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Abstract

Let )V be afinite-dimensional real vector space with a finite group G acting orthogonally
on it. We address the general problem of constructing Euclidean-stable embeddings
of the orbit space V/G. Our approach builds on embeddings derived from subsets
of sorted coorbits. The main result establishes that whenever such embeddings are
injective, they are automatically bi-Lipschitz. Furthermore, we show that stable embed-
dings can be achieved in reduced dimensions, and that any continuous or Lipschitz
G-invariant map can be factored through these embeddings.
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1 Introduction

In many machine learning applications, the goal is to embed data into a Euclidean
space R via a symmetry-invariant embedding WV, which is then used as a feature
space. Ideally, this embedding should not only be invariant under a group action but
should also separate orbits and satisfy appropriate stability conditions, ensuring that
small perturbations in the input lead to only minor changes in the output or prediction.

This setting falls within the broader framework of invariant machine learning [4,
13, 15, 17, 18, 20, 26, 28].
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The most common group actions studied in this context include:

e Permutations [8, 16, 31],
e Reflections [27], and
e Translations [14].

A closely related problem is that of equivariant embeddings, where the objective
is to construct mappings that intertwine group actions on the domain and codomain
[12, 26, 29, 35, 36].

An important example of an invariant learning problem is the phase retrieval prob-
lem, originally introduced in [7], where the symmetry group is the 1-torus (a compact
abelian group). This problem has been extensively studied in both real and complex
settings [1, 2, 5, 6, 22].

Our work builds on and unifies two prior approaches:

e The max filter embedding developed in [16, 28], and
e The permutation-invariant representation introduced in [8].

A related analysis appears in [3], where the stability of generalized phase retrieval
problems is studied under compact group actions, and conditions for stable recovery
from invariant measurements are provided.

There is a deep connection between permutation-invariant embeddings and the
phase retrieval problem. For example, [6] provides sharp bounds for both the upper
and lower Lipschitz constants in real and complex settings, while [ 10] shows an isomet-
ric equivalence between the real-valued phase retrieval problem and representations
invariant under the symmetric group .

A different line of work, represented by [21], proves that for any discrete group G
of isometries acting on R?, there exists a bi-Lipschitz embedding of the quotient space
R?/G into RY, where the distortion depends only on the dimension d.

Since the initial version of this paper was made publicly available on arXiv, [30]
has extended our construction. They demonstrate that for certain compact groups, and
given a sufficient number of generic templates, the coorbit filter bank (as defined in
their work) yields injective and bi-Lipschitz embeddings.

In this paper, we prove that the sorted coorbit embeddings constructed in [9] are
globally bi-Lipschitz provided they are injective.

Organization of the Paper:

e Section 1 introduces the embedding map and the overall construction.

e Section? analyzes the upper Lipschitz bound and establishes the equivalence
between injectivity on the quotient space and stability.

e Section3 shows that a generic linear projection can reduce the target dimension
while preserving both injectivity and stability.

e Section4 presents universal factorization results for arbitrary continuous or Lips-
chitz G-invariant functions.

1.1 Notation

The sorted coorbit embedding was introduced in [9]. In this subsection, we review its
construction. Let (V, (-, -)) be a real inner product space of dimension d > 2, and let
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G be a finite group of order |G| = N acting orthogonally on V. For each g € G, we
denote the group action on a vector x € V by Ugx.

Define the orbit space V= V/ ~, where two vectors x, y € V are equivalent
(x ~ y) if there exists g € G such that y = U,x. The orbit of a vector x is denoted
by [x] = {Ugx | g € G}.

We endow V with the following natural metric d : VxV >R

d([x], = min |Uyx—U, = min|jx — U,y|. 1
(x], yD hl{rﬁlrécll X o gggllx Pdl e

With this metric, (f), d) becomes a complete metric space.

Our objective is to construct a bi-Lipschitz Euclidean embedding of the metric
space (V, d) into a Euclidean space R™. Specifically, we aim to construct a function
W : )Y — R™ such that

1. Invariance: ¥(Ugx) = W(x), Vx € V, Vg € G,

2. Orbit separation: If x, y € V are such that W (x) = W(y), then there exists g € G
such that y = U,x,

3. Stability: there exist constants 0 < a < b < oo such that forall x,y € V

ad([x], [yD* < ¥ (x) —¥O)|? < bd([x], [y]D)*

The invariance property (Item 1 above) allows us to construct a well-defined func-
tion on the quotient space V = V/ ~ via

UV R U(x]) = ¥x), Vx]leV.

If the G-invariant map W satisfies the orbit separation property (Item 2 above), we
say that it separates G-orbits in V.

Our construction of the embedding W is based on a non-linear sorting operator |,
defined as follows.

Notation 1.1 Let | : R” — R’ be the map that takes a vector and returns its coordi-
nates sorted in non-increasing order:

x eR " | x = e@)i<i<rs Xo() = = Xo(r)

for some permutationo : {1,...,r} = {1,...,r}.

Foraninteger p € N,let[p] = {1, 2, ..., p}. Foraset S, |S| denotes its cardinality.
Fix a p-tuple of vectors w = (wy,...,wp) € VP. Foreachi € [p]and j € [N],
define the scalar-valued function ®,,, ; : VV — R as follows:

Dy, j(x) = j-th coordinate of | ((Ugw;, X))geG-
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Next, let S C [N] x [p] be an index set of size |S| = m, and for each i € [p],
define S; = {k € [N] | (k,i) € S} (the i-th column of S). Let m; = |S;|. Then,
nm = ip:1 m;.

Notation 1.2 The sorted coorbit embedding Py, s associated with the windows w €
VP and index set S C [N] x [p] is given by

Qw5 :V = R", Oy 5(x) = [{Pu,,j(X)}jes)s - -5 {Pu,. j(D)}jes,] € R™. (2)
Let £ : R — R? be a linear map.

Notation 1.3 The embedding Wy, s ¢ associated with the windows w € V?, index set
S C [N] x [p] and linear map £ : R" — R is given by

Wyse =00 Py s:V—> R, Wy ge(x)=Dy,s(x)). 3

In this paper, we focus on stability and universality properties of the maps @y g
and Wy s ¢.

Informally, our main results (Theorems 1.5, 1.7, 1.8 and 1.9) can be summarized
as follows:

1. Injectivity implies (bi-Lipschitz) stability: If the embedding separates orbits,
then it is automatically bi-Lipschitz with respect to the quotient space metric.

2. Dimension efficiency: A stable, bi-Lipschitz embedding can be achieved in a
Euclidean space of dimension at most twice that of the input space.

3. Universality: Any continuous or Lipschitz G-invariant map can be factored
through the coorbit embedding Py s.

Remark 1.4 Figure1 provides a schematic illustration of the proposed embedding
scheme.

For the rest of the paper, we will use ®; ; as shorthand for @, ;, and the two
notations will be used interchangeably.

D 5([x])
....... ] e ] o Pus(le)
el s e o
Rl R AR S A I
wl o P Codys(ly)
% R" e

Fig.1 Proposed embedding scheme
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1.2 Main results

In this subsection, we summarize the key results of this paper, which concern bi-
Lipschitz stability of embeddings, dimensionality reduction, and universality of G-
invariant maps.

Theorem 1.5 Let G be a finite group acting orthogonally on the vector space V. For
fixedw € VP and S C [N] x [p], where |S| = m, suppose that the map <I>w s V-
R™ is injective on the quotient space V= V/G. Then, there exist 0 < a < b < o0
such that forall x, y € V,

ad([x], [yD < [Py, s(x) — Py s(Vl2 < bd([x], [¥]).

Corollary 1.6 When injective, the max filter bank embedding is bi-Lipschitz. Specifi-
cally: Let G be a finite group acting orthogonally on' V. Let Spqy = {(1,1) | i € [p]} C
[N] x [p] be the index set that selects, for each window w;, the maximal (ﬁrst sorted)
coorbit coordinate. Suppose the max filter bank embedding ®y, s, : V - R?,
defined by
Dy 5,0 (X)) = (max <Ugw,-,x>) :
geG

i€lpl

is injective. Then, wa, Sy LS bi-Lipschitz, that is, there are 0 < a < b < oo such that
foreveryx,y €V,

a d([x], [yD) < 1w, 5,0 () = P, 5,0 (W 2 = b d([x], [y]).

Theorem 1.7 Let {Ug | g € G} denote a representation of a finite group G of order
N acting by isometries on the real vector space V of dimension d. Let Vg = {x €
V | Ugx = x Vg € G} denote the linear space of vectors invariant under this
representation, and let dg = dim(V) denote its dimension. Let w € VP and S C
[N] x [p] so that q)w s :V —> R™ s injective on the quotlent space V. Then, for a
generic linear map £ : R™ — R24=46  the map \I/w’syg =/{o CDW,S Y — R2M-dg jg
injective and bi-Lipschitz. Here, “generic” refers to a property that holds on an open
dense subset in the Zariski topology over the space of matrices.

Theorem 1.8 Assume that for some S C [N] x [plandw = (w1, ..., wp,) € VP, the
map dA>w, s : V — R™ is bi-Lipschitz on the quotient space V = V|G, with (upper)
Lipschitz constant b = Lip(<i>w, s) and lower Lipschitz constant a > 0.

1. For every Lipschitz map F : V — H into a real Hilbert space H, there exists a
Lipschitz map T : R™ — H such that F([x]) = T(®,, s(x)) for all x € V, with
Lipschitz constant Lip(T) < L—ll Lip(F).

