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LOCAL PROBLEMS ON STARS: A POSTERIORI ERROR
ESTIMATORS, CONVERGENCE, AND PERFORMANCE

PEDRO MORIN, RICARDO H. NOCHETTO, AND KUNIBERT G. SIEBERT

ABSTRACT. A new computable a posteriori error estimator is introduced, which
relies on the solution of small discrete problems on stars. It exhibits built-in
flux equilibration and is equivalent to the energy error up to data oscillation
without any saturation assumption. A simple adaptive strategy is designed,
which simultaneously reduces error and data oscillation, and is shown to con-
verge without mesh preadaptation nor explicit knowledge of constants. Nu-
merical experiments reveal a competitive performance, show extremely good
effectivity indices, and yield quasi-optimal meshes.

1. INTRODUCTION AND MAIN RESULTS

Adaptive finite element methods (FEM) have become essential tools in science
and engineering for the numerical solution of multiscale phenomena governed by
partial differential equations (PDE). In order to equidistribute the approximation
errors, and thus the computational effort, adaptive FEM for elliptic PDE give rise
to a sequence of graded meshes. This in turn leads to iterations of the form

SOLVE — ESTIMATE — REFINE. (1.1)

A posteriori error estimators are the essence of ESTIMATE in (1.1). They are com-
putable quantities, depending on the computed solution(s) and data, that provide
information about the quality of approximation. They are problem-dependent and
may be used to make judicious mesh refinements; coarsening is also important for
evolution PDE. An efficient tool for local mesh refinement (coarsening) is the key
component of REFINE in (1.1) and is typically problem-independent (see [15, 16]
e.g.). We refer to [18] for references on adaptivity for elliptic PDE, and restrict the
list of papers to those strictly related to our work.

The solution of local Dirichlet problems on stars was first proposed by Babugka
and Miller [3]; a star is the support of a piecewise linear nodal basis function. The
resulting error estimators are mon-computable since they require the solution of
infinite dimensional problems of the same complexity as the original PDE. However,
they are used in [3] to derive the first element-wise residual estimators in 2d with
rigorous upper and lower bounds up to unknown interpolation constants. Bank
and Weiser introduced in [4] a posteriori error estimators based on the solution
of local Neumann problems on elements, which seem to allow for cancellation and
thus lead to better results than the residual estimators. Their proofs of equivalence
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with the energy error require the saturation assumption though. The concept of flux
equilibration was subsequently studied by Ainsworth and Oden [2] to enforce further
cancellation, and thereby obtain better effectivity indices than [4]. Equilibration
consists of first solving linear systems on stars to compute suitable corrections to the
weights of element jump residuals, and next of solving local problems on elements.
We refer to [1] for the simplest proofs of upper and lower bounds, the former still
requiring the solution of infinite dimensional local problems but being a constant
free estimate. Carstensen and Funken [5] also showed a constant free upper bound
for an estimator based on the exact solution of weighted local problems on stars.
Strouboulis et al [17] derived guaranteed computable error bounds. In order to
compute the estimators, they first solve equilibrated local Neumann problems with
higher order polynomial degree, and then correct these local solutions via residual-
type estimators. This yields an improved approximation to the exact solution of
the local problems.

Computational experience strongly suggests that, starting from a coarse mesh,
(1.1) converges within any prescribed tolerance in a finite number of steps. This
issue has been recently tackled by Morin et al [11] in the multidimensional setting
exploiting an idea of Dérfler [6]. The crucial role of data oscillation is disclosed
in [11], which is intrinsic information missed by the averaging process associated
with FEM regardless of quadrature. Ensuring a reduction rate of data oscillation
in every step of (1.1), together with an error reduction, a linear rate of convergence
of (1.1) for piecewise linear FEM is proven in [11] without any mesh pre-adaptation
nor explicit knowledge of constants. This is achieved via a simple modification
of the marking strategy of [6] which accounts for data oscillation and ensures an
interior node in the refined mesh for every marked element. This theory is extended
to any polynomial degree in [12].

The purpose of this paper is twofold. We first go back to the basis and propose a
new computable a posteriori error estimator, with built-in flux equilibration, based
on the solution of small discrete weighted problems on stars. Secondly, we devise
an adaptive FEM which accounts for data oscillation, and prove that the resulting
iteration (1.1) converges with a linear rate.

To describe the results in more detail, let 2 be a polygonal and bounded domain
of R?, and let u € H'(Q) be the solution of the following model problem

{—div(A Vu)=f inQ,

1.2
u=g on 0}, (1.2)

where f € L2(Q) and g € H'(0f). Furthermore, let A be a piecewise constant,
positive definite and symmetric matrix. Let 7, be a graded mesh with set of nodes
N} Since stars overlap, our current notion of data oscillation osc(f, g; V) differs
from that in [11], and accounts for fine structure of both f and g which is averaged
out by the FEM; see §3. Our first result reads as follows:

Main Result 1: Let up be the piecewise linear finite element solution over a
triangulation Tn. Then there exist three positive constants Cy, Ca2, C3, depending
only on the minimum angle of Tr, and A such that the a posteriori error estimator
En based on the solution of discrete local problems on stars of §2 satisfies

Ci&n < lu — up|| < Co&n + Cs0sc(f, g3 Nn), (1.3)

where ||u — up| denotes the energy norm of the error u — uy,.
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Several remarks and comparisons with the existing literature are now in order:

e The error estimator £, requires the solution of finite dimensional local problems
on stars, and is thus computable. However, our proof of (1.3) does not make
use of the saturation assumption as in [2, 4]. Such an assumption is shown to
be superfluous in [14] for the estimator of [4], and indeed related to the relative
size of data oscillation in [7]. However, removing the saturation assumption
requires comparison with residual estimators, which exhibit a notorious worse
performance thereby weakening the result. An important new feature of our
proof of (1.3) is that it applies directly without reference to residual estimators.

o Our estimators possess a self-equilibration property which result from direct ex-
ploitation of Galerkin orthogonality on stars. Therefore, we do not need to
equilibrate jump residuals as in [1, 2].

e Our numerical experiments of §8 for the case A = I show effectivity indices
En/ |u — upl| very close to unity as the mesh 7}, is refined adaptively. In case A
has discontinuous coefficients with jumps of order 160, and a solution barely in
H'(9), effectivity indices are around 0.7 which means an error underestimation
of about 30%.

o The cost of error estimation is slightly higher than solving local problems on
elements but the estimators are better than those of [4]; see §8. However, when
added the computing time of flux equilibration, which entails solving a linear
system for every interior star and a local problem for every element as in [4], the
performance of our adaptive FEM is quite competitive.

e The error estimator £y, is computed with contributions from all the stars of 7y,
including boundary stars. As usual, the upper bound in (1.3) is global, whereas
the lower bound is local and valid for every star.

e Since there is no data oscillation in the lower bound of (1.3), we end up with
a strong concept of reliability: the relative size of star indicators dictates mesh
refinement regardless of fine structure of both f and g, and thus without resorting
to asymptotics.

Our second main result deals with convergence of (1.1) as the adaptive procedure
Algorithm C of §4 is iterated.

Main Result 2: Let uy be a sequence of finite element solutions over nested
triangulations Ty, produced by Algorithm C. There exist positive constants Cy and
a < 1, depending only on given data and the initial grid, such that

fle — ugll < Co o*. (1.4)

The initial coarse mesh need not be adjusted to resolve data f and g to any tolerance,
and no explicit constants are needed for Algorithm C to work.

Several remarks are now in order:

e The basic ingredients for this result to hold are: a global upper bound of the
error in terms of the estimators (such as Theorem 3.6); a local lower bound for
the difference between two consecutive discrete solutions (such as Lemma 5.2);
nested meshes (which yield an energy error decrease such as Lemma 5.1); and
a suitable marking strategy (such as that in Proposition 4.1). The linear decay
rate (1.4) is thus valid for every adaptive procedure with these properties. This
is the case of the procedure of [11] based on residual type error estimators.
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e Depending on the flatness of u, the mesh size of 7; may not necessarily tend
to zero as k 1T oo, which makes (1.4) a nonstandard finite element asymptotic
statement.

e Even though no stability constants are required for Algorithm C, nor for con-
vergence, constants C> and C3 in (1.3) are needed to stop the iterations; this is
customary in adaptivity [18].

e Main Result 2 is stronger than that of [11] in regard to data oscillation. We
no longer impose a data oscillation reduction rate but rather that osc(f, g; NVx)
stays bounded by a decreasing exponential of k. This simple modification leads
to a dramatic improvement in that data oscillation plays now a much weaker
computational role than in [11]; see §8 for details.

