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ABSTRACT. We consider the Uzawa method to solve the stationary Stokes equations discretized
with stable finite elements. An iteration step consists of a velocity update u™t! involving the
(augmented Lagrangian) operator —vA — pVdiv with p > 0, followed by the pressure update
ptl = p? — audiv u™t1, the so-called Richardson update. We prove that the inf-sup constant 3
satisfies 3 < 1 and that, if 0 = 14 pr~1, the iteration converges linearly with a contraction factor
Fac—t (20 — a) provided 0 < a < 20. This yields the optimal value @ = o regardless of 3.

1. INTRODUCTION

Given an open bounded polygon € in R?, with d > 2, we consider the stationary Stokes equations,
namely the simplest model for incompressible viscous flows:

(1.1) —vAu+Vp=1f, inQ,

(1.2) divu=0, inQ,

with vanishing Dirichlet boundary condition u = 0 on 9f) and pressure mean-value fQ p = 0. Here
the unknowns are the (vector) velocity field u € H}(2) and the (scalar) pressure p € L3(£2); the
forcing function satisfies f € L2(2) and v = Re ! is the reciprocal of the Reynolds number. In
view of the incompressibility constraint (1.2), the momentum equation (1.1) is equivalent to the
augmented Lagrangian formulation with p > 0

—vAu—pVdivu+Vp=1£f, inQ.

This equivalence is no longer true at the discrete level, where the additional operator —pVdiv
may improve the convergence of iterative methods [3]. We provide a quantitative measure of such
improvement in this paper.

The following (infinite-dimensional) Uzawa algorithm to solve the Stokes system is known to
converge for appropriate values of the relazation parameter « [2, 3, 4, 5, 6].
Algorithm 1 (Uzawa Method). Given a suitable relazation parameter o > 0 and initial guess p°:

Step 1: Find u™t! € H{(Q) as the solution of
—vAu"t — pVdiv a4+ Vpt = f, in €Q;
Step 2: Find p"™t € L2(Q) from the Richardson update

p" T = p" — avdiv u L.
Convergence of Algorithm 1 for p = 0 is proved via boundedness and coercivity of the Schur
complement operator S = —div (—A~1)V with sufficiently small « < 1 in [2, 4]. In [6] Temam

shows the convergence range 0 < a < 2 also for p = 0, but does not quite prove that Algorithm 1 is
a contraction and thus cannot find the optimal value of a. For the case p > 0, Fortin and Glowinski
prove convergence for 0 < a < 2p/v using a spectral analysis [3].

The choice of relaxation parameter o > 0 is crucial for the convergence of Uzawa method because
a small value of « yields a large contraction factor whereas a large value may lead to divergence. It
is the purpose of this note to show convergence for all 0 < a < 2(1+ p/v) and that « =1+ p/v is
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an optimal choice. This has been already instrumental in [1] for p = 0. Our analysis is in the spirit
of that in [6] for p = 0, but it gives rise to more precise bounds.
We consider now a finite element discretization. Let ¥ = {K} be a shape-regular partition of

Q of local meshsize h into closed elements K; ¥ can be highly graded though. The finite element
spaces to be used for approximating the velocity space H}(2) and pressure space L3(12) are:

Vi o= {vi, € H}(Q) : vi|x € P(K), for all K € T},

Pp, := {vi € L*(Q) : pu|x € Q(K), for all K € T},
where P(K) and Q(K) are spaces of polynomials with degree bounded uniformly with respect

to K € T [2, 4]. These spaces are compatible, namely they satisfy the following discrete inf-sup
condition: There exists a constant 3 > 0 such that [2, 4]

. (div vy, , pp)
(13) inf sup AWV VA PR g
PrEPL VRLEV vah””ph”

hereafter ||-|| indicates the L2-norm in Q. Hence, there is a unique solution (uy,pp) € Vj x Py, to
the following discrete Stokes problem [2, 4]:
(1.4) v{Vuy, Vwp) — (pp, div wp) = (£, wp), Ywy € Vp,

(div uy, , q) =0, Yqp € Py,
Proposition 1 (Inf-Sup Constant). Let 3 be the inf-sup constant of (1.3). Then we have
(1.5) B<I.