2. Conversely, for any Lipschitz map T : R™ — H, the map F : V> H, F([x]) =
T (®y s(x)), is well defined (as T o &y, 5 is G-invariant) and Lipschitz, with
Lipschitz constant Lip(F) < b Lip(T).

@ Springer



92 Page6of36 R. Balan, E. Tsoukanis

Theorem 1.9 Assume that, for fixed S C [N] x [plandw = (w1, ..., wp,) € V*, the
map &Dw,g (V> R™ s bi-Lipschitz on the quotient space V= V/G. Let L denote a
locally convex topological vector space. For every continuous map F : V — L, there
exists a continuous map T : R™ — L such that F([x]) = T (®y s(x)) forallx € V.
Furthermore, T (R™) is contained in the convex hull of F (f/).

Remark 1.10 In [11], we generalize Theorem 1.5 to the case where the embedding
has the form A o ®y, g, where A is a linear map.

Remark 1.11 In [9], we study under which conditions the map ﬁ)w,s c Y — R™ s
injective on the quotient space V = V/G.

2 Stability of the embedding

Suppose that for w = (wy,...,wp) € VP and § C [N] x [p] the map ﬁ)w,s is
injective. In this case, we claim the map <i>w, s is also bi-Lipschitz (Theorem 1.5). An
estimate of the upper Lipschitz constant b is given in Lemma 2.1.

Corollary 1.6 follows from Theorem 1.5.

The proof of Theorem 1.5 is contained in the next two subsections.

2.1 Upper Lipschitz bound

Note that @y g is Lipschitz because it is a composition of Lipschitz maps. It remains
to estimate the Lipschitz constant.

Lemma 2.1 (Upper Lipschitz bound) Consider a finite group G of size N acting
orthogonally on V. Letw € VP and S C [N] x [p]. Denote

P
Ty, T
B= mix dmm (Z S Ugwu! U] ) ,

. i=1 g€o;
loi |=m;,Vi '

where S; = {k € [N] | (k,i) € S} and m; = |S;|. Then, CiDW,5 : (f/, d — R"is
Lipschitz with upper Lipschitz constant </ B.

Proof For fixedx,y e V,i € [p], j € S;,lety; ; : [0, 1] — R, where
Vi j(@) = @; j(1 —)x +1y) = (1 = D)x + 1y, Ugywi).

Here g(#) denotes a group element that achieves the j-th coordinate of the
sorted coorbit of the vector (1 — f)x + ty, that is, ®; ;((1 — Hx + ty) =
((I =0)x +ty, Ugryw;).

The function v; ; is Lipschitz, being the composition of the ||w; ||-Lipschitz map
®; ; with an affine path; hence it is absolutely continuous and differentiable almost
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everywhere. Notice that

d
d—tl/fi,j(l) = (y —x, Ugyw;)

for almost every ¢. Specifically, 1; ;(¢) is differentiable at all # € [0, 1] such that there
exists € > 0 so that g|(;—¢, ;1<) can be chosen to be constant. Such a choice is possible
for all but finitely many ¢: the N functions ¢t +— ((1 —#)x +ty, Ugw;) are affine, so
two of them either coincide identically or cross at a single point, and away from the
finitely many crossing points a single sorting permutation of the coorbit remains valid
on a neighborhood.

By the fundamental theorem of calculus, we get

1
d
;5 (y) — Dp (1) =/0 @y ((1 = x4 ) dr

Therefore, writing g it for the element g(¢) chosen above, to make its dependence
on j explicit (the dependence on i is kept implicit),

1
‘Di,j(y)—cbi,j(x):/ (y —x, Ug; ,wi) dr.
0

Note that, for each fixed ¢, the group elements g; ;, j € S;, can be chosen pairwise
distinct (choose a sorting permutation of the coorbit), so that 0;(¢) := {g;, | j € S;}
satisfies |o;(t)| = m;. By Minkowski’s integral inequality, applied jointly over all
coordinates (i, j) withi € [p], j € S,

4 | 2\ /2
w5 = Ewsl = | XX | [ 00 =, Ug i
i=1 jes; 170
1 (P 12
5/0 DDy —xUg,w)? | di<VBlx -yl
i=1 jes;

where the last inequality follows from
P P
DD y=x Ugwi)?=G-0"[ Y > Uwiw[ U] | v—x)<Blly - x|*.
i=1 jes; i=1 geoi (1)
Hence, choosing representatives x € [x], y € [y] so that d([x], [y]) = |lx — yll,

| @y, 5(x) — Pw.s(MII* < Bllx — y[I* = Bd([x], [yD*.

O
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2.2 Lower Lipschitz bound

We prove the lower bound by contradiction. Assuming the lower Lipschitz constant
vanishes, we produce a pair of sequences whose @y, s-images collapse relative to
their quotient distance, concentrate them near a single unit vector z; (Lemma 2.7),
and then, one direction at a time, extend this single direction to an orthogonal family
Z1, - - . , 24 along which separation keeps failing, the “robotic arm” of Fig.2. Once the
family spans V), the vanishing of the lower Lipschitz constant forces a unit vector Z
to be orthogonal to all relevant coorbit filters. A small translation of Z‘le zr along Z
then yields two distinct points with the same embedding, contradicting injectivity.

Each step of this construction perturbs a partial sum ), z, by a small amount, so
we first record how the sorted coorbit coordinates react to such perturbations. Two
quantities attached to each coordinate (i, j) govern this: the set L/ (x) of group
elements that realize the j-th sorted value, and the gap A’/ (x) separating that value
from the others. Lemmas 2.2-2.5 describe how L’/ and A’/ behave under rescaling
and under small additive perturbations, and these are the invariances the induction
uses.

2.2.1 Geometric analysis of coorbits

First, let us introduce some additional notation. For fixed i € [p], j € [N]andx € V,
we define the following non-empty subset of the group G:

L' (x) = {g € G | {x, Ugwi) = &;; (1)} “
This represents the collection of group elements that achieve the j-th position of

the sorted coorbit | ((Ugw;, X))geG-
Consider also the map

A Gy = | et (WUgwi, X) = iDL #G o)
Tl if L/ (x) = G.

Fig.2 The robotic arm method
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Here and in what follows, we assume that w; # 0 for every i € [p]. This loses
no generality: a window w; = 0 contributes constant (zero) coordinates to Py s,
which affect neither injectivity on the quotient space nor any Lipschitz bound, so such
windows can be discarded.

Lemma2.2 Foranyx €V, i € [p], and j € [N],

g € G | (Ugwi, x) > @; j(0)}| < j—1 (6)
and

l{g € G | (Ugwi, x) < ®; j(x)}| < N —j. (7

Proof By definition ®; ;(x) is the j-th largest among the values {{U,w;, X)}¢eG-
Hence at most j — 1 of them are strictly larger than ®; ;(x), which is Equation (6);
and at least j of them are > ®; ;(x) (the top j sorted entries), so at most N — j are
strictly smaller, which is Equation (7). O

Note that for any wy, ..., w, € V\ {0} the subset L"/ (x) C G has the following
“nestedness” property.

Lemma 2.3 (Nestedness of active sets) For any x, y € V such that ||y < 3 A" (x),
we have that L'/ (x + y) C L' (x). Furthermore,

{g€G | (Ugwi,x) > P j(x)} C{g e G| (Ugwi,x +y) > D j(x +y)},

g€ G| (Ugwi,x) < ®; j(x)} C{g e G| (Ugwi,x+y) < j(x+y}
{8 € G| (Ugwi,x +y) > ®; j(x+y)} ClgeG|(Ugw;,x) > D; j(x)}

and
g€ G| (Ugwi,x +y) <D j(x+y)} Cl{geG|{(Ugwi,x) <P j(x)}

Proof Assume there exists g € G such that g € L’/ (x 4+ y) but g ¢ L'/ (x). Assume
first that (Ugw;, x) < ®; ;j(x); the opposite case (Ugw;, x) > @; ;j(x) is handled
by the mirror argument, run with the set Uy ; Li*(x) (which contains the bottom
N — j + 1 sorted entries, hence at least N — j 4+ 1 elements) and (7) in place of
Uk<;L*(x) and (6). So, for every h € Ug<; LI (x)

(Unwi, x +y) = (Ugwi, x + y) > (Upw;, x) — (Ugw;, x) — 2|y |w;l
> [lwi [AY (x) = 2]yl lJw; || > 0.
Here the; spcond inequality holid.s because (Upw;, x) > ®; ;(x) whil'e,. by the defi-
nition of A"/ (x) and since g ¢ L/ (x), ®; ;j(x) — (Ugw;, x) > ||lw; || A"/ (x); the last
(strict) inequality follows from the assumption ||y| < %Ai *J (x). On the other hand,

(Ugwj, x +y) = ®; j(x + ). Thus,

U<, L™F(x) € {h € G | (Upw;, x +y) > &; j(x + y)).
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But the set Uy < Li"*(x) contains at least j elements (the top j sorted entries), and
so we obtain a contradiction with Lemma 2.2, Equation (6).