The rest of the paper is organized as follows. In §2 we introduce some notation,
motivate the definition of the a posteriori error estimator and define the estimator
&r based on star indicators &£. In §3 we prove the equivalence between error and
estimator (Main Result 1). In §4 we prove the convergence of (1.1) (Main Result
2). The proof hinges on a crucial error reduction property and an analogous data
oscillation reduction property, which are then shown in §§5 and 6, respectively. In
§7 we demonstrate an auxiliary weighted Poincaré inequality, which is a crucial
technical devise. We conclude with several numerical experiments in §8. They
reveal a competitive performance of Algorithm C in terms of both computing time
and effectivity indices, and show that the graded meshes possess quasi-optimal
number of degrees of freedom.

2. A POSTERIORI ERROR ESTIMATORS

We start this section with some useful notation. For an open set G C R? we
denote by H(G) the usual Sobolev space of functions in L?(G) whose first deriva-
tives are also in L?(G), and by H}(G) the subspace of functions in H'(G) which
are equal to g on the boundary, both spaces endowed with the norm

1/2
lull gy = (lull% + [Vull)

where || - ||g stands for the L?(G)-norm.
Since A is piecewise constant, symmetric and positive definite, the bilinear form
((+, -) g defined for any open set G C 2 by

(u, v)g = / AV - Vo,
fe!
is bounded in H*(G), and ((-, -))q, is coercive on H{ (1), i.e., there exist constants
0 < ¢cq < C, < 00 such that
(v, w)g < Callllg (@) lwllgr g,  YvweH(G), (2.1)
callollpsy < (0, 0)g, Vo€ HAQ). (2:2)

This implies, in particular, that the seminorm ||-||; defined by [Jv||% := (v, v)) is
equivalent to the H}(Q)-norm when G = Q.

In view of (2.1) and (2.2), problem (1.2) admits a unique weak solution u for
any f € L*(Q) and g € H'(99), i.e., there exists a unique u € H, (Q) satisfying

(u, v))g = /va, for all v € H}(Q). (2.3)
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FIGURE 1. Star w; and sides forming I'; (indicated by thick lines)
for an interior node z; and for a boundary one.

iFrom now on, whenever it is clear from the context, we will omit the subscript 2
from ((-, ))g and |-

Let 7, be a conforming shape-regular triangulation of 2. Let V;, be the space
of continuous piecewise linear functions over 7, and let V" be the subspace of
functions of V;, that are equal to g, at the boundary, where g; is the piecewise
linear interpolant of g. The finite element approximation u, to u is defined by

up € VI : /QAthw = /qus, VeV (2.4)

We denote with {z;};.y, the set of all nodes of the triangulation 7. For each
i € Ny, ¢; denotes the canonical piecewise linear basis function corresponding to
z;. The star w; is the interior relative to Q of the support of ¢;, and h; is the
maximum size of the elements forming w;. Finally, I'; will denote the union of the
sides touching z; that are contained in 2 (see Figure 1).

As a motivation, we consider momentarily the case ¢ = 0 and recall the local
error indicators (;, introduced in [5], which cannot be computed exactly, but will
give us an idea of how to proceed in order to define computable error indicators.

Definition 2.1. For each star w;, i € NV} let H} (w;) be the space of functions in

w; that are in H'(K) for all compact K C {¢; > 0} N Q. Next we define

W(wi)={veﬂltc<wi)=/ vés = 0 and |Vv|2¢,~<oo},

i wq
if z; is an interior node, and
W(w;) = {v € HL .(wi) : v =0 on dw; N IQ and / |Vl ¢; < oo} ,
otherwise. Next we define (; € W(w;) to be the solution to

/'AVQVMSz- = / f¢¢,~+/r' Jo¢; forall g € W(wi), (2.5)

where J = [AVuy,-v] stands for the jump of flux across the sides of the triangulation,
which is independent of the orientation of the unit normal v. We then define the

~ ~2
global error estimator &, = (Eze " &; )1/ 2 in terms of the local error indicators

& =165, = [ VGG (26)
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Remark 2.2. There is a minor difference between the local spaces used here and
those used in [5]. For interior nodes, the functions v € W (w;) in [5] are required to
satisfy [ v =0 instead of [ vé; =0.

Remark 2.3. The existence of solution to Equation (2.5) is guaranteed by the Lax-
Milgram Lemma. In fact, it is immediate to see that the bilinear form in (2.5)
is coercive and bounded in W(w;) with respect to the norm ||-||,,, whereas the
boundedness of the right hand side of this equation is a consequence of the Trace
Theorem and the following proposition, whose proof is postponed to §7.

Proposition 2.4 (Weighted Poincaré Inequality). The space W (w;) endowed with
the norm ||-|,, is continuously embedded in L?(w;) for any i € Ny,. More specif-
ically, there exists a constant C, depending only on the minimum angle of the
triangulation but otherwise independent of the star being considered such that

ol 20y < C i V0, (2.7)
1/2
where ||-[|4, = ||'¢’i/ ||L2(w,-)'

Now, if we denote by e the error u — uy, for any ¢ € Hj (), we have

(=3 (@-wns:o) = 3 [ [ ro0:+ [ so0]
1ENR ieN;, Wi i
-3 [ / J(6edi+ / - cim]

where ¢; = 0 for boundary nodes and ¢; = ( fwi ¢i) " fwi ¢ ¢; otherwise. The last
step follows from the Galerkin orthogonality

/wif¢z'+/mt]¢z'=0,

which holds for every interior node i. Since ¢ —c; € W (w;) we get by the definition
of C’i’

(e, o) =D | AVGVee: < Y NGl I8l
iEN, ¥ Wi iENR
1/2 1/2 1/2
<[> e 2,.) ( Avwascm) —¢ ( Aww) .
(iEZNh v lEZNh‘/(; " /(;

Since g = 0, taking ¢ = e € H(Q) we obtain || < &, ||e|, which implies the
constant free estimate

lell < &

Despite this constant free upper bound the estimator has an important drawback:
it is not computable because it requires the knowledge of exact solutions to local
problems. These problems are located on smaller domains, but they are still of an
infinite dimensional nature. In order to circumvent such a difficulty, we now define
finite dimensional local spaces P2(w;). This leads to computable error indicators
&;, which will be used in the subsequent analysis.
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Definition 2.5. For i € N}, let P%(w;) denote the space of piecewise quadratic
functions on the star w; that vanish on dw;. Let P3(w;) = P%(w;) N W (w;), that
is P2(w;) coincides with P?(w;) for boundary nodes, and for interior nodes P2 (w;)
is the subspace of functions ¢ € P?(w;) satisfying fw,- ¢¢; = 0. For each star w;,
i € N, we now define n; € PZ(w;) to be the solution to

[ avuves.= [ oo+ [ o wraloepiw)  (28)

where J denotes, as before, the jump of flux across the sides of the triangulation.
We then define the global error estimator £, = (3, N 8,-2) "2 in terms of the local
error indicators

&7 = lImi

5 - (2.9)

Remark 2.6. The computation of the estimators just defined requires the solution
of a small linear system for each star w; instead of an infinite dimensional eigenvalue
problem as in [5]. This issue is further discussed in §8.

Remark 2.7. Since the functions ¢ € PZ(w;) vanish on dw;, satisfaction of fwi dp; =
0 cannot be achieved by adding a convenient constant and thus does have an effect
in the computation of &; of (2.9) (compare with Remark 2.2). In contrast with
[6], our numerical experiments of §8 show a superior performance and effectivity
indices close to 1 for the Laplacian.

