f = —Awu. Such an f exhibits a relatively large
variation in €2, and within elements, which forces Algorithm C to refine additional
elements due to data oscillation (step 5 of Algorithm C), not yet marked for refinement
by Marking Strategy E. This is reported in Table 5.1 for two dimensions (left) and
three dimensions (right). We see that the number of additional elements due to large
data oscillation is rather small relative to those due to large error indicators, but it
is not zero. On the one hand, this confirms that control of data oscillation cannot
be omitted in a convergent algorithm. On the other hand, this explains why data
oscillation seems to play a minor role for (piecewise) smooth data f, and hints at the
underlying reasons why most adaptive strategies, although neglecting data oscillation,
converge in practice.

As mentioned in § 5.1, we produce in three dimensions the interior node by bi-
secting a marked tetrahedron six times. This corresponds in two dimensions to four
bisections of a marked triangle, which is used here instead of the procedure of Fig-
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Fic. 5.12. Example 5.4: Quasioptimality of CONV: estimate and true error in two dimensions.
The optimal decay is indicated by the green line with slope —1/2.
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Fic. 5.13. Example 5.4: Quasioptimality of CONV: estimate and true error in three dimensions.
The optimal decay is indicated by the green line with slope —1/3.

ure 5.1. Although this produces more DOFs than needed, Figures 5.12 and 5.13
demonstrate that the resulting meshes are still quasi-optimal for both two dimensions
and three dimensions. Here, the estimators 7, were scaled by the factor 0.25. For
comparison with an optimal mesh, green lines with slope —1/d are plotted in Fig-
ure 5.12 (d = 2) and Figure 5.13 (d = 3); note that these lines have nearly the same
slope due to different scaling of the y axis.

Finally, in Figure 5.14 we cut (0,1)® out of the domain (—1,1)% and show the
adaptive grid of the three-dimensional simulation on the boundary of the resulting
domain. In the left picture we show the full grid of the 2nd iteration and in the
right one a zoom into the grid of the 4th iteration. For this picture we also used the
graphics package GRAPE.

6. Higher order elements. For most applications, the solution exhibits enough
local regularity for higher order elements to outperform linear elements. In fact, the
additional effort of handling more degrees of freedom per element and more dense
matrices results in a reasonable gain of precision and overall computational cost. In
other words, a drastic reduction of the total number of degrees of freedom, relative
to a given error tolerance, is typically observed in practice. This is documented in
Figure 6.1, which shows the error decay vs. number of degrees of freedom (DOFSs) for
polynomial degrees 1 < £ < 4 for a smooth solution of a linear elasticity problem and
a solution of Poisson’s equation with a point singularity. Especially for the smooth
solution the higher order discretization is much superior: the error on the first grid
for quartic elements with less than 800 DOFs is already smaller than for the linears
on the finest grid with nearly 100000 DOFs. Even though the solution to Poisson’s
equation exhibits a point singularity, the higher order discretization pays off in the
second example shown on the right, as well, especially on finer meshes after resolving
the singularity.
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FiG. 5.14. Ezample 5.4: Adaptive grids of the 3d simulation on ((—1,1)3 (0,1)3): full grid
of the 2nd iteration (left), zoom into the grid of the 4th iteration (right).

The convergence result of § 3 can now be extended to higher order discretizations
in the following way: Let V{ denote now a space of piecewise polynomial functions
of degree < ¢ over the partition 7z, which vanish on 9. The error-residual equation
(2.5) remains valid provided the interior residual f is replaced by R = f+div(AVug).
As assessed in §§ 3 and 4, a crucial ingredient for convergence is the control of the
oscillation R — Ry for all T € Ty. Hereafter, o indicates the L2-projection over
the space of polynomials of degree < ¢ — 1 of a function € L*(T). Since A is
piecewise constant, then R — Ry = f — fr. We claim now that the construction of
Lemma 4.2, which is instrumental for error reduction, is still feasible provided the
interior nodes property (3.1) is verified by any refinement 75, of Ty. To see this we
simply recall the piecewise linear functions ;, pg of Figure 4.2 and observe that both
fri¢i, Jsps € VRN HE (ws) because they are piecewise polynomials of degree < ¢ over
7. With this at hand, the convergence theory of §§ 3 and 4 extends to this case. We
refer to [14] for details, simulations, and performance evaluations.

. Saddle point problems. In this section we show convergence of an adaptive
Uzawa FEM for the Stokes problem and comment on extensions to other saddle point
problems. The chief difficulty in this setting is the lack of a minimization principle and
thus the failure of Lemma 4.1, which allows for the quantification of error reduction.
Our approach is instead based on [3], which in turn exploits an idea introduced in
[7] in the context of wavelet approximations; see also [6]. We refer to [3] for details,
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extensive computations, and complexity considerations.

.1. The Stokes problem. Let V := (H}(Q))? and := L3(Q) be the subspace
of L?(€2) of functions with zero mean value. Let a : VXV — Rand :Vx — Rbe
the following continuous bilinear forms

(7.1)  a(v, w) :=(Vv, Vw), (v, ):=—=(,divo), VoweV, €

Then there exists a unique solution (u, ) € V x  of the following saddle point
problem:

(7.2) a(w,v)+ (0, )={(f.v) Vuvev,

(7.3) (u, )=0 vV o€ ;

see [4, Chapter II]. Let : V-V, :V— = Jand : —V  theadjoint of
, be the operators := —A, :=—divand := V. The system (7.2) (7.3) can

be equivalently written in operator form as follows [4]:

(7.4) u+ = f, u=0.

Ifs:.= ~1 . —  denotes the Schur complement operator, which turns out to

be positive definite, selfadjoint, and bounded, then satisfies the equation
(7.5) S = “lf

Since a := ||[I — pS|| < 1 provided the relaxation parameter 0 < p < 2/||S|| ( ), the
following zawa iteration converges

(7.6) k= k1—p(S k1= ) =T =pS) ko1 tp M

We stress that p = 1 is an admissible choice for the Stokes problem, and that this
iteration is carried out at the infinite dimensional level. In weak form it reads

(7.7) alug, v) = (f,v) — (v, k1) YoeV
(7.8) (ky )=( k-1, )+p (ug, ) vV o€

Suppose now that a procedure ELLIPTIC for the operator , such as described
in sections 3 and 4, approximates the solution uy, of (7.7) to any desired tolerance :

(7.9) (Tx, )  ELLIPTIC(Tk-1, k-1, ki f)-

In other words, given (—1 € —1 over the triangulation 73—, ELLIPTIC constructs
a refinement 7 of 7;_1 and computes

(7.10) KEVe:  a( k )=(fi )= (, k1) ¥V €V
such that || r —ugl| < &, where uy is the continuous solution of

(7.11) up € V: alug, v) = (f, v) — (v, k-1) VoveV.

We also assume that a procedure UPDATE for the operator , namely

(7.12) k UPDATE('];C, k—1, k,p),
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computes a discrete solution of (7.8)
(7.13) L€ k: (& )=(r-1, )+p (& ) V. €

If p: — &