It remains to verify the four displayed inclusions. Inclusions three and four are the
contrapositives of the second and first, so it suffices to prove the first two. Since the
action is orthogonal, ®; ; and each map (U, w;, -) are Lipschitz with constant ||w; ||, so
both [®; j(x +y) — ®; j(x)| and [{(Ugw;, x + y) — (Ugw;, x)| are < %||w,~||A”/(x).
If (Ugw;, x) > ®; j(x),then g ¢ L'/ (x) gives (Ugw;, x) > ®; ;(x) + w; | A"/ (x),
whence o

(Ugwi, x +y) > @ ;) + 5[ wi| A (x) > @i j(x + ),

which is the first inclusion; the second is identical with all inequalities reversed. O

Lemma 24 Fori € [pland j € [N], fixvectors x, y € V and positive numbers c, ¢2
such that max(cy, c2)||y|l < %A‘*J (x). Then, L'/ (x + c1y) = L'/ (x + c2y).

Proof Assume there exists g; € L'/ (x 4+ cpy) with g1 ¢ L'/ (x + c1y). Assume first
that (Ug,w;, x +c1y) < ®@; j(x + c1y); the opposite case is handled by the same
mirror argument as in the proof of Lemma 2.3, via U, > ; LT (x + c1y) and (7). The
set UrSjLi"(x + c1y) consists of those h with (Upw;, x +c1y) > ®@; j(x + c1y),
so it contains the top j sorted entries and |U,5j LV (x + cly)| > j; moreover g| ¢
Uriji”(x +c1y), since (Ug,w;, x + c1y) < ®; j(x+c1y). On the other hand, from
Lemma 2.2, Equation (6),

|{h € G | (Unwi.x +c2y) > i j(x +ap)} < j— 1.
Hence
Ur<jL"" (x + c1y) \ {h € G | (Upwi, x + c2y) > @i j(x + c2y)} # 0.
Therefore there exists 1 € U, <; L (x + c1y) such that
(Upwi, x + c2y) < @; j(x + c2y) = (Ug,wi, x + c2y). 3

Moreover, by Lemma 2.3, g; € L'/ (x).
Butif (Upw;, x) — (Ug,w;, x) > 0, then

(Unwi, x + c2y) — (Ugywi, x + c2y) = [[w; (A" (x) — 2]l y[l) > 0,
which contradicts (8). If (U, w;, x) — (U, w;, x) < 0, then

(Ug wi, x + c1y) — (Upwi, x +c1y) = wi (A" (x) = 2¢1]ly])) > 0,
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which cont_ra}dicts h e Uriji”(x + c1y). Therefore (Upw;, x) = (U, w;, x) and
thus & € L'/ (x). But then
0> (Upwi, x + c2y) — (Ug wi, x + c2y) = (Upwi, c2y) — (Ug wi, c2)
= C2(<thi3 )’> - (Uglwis y))

and

0 < (Upwi, x +c1y) = (Ugywi, x + c1y) = (Upw;, c1y) — (Ug,w;, c1y)
= c1((Upwi, y) — (Ug w;, y)).

These contradict each other since ¢, ¢; > 0. This proves Li-J (x+c2y) C LiJ (x+
c1y); the reverse inclusion follows by exchanging the roles of ¢ and c¢», since the
hypothesis is symmetric in them. O

The induction uses two kinds of perturbation of a partial sum er‘: | Zr: rescaling
the components to ), a,z, with each a, close to 1, and adding a small vector e.
Lemma 2.5 shows that under both of them the active sets L'/ are unchanged, while
the gaps A’/ change by at most a fixed factor. This is what lets us carry a whole
neighborhood of ), z,, rather than a single point, through the argument.

Lemma 2.5 (Perturbation of active sets and gaps) Fix w; € V \ {0} and j € [N]. For
any k > 1, fix z1 € V of unit norm, ||z1|| = 1, and choose arbitrary vectors 2o, . . ., Zk
that satisfy only the norm conditions

l
L 1
n(— sJ _ —
122411 = min(; A (Elzr), gzl vielk—1].
r=

Denote 8/ = min (%, ﬁAi’j(Zle Zr)). For any scalars ay,...,ar €
(1 — 81+ Si’j), the following hold:

1. Ifg, 8 € Li’j(zlle zr) then

k k
(Ugwi, Y arzr) = (Ugwi, Y arzr).
r=1 r=1

2.
LIz =LY 2. ©
r=1 r=1
3.
1 .. k .. k .. k
ZA”(Z; arzy) < A“J(X; Z) < 4A"J(Zlarzr). (10)
r= r= r=
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4. Foreverye € V with |e| < %Ai’j(zljzl ),

k k
Li’j(z arZr +e)= Ll’j(z zr +e). (1D

r=1 r=1

Remark 2.6 Note that this lemma allows us to choose arbitrary directions for the
vectors z2, ..., Zx. The conclusions of the lemma remain valid even if zp = --- =
zZk = 0. On the other hand, the norm conditions

1
lzi41ll < ZIIZIH and [[z1]| =1

ensure that the sum Zf:l z; can never be zero. Hence,

l

A"»-/’(er) =0 foralll e [k].

r=1

Proof We first record an estimate that will be used repeatedly. Since ||z1]] = 1 and
lzr411l < §liz-ll, we have Y5z, ]| < §, hence

k k k k
ij 8 i NN, 1o
2§|1 —a|lzr |l <28 fgnzrn <o =A f(ézr) <5A f(gm.
(12)
In particular ||Zf=1(ar - Dzl < %Ai,j(zlrle Z), so Lemma 2.3 applies to the

perturbation Y"_, (a, — 1)z, of 3-¥_, z,; this is how Lemma 2.3 is invoked in part 2

below.

1. Note that by the norm conditions on z, and Lemma 2.3, if g1, g2 € L"’-"(Z]r‘:1 Zr),
then (Ug,wi, Y\, 2) = (Ugywi, Y h_; 2,) VI € [k]. Starting with [ = 1 and
proceeding recursively, we get (Ug, w;, z,) = (Ugw;, z,) Yr € [k]. There-
fore (Ug wi,a,z) = (Ugw;,a,z,) Vr € [k] and so (Uglwi,zlrczla,zr) =
(Ugwi, Yy arzy).

2. “C”. From Lemma 2.3, we have that L/ (Y*_, a,z,) ¢ LV (XF_, 2,).

“D”. Let g1 € Li’j(zlr{zl z,). Take any g» € Li,j(zlrle arzr). By Lemma 2.3,
g1 € L"’JA(Z];:1 Zr), and from part 1 of this lemma,

k k
(Ugl wi, Zar1r> = (ngwi» Zarzr)~
r=1 r=1

Therefore g, € L/ (Zle a,z,), which proves the other inclusion.
3. Case 1. Suppose L’/ (Z’;:I z-) = G.By part 2 of this lemma, L'+/ (Zle a,zr) =
LiJ (Zle z;) = G,soboth AlJ (Zle z,) and AlJ (Zle arz,) are given by the
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L»J = G branch of the definition, namely Hw_l,l\ 1%, 2| and m IF vzl
respectively.

Moreover, since |a, — 1| < 8/ < % for every r € [k], we have aj,...,a; €
(7/8,9/8). Therefore,

k
A’vfgarzr) ||Z rzrn_g“ (anrn) P

and
AT apz)= ”nZrr||_”—<—||m||——Z||zr||) el
r=1 Wi Wi
Similarly,
o k
AN ) = ||Z r||_” T (ann) LA
r=1
and
o k
AN ) = ||Z vz (nzlu —Zuzru) mn a1l
r=I1 Wi
So,
& 3
A (Y arz) < lz1ll < lzill < AY (Y z)
4 ; 81wl 3|| il Zl
<= < ||Z1||<4A'f<2arzr>
3wl i | ~

which is exactly (10). .
Case 2. Now assume that L"/(3%_ z,) # G. By part 2 of this lemma,

LU (Yr_ arzy) = LY (X0 ) # G. N
For the lower bound, fix g; € G that achieves A"/ (Zle a,zry), i.e.,

k k k
1 .
mHUglwl" Y arz) — 0 ;O arz)l = A () arz).
! r=1 r=1 r=1

and g, € Li’j(zljzl arzr). In particular gy ¢ Li’j(zljzl arzy) = Li'j(zlrczl Zr)
while g5 € Li'j(zlﬁzl z+), hence

k k k
1 .
_”w” (Uglwis § Zr) — <Ug2wis E )| = Al’](E Zr).
! r=1 r=1 r=1
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Then, using (12),

k
Al](zarzr) - ' Ug wi, Zarzr ) — (Ugwi, Zarzr)
l
”w”' glw,,er ngw,,er —2Z|1—ar|nzrn
l
.. 1 ..
zAw;m —2;|1 —arllzr ] > EA”/(;@).

For the upper bound, we evaluate the perturbed quantity at a group element that
achieves the minimum for the unperturbed vector. Fix hy ¢ L'/ (Z’;Zl z) that
achieves Ai'/(Zle Zr), 1.€e.,

k
Up, wi, er - (bi,j(ZZr)
”wz || p—

k
=AM (Y 2,
r=1

and let hy € L (Y*_, z,), so that &; ;(X*_,2,) = (Unywi, Y5_, z,). By
part 2 of this lemma, h; ¢ L'/ (Zf:1 a,z;) and hp € LY/ (Zle arz,), so that

@i’j(Zle arzy) = (Up,wj, er;l a,z,). Therefore, by the definition of A’/ and
(12),

k k
<Uh1wiv Zarzr) - (thwi» Zarzr)
S Uhlw,,er thw,,er +2Z|1 arlllz|

l
=A'*f<2zr> + 22 11— arlllzll < zA"’f@zr).
r=1 r=1 r=1

k
. 1
A arzy) ST
2 T

Therefore,
1 k k k
EA”(; ) < A“/(; arz,) < 2A'*f(; ),

which in particular implies (10).