3. EQUIVALENCE

In this section we prove the first of the two main results of this article: the
equivalence (up to oscillation terms) of the error and the new estimator introduced
in 2.9. We do this in two steps, we first prove a lower bound for the error without
oscillation, and afterwards an upper bound.

Theorem 3.1 (Lower Bound). There ezists a constant C; > 0, depending on the
minimum angle of the triangulation and A such that, for any i € Ny,

Ci&i < lu — ual,, - (3.1)

Remark 3.2. This data oscillation free lower bound implies a strong concept of
reliability: the relative size of &; dictates mesh refinement regarless of fine structure
of f and g, and thus works even in the preasymptotic regime.

Remark 3.3. Consider the following modified definition of the local indicators:
mePhw): [ AVnVogi= [ oo forall g€ Phw)
[OF 1-‘,'

instead of (2.8). Then all the results of this paper remain true except (3.1), because

the star oscillation of f defined below in (3.2), namely h;||(f — fz-)q‘);/ %]
also appear on the right hand side.

Proof of Theorem 3.1. Let i € Ny, and let £ and n; be as in Definition 2.5. Then
& = Inillj, =/ AV Vn; ¢; =/ fﬂz‘¢i+/r Jnidi
Wi Wi i

wi, would

= [ AV(u—-up)V(nidi) = | AV(u—up)Vnid; + / AV (u — up)n; Vs

w; w;
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Now, [, AV(u —up)Vni¢i < [lu —up

¢ lInill 4,» and by Proposition 2.4

AV (u — up)ni Vi < Clu — up|

Millg; -

Wi

1
wi 7 IMillws < € llw — ual
(2

wi

which immediately implies the desired result. O

Before stating the upper bound for the error, we need to define two quantities,
related to data oscillation. First we define for My, C N,

1/2

2

ose(f; M) := ( > R~ fi)¢>}/2;|g) : (3.2)
1EMy,
L. fei .
where f; = f py for interior nodes, and f; = 0 otherwise. Secondly, we define
1/2
2
OSCa(Q;Mh) = ( Z |Sz| ||a‘r(g - gh)”L2(Si)) ) (33)
1EMp,z; €N

where S; denotes the union of the two sides touching z; that lie on the boundary of
Q and |S;| denotes the length of S;. This 0scy(g; N}) measures information missing
when approximating boundary data by piecewise linear functions (see Lemma 3.4
below). These oscillation terms are generically of higher order than the error.
We will prove that they get reduced by refining and, moreover, that we can have
them reduced a proportion of themselves by selecting elements for refinement in an
appropriate way. This will be a key step in proving convergence of the Adaptive
Algorithm C.

The following lemma states the relation between oscy(g; V) and information of
g missed by gp.

Lemma 3.4. Let @ be the solution of the continuous problem (2.3) with boundary
data gp, instead of g. Then there exists a constant Cy depending on the minimum
angle of the triangulation and A such that

lu — @] < Coosca(g; Nn). (34)
Remark 3.5. This result is equivalent to the bound

llg — gnllr/2(a0) < Coosca(g; Ni),

which is already known. For completeness and since the proof is simple, we present
it here. The dependence on the minimal angle of 7}, is a consequence of the method
of proof.

Proof of Lemma 3.4. By definition, u — @ € H} , () satisfies (v — @, v)) = 0 for
all v € Hg(Q). Consequently [lu — @l < [lv| for all v € H; ().

Let us now construct a particular extension v of g — g, to Q. If T € 7 has
one side on 91, then let F' be a linear mapping from T' onto the reference triangle
T = {(z,y) : 0<2<1,0 <y <z} such that F(OTNIN) ={0 <z <1,y =0}
Let § = (g — gn) o F~' € H}(0,1), and let & be the extension of § to T' given by

o(@,y) = (1- ) g(a),

x
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i.e., for every zy € [0,1], 9(zo,-) is the linear interpolant on the segment {z =
20,0 < y < zo} of §(zo) and 0. Then a straightforward calculation shows that

[#1Vo]? < Cfol |9'(2)|? dz. Defining vz = 94 o F we obtain

ViaTnae =9 — 9h, Yjar\ea =0, / [Vo|* < ChT/ 18- (9 — gn)|?-
T 8TNAN

If T has two sides in 99 we divide it by two and apply the above argument to each
of the two subtriangles. If 7" has no side on 92 we define v = 0. Consequently,

ve H;_, () and vj7 = 0 for all T having no side on dQ. Then
_ 2
lu—al® <llol> <Ca > Vol <C Y hrlldr(g — g)ll3rnoe;
TeTh TETh
BTNOND BTNANAD
which implies the claim. O

We now state and prove the second main result of this section.

Theorem 3.6 (Upper Bound). There exist two positive constants Co and C3, de-
pending only on the minimum angle of T, and A such that

llu — unllq < Co€n + Cs0sc(f, g; Nn),
where osc(f, g; N3) == (osc(f;./\fh)2 + osca(g;Nh)2)1/2

To prove this theorem we will need the following lemma, whose proof is post-
poned to the end of this section.

Lemma 3.7. For each node i € N}, there exists an operator IL; : W (w;) = PE(w;),
such that for any v € W(w;) the following conditions hold:

(i) [s(v—Tv)¢; =0, for all S C Ty,

(1) IVIvllg; < C*[|Vollg;,

where the constant C* depends only on the minimum angle of Tp,.

We are now ready to prove the upper bound.

Proof of Theorem 3.6. Let 4 be the solution to the continuous problem (1.2) with
boundary data g;. By Lemma (3.4), || — ul| < Cosca(g; Ny). Let us now denote
with € the error @ — up. If ¢ € HE (), then as before

-3 | [ fo-cpei+ [ at0- )6

iENG
[, 99

where ¢; = 0 for boundary nodes and ¢; = [ 9 ' otherwise. By Lemma 3.7(i),
Wi i

since ¢ — ¢; € W(w;), we have

@ )= [ Yin(¢_Ci)¢i+/ri JHi(¢—Ci)¢i]

i€ENL

/ —ci) — (¢ —ci)) ¢
zeNh wi

/ AV VIL (6 — ci)i + / b— i) — (6 — c3)) b,
iENp $ENR



10 P. MORIN, R.H. NOCHETTO, AND K.G. SIEBERT

where the last equality follows from Definition 2.5. Using Lemma 3.7(ii), together
with Holder and Cauchy-Schwarz inequalities, we obtain

> [ avnvns- (2 I ¢,> (2 16 |||¢)
iE€ENR i€ENR
< <Z s) ( ¢i) — cuc el
€N iEND,

Observing that both (¢—c¢;) and IT;(¢ —c;) are in W (w;) and thus have weighted
mean value zero for interior nodes, we have

[ H@=e)-1@-c)éi= [ (F = (@)~ (o~ c)és

Wi

lENh

for any constant f; € R for all interior nodes. Defining f; = 0 for boundary nodes,

we have
[ 16~ 1@ - )i < 1f = £, (I¢ - o
for every node. Using again Lemma 3.7(ii) and Proposition 2.4 we obtain

1/2
/f —c;) (¢—ci))¢isc(2||h,-(f—fi> ¢) IV4llq.
iE€END,

iE€ENR

(e — el ) »

Summarizing, for any ¢ € H}(Q2), we have

1/2
(e, ) < Co&n ||l + Cs (Z Iha(f — fi)”i) Il

iENR
and thus ||é]] < C2&L+C5 0sc(f; Ny). The claim follows from the triangle inequality
lell < lell + flz — |- O

We now complete the proof of the equivalence result by proving Lemma 3.7.

