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Abstract
LetV be afinite-dimensional real vector spacewith afinite groupG actingorthogonally
on it. We address the general problem of constructing Euclidean-stable embeddings
of the orbit space V/G. Our approach builds on embeddings derived from subsets
of sorted coorbits. The main result establishes that whenever such embeddings are
injective, they are automatically bi-Lipschitz. Furthermore,we show that stable embed-
dings can be achieved in reduced dimensions, and that any continuous or Lipschitz
G-invariant map can be factored through these embeddings.
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1 Introduction

In many machine learning applications, the goal is to embed data into a Euclidean
space R

m via a symmetry-invariant embedding �, which is then used as a feature
space. Ideally, this embedding should not only be invariant under a group action but
should also separate orbits and satisfy appropriate stability conditions, ensuring that
small perturbations in the input lead to only minor changes in the output or prediction.

This setting falls within the broader framework of invariant machine learning [4,
13, 15, 17, 18, 20, 26, 28].
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The most common group actions studied in this context include:

• Permutations [8, 16, 31],
• Reflections [27], and
• Translations [14].

A closely related problem is that of equivariant embeddings, where the objective
is to construct mappings that intertwine group actions on the domain and codomain
[12, 26, 29, 35, 36].

An important example of an invariant learning problem is the phase retrieval prob-
lem, originally introduced in [7], where the symmetry group is the 1-torus (a compact
abelian group). This problem has been extensively studied in both real and complex
settings [1, 2, 5, 6, 22].

Our work builds on and unifies two prior approaches:

• The max filter embedding developed in [16, 28], and
• The permutation-invariant representation introduced in [8].

A related analysis appears in [3], where the stability of generalized phase retrieval
problems is studied under compact group actions, and conditions for stable recovery
from invariant measurements are provided.

There is a deep connection between permutation-invariant embeddings and the
phase retrieval problem. For example, [6] provides sharp bounds for both the upper
and lowerLipschitz constants in real and complex settings,while [10] shows an isomet-
ric equivalence between the real-valued phase retrieval problem and representations
invariant under the symmetric group �2.

A different line of work, represented by [21], proves that for any discrete group G
of isometries acting on R

d , there exists a bi-Lipschitz embedding of the quotient space
R
d/G into R

N , where the distortion depends only on the dimension d.
Since the initial version of this paper was made publicly available on arXiv, [30]

has extended our construction. They demonstrate that for certain compact groups, and
given a sufficient number of generic templates, the coorbit filter bank (as defined in
their work) yields injective and bi-Lipschitz embeddings.

In this paper, we prove that the sorted coorbit embeddings constructed in [9] are
globally bi-Lipschitz provided they are injective.

Organization of the Paper:

• Section1 introduces the embedding map and the overall construction.
• Section2 analyzes the upper Lipschitz bound and establishes the equivalence
between injectivity on the quotient space and stability.

• Section3 shows that a generic linear projection can reduce the target dimension
while preserving both injectivity and stability.

• Section4 presents universal factorization results for arbitrary continuous or Lips-
chitz G-invariant functions.

1.1 Notation

The sorted coorbit embedding was introduced in [9]. In this subsection, we review its
construction. Let (V, 〈·, ·〉) be a real inner product space of dimension d ≥ 2, and let
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G be a finite group of order |G| = N acting orthogonally on V . For each g ∈ G, we
denote the group action on a vector x ∈ V by Ugx .

Define the orbit space V̂ = V/ ∼, where two vectors x, y ∈ V are equivalent
(x ∼ y) if there exists g ∈ G such that y = Ugx . The orbit of a vector x is denoted
by [x] = {Ugx | g ∈ G}.

We endow V̂ with the following natural metric d : V̂ × V̂ → R:

d([x], [y]) = min
h1,h2∈G

‖Uh1x −Uh2 y‖ = min
g∈G‖x −Ugy‖. (1)

With this metric, (V̂,d) becomes a complete metric space.
Our objective is to construct a bi-Lipschitz Euclidean embedding of the metric

space (V̂,d) into a Euclidean space R
m . Specifically, we aim to construct a function

� : V → R
m such that

1. Invariance: �(Ugx) = �(x), ∀x ∈ V, ∀g ∈ G,
2. Orbit separation: If x, y ∈ V are such that �(x) = �(y), then there exists g ∈ G

such that y = Ugx ,
3. Stability: there exist constants 0 < a ≤ b < ∞ such that for all x, y ∈ V

a d([x], [y])2 ≤ ‖�(x) − �(y)‖2 ≤ b d([x], [y])2.