4. By Lemma 2.3, Li'j(Zle zr+e) C Li’-/(Zle z,) and Li'j(zlle a,zr+e) C
L (XF_ | a,2,); by part 2 these two sets coincide, so put L := L/ (3 F_, z,) =
L (XF_ arz,). Both L (XF_, 2, 4+ ) and L* (X*_, a,z, + e) are thus con-
tained in L, and it suffices to show they single out the same elements of L.
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By part 1, for g € L the values & := (Ugw,-,zllezr) and @ =
(Ugwj, Zle arz,) are independent of g. Hence for every g € L,

(Ugwy, Z]r(':l zr +e) — (Ugwy, Zf:l a7 +e) = -,

a constant independent of g: the two coorbit functions, restricted to L, induce the
same order on L.

The elements ranked strictly above L are also the same for the two sums. The two
perturbations Zf: 1(a, — 1)z, and Zle (1 — a,)z, have the same norm, and by
the middle estimate of (12),

k k k
—1 < 1 — _Al JJ < _Az Vi ,
||§(ar )zl < ; arllizrll < T (er) < (2&)

while part 3 gives %Ai’«/(zljzl arzy) > %Ai*-i(Zle zr). Hence this perturba-
tion has norm smaller than half the gap at both base points, so the inclusions of
Lemma 2.3 apply at the base point ) ,_, z, with perturbation er‘:l(ar — Dz,
and, in the reverse direction, at the base point Zle arz, with perturbation

Sk (1 —ay)z,, yielding
(g €G | Uewi,Y*_12) > @) =g € G| (Ugw;, Y¥_ arz,) > @');

callits cardinality M < j—1.Since|le]| < 1x A"/ (X5_ z,) < $AW(XE_ avz))
(part 3), adding e keeps each such element strictly above every element of L, for
both sums; the identical estimate keeps every element ranked strictly below L
strictly below it. Hence position j is still attained inside L (note that M < j — 1
and j < M+ |L|, since at the unperturbed vectors the j-th sorted value is attained
on L): Li’j(Zle Zr + e) consists of the elements of L attaining the (j — M)-th
largest value of g — (Ugw;, Zf:l Z, + e) on L, and likewise for Zle arZr te.
As these two functions differ on L only by the constant ® — @', they select the
same elements. Therefore

LYk 2+ o) = L (TS arzr o).

2.2.2 Positivity of the lower Lipschitz constant

We now prove that the lower Lipschitz bound must be positive if the embedding map
® s is injective. The proof proceeds by contradiction.
The strategy is as follows: assume that the lower Lipschitz constant is zero.

e First, we find a unit-norm vector z; where the local lower Lipschitz constant
vanishes.
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e Next, we inductively construct mutually orthogonal vectors z», ..., z4 such that
for each k the local lower Lipschitz constant vanishes at the sum Zle Zr, and
the active sets L/ of the sum are well separated (the “robotic arm” construction,
Lemma 2.14).

e When k = d, the vectors {z, ..., zg} form a basis of V. From the vanishing limit,
we obtain a unit vector Z satisfying (Uyw;, Z) = 0 for every g in the relevant
active sets. Choosing a small € > 0 and comparing Z'f:] z, with Z'le 7 + €z
yields two distinct points whose images under @y, s coincide, contradicting the
injectivity of ®y,s.

We begin by showing that if the lower Lipschitz bound is zero, then this bound can
be achieved locally. We say that the local lower Lipschitz constant of @y, s vanishes at
z € V if there exist sequences (x),, (V,), in V with x,, » y, for all n, lim,_, o x, =
lim;,, o ¥» = z, and

i 1 Pws () = P sl _
1m =
n—00 d([x,], [yn])2

Lemma 2.7 (Base case: Localizing the degeneracy) Fixw = (w1, ..., w,) € V¥ and

S C [N] x [p]. Assume that &JW’S is injective. If the lower Lipschitz constant of the
map ®y, s is zero, then there exist sequences (xXy)n, (Yn)n inV such that

|Pw,5(xn) — Puw s>

im 5 =0
n—00 d([x.], [y»D
and which, additionally, satisfy the following relations:
1. (convergence) They share a common limit 71,
lim x, = lim y, = z1, (13)
n— o0 n—oQ
2. (boundedness) For all n:
Ixall =1 (14)
yall =1 (15)
3. (alignment) For all n:
lxn — yull = gélg”xn - Ugyn” (16)
lxn —z1ll = géi(l;lllxn — Uz || (17)
lyn —z1ll = ggg”)’n — Uzl (18)
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Proof Because the lower Lipschitz bound of the map ®y, s is zero, we have that

1 Pw.s(x) — Py s
in = 0.
x,yeV d([x], [Y])z

Xy

Thus, we can find sequences (x;),, (Yn), in V such that

i [ @y, 5(xn) — Pw.sV) 1>
im =0
n—00 d([x,], [ya])?

Now, notice that for all # > 0, we have Oy s(tx) = t Py, s(x) and d([tx], [ty]) =
td([x], [¥]). So, for every ¢t > 0,

”(Dw,S(xn) - QW‘S(Yn)Hz _ ”q)w,S(txn) - 4>w,s(fyn)||2
d([x,], [yn])2 d([zx,], [tyn])z

By setting
1

t=————,
max([lxal, [yl

we can assume without loss of generality that both x,, and y, lie in the unit ball.
Moreover, since the formulas are symmetric in the two sequences, we can further
assume that one of them, say (x,),, lies on the unit sphere. That is,

lxall =1 and |ly,]l <1 foralln e N.

By compactness, we can find a convergent subsequence (xy, ) of (x,), with x,, —
Xoo- Similarly, we can find a convergent subsequence (yy, K )1 of (yu, )k with y, i > Yoo
Clearly, x, y > Yoo For ease of notation, we denote the sequences (x;, k] )7 and (y, K )i
by (x,), and (y,),, respectively.

Next, suppose that xoo * Yoo. Then,

“CDW,S(xOO) - cDW,S(.)’OO)”2 — lim ”q)w,S(xn) - CI:’W,S(yn)”2 _
d([xoo], [Yoo])? n—00 d([x,], [ya])?

3

and thus, QP s(xe) = Pw, s(Yoo), Which contradicts the injectivity assumption.
Hence, xoo ~ yoo-

Now, let us denote by goo a group element such that xoo = U, yoo. Observe
that lim,, . o [[x, — Ug, yull = 0. For each n € N there exists at least one element
gn € G that achieves the quotient distance between x, and U, y,, i.e., satisfying
d([x,], [Ugeoyn]) = lIxn — Ug, g0 ¥ull. But G is a finite group, so there must exist an
element go € G for which g, = g for infinitely many n. Let (n,,),, be the sequence of
all such indices. We see that d([x,,, |, [Ug. Vi, D) = I1%n,, — Ugggo Yn,, || forallm € N.
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Finally, for every m € N, let g,, € G be a group element that achieves the quotient
distance between x,,, and xo, that is,

d([xnm]: [x0]) = ||Ugmxnm — Xooll-

Denote Uy, x5, by X and Uy, ¢y 6 Yn,, BY Ym s fOr €ase of notation we re-index these
sequences by n and keep denoting them (x,), and (y,),. So far we have obtained two
sequences (x,), and (y,), thatsatisfy (13—17). Now let ,, € G denote a group element
such that d([y,], [z1]) = lly» — Un,z1ll. Since G is finite, pass to a subsequence
(again indexed by n) so that h,, = hq for some ho € G. Therefore d([y,], [z1]) =
Iyn = Unozill < llyn — z1ll. But lim, 00 y» = z1. Thus, Upyz1 = z1. This shows
(18), and the lemma is proved. O

In what follows, we will denote by H (z) the stabilizer group of z; recall that
H(z) ={ge G| U=z}
For a fixed nonzero vector z, we define the strictly positive number

_ | mingeg\mr)llz — Ugzll, it H(z) # G
po(2) = { Izl if HZ) = G.

The following elementary observation shows that a sufficiently small perturbation
cannot enlarge the stabilizer.

Lemma 2.8 (Small perturbations do not enlarge the stabilizer) Let z € V \ {0} and
e €V with |e| < %po(z). Then, H(z +¢) C H(2).

Proof If H(z) = G then po(z) = ||z]l, so fle]l < 1|zl and z + e # 0; the claim
H(z+e) € G = H(z) is trivial. Otherwise, let g € G \ H(z). Then,

[Ug(z+e) = (z+ o)l = [Ugz —zll = |Uge — el = po(z) — 2[le]| > O,

sog ¢ H(z+e). Hence H(z + ¢) € H(z). O

Remark 2.9 Consequently, if zy, ..., zx satisfy [lzj41]] < %00(21,21 zr) forall [l e

[k — 1], then, applying Lemma 2.8 repeatedly with z = erzl zrand e = 741,
HO oy 2) SHQ T 2) € -+ € Hz).

In particular, every g € H (ZI;ZI zr) fixes each partial sum erz 1 Zr» and hence

fixes each increment z; = erzl Zr — er_:ll zr: Ugzy = zg forall I e [k].