Proof of Lemma 3.7. Let us first consider the case of z; being an interior node.
Given v € W (w;), we construct II;u € PZ(w;) such that (i)-(ii) are satisfied. Let g;,
gs be the canonical piecewise quadratic basis functions corresponding to the center
node of w;, and to the midpoint of S C T';, respectively. Let Il;v = ¢ asgs + Bq;,
where the sum ranges over all S C T';. Then I;v € P?(w;) for any choice of ag and
B. To fulfill (i) we ask

fSU¢i _/stql¢z
fS q5¢i ’
On the one hand, IT;v € P2(w;) if fwi IT;v ¢; = 0, and on the other hand

/ v ¢s = / Baidi + Zas/ PRl
_ L [s0:9i [, a5 Jsvéi [, as¢i
_IB (/w, ql(pl Z f5q5¢i +Z f5q5¢i '

S S

for all S C T;.

as =
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Thus, ;v € PE(w;) if
L Js @it [, 9581\ _ _ Jsvdi [, asés
IB </L:J1 ql¢l ; fS qS¢z ) B g fs q5¢'i ’ (35)

Denoting with wg the support of gg, that is, the union of the two elements sharing
S, we have

_ 1S / o wil / _ 2fws] / 1S
/qu¢z =3 o qidi = 30’ o qsdi = 15’ and SQz¢z =5’
which imply that
[sa:di [, asdi  |w; w w;
oo SR = - gt = 6
wi S fS q5¢z
Finally II;v € P3(w;) satisfies (i) by choosing
3 (/ |S|) 4 |ws|
as = — vhi —B— |, B = —r | voi- 3.7
57 \Us 6 ol 2 151 Js (37)

It remains to prove that choosing as and § as in (3.7) we obtain (ii). To this
end, observe that (3.7), the Trace Theorem in L! and the Poincaré Inequality for
functions with weighted mean value zero given in Proposition 2.4, yield

/ logi] < Chil| Vo
S

the constant C' depends only on the minimum angle of 7;. Therefore

g = B < CVolly,;

IV(Bq:) bi < C|[Vv bi Vg; w; < C”VU”@- . (3.8)
Analogously, from (3.7) we obtain
3 3 |S]
las| < 5] lvgill 1 (sy + EC IVoll, 6 S ClIVolly,
whence
IV(asgs)ll,, < ClIVolly, - (3.9)

The claim (ii) then follows from (3.8) and (3.9).
Since g; ¢ P& (w;) for a boundary node z;, the above arguments still apply upon
taking 8 = 0. O

4. CONVERGENCE

We start this section with some ingredients that will be essential for the conver-
gence of an adaptive algorithm. The proof of Proposition 4.1 is given in §5.

Proposition 4.1 (Error Reduction). Let Ty be a triangulation of Q, and let 6 €
(0,1). Let Ng be a subset of Ny satisfying

1/2
( > &-2) > 0&w. (4.1)
ieNw
Let Ty, be a refinement of Tu such that:

for every element T € Ty having a node in NH, each of the four
similar triangles resulting from joining the midside points of T can (4.2)
be expressed as union of triangles of Ty.
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Then there exist constants a € (0,1), Cosc, depending on the minimum angle of Ty
and Ty, 0, C, and c, such that

lw = unll < eflu — wnll + Cosc 0se(f, g; Nu),
where osc(f, g; Nu) is defined in Theorem 3.6.

Remark 4.2. The marking strategy (4.1) ensures that we choose sufficiently many
stars such that their contributions &; constitute a fixed proportion of the total
error estimator €. This strategy was first introduced by Dérfler [6], and also used
in [11].

FIGURE 2. Refinement of a triangle by the newest-vertex bisec-
tion leading to (4.2). Dashed lines indicate the refinement edges
(opposite to the newest vertex).

Remark 4.3. Using newest-vertex bisectioning, the crucial property (4.2) can be
achieved via 3 bisection steps as depicted in Figure 2: an element T € Ty is
first bisected twice, thereby ensuring new nodes of 7, at the midside points of T
secondly, bisecting once more the two grandchildren with index 1 yields (4.2). This
procedure guarantees that 7, and 7y are nested, and that their minimum angle
is bounded below by a positive number depending only on the initial mesh. Local
regular (red) refinement, combined with the green closure procedure, would also
enforce (4.2) but not that 75 and 7y are nested. Therefore, the above bisection
procedure is the method of choice, and is used in the numerical experiments of §8.

Since data oscillation is present in the error bound of two consecutive solutions, a
convergent algorithm must also ensure a reduction of data oscillation. The following
proposition states one possible way of doing this; its proof is given in §6.

Proposition 4.4 (Oscillation Reduction). Let Ty be a triangulation of Q and let
0f,0, € (0,1). Assume Ng C N satisfies

osc(f; Nu) > 05 osc(f; Nu) (4.3)

If Ty, is a refinement of Ty such that all the elements having a node in Ny are at
least bisected twice, then there exists By € (0,1) depending only on the minimum
angle of Tu and T;, and 0 such that

osc(f; Ni) < By osc(f; Nu).
Analogously, if
0sca(g; Nar) > 0, 0sca(g; Nar) (4.4)

and Ty, is as above, there exists By € (0,1) depending only on the minimum angle
of Ta and Ty, and 0, such that

osca(g; Np) < By 0sca(g; Nu).
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Inspired in these two results we now propose the adaptive algorithm and prove
its convergence.

Convergent Algorithm C
Given parameters 0 < 6,0f,04,v5,v, <1:
Choose any initial mesh 7; where A is piecewise constant.
Compute the discrete solution ug on 7.
Let £k=0.
Compute the local indicators &;, osc(f;Ni), osca(g; Nk)-
Construct a subset f\7k of N} such that (4.1) holds.
If osc(f;Ni) > osc(f; No)vf, enlarge N to satisfy (4.3).
If osca(g; Ni) >osca(g;N0)y§, enlarge N to satisfy (4.4).
Refine 7 into T;4; according to (4.2).

© 00 N O O dd W N -

Compute the discrete solution ugy; on Tiyq.
. Set k+k+1.
. Go to Step 4.

= =
= O

Remark 4.5. Step 8 must use a refinement procedure that guarantees the minimum
angle property. In the experiments of §8 we use the newest-vertex bisection.

Remark 4.6. In contrast with [11], we no longer impose a data oscillation reduc-
tion rate in every step, but rather a decay bounded by exponentials v} and vf.
This apparently minor change influences dramatically the role of data oscillation

in Algorithm C, as is corroborated experimentally in §8.

Theorem 4.7 (Convergence). Let uy, be the sequence of finite element solutions
produced by Algorithm C. Then, there exist positive constants Cy and v < 1, de-
pending only on given data and the initial grid, such that

llu — ullg < Cor*. (4.5)
Proof. We claim the existence of u < 1 and By, depending only on data and the
initial grid, such that

osc(f,g; Vi) < Bop*,  Vk>0. (4.6)
We postpone the proof of (4.6) and show first how to exploit it. Let ej be the
energy norm of the error in step k. Then, by Proposition 4.1,
ert1 < aeg + Cosc 05c(f, g; Ni) < aep, + Cose Bop* < 6 (ek + Cékfl) ,

where § := max{a, u} < 1. By induction we obtain

er < 6%eo + KCH* 1,

which implies (4.5) if we choose v = /6.
To complete the proof it remains to prove (4.6). Regarding osc(f; Nx) we claim
that
ose(fi M) < S s gt w0
f
and resort to an induction argument. Such a bound holds trivially for £ = 0. We
assume it holds for k. Then we have either

(i) osc(f;Ng) > osc(f;./\/o)l/}C or (ii) osc(f; Vi) < osc(f;./\/o)v']?.
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In case (i), we see from Step 6 of Algorithm C and Proposition 4.4 that

osc(f; N
osc(f; Ni41) < B osc(f; Ng) < %max(vhgi)ﬂl.
On the other hand, exploiting that 741 is a refinement of 7, and thus the oscilla-
tion must not increase (see Lemma 6.1 below), we can handle case (ii) as follows:

osel fi Nica) < osel fi Vi) < ose(f; No)wk < S oy, g yent
f
The same analysis for oscs(g; V) leads to an analogous result for boundary data
oscillation, thereby concluding the proof of (4.6). O

Remark 4.8. This result is also true for the usual residual type error estimators.
In fact, we will see in §5 that the only assumption for Proposition 4.1 to be true
is that the estimators provide a global upper bound of the error and a local lower
bound for the difference between two consecutive solutions (e.g. Lemma 5.2).

5. ERROR REDUCTION

In this section we are going to prove Proposition 4.1. We start with the following
result that in the case of g = gy (= gn) reduces to Pythagoras’ Theorem.