The discrete Uzawa method, a discrete version of Algorithm 1, is known to be an effective iteration
to compute (up, pr), and reads as follows [2, 4].
Algorithm 2 (Discrete Uzawa Method). For a suitable o > 0 and initial guess p) € Py,:

Step 1: Find uZH € Vy, as the solution of

(1.6) v <Vuz+1 , th> + p<div uZ“ , div Wh> — (pyy , divwp) = (£, wp), Ywp, € Vp;
Step 2: Find pZH'l € Py, from the Richardson update
(1.7) Ppth, an) = (ph » an) — av (div up ™™, qn).

In §§3 and 4, we prove the following sharp decay estimates.
Theorem 1 (Convergence Rate for Pressure). If 0 < « < 20, then Algorithm 2 satisfies

n — 1/2 n
(L.8) o = p 7| < (1= aB0~2 (20 — @) llpn — w1
where 0 := 1+ £. The same estimate is valid for Algorithm 1.
Corollary 1 (Convergence Rate for Velocity). Both Algorithms 1 and 2 satisfy

(1.9) [V (u, —up )| < v ' (1= a0 (20— )" ||l =12

Remark 1.1 (Optimal relaxation Parameter). Consider now the function f(a) = (1— O‘f; (20 —a)).

We see that Algorithm 2 converges linearly with contraction factor 0 < f(a) < 1 provided 0 < a <
20. Since the minimum of f(a) is 1 — 3% at a = o, we conclude that the optimal value of « is

a=1+ B

v

We observe that this result is independent of the domain 2, and valid for both Algorithms 1
and 2, whereas the eigenvalues of the Schur complement operator, the discrete version of S :=
div (A + pr~='Vdiv )=V, depend on Q. Tt is plausible that for a given Q and finite element pair
(V1,Pp), a special analysis would yield a better value for « since Uzawa is simply a Richardson
iteration for the Schur complement. It is also plausible that for a rectangular domain with high
aspect ratio, & = ¢ is the only choice valid for all aspect ratios. This deserves further investigation.
We also point out that (1.9) improves upon [6], where u” is shown to converge weakly in H(€2).
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2. PROOF OF PROPOSITION 1

In this section, we prove a couple of crucial properties of the divergence operator, in particular
an upper bound for the inf-sup constant 3 of (1.3). Since the following known result plays a pivotal
role in our subsequent discussion, we present its elementary proof; we refer to [6, p.140].

Lemma 2.1 (Div-Grad Relation). For all v € H}(Q), we have
(21) Idiv v]| < Vv

PROOF. Given v = (v;)%; € H}((2), there exists a sequence {v"} € C5°(Q) such that
(2.2) IV =v)||—0 as n — oo.

Since v € C§°(£2), integration by parts implies

d 2
Jav v = [ (Z%v?) dx
Q \i=1
d d
ZAZZGin?szU?dX

i=1 j=1

d d
_ /Q >3 0o, udx

i=1 j=1
d d

= /QZZwmv;’fdx = | Vv
i=1 j=1

The assertion (2.1) follows from (2.2) upon passing to the limit n — oco. [ |
Applying Lemma 2.1, we can find an upper bound of the inf-sup constant g of (1.3).

PROOF OF PROPOSITION 1. Let g, € P, be an arbitrary function. Then, the discrete inf-sup
condition (1.3) is equivalent to the existence of a function v, € Vj, such that [2, 4]

. 1
(2-3) (div v, an) = llgn]*  and Vi) < = llanl.
Then, by virtue of (2.3) and Lemma 2.1, we obtain

1
llgn|l* = (div vi, gn) < [|div val lanll < 1Vva]l lanll < Zllanll?,

which implies the asserted estimate (1.5). |

3. PROOF OF THEOREM 1: CASE p =0
In this section we prove Theorem 1 for p = 0. To this end, we use the following error functions:

n+1 n+

EZJrl =u, —u} n+1.

N
We proceed in several steps. Upon subtracting (1.6) (with p = 0) from (1.4), we have
(3.1) v(VE}"™ Vwy) — (e}, div wy) =0, Vwp, € V.