Assume Nj is large enough so that || x,, — z1 || < épo(zl) and ||x, — yull < épo(zl)
for all n > Ny. Then,

po(z1)
lyn = z1ll < llyn = X0 ll + llxn — 21l < 7
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Remark 2.10 InFig. 3, weillustrate how the sequences (x,,), and (y,), are constructed.

Lemma 2.11 (Alignment) Let z € V \ {0} and let u, v € V with |lu||, ||v|| < %po(z).
Let x = z+u and y = z 4+ v. Then, the following properties hold:

1. d([x], [z]) = llu|| and d([y], [z]) = ||v]|, and
2..d([x], [yD = mingeH(z)”” - Ug”” = mingeH(z)”Ug” — vl

Proof 1. If u = 0, then the claim is trivial. If u # 0, then d([x],[z]) =
mingeg ||x — Ugz|l = mingegllz — Ugz + ull < |lull. On the other hand, suppose
the minimum is achieved for some g € G.If g € H(z), thend([x], [z]) = |lu]l. If
g ¢ H(z), then

d([x], [z]) = llz = Ugz +ull = llz = Ugzl|l — llull = po(z) — [lull > [lul,

since |lu] < }1,00(1); this contradicts d([x], [z]) < |l#||. Hence the minimum is
achieved on H (z) and d([x], [z]) = ||«||. The claim for y is identical.

2. First, for every g € H(z), we have |[Ugx — y|l = [|[Ugz — 2+ Ugu —v|| =
lUgu — vl|, and therefore d([x], [y]) < mingeg(;)||Ugu — v||. On the other hand,
forg € G\ H(z) and any h € H(z),

Ugx —yll = |Ugz — 2+ Ugu — v

> Ugz —zll = llull — vl
> po(2) = 2lull = 2[jv|l + [[Upu — v]|
= [Unu — v,

z

T

Fig.3 Local analysis of sequences x, and y, converging to z|
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where we used ||Upu — v|| < |lu|l 4+ ||vl and 2Jju|| 4+ 2|lv|] < po(z). Hence
the minimum of ||U,x — y| over g € G is attained on H(z), and d([x], [y]) =
mingep () [|Ugu — vl|. The second equality in the statement follows by replacing
g with g1, since H(z) is a group and each Uy is orthogonal.

O

Remark 2.12 Applying Lemma 2.11 to two sequences (xz)r and (yx)x that satisfy
(13-16) in Lemma 2.7, it follows that d([x], [z1]) = |lxx — z1]l and d([y], [z1]) =
lyx — z1]| for k large enough. Hence alignment must occur from some index on.

Lemma 2.13 Let (x;,)n, (Yn)n be two arbitrary sequences in V. For each i € [p] and
J € Si, we denote by g1, j . a group element that achieves ®; j(x,) and by g2 jn
a group element that achieves ®; j(y,). That is, ®; j(x,) = (Ugl,,.,j_nwi, X, ) and
qu,j ()’n) = (UgZ,i.j,n wi, }’n>

We can find a sequence of natural numbers (n,), such that g1 jn, = g1,i,j and
82ijn, = 82,i,j Vr €N, i €[p], jeSs;.

Proof Fix an enumeration (i1, ji), ..., (im, jm) of the index set S. Since G is finite,
for the first pair (i1, j1) there is a subsequence (x,,); such that g1 ;, j, », = &1,i;,j; for
every t € N. Similarly, for the second pair (i2, j»), we can find a further subsequence,
which we denote (x;,);, such that g1 i, j, 0, = &1.i, > VI € N. So, by induction, after
> e[p)Mi = m steps, we construct a subsequence of (x,),, which we denote (xy,);,
suchthat g1 ; j », = g1,;,j foreveryi € [p], j € S;. Starting from the sequence (y, ),
we repeat the same procedure, obtaining a subsequence (yy, ), such that g2 ; ;. =
g2,i,j foreveryr € N,i € [p], j € S;. Notice that the sequences (x,,), and (y,, ),
which from now on, we will call (x,,),, and (y,), for ease of notation, have the constant
achievers claimed in the statement. O

For the sequences (x;,),, (yn), and the vector z; defined above, let u,, = x, — 21
and v, = y, — z1. Notice that

4
1Py, 5Cen) = Py sG> =D Y WUy, wis xa) — (Ugy, wis y)l?

i=1jes;
P
= Z Z |<Ug1,;1jwi - ng_[,_/ wi, 21)
i=1 jeS;
Hwi, U1 up—U 1 vy

81i,j 82,

This sequence converges to 0 as n — oo, while also u,, v, — 0. So we conclude
that for eachi € [p]and j € S;, (Uy, ; ;wi — Ug,, ;wi, z1) = 0. Therefore

P
1w s00n) = s Gl =D 3 1wi e ttn = Ugr on)”

. ¢ i 82.i,j
i=1 jes,‘
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Thus, we have

ZIPII ZjES[ |<wi’ Ugfl .un - Uggl .Un)lz
lim I8 =0, (19)

n—00 lun — vn||2

where |lu,]l, vl — 0, so for large enough n, we have ||u,||, [|v,]] < %,00(21).
Since x, — v, = u, — v,, the alignment property (16) of Lemma 2.7 shows that the
denominator in (19) satisfies ||u;, — v, || = |xn — yull = d([x,], [Va D).

The next lemma is the inductive step of the robotic-arm construction: it produces a
vector zx41, orthogonal to z1, . .., Zx, along which the ratio still vanishes.

Lemma 2.14 (Induction step: the robotic arm) Fix p € N, w e VP and S C [N] x [p].
Let A : V — R be defined by A(x) = ming j)e[pix[n] A"/ (x), where the map A"/
is defined in (5). Fix nonzero vectors z1, ..., 2 € V such that

lzill =1, (zi,zj) =0 Vi, jelkl, i #J

and

1
(1
IIZl+1||§mln<ZA(;Zr) <lzll, po(Zm) Vi e [k—1].

Assume that the local lower Lipschitz constant of @y, s vanishes atz1+z2+- - -+ 2,
and that ®y, s is injective. If k < d, then there exists a nonzero vector Zy41 such that:

(i) (ar1.2)) =0 ¥ € [K;
(ii) Nlzeerl < min (JACTE 20, Fllzell, dpo(hoy 20 ) and

(iii) The local lower Lipschitz constant vanishes at 71 + 22 + - - - + Zk+1, i.e., there
are sequences of vectors (Xp)n, (Yn)n Such that

k+1
lim x, = hm Vo = er

n—00

and
[y, 5(xn) — Do, s (v I

im =0.
n—00 d([x,], [yn])z

Proof Let (x;,),, (v,)n be two sequences that both converge to Zle z, and achieve
lower Lipschitz bound zero for the map @, 5. We align the sequences (x,), and (y,)x
by the same construction as in Lemma 2.7, now with base point Zle z, in place
of the unit vector z;: for each n, we replace y, by the orbit representative Uy, y,
closest to x,, so that d([x,], [y»]) = llx» — yx|l, and we pass to a subsequence along
which g, = go is constant. This changes neither the ratio, since @y, s is G-invariant
and d depends only on orbits, nor the common limit: from x,, y, — ZI::I z, and
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X0 — Ugoynll — 0, we get Ugy Sb_ 20 = S5_ 20, ie. go € H(XE_;z,). We
denote by a, = Pg,x, and b, = Pg, y, the orthogonal projections of the sequences
(xn)n and (yy), respectively, on the linear subspace Ej = span{zy, ..., zk}J—.

Claim 1: First, we will show that 3M( such that Vn > My, a, # 0 or b, # 0.
Assume otherwise; then there are two sequences of vectors x, = Zr: 1 CronZr and
Yn = Zle dy nzr, where lim, oo ¢, = lim, 00 d;, = 1, Vr € [k] that achieve
lower Lipschitz bound zero. Consequently, there is My € N such that

k
(1 1 -
[1 —cruls 11 —drul < min (g, EA(;_I Zr)) <"/

foralln > My, r € [k] and (i, j) € S, so part (2) of Lemma 2.5 applies and gives,
foralln > My and (i, j) € S,

k k k
LY ernz) = LY (Y drnz) = L (Y 2p).
r=1 r=1 r=1

Note that x, —y, = Zle (¢r.n—drn)zr # 0,since x, ~ y,.Passto asubsequence
Y Crn—dr )2
15 (ern—drn)r |

a unit vector, by z. Then, for g; ; € Li’j(Zle Zr)s

(n)m along which the unit vectors converge, and denote their limit,

0= lim ”q)w,S(xn) - q:'w,S(yn)”2

n—00 d([x,], [yn])2
— lim Z{):l Zjes,- |(Ugi,j Wi, Xp — )’n)|2

n—00 d([x,], [yn])2
= hm Zl”:l ZjES,‘ |<Ugi,j Wi, Zl:=l (cr>nm - dr,nm)Zr>|2
- m—o ”ZI:Z] (Cr,nm - dr,nm)zr”2

p

=Y Ug, wi. 2)I%

i=1jes;

Since the choice of g; ; € L+ (er‘: 1 2r) was arbitrary (neither the subsequence
(nm)m nor Z depends on it), the computation above shows that (Usw;,z) = 0
for every g € Li’j(Zlezr),i € [pl, j € S;. We now choose ¢ > 0 with
Sk 1z o ¥z 4 €z for each ¢ € G the equation Y ¥_ 7, + €z =
Ug(Z]r‘:1 z,) forces €z = Ug(er‘:1 ) — Zle zr, Which, as 7 # 0, determines
at most one value of €; since G is finite, at most N values are excluded, so we
may also require €||z]| < %A(Zle zr). For every (i, j) € S, Lemma 2.3 gives
LY (XK 2 +€2) € LY (XX, 2,), so evaluating ®; ; at any g in the smaller
set yields ®; ; (35, 2, +€2) = (Ugwi, Y5_ 2) + €(Ugwi, 2) = @ j(Xh_; 20).
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Hence

k k
Ow,s()_2) = Pws(D_ 2 +€d),

r=1 r=1

which contradicts the injectivity property. This establishes Claim 1.