Lemma 5.1. Let Ty and Tp be two triangulations satisfying Vg C V. Then, there
ezists a constant C, depending on 2, the minimum angle of Ty and Ty, Cy and c,
such that the following relation holds for any 6 € (0,1)

c
(1= 6) lu = unllg < lu = urllg = uzr — unlle, + = 05¢a(g; NVu)*. (5.1)

Proof. The bilinearity and symmetry of ((-, -)) imply
o = url® = llu = wnll® + llun = wall® +2 ((u =, un = un)).

Let gy, (resp. gm) denote the extension of g, (resp. gm) to V, defined as 0 at all
the interior nodes of 7;. Then g, — gy € V, and up, —ug — (g — gu) € V,?, which
imply

Ju —unll® = llu —unl® + Jun —unll® +2 (u —un, Go — )
2 2 2 1 — — 2
2 flu = unll” + llun —uall” = & llu —urll” = 5 lgn - gallo

for any 6 > 0. Let NV denote the set of indices of nodes z; € 9Q of A}, which are
not nodes of Ny. Since (g, — gu)(z;) # 0 only for i € NP, it is easily seen that

IV@n — ge)lla < C Y lgn — gm)(@:)> < C > 18illlo-(gn — 98)|I32(s,
ieN? ieEN?

< C(osca(g; Nu)? + osca(g; Nu)?).

where C' depends only on the minimum angle. In view of oscy(g; V) < osca(g; Nm),
which is proved in Lemma, 6.4 below, we deduce the claim. O

The following lemma is crucial for proving Proposition 4.1.
Lemma 5.2. Let T, be a refinement of Ty satisfying (4.2). If i € Nu, then
2
&% < Cyllun —unll, + Cs|[hi(f = £l (5.2)

where Cy and Cs depend only on the minimum angle, C, and cg.
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Remark 5.3. Property (4.2) is essential for error reduction. In fact, if we solve
—Au =1in Q = (0,1)2, u = 0 on 91, the solutions obtained in the two grids of
Figure 3 coincide: ug = up = %¢1. Hence, no error reduction is obtained in the
interior star of 7y even with no data oscillation. For details about the important
role of data oscillation see [11].

T Tn

F1GURE 3. Refinement by bisecting all triangles twice.

To be able to prove Lemma 5.2 we need to introduce a projection operator anal-
ogous to that of Lemma 3.7. Since we want to compare two consecutive solutions
ug and uyp, we now need the target space of the projection to be contained in the
space of piecewise linear functions on the finer mesh. To this end, we first introduce
the following definition.

Definition 5.4. Let 7, be a refinement of 7y satisfying (4.2) and let i € Ny. If
the center node z; of the star w; is a boundary node, we define Pg (w;) as the space
of functions in V¢ vanishing outside w;. In case z; is an interior node, Pg(w;) will
denote the space of functions v € VY vanishing outside w; that also satisfy fwi v=20
(note the absence of the weight ¢; in the last integral).

Lemma 5.5. Let H'(w;) be the space of functions in H'(w;) with mean value zero
provided ; is an interior node, and let H' (w;) = HE (w;) for boundary nodes. Then
for each node z;, i € Ny, there exists an operator P; : H'(w;) — P (w;) such that
for any v € H' (w;), the following conditions hold:

(i) [gv—Pw =0, for all S CT;
(it) IVPllw, < C*||Vvllw,,
fii) | Pl < C*hil|Val

Wi

where the constant C* depends only on the minimum angle of Tu and Ty,.

The proof of this lemma is similar to that of Lemma 3.7 and we postpone it to
the end of this section.

Proof of Lemma 5.2. Let &; and n; be as in Definition 2.5. Then, by Lemma 5.5(i)
& =tnly, = [ avavnai= [ oo+ [ ne

= [ tRwo)+ [ TR0 + [ (7= Rt = Pinis)),

w;
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L fé

where f; = for interior nodes and f; = 0 otherwise. Since P;(n;¢;) € V7,

I, %
gi2 — /QAV(uh — ’U,H)VP,'(TH (f)z) +/ (f - fz)(nz¢z - Pz(m@)),
< Callun = uly, IV 60l + 11 = Fillos (Imillos + 1Pi(nidi) 1) -
On the one hand, by Lemma 5.5(ii) and (iii) we have, respectively

IVPi(n:di)ll,, < C*IIV(mda)ll,, and ||Pi(migs)lly-r < C™h[[V(m:di)ll,, -
On the other hand, by Proposition 2.4

C
IVmidi)ll, < IVni @illy, + [1n:i Vill,, < IVmilly, + ™ Inill,, <@+ C)IVnilly, -

Hence

&2 < (Callun —unll,, + Cshallf — fills:) IVmill,, »

which immediately implies the claim. (|

Before proving the main result we need the following Corollary of Lemma 5.2.
Corollary 5.6. Suppose the assumptions of Proposition 4.1 hold. Then, we have
the following global lower bound for the error reduction

02
lun = wall® > o un|® = Crosc(f, 9; Nu)?,

where the constants Cg and C7 depend only on the minimum angle of Ty and Ty,
C, and c,.
Proof. By Lemma 5.2 and (4.1) we have
0°E% < Z &2 <Cy Z lun — um f, + Cs Z | i (f — fz)”j;
iENH iENy iENH
< 3Cy |lun — urllp + Cs osc(f; Nm)?.

Hence,
6? C,
2 5
lun = urlly > 555 = 5 - oselfiN)*,
and the assertion follows from Theorem 3.6. O

Proof of Proposition 4.1. In view of Lemma 5.1 and Corollary 5.6, for any 6 € (0,1),
we have

2 2 2 c
(1= 08) Jlu— unllg < llu—unrlg — llun —unllg + < osca(g; Nm)”

)
2 02 2
<flu—wuglg (1- Ca + Cs osc(f,g; Nm)?.
_ &
Therefore, if § is sufficiently small such that o2 := 1—%6 < 1, we have
llu = unllq < aflu — unllg + Cosc 0sc(f, ; Na). O

We now complete the proof of the error reduction result by proving Lemma 5.5.



LOCAL PROBLEMS ON STARS 17

Proof of Lemma 5.5. Let us assume that w; is an interior star; the case of a bound-
ary star can be treated similarly and is in fact simpler. By Definition 5.4, for every
S C T, the set w? (resp. w?) depicted in Figure 4 (middle) (resp. (right)) is the
support of the piecewise linear funcion pg (resp. ¢;) € V,? that equals 1 at the
midpoint of S (resp. z;).

Q/\
Y,

FIGURE 4. Refinement of a star by bisection ensuring (4.2) (left);

wh = supp ps (middle); w! = supp ; (right).

The proof of (i) and (ii) follows that of Lemma 3.7 upon replacing IT;v, ¢s, ¢; and
¢; by Pv, s, ¢; and 1, respectively. In this vein, it is important to mention that
the construction of P;v is possible because the requirement fwi P;v = 0 corresponds
to the equation (see (3.5) in the proof of Lemma 3.7)

(/ ZIS%L,S"S>: Zfs fw,‘PS

fSQDS S fSwS

g 2 b wi K] 127 wi 4 b g K3 4 b

and wg is the union of the two elements sharing S, we deduce the solvability con-
dition

Since

El
/ -y bnle s : Lo, s _ b5 T el g fesl led g,
E
Jses s 3 12458
Regarding (iii) it is sufficient to prove
[wllg-2 < Chs |Vwll,,, Yw € Py (w;), (5.3)

which follows from the equivalence of norms on the finite dimensional space Py (w;)
and a scaling argument. The claim then follows by taking w = Pv in (5.3) and
using (ii). O

Remark 5.7. If we perform only two steps of the newest-vertex bisectioning, we
may not meet condition (4.2). Then a pathological situation could occur whenever
the center node of the star w; is the newest vertex of all the triangles in w;. In that
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case, two bisections would lead to a refinement like the one depicted in Figure 5,
which would imply a unique choice of wf, w’, ps and ;. This choice would give

s 2’ ; % 12’ ; 67 s % 47

Wi

R

FIGURE 5. Refinement of a star by two bisections whenever the
center node is the newest vertex of all the triangles (left); wh =
supp ¢ (middle); w? = supp ¢; (right).

whence

|S] lws|

fg‘Pi fiSDS |w;] Z 6 |ws| |ws|
/“’i—27‘” =% X2"E "% 21 %
Wi

5 Js s s 2 s

Therefore for fw_ P;v to be zero we need [ to satisfy

fsv“ix—sl
B0==2 T
S 2

but the right hand side will not vanish in general. For this pathological case not to
occur, it would be sufficient to refine only one of the star elements as depicted in
Figure 2. Since we would not know which one to choose, and to be fair to everyone
and thus politically correct, we decided to refine all star triangles that way.