Since uy, is a discrete divergence free function, (1.7) can be written by

(32) <ez+1 3 Qh> = <6;7,La qh> —av <le EZ+15 qh> th € Ph-

If we choose wy, = E}'™, then (3.1) becomes

(3.3) V|| VEPFYP = (ef, div EFTY) = 0.



4 RICARDO H. NOCHETTO AND JAE-HONG PYO

In light of (3.2) and (3.3), we obtain

vV = = ek ek )
(3.4) 1 ) )
=~ (e 1” = > = flei = ei]*)

Consequently, we arrive at

(3.5) 200 | VEPHY|” + [t ||* = flep)® + [Jept — el
The next step is to estimate ||ef ™! — eZHQ. Choosing gs = e} ™! — e in (3.2) gives
||ez+1 — eZH2 = —av <div EZH , e}f“ — ez> < av||div EZHH ||ez+1 —epll,
whence
35) e — el < oo B | < oo VR

Replacing (3.6) into (3.5) immediately leads to
(3.7) a2 —a)|[VERHY + [lep P < lepl®
We finally prove (1.8) for p = 0. Since e} € Py, there exists a function v;, € V}, such that
(3-8) (div vy, ep) =llep]*  and ||V < %Heﬁﬂa
which is equivalent to (1.3) [2, 4]. In view of (3.1) and (3.8), we get
el = (div vp, ef)

= v (VE}", Vv,)

< v|VER [V

< SIVER e
Consequently,

(3.9) B
In light of (3.7) and (3.9), we easily obtain

&l < vER].
2 n 2 2
a2 —a)llepl]” + [lep ™" < lleqll”,
which implies (1.8) for p = 0, and thus completes the proof of Theorem 1.
On the other hand, Corollary 1 follows from (3.3) together with Proposition 1 and Theorem 1.
4. PROOF OF THEOREM 1: CASE p >0

In this section, we prove Theorem 1 for p > 0. We note that both (3.2) and (3.6) are still valid
for p > 0, because they are solely based on the Richardson update (1.7). Upon subtracting (1.6)
(with p > 0) from (1.4), we have

(4.1) v(VET Vwy,) + p(div E} T div wy) — (e, divwy) =0, Vwy, € V.
Choosing wy, = E'*! and applying (3.2), (4.1) becomes

V||VERYP + pl|div EPFY|P = (e, div En)

1
— o <ez, eZ+1 — 6Z>
1

= == (et 1” = llek I = [le ™ = ei]|*)
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instead of (3.4). In light of (3.6), we thus obtain
(4.2) 2002 (|| VER | + ZJaiv B - S iv B ) + et < e
Replacing now
— 5 [laiv B = —Z—: (IVER 1+ 2faiv B ) + Z—:HVEz’“Ilza

into (4.2), we end up with

2,,3
(4.3) 2002 <1 = ‘2“—:) (V7 + Zlaiv B3+ %) + ap” IVERH P + [lep > < el

Using inf-sup property (3.8), we deduce
lekl* = (div vi , )
=v <VEZ+1 , Vvh> +p <div E;LH'l , div vh>
< V||VEZ+1H||VV}ZH + pl|div EZ+1H |div vp|]

1 1
2 2

W[ Vva|? + plldiv va|?) (VHVE;;“HQ + p||div EZHHQ)

IN

IN

%HV@ZH (IVER 1 + 2 laiv 7)),

where we have used (2.1) for v = v, and o = 1 + £. Consequently, we infer that
2

lefll? < 7 (VBRI + 2laiv B )

and, making use of (2.1) again for v = E}""!, that

20.2

124
leR|I* <

32
Replacing these two inequalities into (4.3), we obtain

2032 av a? B2y 9 112 2
(22 (1 52) + S22 el + e P < el

ez

or equivalently,

2 2
e+t P < (1= 25 (20 = o= ) Y1l = (1= L 2o - ) Il

o2

This is the asserted estimate (1.8). The proof of Theorem 1 for p > 0 is thus complete. Finally, the
proof of Corollary 1 for p > 0 is identical to the case p = 0.
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