Now, we can assume that for all n > My, a, = Pg,x, # 0 or b, = Pg,y, # 0.
If need be, pass to a subsequence and/or switch the definitions of x, and y,, so that
lbn |l = |la, || for all n; in particular, b, # O for all n > M.

Let ¢, », dr , be the unique coefficients determined by x, = er;] CrnZr + ap,
Yo =YX dynzr + by Note lim,, 00 ¢ = limy, o dypy = 1.

Lete, = lele (dr,n — Cra)Zr + b, and

min (241, AGCEZ 20, (5 20))
16l | ‘

Sp =

Note |len || = ||bnll > lla,| for all n, and e, # O for all n > Mj; discarding the
finitely many terms with n < M, s, is well defined.
Claim 2: The sequences X, = Zle Zr + Spay and y, = Zle Zr + Spep satisfy

[ @y, 5(%n) — Pw, s>
im — —
n—0o0 d([xn], [yn])2

Note that s, |e,|| = % min (llzkll, A(Z'r‘:l Zr)s po(zlr;l zr)) for every n, and

hence max(||span|l, |snenl) < 1—16. Pass to a subsequence so that both (s,a;), and
(spen)n converge, and let « = lim,_ Spa, and B = lim,_, ~ Sye,. Notice that

|81l = limy,— oo snllenll > 0,0 B # 0.
The limits

lim ¢, , = 11m drn =1, Vr € [k] and hm a, = 11m e, =0
n—o0 n—

imply that 3mg € N such that Vin > mg and Vr € [k]

1. [1 = ¢y.n] < min (g
2. |1 = dy.p| < min (% L
3. |ern — drp| < min (% #A(Zle Zr)>
4.l < lngZ’; 12
5. lleall < 16kA(Zr 12r)

Since A(er‘zl ) < Ai,j(zlrc:] z,) for every (i, j), conditions 1-3 place the
scalars ¢, p, dr, and 1 + d,, — ¢, in the range (1 — 6"/, 1 + §"/) required by
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Lemma 2.5, while, by the definition of s,

1

k k
1 ..
max ([[s,anl, Isnenll) < EA(; ) < EA“J(; ).

So, for any (i, j) € S,

k k
Li’j(xn) = LZ’J(Z Cr.nlr + an) - Ll’](z Ir + an)

r=1 r=1

k k k
=LYz +span) =LY E) C LY Q2 =LY Q- ernzr).

r=1 r=1 r=1

Here, the second equality follows from Lemma 2.5 (part 4), the third equality from
Lemma 2.4, the inclusion from Lemma 2.3, and the last equality from Lemma 2.5
(part 2).

Similarly,

k k
L (yn) = LY ) drnzr +ba) = LYY O (1 +dry = ¢r.)zr + bn)

r=1 r=1

k k
= L"](Z Zr + en) = Ll’J(Z Zr + snen) = Li’j(yn)

r=1 r=1
k k
cL (Z 7)) =L" (Z CronZr)-
r=1 r=1

Here, the second equality follows from two applications of Lemma 2.5 (part 4),
with e = b, and scalars d, ,, respectively 1 4+ d, , — ¢, (note ||b,]| < |le,|); the
third equality is the identity Zle (I4+dry—crn)zr+by = Zf:] zr +ey; the fourth
follows from Lemma 2.4; the inclusion and the last equality are as before.

We now express both ratios through the perturbations a,,, e;,.

(i) Numerators. The elements g1 ; ; € L'/ (x,) and gp;,; € L'/ (y,) that achieve
®; ;(x,) and @; j(y,) satisfy g1, 207 € L/ (XF_ z,) by the inclusions
displayed above, and by Lemma 2.13 they may be taken independent of n along a
subsequence. The same inclusions give L/ (x,) = L%/ (%,) and L/ (y,) =
L5 (3,), so these elements also achieve ®; ;(%,) and ®; ;(y,). For n large,
Crn>dry € (1 =857, 1+ 8%7), so part 1 of Lemma 2.5 yields both

k k
<Ug1,,-vj wi, Zr:l CrnZr) = (Ugli,j wi, Zr:l ¢rnZr) and

k k
<Ugl,i,j Wi, Zr:l Zr) = (ng,i,_,' wi, Zr:l Zr)-
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Using xn = Y5_y Cronzr + any Yo = Yy_y drnzr + buy en = 25 (drn —
¢r.n)Zr + by, the first identity gives

-1 €
gz,i,j n)v

®@; j(xn) — Di j(yn) = (wi, Ug?3 an = U

and, since X, = Zle Zr + spa, and y, = Zle Zr + Spen, the second identity
gives

cI>i,j(3zn) - cDi,j(yn) = Sy (w;, Ug—1 an — Ug—_l ,en>-
Li,j 2,i,j

. 2
Writing My, := >0 Y o [(wis Uyt an — U1 ey)
JE9i gl.t,] gZ,l.j

[P, 5(xn)—Pw,s (V) |1> = My, and || Py, 5(%0) — P, s(T) 1> = 57 M.

(ii) Denominators. Recall a, — e, = x, — y,, S0 X, — ¥, = sp(a, — ep). Since
(Xn)n> (yn)n are aligned by the construction at the beginning of this proof,
d([x,]1, [va]) = 122 — yull = llan — en | for all n; hence the hypothesis reads

, we thus have

M, .

m —2 =
n—>0o0 |lay — ey |

We use here that the stabilizer of Zle 7z, fixes each z, (this argument follows the
one in [11]). Indeed, the vectors z, satisfy ||z 1] < };po(zlrzl Zr), so Remark 2.9
gives Ugz, =z, forevery g € H (er‘: 1 2r) and every r € [k]. Consequently, for any
such g, expanding x,, = Zle CrnZr +an and y, = Zle dy w2y + by, and using
Ugz, = z, together with e, = Y X_ (dy., — ¢;.0)2r + bn,

k
an — Ugen =an + Z(Cr,n - r,n)Zr - Ugbn

r=1

k k
= (Z Cr.nir + al’l) - Ug(Zdr,an + bn> = Xp — Ugyn.
r=1 r=1
Hence, by the alignment of (x,), and (y,), arranged at the beginning of this proof,

la, — Ugen” = |lx, — gyn” > d([x,], [yn]) = llan — enll,

with equality when g is the identity element. Therefore the minimum over H (er‘zl Zr)
is attained at the identity:

mil{l la, — Ugen” = |lap — eull.
gEH<Z;~=1 zr)
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Finally, sllasl < sulleall = 1 min(lzell, ACCE_; z0), po(Xh_y2)) <
%po(zlr‘:lz,), so Lemma 2.11 (with z = Zlezr, U = Spay, v = spey) yields

d([x,], [Yu]) = sn Hll]{l la, — Ugen” = spllan — enll.
geH(Zr:l Zr)
Since a, — e, = x, — y, and x, ~ y,, this quotient distance is positive:

d([x,], [Yn]) = sullxn — yull > 0,50 X, = ¥, forevery n, as required by the definition
of the vanishing local lower Lipschitz constant.
Combining (i) and (ii), the factor s,zl cancels and

| Pw, s (xn) — (Dw,S(j’n)Hz _ SrZ,Mn _ M,
d([x,], [5%])2 S,%”an - en||2 llan — en”2 n—00

s

which proves Claim 2.

Since X, — Zlez, + a and y, — Zle zr + B, while, using that
d([%4], [5x]) = llsnan — suenll < § is bounded (by max([lsyanll, [snenll) < 1¢)
and M, /||la, — en”Z — 0,

M,

| @y, 5(Fn) — Py, s (F) I* = 52 My, = d([F,], [F0])?

la, — en||2 n—oco

continuity of ®y, s gives

k k
Ows(D)_zr +@) = Pus(Y_z + ) =0.

r=1 r=1

Since ®y g is injective,

k k
er +a~ er +B.
r=I1 r=1
Let g1 € G denote a group element that realizes this equivalence, i.e.,

k k
Yoata=UgQ 2+
r=1 r=1

Note that g1 € H (ZI;: | 2r) because otherwise

k k k k
0=1) 2z +a—UgQ_ z2) = Ug Bl = 1Y 2 = Uy Q_ 2l = lle = Ug, BI
r=I1 r=I1 r=I1

r=1

k
> oY _zr) — llall = [IB]l > 0.

r=1

. . k
where the last inequality comes from the fact that ||« || < ||B] < 11_6'00(2r: 12r)-
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Additionally, o = Uy, B because

k k
0= "z +a—Uy (D z) = Ug Bl = ll — Uy, BI.

r=1 r=1

In particular ||| = ||B]| > 0, so o # 0.

Claim 3: The two vectors « and S are equal, @ = .