6. OSCILLATION REDUCTION

As we can see in the proof of Theorem 4.7, to be able to obtain a bound like
osc(f,g; Ni) < BouF we need two different results. The first one is that the oscilla-
tion does not increase by refinement, and the second one is that marking elements
according to (4.3) and (4.4) implies an oscillation reduction by a fixed factor. We
present now four lemmas, which show these two results for both f and g.

Lemma 6.1. Let Ty and Ty be two triangulations satisfying Vg C V. Then
osc(f; Np) < osc(f; Nu).

Proof. Let us indicate with {¢; } ;e , the canonical basis of Vi and with {¢; }ien,,
{z;}icn, the canonical basis of V), and the set of nodes of 7p, respectively. Then,
if we define aj; := ¢;(z;), we have that

¢; = Zaji ©i, aj; >0, Vi, j, and Zaji =1,
% J
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where hereafter the sums on ¢ and j range over A, and Ny, respectively. For the

integrals that will appear in the rest of the proof, the domain of integration will

be the support of ¢; or ¢; depending on the context, and we will omit it. Since
= [ fvi/ [ i is optimal for interior nodes, we can write

[1r-120i< [15- T as P
J

This inequality is also valid for boundary nodes because o; # 0 only for boundary
J’s, for which also ff = 0.

Since }°; i = 1 and ay; > 0, by the convexity of the function s — |s|> in R,
we obtain

ose(f; M) < 372 / =3 s £
[ J
<> hf/ > ailf — [P =D /|f—fJH|2 > hiayi @i
7 7 7 i

Now, the sum on 3 is taken over all 4’s such that supp(y;) C supp(¢;) since a;; = 0
otherwise, and consequently for h; < Hj, thereby giving

osel(FiMi < S B2 [ 15 = 1P Y s
J i

= ZHJ?/lf — 1]P¢; = osc(f; Nu)®. O
7

(6.1)

Lemma 6.2 (Reduction of the Oscillation of f). Let 0 < r < 1 be the reduction
factor of element size associated with one refinement step, i.e., r is the smallest
number such that diam(T") < r diam(T") for all sub-elements T' of a refined element
T. Given0< 05 <1, let Ng C Ny satisfy

osc(f; Nu) > 65 osc(f; Nu)- (6-2)

Let Ty, be a refinement of Tu such that all the elements having a node in N are
refined. Then, for B := (1 — (1 —1?)63)"/? < 1, we have
osc(f; M) < By osc(f; Nu)- (6.3)

Remark 6.3. Using refinement by bisection, we need at least two bisections to guar-
antee r < 1. We point out that r depends only on the minimal angle of the initial
mesh, and that » < 1/2 provided (4.2) is enforced.

Proof of Lemma 6.2. If j € Ny then h; < rH; for all stars of 7}, contained in w;.
Using (6.1) we arrive at

osc(fiNi) <7 30 B} [ afPos+ Y B2 [15- 1P,

N JENE\Nx
= (1) X 17— £+ sl
jENH
< [(r* = 1)6% + 1] osc(f; Nu)®. =
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Lemma 6.4. Let Ty and T, be two triangulations satisfying Vg C V. Then
osca(g; Np) < osca(g; N).

Proof. The claim follows from the fact that Vg C Vj, and the piecewise linear
interpolant g, over 7y, coincides with the local projection of g into Vj, in the H!(9)
seminorm, whence

10-(9 — gn)llz2(sy) < 10-(9 — gm)llLes,y Vi€ Ny, zi€d. O

The following lemma is the counterpart of Lemma 6.2 for the oscillation of the
boundary data. Its proof is very similar to that of Lemma 6.2 and is thus omitted.

Lemma 6.5 (Reduction of the Oscillation of g). Let 0 < r < 1 be the reduction
factor of boundary sides associated with one refinement step, i.e., r is the smallest
number such that diam(y') < r diam(vy) for all the sub-sides ' of a refined boundary
side y. Given 0 <8y <1, let Ny satisfy

0sca(g; Nar) > 0, 0sca(g; Nar). (6.4)

Let Ty, be a refinement of Ty such that all the elements having a node in Ny are
refined. Then, for B, := (1 — (1 — 7"2)193)1/2 < 1, we have

0sca(g; M) < By 0sca(g; Nu). (6.5)

Remark 6.6. Using two bisection steps for the refinement of a boundary element
ensures a reduction factor r < 1/2.

7. WEIGHTED POINCARE INEQUALITY

In this section we present a constructive proof of Proposition 2.4, which yields an
ezplicit dependence of constants on the geometry of stars w; and makes the paper
self-contained. For interior stars, (2.7) can be obtained as a consequence of the
weighted Poincaré inequality of [10, Theorem 8.8], which actually goes back to [13].
Our result can also be derived from the element-oriented Lemmas 5.1-3 of [5] via a
contradiction argument, which does not reveal the role of stars’ geometry though.

We split the proof of Proposition 2.4 into two parts. Lemma 7.1 establishes the
result for reference boundary stars, and Proposition 2.4 then follows by scaling with
a piecewise linear transformation. Lemma, 7.2, instead, establishes the assertion for
interior stars, and Proposition 2.4 follows by scaling with a linear mapping (a
dilation) which preserves the constraint [v¢; = 0.

Lemma 7.1. Letn € N be fized and let p(z), z € [—1,1], be the polygonal function
that satisfies p(v2cos(F + &) = /2sin(F + £2), k = 0,1,...,n. Let & be the
reference star with n elements defined by

@:={(z,y) : |z| <y < p(z), -1 <z <1}

(see Figure 6), and let ¢ be the continuous piecewise linear function on & that is
equal to 1 at the origin and zero on the graph of ¢ for —1 < x < 1. Then for any
smooth function v with v =0 on {y = |z|} we have

[P sc [ vopss,

for any 0 < a < 2, where C' depends only on a.
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vz % vivi %o vi-vi o vi-vi o vz

FIGURE 6. Reference stars for boundary nodes with n elements
for n =1,2,3,4. The nodes lie on the circle of radius v/2.

Proof. Let (z,y) € @, and extend v and ¢ by zero for y < |z| and y > ¢(z),
respectively, to write

- y 2 V2 R N y 1
_ (/0 6yv(x,t)dt) g/o Vo(z, ) 2d(z, £)* dt /m e

which implies

1 V2 w(z) ry 1
2 ]
/@U(a:,y) < [1 {/0 |Vo(z, t) > d(z, )™ dt . /lw YT dtdy} dz.

Let us assume momentarily that for all (z,t) € ©

1 t _lo(z) -t
o2 5 (1) =35 (1)

Then, the assertion of the lemma follows from

/w(w)/ i o(@) "
e [ ] ()
of o Bz, 0 2|

o ()% (p(z) — |$|)2a 2¢
=2 2—a S2—04’

which holds for 0 < a < 2.

It only remains to prove (7.1). Observe first that for each fixed —1 < z < 1, the
function ¢(z,t) is a concave function of ¢ on |z| < ¢t < ¢(z) (the domain of ¢(z,-)).
For t at the endpoints of this interval we have:

(i) oz, lz]) =1 - |zl; (ii) ¢(z,¢(z)) = 0.
Let us now define h,(t) = %, i.e., hy(t) is the linear function (in t)
that coincides with ¢(z,t) at ¢t = |z| and ¢ = ¢(z), the endpoints of the interval of
interest (see Figure 7). Then, by (i)—(ii) and the concavity of ¢(z,t), we have that

¢(z,t) 2 ho(t), Vit €|z, o(2)]-
Now, since |z| < ¢p(z) < 2 —|z| on (-1, 1) (see Figure 7 (left)), we have
0 < p(z) — |z| <2 -2|z| =2(1 — |z]|), Vz € (—1,1).
Consequently,
1(1—|z z)—t T t 1 t
oe,0) 2 hoft) 2 5 CIEER =0 2 ()5 S (1 ),
where in the last inequality we used ¢(z) > 1. This completes the proof. O
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11—zl

\ \ B N
-1 x 1 T T T T t
|| 1 p(z) V2

FIGURE 7. A generic boundary reference star, and the functions
¢(z,t), 1 (1 —t/p(z)), and h,(t) for a fixed z.