The invariance property (Item 1 above) allows us to construct a well-defined func-
tion on the quotient space V̂ = V/ ∼ via

�̂ : V̂ → R
m, �̂([x]) = �(x), ∀[x] ∈ V̂.

If the G-invariant map � satisfies the orbit separation property (Item 2 above), we
say that it separates G-orbits in V .

Our construction of the embedding � is based on a non-linear sorting operator ↓,
defined as follows.

Notation 1.1 Let ↓ : R
r → R

r be the map that takes a vector and returns its coordi-
nates sorted in non-increasing order:

x ∈ R
r 
→ ↓ x = (xσ(i))1≤i≤r , xσ(1) ≥ · · · ≥ xσ(r)

for some permutation σ : {1, . . . , r} → {1, . . . , r}.
For an integer p ∈ N, let [p] = {1, 2, . . . , p}. For a set S, |S| denotes its cardinality.

Fix a p-tuple of vectors w = (w1, . . . , wp) ∈ V p. For each i ∈ [p] and j ∈ [N ],
define the scalar-valued function �wi , j : V → R as follows:

�wi , j (x) = j-th coordinate of ↓(〈Ugwi , x〉)g∈G .
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Next, let S ⊂ [N ] × [p] be an index set of size |S| = m, and for each i ∈ [p],
define Si = {k ∈ [N ] | (k, i) ∈ S} (the i-th column of S). Let mi = |Si |. Then,
m = ∑p

i=1 mi .

Notation 1.2 The sorted coorbit embedding �w,S associated with the windows w ∈
V p and index set S ⊂ [N ] × [p] is given by

�w,S : V → R
m, �w,S(x) = [{�w1, j (x)} j∈S1, . . . , {�wp, j (x)} j∈Sp ] ∈ R

m . (2)

Let � : R
m → R

q be a linear map.

Notation 1.3 The embedding �w,S,� associated with the windows w ∈ V p, index set
S ⊂ [N ] × [p] and linear map � : R

m → R
q is given by

�w,S,� = � ◦ �w,S : V → R
q , �w,S,�(x) = �(�w,S(x)). (3)

In this paper, we focus on stability and universality properties of the maps �w,S

and �w,S,�.
Informally, our main results (Theorems 1.5, 1.7, 1.8 and 1.9) can be summarized

as follows:

1. Injectivity implies (bi-Lipschitz) stability: If the embedding separates orbits,
then it is automatically bi-Lipschitz with respect to the quotient space metric.

2. Dimension efficiency: A stable, bi-Lipschitz embedding can be achieved in a
Euclidean space of dimension at most twice that of the input space.

3. Universality: Any continuous or Lipschitz G-invariant map can be factored
through the coorbit embedding �w,S .

Remark 1.4 Figure1 provides a schematic illustration of the proposed embedding
scheme.

For the rest of the paper, we will use �i, j as shorthand for �wi , j , and the two
notations will be used interchangeably.

Fig. 1 Proposed embedding scheme
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1.2 Main results

In this subsection, we summarize the key results of this paper, which concern bi-
Lipschitz stability of embeddings, dimensionality reduction, and universality of G-
invariant maps.

Theorem 1.5 Let G be a finite group acting orthogonally on the vector space V . For
fixed w ∈ V p and S ⊂ [N ] × [p], where |S| = m, suppose that the map �̂w,S : V̂ →
R
m is injective on the quotient space V̂ = V/G. Then, there exist 0 < a ≤ b < ∞

such that for all x, y ∈ V ,

a d([x], [y]) ≤ ‖�w,S(x) − �w,S(y)‖2 ≤ b d([x], [y]).