Indeed, since g € H (Zf:1 Zr), part 2 of Lemma 2.11 and the identity
d([x,], [¥n]) = snllan — ey established in (ii) give, for all n,

Isnan — snenll = d([X,], [yn]) < lIspan — SnUglen”-
Letting n — oo and using a = Uy, B,

e = Bl < lim [Isyan — suUg enll = lla — Ug Bl = 0.
n—o0

We conclude that « = 8 # 0.
Set zx+1 = o = B # 0. We verify the three assertions. (i): each a, lies in the
closed subspace E; = span{zy, ..., zk}J-, hence so does zx+1 = lim,,— o0 Spay. (il):

. k -~
kst = 181 = 5 min (12l ACCE 2. po(X5_y 2))- Gid: the sequences %,

and y, converge to ZI;: 12 +2kt1 = leﬂ z, and, by Claim 2, achieve the vanishing
limit. O

Remark 2.15 Our construction produces 741 with norm equal to

L min <||Zk||v A(éj) 0 (éz)) '

. k . i
In particular [|zx 11| < 15p0(3_j_; z), s0 the hypothesis ||z 11l < Jo0(¥,—; 2/)
needed for Remark 2.9 is automatically maintained along the recursion.

Remark 2.16 (The condition ||z;4+1] < ipo(Z,S, zr) cannot be dropped) The step
d([x,], [¥n]) = sullan — eyl in the proof above uses, through Remark 2.9, that
H (er‘:] zr) fixes each z,.. Without a smallness condition of this type the identity fails:
the quotient distance between the rescaled perturbations can be arbitrarily smaller than
Snllan — en ||, and no lower Lipschitz information can be transferred. We illustrate this
with an example.

LetV = R? with standard basis e, eo, 3, fix0 < € < 1,and setz| = e,z = €ea,
Z = z1+ 2. Let G = {I, R} where R is the rotation by 7 about the axis RZ; then R
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acts orthogonally, H(Z) = G, but Ugz; # z1. Let W be a unit vector orthogonal to
Z in span{ey, ez}, 50 UpW = —W and Ugesz = —e3. For o, | O put

qn = Jan W, a, =aye3, e, = Ot,%W — wpes,
Xpn=Z+qn+a,, yn=Z+qy+ey.

Then, a, = ayes and b, := —a,e3 both lie in span{z1, z2}*, the in-plane coeffi-
cients converge to 1, and x,,, y, are aligned as in (16) for n large, because | x,, — y,|| =
o4+ aﬁ while ||x, — Ury,| = 2. /a, + a,zl. Nevertheless Ugz1 # z1, and

mingeH(Z)”an - Ugen” < ayzl

= 0
lan — enll Ol,ﬂ/4+a,% n—00

Here 2||z2]| = 2€ > po(z1) = 2€/+/1 + €2, i.e., the condition ||z3|| < %/00(11)
fails. It is exactly this configuration, in which an element of the stabilizer of Z moves
the plane span{zy, ..., zx}, that the hypothesis excludes.

a, — Uge, = oe,%W, SO

Now, we can complete the proof of Theorem 1.5.

Proof We argue by contradiction. The upper bound was established in Lemma 2.1,
so it suffices to show the lower Lipschitz constant is strictly positive. Assume, to the
contrary, that it is zero.

Then, by Lemma 2.7, there is a unit vector z1 and sequences (x,,),, (¥,), converging
to z that achieve lower Lipschitz bound zero. Starting from z; and these sequences,
after d — 1 steps of the algorithmic construction of Lemma 2.14, we obtain d nonzero
vectors {z1, ..., z4} and a pair of sequences (X,),, (¥,), such that

(1) (zi,zj) =0 Vi, jeldli#J;
(i) Nzl < min(z Ay 20, glzll 00— 20)) Vr € [d —1]; and
(i) limy»o0 T = limyso s = Y20 2, and

[ ®w.5(%n) — Pw.s(T)lI>
im —~ ~ =0.
n—o0 d([%,], [Fu])2

Let X, = Z‘lel,,nz, and y, = Zlet,,nz,. Notice that lim,_, o0l =
lim,»ootyn =1, Vr € [d].
Consequently, there is My € N such that

d
.1 1 .
[1—1al, 1 — 1t 4| <min (g’ _16dA(r§_l Zr)) <"

foralln > My, r € [d] and (i, j) € S, so part (2) of Lemma 2.5 applies and gives,
foralln > My and (i, j) € S,

d d d
LYQ lrnzr) = LY Q traz) = LY Q).
r=1 r=1 r=1
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Fix g; ; € Li’j(Zle zy). Since z1, ..., zg are d mutually orthogonal nonzero
vectors in the d-dimensional space V, they form a;asis; hence X, —y, = Z’le (yn—
tr,n)er and d([in]y [yn]) 5 ”)En - yn” = ||Zr=1 (lr,n - tr,n)Zr||~ NOte that ;Cn -

Yo # 0, since X, ~ y,. Pass to a subsequence (n,,),, along which the unit vectors
Z[j:] (lr,n*tr.n)zr

HZ?:l(lr.n_tr.n)Zr I
cancellation of the constant terms exactly as in Lemma 2.14,

converge, and denote their limit, a unit vector, by z. Then, using the

Dy, 5(Fn) — Py s(Gn)lI?

0= lim

n—oo d([in], [5,"])2

li Z’PZI Z]'ESi |(Ugi,j w;, Xy — y,,)|2
= lim — A

e d([x,], [yn])2
> lim ZIPZI ZjES,' |<Ugi,jwi, Zle(lr’nm — tr,n,,,)Zer
= 11

m—00 ||Zf:1(lr,nm — tr,n,,,)Zr“z

p

= Z Z |<Ugi,jwi, Z)|2

i=1 jes;

Since the choice of g; ; € L"'j(Zf:1 zr) was arbitrary (neither the subse-
quence (1), nor zZ depends on it), the computation above shows (Usw;,z) = 0
for every ¢ € LJ(X_,z,).i € [pl. j € Si. We now choose ¢ > 0 with
Y9 1z % Y9z + €z for each g € G the equation Y 0_ 7, + €z =
Ug(Zil:1 z,) forces €z = Ug(Zle Zr) — Zle z,, wWhich, as 7 # 0, determines
at most one value of €; since G is finite, at most N values are excluded, so we
may also require €||Z|| < iA(Zle 7). For every (i, j) € S, Lemma 2.3 gives
L"’j(Zle Zr +€?2) C Li*j(zlle zr), so evaluating ®; ; at any g in the smaller

set yields ®; j (Y0 zr + €2) = (Ugw;, Yi_ 2) + €(Ugwi, 2) = @i j (X0, 2).
Hence

d d
Dws(Y_2) = Pws(D_ 2 + €D,
r=1 r=1

contradicting the injectivity of <i>w, s. This contradiction shows that the lower Lipschitz
constant is strictly positive, and Theorem 1.5 is proved. O

3 Dimension reduction using linear maps

In the previous section, we considered an embedding
CiDW, s:V— R™

that is injective on the quotient space V. The dimension m of R™ may be very large. In
this section, we show that the nonlinear map ®, s can be further processed through
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a linear map into a lower-dimensional space while preserving both injectivity and the
bi-Lipschitz property.

The idea of using linear maps for dimensionality reduction has a long history. The
well-known Johnson—Lindenstrauss lemma [24] provides a nearly isometric projection
for finite metric spaces. More recently, [14] showed that a linear dimension-reduction
map preserves the Lipschitz properties of translation-invariant polynomial embed-
dings.

The first result combining sorted coorbits with linear maps was established in
[8] for the symmetric group G = X, acting by left multiplication on n x d real
matrices, i.e., V = R"*4 In that setting, the dimension of the intermediate coorbit
space was n(1 + (d — 1)n!), while the final target space was shown to have dimension
2nd = 2 dim(V). The authors of [20] demonstrated that the intermediate embedding
caninstead be realized in dimension (2nd+1)n, with the final target space of dimension
2nd + 1.

A more refined analysis by Matthias Wellershoff [37] showed that 2nd 4 1 can be
further reduced to 2nd — d. In the Ph.D. thesis [32], one of the authors explained that
this reduction from 2nd to 2nd — d corresponds to the dimension of a certain joint
eigenspace of the representation.

The precise statement of our dimension reduction result is provided in Theorem 1.7.

To prove Theorem 1.7, we first need to construct several preliminary objects.

Let D : V x V — R™ be the nonlinear map D(x,y) = Py s(x) — Py s(y).
Its range E is defined by E = Ran(D) := {Py s(x) — Pys(y) | x,y € V} =
Ran(®y, s) — Ran(Py s).

Fix an enumeration g1, ..., gy of the group elements. Define A; ; : V — R by
Ai,j(x) = (Ugwj, x), so that the first index i € [N] is a group index and the second
index j € [p]is a window index. Notice that A; ; is a linear map (unlike ®; ;) and
also that

Dy, s5(x) — Py s(y)
= (Ao ) 1 () = Ao, (), 1y vy Avy ) 1(0) = Ay omp) 1 (0D
s A, (1), p(X) = Ay, (1), ,n(y) Avpmp),p(X) = Auy,(my), p (V)]
for some permutations vy, ..., vz, € Xy that may depend on x and y. Here m; =
[Sil=l{k € [N]] (k, j) € S}|sothatm| +---+m, =m.