To establish the result for interior stars we first observe that any interior star w;
1s star-shaped with respect to a ball B; of radius comparable with h;. That is, there
exists a ball B; C w; such that

e for all z € w; and y € B;, the segment joining z and y is contained in w;;
o the radius r; of B; satisfies r; > Ch; for some constant C solely depending on
the minimum angle of the mesh.

To prove these properties, we consider an interior star w;, as depicted in Figure 8,
and a triangle T' of w;. We realize that if » < b = hsina, then the ball centered at
z; with radius 7 is contained in the halfspace generated by the boundary side of T'
and z;. Now let p; and a; denote the minimum element side h and angle a in w;,
which in turn satisfy p; > Ch; and «; > C due to mesh shape regularity. It then
suffices to take r; = % pi Sin @;.

S
Uk

T
Ial

FIGURE 8. All interior stars w; are star-shaped with respect to a
ball centered at z; and of radius r; > Ch;.

By dilation, the star w; can be mapped into a star w; of diameter 1 which is
star-shaped with respect to a ball f?i whose radius is bounded below by a positive
constant independent of ¢ and above by 1. Lemma 7.2 states the assertion of
Proposition 2.4 for a generic star @ of diameter 1. Since the constraint [v$; =0
is preserved by a linear map, a scaling argument completes the proof.

Lemma 7.2. Let @ be a star of diameter 1 which is star-shaped with respect to a
ball B. Let ¢ be the piecewise linear function that is equal to one at the center node
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and zero outside &. Then for any smooth function v with [ v$ =0 we have

[P sc [ ivops,

for any 0 < a < 2, where C' depends only on a and the radius 7 of B.

Proof. Let B be the ball with the same center as B but with radius 7 /2. Let p be
a non-negative function in C§°(B) with [ p = 1. Then, defining o = [vp and by a
simple change of variables we have that

v(y)—ﬁ—/(v() dz—// —2) - Voly + s(z — v))p(2) ds dz
// (x)p(y+%)da)ds:/&G(x,y)Vv(x)dx,
where G(z,y) fo ( )y + 554) ds.

On the one hand, 1f y € w and if |zsy| > 2, then the integrand in the definition
of G(z,y) is 0 because in that case p(y + *2¥) = 0. Then,

1 z—y _
Gl <ol [, 5 < -yl

l=—yl &3
2

On the other hand, if z is outside the convex hull of BU{y} we have G(z,y) = 0.
Instead, if « is inside that hull, since the radius of B is 7/2, it follows that |z —y| <
C¢(z) (with C depending only on 7). Therefore,

[v( —’U|</|G£E Y)||Vu(z)| dz = /|G a/2 B(x)*?|Vo(z)| de

<C [ fo -yl pla) 2 [Vu(o)] da = K x (¢22190) (@)
@
where K (z) = C|z|™'~%/2x{|, <3} is a function in L'(R?) for any a < 2. Conse-
quently, by Young’s inequality

l[v = ol g2 < IK |l ||¢/2

Let us assume first that [ v = 0. Then ||v|[z> < |[v —9[|;. and the result is
proved in this case. If [ v¢ = 0 instead, by defining & = [, v/|@| we have

~_f<2;v_f(?)v / 1
V= T s = -
[/ le @]
1/2

1 9 v
< i olle (L= ) — i olsa,

where v < 1. Then ||3||;. < v||v||2, which by the triangle inequality implies
[ollg2 < llo =2l 2 + 18]l 2 < ClIVollya + v lollg2 s

and the claim follows. O

Remark 7.3. The assertion of Lemma 7.2, as well as its proof, is valid for any
domain & C R? (d > 2) which is star-shaped with respect to a ball B, and ¢(z) =
dist(z,0&). The proof of Lemma 7.2 is inspired by an argument of Durdn and
Muschietti [8] for finding an explicit right inverse of the divergence operator.
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8. NUMERICAL EXPERIMENTS

The purpose of this section is to illustrate with several examples the good per-
formance of the estimators introduced in §2, as well as the quasi-optimality of the
meshes generated by Algorithm C.

8.1. Implementation. For all the computations presented in this section the flex-
ible adaptive finite element toolbox ALBERT [15, 16] was used. The discrete system
(2.4) is assembled by the standard assembling tools of ALBERT, and the resulting
linear system is solved by a conjugate gradient method using hierarchical basis
preconditioning.

In order to compute the solutions 7; to the discrete local problems, we loop
around each center node, collect data about this star and assemble the small linear
system (2.8) which is solved by Gaussian elimination. Since for interior nodes a ba-
sis of P2(w;) is not directly at hand, we assemble the system in P?(w;) and impose
the constraint fwi ni¢; = 0; recall that P?(w;) stands for the space of piecewise qua-
dratic polynomials vanishing on dw;. All integrals involving only discrete functions
are computed exactly, whereas those also involving data functions are computed
element-wise by a quadrature formula which is exact for polynomials of degree 7.

In Algorithm C we have to mark nodes in such a way that (4.1) holds. This
can be easily achieved by a slight modification of the marking algorithms proposed
in [6, 11]: Let 0 < k < 1 be a given parameter, where k =~ 0.1:

Emax = max(&;, i € Ng); sum := 0; Ny :=0; v =1

while sum < 6%£% do
v o= y—k X
for all ¢ in NH\NH
if £i>')’gmax
sum := sum + &Z; Ny ::./\A/'HU{i}

We use the same marking procedure for marking nodes due to data oscillation.
Here we use the set N g of already marked nodes as an initial guess for N g and
set sum := osc(f;Ng)2, or sum := oscy(g; Ng)?. In our experiments we use the
parameters (see Convergent Algorithm C):

0:9f=9920.3 vy = vy =0.7.

In the examples that follow the new estimator &, without any scaling constants,
is compared with the Bank-Weiser estimator Egw [4] and the residual type esti-
mator Eg [18]. For getting enhanced results from the Bank-Weiser estimator, the
jumps of the fluxes have to be equilibrated [1, 2, 4, 17]. This equilibration proce-
dure additionally needs solutions of small algebraic equations on stars, and thus
extra computing time. For the comparison we only use the standard Bank-Weiser
estimator computed element-wise with quadratic bubble functions for all interior
edges. The residual-type error estimator is scaled by a factor of 0.25 in all problems.

The true error is computed by using the following identity for the solution u
of (1.2) and any ¢ € H'(Q):

lu=ol’ = [ fw-20)+ [ AVu-v(u=20)+ ol
Q oQ
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When dealing with singular solutions, this formula has the following advantages
for computing an approximation to the true error ||u — up|| by quadrature: In the
interior the gradient of u is replaced by u which leads to a better approximation.
On the boundary, the solution v is smooth (even zero) where Vu is singular.

2
2
LT >

X
RSN

FI1GURE 9. Graphs of the discrete solutions and meshes for adap-
tive cycles 1 (top left), 4 (top right), 7 (bottom left), and 10 (bot-
tom right) of the interior layer example. The diameter of the do-
main is & 2.5 and the height of the layer in the bottom right picture
is ~ 3. The scaling (0.17) of the height of the graphs is the same
in all pictures.

8.2. Example: Interior layer. The objective in this example is to illustrate the
behavior of Algorithm C when studying a problem with a rough right hand side
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| k| DOFs || Jlu—ull [[ £ /llu—usll | Ebw /Mu—ull | E/Nu — ue]l |
0 18 || 2.204e+02 0.62 0.66 145
3| 269 || 8.478e+01 0.52 0.86 1.25
6| 1225 || 3.809e+01 0.46 0.86 0.80
9| 6377 || 7.946e+00 0.85 1.76 1.12
12 | 43190 | 2.256e+00 1.02 1.91 1.27
13 | 93799 | 1.495¢+00 1.03 1.91 1.28
14 | 206422 | 9.965e-01 1.04 1.93 1.28
15 | 452991 || 6.707e-01 1.04 1.91 1.28

TABLE 1. Error and effectivity indices for the interior layer example.

and strongly varying boundary values. For this, we consider the exact solution
u(z) = arctan(60 (|z|? — 1))

for A = I, Q as in Figure 9 and boundary data g and right hand side f defined
accordingly. This solution exhibits a strong interior layer and the right hand side
f, as well as g, is rather rough. Due to a bad resolution of data on coarse grids, the
discrete solution exhibits strong oscillations (top pictures in Figure 9) which vanish
after improving data resolution (bottom pictures in Figure 9).

Table 1 presents the degrees of freedom (DOFs), error and the effectivity indices
for the new estimator (£%), the Bank-Weiser estimator (£X,,) and the residual
type estimator (££) for the k-th adaptive cycle. All estimators suffer from approx-
imating rough data f and g on coarse grids, since they ignore data oscillation. It
is remarkable that after resolving data, the effectivity index of the new estimator
E* is close to 1; recall that the Definition 2.5 does not involve any constant. As
can be seen in Figure 9 the grids obtained after some iterations of Algorithm C
are strongly graded and do not exhibit any uniformity typical of superconvergence
effects.

=
o
—

F ok [l — ]
£ ¢ osc(f; Nk)
10° ¢ =5 osca(g; Ni) L

cl
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 k

F1GURE 10. Error and data oscillation for the interior layer example.

Although data oscillation is rather big, there were no additional nodes marked
for reducing the data oscillation error. This means that in all adaptive cycles &
where nodes had to be marked due to oscillation of f, osc(f; N%) already satisfies
(4.3) where N denotes the set of nodes marked due to (4.1). The same holds for
oscillation of boundary data. The average reduction rates of |Ju — ug||, osc(f; Ni),
and oscs(g; Vi) are equal to 0.68, 0.57, and 0.53, respectively. Although data is
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rather rough, data oscillation is decreasing faster than the error (see Figure 10).
This behavior sheds light on why adaptive methods seem to converge in practice
even without taking data oscillation into account.

e — i

10° 10° 10" 10°

DOFs
FIGURE 11. Quasi-optimality of Algorithm C. The optimal decay
is indicated by the dashed line with slope —1/2.

Quite revealing is Figure 11. It shows the asymptotic relation |u — ug| =
C DOFs(k) /2 typical of quasi-optimal meshes in 2d and thus illustrates the quasi-
optimal numerical complexity of Algorithm C. In the log-log plot the optimal decay
of ||u — ug| is a straight line with slope —1/2, which is also plotted in Figure 11
for reference.

| k| DOFs || time A&S | time £* | time 5w | time £F |

12 | 43190 22.90 11.15 2.99 2.46
13 | 93799 57.27 24.78 6.43 5.33
14 | 206422 143.97 55.96 14.30 11.67
15 | 452991 343.57 125.41 31.76 25.86

TABLE 2. CPU times on an SGI O2 for assembling and solving
the discrete system (A&S), and for computing the estimators £,
Ek vy EE. The times for £* include, unlike those for £5;, and €%,
the computation of data oscillation.

Finally, we give in Table 2 a comparison of CPU times on an SGI O2 for the
four finest grids. The times shown for £¥ include, unlike those for £§y;, and £E, the
computation of data oscillation. The computation of £* requires less than half the
time needed for solving the discrete system. However, it is about four and five times
more costly than the Bank-Weiser and residual type estimator, respectively. This
accounts for the fact that each triangle belongs to 3 stars and for the additional
cost of computing data oscillation. Since the effectivity index of £* is close to 1,
this additional effort pays off in practice.

8.3. Example: Crack problem. For analyzing a problem with a singularity of
the type r'/?, we consider the domain Q = {|z| + |y| < 1}\{0 < z < 1,y = 0} with
a crack and the exact solution u in polar coordinates (r,§)

1
u(r,0) =r2sing — 1r?sin® 6.
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We solve (1.2) with A = I and f = 1, and non-vanishing boundary values g on 99Q.
Table 3 demonstrates the strong reliability of the new estimator. The effectifity
index of the new estimator is ~ 1 for all grids, whereas those of the Bank-Weiser
estimator and the residual type estimator are completely different from the previous
example. The good performance of the new estimator even on coarse grids accounts
for the fact that data oscillation is small in this example. As before, no elements
are marked due to data oscillation. The average reduction rates for |Ju — ug],
osc(f;Ny), and osca(g; Ny) are 0.72, 0.61, and 0.41 respectively (see Figure 12).
Finally, the quasi-optimality of the meshes produced by Algorithm C is shown in

Figure 13 revealing the asymptotic performance of ||u — ug| = C DOFs(k)~*/2.
|k [DOFs [| flu—uell [| £"/llu — well [ Ebw /llu — uxll | Er/llu — ukll |
0 6 || 7.839e—01 0.97 0.45 0.80
2 40 || 4.079e—01 0.99 0.58 0.77
4 124 || 2.418e—01 1.00 0.76 0.89
6 300 || 1.341e—01 1.01 0.93 0.97
8 961 || 7.403e—02 1.04 0.81 0.97
10 | 7845 || 3.024e—02 1.01 0.76 0.90
12 | 31123 || 1.561e—02 1.02 0.75 0.91

TABLE 3. Error and effectivity indices for the Crack problem.

b flu — ]
&% osc(f; Nk)

5 osca(g; Ny)
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3
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4

DOFs
FIGURE 13. Quasi-optimality of Algorithm C for the Crack prob-
lem. The optimal decay is indicated by the dashed line with slope

~1/2.
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8.4. Example: Discontinuous Coefficients. We invoke the formulas derived
by Kellogg [9] to construct an exact solution of an elliptic problem with piecewise
constant coefficients and vanishing right-hand side f. We use these formulas in the
particular case Q@ = (—1,1)%, A = a, [ in the first and third quadrants, and 4 = aoI
in the second and fourth quadrants with R = a;/a; = 161.4476387975881. For a
representation of the exact solution v and boundary values g see [11]. The solution
behaves like 70! at the origin and thus is barely in H'(Q).

Due to the large ratio of a; and as the estimator £ is underestimating the error
by 30%. Altogether, this is not that surprising since the equivalence constants are
sensitive to the ratio of smallest and largest eigenvalues of A within a star. We
stress that A is not monotone around the origin but rather presents a checkerboard
pattern that leads to the worst possible singularity.

Algorithm C produces a convergent sequence of discrete solutions with an average
reduction rate of 0.91 and 0.84 for ||u — u|| and oscy(g; Nx). Note that osc(f;Ny) =
0. Usually, only some nodes at the origin are marked for refinement, resulting
in a highly graded grid. Starting with a uniform mesh size of 1 on the macro
triangulation, the minimal mesh size after 20 iterations is =~ 6.75e—07 with 1669
DOFs in total. Figure 14 demonstrates that the grids and associated numerical
complexity are quasi-optimal: ||u — u|| = C DOFs(k)~/? is valid asymptotically
(the performance of an optimal method is again indicated by the additional straight
line).

|k | DOFs || Jlu—uell | €*/lu — uill | €aw/llu — urll | €-/Mu — ull |
0] 13| L051e+00 0.81 111 6.55

5| 133 || 5.210e—01 0.68 0.95 5.63

10| 317 || 3.306e—01 0.68 0.90 5.89

15 | 677 || 2.299e—01 0.71 0.89 6.26

20 | 1669 || 1.531e—01 0.67 0.83 5.55

TABLE 4. Error, and effectivity indices for the discontinuous coef-
ficient example.

10

e — il

10-1_ 1 1 1 1 L1 11 I 1 1 1 1 11 I‘I‘I“s“‘\_

DOFs
FIGURE 14. Quasi-optimality of Algorithm C for the discontinuous
coefficient example. The optimal decay is indicated by the dashed
line with slope —1/2.
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