Now, fix permutations 71, ..., 72, € Xy and let Ly, ..mp: YV xV — R™ denote
the linear map

Ly, .m0, (X, ¥) = (1),1(0) = Az () 1005+ v Ay m) 1 (X)) — Ay (my) 1 (D),
s A, (1), p(X) = A, (1), p(y) Arymp),p (X) =2y, (m ), p (V)]

Define
F = Um,.‘.,nz,,e):N Ran(Lr[l,.‘.,Trzp)-
Notice that F is a finite union of linear subspaces and that E C F. For fixed
iy ..., T2p,themap (x, y) > Ly, 7, (x, y)islinearin (x, y), Ly, . ), (v, v) =0
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for all v € V5, and from the rank-nullity theorem, we have

dimRan(Ly,. .. z,,)) < 2d — dg.

We will use the following standard transversality fact from algebraic geometry
(see, e.g., [23]), which we state in the form convenient for our setup. Let r, s, m be
non-negative integers with r + s < m, and let {F,, | a € [T]} be a finite collection of
linear subspaces of R” of dimension at most s. Then, a generic r-dimensional linear
subspace K of R satisfies

KNF,=1{0}, VaclTl. (20)

Here “generic” means holding on an open dense subset in the Zariski topology
on the Grassmannian of r-planes. Indeed, the union U, F;, is an algebraic variety of
dimension at most s in R, i.e. a projective variety of dimension at most s — 1 in
P"~1; a generic linear subvariety of P”"~! of dimension r — 1 misses it whenever
s—D+@r—-1)<m—1,thatis, s +r < m.

We now apply this fact to our setup.

Corollary 3.1 Consider the (N')* linear maps Lz....x,, : V x V — R™ introduced
before. Then, for a generic £ : R" — R24=4G,

Proof If m < 2d — dg, then the conclusion is satisfied for any full-rank £. Therefore
assume m > 2d — dg. A generic linear map £ : R” — R2¢~9 is full-rank. Hence
dim(Ran(¢)) = 2d — dg, and thus dim(ker(¢)) = m — 2d + d¢. Recall from above
thateach Ran(Ly,,. ., p) has dimension at most 2d — dg. Applying the transversality
fact (20) with K = ker(¢), r = m —2d + dg, s = 2d —dg, T = (N")?P, and
{Fa} = {Ran(Ly, . x,,)} (so thatr +s = m), for a generic ¢, we obtain

ker({) NRan(Ly,, ... x,,) = {0}

for every my, ..., m) € Ty. O

Lemma 3.2 Let{F, }Zzl be a finite collection of linear subspaces of R™, and £ : R™ —
RS be a full-rank linear transformation with m > s. Let Q, denote the orthogonal
projection onto the linear space F, and Q¢ denote the orthogonal projection onto ker £.
Letcuo = (1 — |1 Q4 Qi IHY2, and ¢y = MiNge[T] Ca,0- Here ||Q, Q|| denotes the
operator norm of Q. Qy, i.e., its largest singular value. Set F = UZ:I F,. Suppose that
ker(£) N F = {0}. Note that then || Q,Q¢ll< 1 foreverya € [T], since F, Nker({) =

{0} and both subspaces are finite dimensional; in particular ¢y > 0. Then,

inf [[£(x) ]| = ceo5(£), (21
xeF
llx|=1
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where o(£) is the smallest strictly positive singular value of € (it is the s-th singular
value).

Proof Notice that for each a € [T'], the unit sphere of F, is a compact set. Thus,

inf = min ||¢ =
Inf [lEC0)| = min [|EGO] = 1€(veo)l

X
Ixll=1 llxll=1
for some a € [T] and some yo, € F, with ||ys| = 1. Let yoo = ZZZI ViU,
where u; are the normalized right singular vectors of ¢ sorted by singular values
o] > 03 > -+ > 05 > 0541 = --- = o = 0. Notice that kazlykz = 1 and

S Vi =1=110evscl? = 1 = 104 Q¢ll*> > 2. Thus,

1o 1> = 1Y ml@ol® = 1D vl @)l

k=1 k=1

N

2 2 2 2 2 2

=Y yeo} = 2 0,()* = c}oy(0)
k=1

which proves the lemma. O

Proof of Theorem 1.7 If m < 2d — dg, then a generic linear map ¢ : R” — R2?—4c
is injective on all of R™, and both conclusions follow at once, with lower Lipschitz
constant o, (¢) a; so assume m > 2d — dg.

Corollary 3.1 shows that a generic linear map £ : R™ — R2?-9G satisfies
ker(¢) N Ran(D) = {0}. Thus, if x,y € V are such that Wy s ,(x) = Wy s5.¢(y),
then £(D(x, y)) = 0. Therefore D(x, y) = 0. Since Ci>w,5 is injective, it follows that
x ~ y. Thus, \ilw,s,e is also injective.

From Theorem 1.5, we have that if the map &)W,g is injective, then it is also bi-
Lipschitz. Let a < b denote its bi-Lipschitz constants.

The composition of two Lipschitz maps is Lipschitz, hence Wy s ¢ is Lipschitz.
Furthermore, an upper Lipschitz constant of Wy, s ¢ is || £/, where [|£]| = o1 (£) is the
largest singular value of £.

Finally, from Corollary 3.1 and Lemma 3.2 with s = 2d —dg, T = (N !)21’ s
Fy =Ran(Ly,, .. x,,), we have that for a generic linear map ¢, forall x, y € V,

,,,,,

Ww,s,e(x) — Wy, s eIl = €D, y)I =
c02d—dg (DD (x, )| = ce02q—ag (@)ad([x], [y])

where a is the lower Lipschitz constant of &Dw’ s. Therefore the map \AIJW,S,Z is bi-
Lipschitz with lower Lipschitz constant c¢024—g4,; (€)a. O

Remark 3.3 We proved that if &)w, s is injective then for almost any linear map ¢ :
R™ — R2=d6 Wy ¢, is bi-Lipschitz. This left open the question whether, for an
arbitrary such nonlinear embedding Wy, s ¢, injectivity implies bi-Lipschitz stability.
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We settle it positively in our joint paper with Matthias Wellershoff [11]. Notice that, in
general, ifthemap f : X — Y isbi-Lipschitz and the linearmap £ : ¥ — R is so that
o f is injective, then £ o f may not be bi-Lipschitz. Example: f : [—1, 1] — R2,
f(@) = (t,1%), £ : R?> = R, £(x,y) = y; here f is bi-Lipschitz on the bounded
interval, while £ o f(r) = ¢3 is injective and fails the lower Lipschitz bound at = 0.
(On all of R the map r +— (¢, £3) is not even Lipschitz.)

4 Universality of the representation

In the previous sections, we constructed the embedding
CiDW) s:V— R™

of the quotient space V into a Euclidean space. In this section, we prove Theorems 1.8
and 1.9, which show that whenever Cf>w,5 is injective, every map defined on V factors
through &Dw, s: in Theorem 1.8 for Lipschitz maps into a real Hilbert space, and in
Theorem 1.9 for continuous maps into a locally convex topological vector space.

The proof of Theorem 1.8 relies on the Kirszbraun extension theorem, in the
Hilbert-space form due to Valentine [25, 34], which we restate here for the reader’s
convenience:

Theorem 4.1 (Kirszbraun—Valentine extension theorem [25, 34]) Let E C H| be an
arbitrary subset of a Hilbert space Hy and f : E — Hj be a Lipschitz function to
another Hilbert space Hj. Then, there exists an extension F : H — Hj of f to the
entire space Hj that has the same Lipschitz constant as the original function f.

Proof of Theorem 1.8

1. Lett : &y s(V) — H be defined by #(Py, s(x)) = F([x]). This is well defined:
if dy 5(x) = Oy, s(y) thena d([x], [y]) < 0, s0 [x] = [y]. Denote u = Dy, s(x)
and v = Py s(y). Then,

t(u) — t)Il = [F([xD — F(LyDIl < Lip(F) d([x], [y])

1.
= ;LIP(F)IIM — .

By the Kirszbraun—Valentine extension theorem, there exists 7 : R” — H such
that

@ Tloy ) =t
(b) Lip(T) = Lip(¢)

Therefore, F([x]) = T (®Pw,s(x)) forall x € V, and Lip(T) < %Lip(F).
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2. Part 2 is straightforward. Let x, y € V. Then,

[F(xD) = FAyDI = IT(Pw,s(x)) = T(Pw,s(y))]
Lip(T) | Pw,5(x) — Pw,s(M)l
< b Lip(T) d([x], [yD,

IA

where the last inequality uses that b is the upper Lipschitz constant of &Dw, s- Hence
Lip(F) < b Lip(T).

m}

The second universality result, Theorem 1.9, applies to the class of continuous
functions rather than Lipschitz functions.

The proof of Theorem 1.9 follows from the following extension of Tietze’s theorem
[19, 33].

Theorem 4.2 (Dugundji-Tietze [19]) Let X be a metric space and A a closed subset
of X. Let L be a locally convex topological vector space. Given a continuous map
f i+ A — L, there exists a continuous extension F : X — L such that F(X) is a
subset of the convex hull of f (A).

Proof of Theorem 1.9 Let Y = @, (V) C R™. Note that Y is a closed set as éw,g is
bi-Lipschitz and Vis complete. Let ¢ : Y — L be defined by (®Pw s(x)) = F([x]),
for all x € V. Note ¢ is continuous since <i>w, s is bi-Lipschitz on V. By Theorem 4.2,
applied with X = R and the closed subset A = Y, there exists a continuous extension
T : R™ — L of ¢ that satisfies the convex hull property. O
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