Corollary 1.6 When injective, the max filter bank embedding is bi-Lipschitz. Specifi-
cally: Let G be a finite group acting orthogonally onV . Let Smax = {(1, i) | i ∈ [p]} ⊂
[N ] × [p] be the index set that selects, for each window wi , the maximal (first sorted)
coorbit coordinate. Suppose the max filter bank embedding �̂w,Smax : V̂ → R

p,
defined by

�̂w,Smax([x]) =
(

max
g∈G 〈Ugwi , x〉

)

i∈[p]
,

is injective. Then, �̂w,Smax is bi-Lipschitz, that is, there are 0 < a ≤ b < ∞ such that
for every x, y ∈ V ,

a d([x], [y]) ≤ ‖�w,Smax(x) − �w,Smax(y)‖2 ≤ b d([x], [y]).

Theorem 1.7 Let {Ug | g ∈ G} denote a representation of a finite group G of order
N acting by isometries on the real vector space V of dimension d. Let VG = {x ∈
V | Ugx = x ∀g ∈ G} denote the linear space of vectors invariant under this
representation, and let dG = dim(VG) denote its dimension. Let w ∈ V p and S ⊂
[N ] × [p] so that �̂w,S : V̂ → R

m is injective on the quotient space V̂ . Then, for a
generic linear map � : R

m → R
2d−dG , the map �̂w,S,� = � ◦ �̂w,S : V̂ → R

2d−dG is
injective and bi-Lipschitz. Here, “generic” refers to a property that holds on an open
dense subset in the Zariski topology over the space of matrices.

Theorem 1.8 Assume that for some S ⊂ [N ] × [p] and w = (w1, . . . , wp) ∈ V p, the

map �̂w,S : V̂ → R
m is bi-Lipschitz on the quotient space V̂ = V/G, with (upper)

Lipschitz constant b = Lip(�̂w,S) and lower Lipschitz constant a > 0.

1. For every Lipschitz map F : V̂ → H into a real Hilbert space H, there exists a
Lipschitz map T : R

m → H such that F([x]) = T (�w,S(x)) for all x ∈ V , with
Lipschitz constant Lip(T ) ≤ 1

a Lip(F).

2. Conversely, for any Lipschitz map T : R
m → H, the map F : V̂ → H, F([x]) =

T (�w,S(x)), is well defined (as T ◦ �w,S is G-invariant) and Lipschitz, with
Lipschitz constant Lip(F) ≤ b Lip(T ).
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Theorem 1.9 Assume that, for fixed S ⊂ [N ] × [p] and w = (w1, . . . , wp) ∈ V p, the

map �̂w,S : V̂ → R
m is bi-Lipschitz on the quotient space V̂ = V/G. Let L denote a

locally convex topological vector space. For every continuous map F : V̂ → L, there
exists a continuous map T : R

m → L such that F([x]) = T (�w,S(x)) for all x ∈ V .
Furthermore, T (Rm) is contained in the convex hull of F(V̂).

Remark 1.10 In [11], we generalize Theorem 1.5 to the case where the embedding
has the form A ◦ �w,S , where A is a linear map.

Remark 1.11 In [9], we study under which conditions the map �̂w,S : V̂ → R
m is

injective on the quotient space V̂ = V/G.

2 Stability of the embedding

Suppose that for w = (w1, . . . , wp) ∈ V p and S ⊂ [N ] × [p] the map �̂w,S is
injective. In this case, we claim the map �̂w,S is also bi-Lipschitz (Theorem 1.5). An
estimate of the upper Lipschitz constant b is given in Lemma 2.1.

Corollary 1.6 follows from Theorem 1.5.
The proof of Theorem 1.5 is contained in the next two subsections.

2.1 Upper Lipschitz bound

Note that �w,S is Lipschitz because it is a composition of Lipschitz maps. It remains
to estimate the Lipschitz constant.

Lemma 2.1 (Upper Lipschitz bound) Consider a finite group G of size N acting
orthogonally on V . Let w ∈ V p and S ⊂ [N ] × [p]. Denote

B = max
σ1,...,σp⊂G
|σi |=mi ,∀i

λmax

( p∑

i=1

∑

g∈σi

Ugwiw
T
i U

T
g

)

,

where Si = {k ∈ [N ] | (k, i) ∈ S} and mi = |Si |. Then, �̂w,S : (V̂,d) → R
m is

Lipschitz with upper Lipschitz constant
√
B.

Proof For fixed x, y ∈ V , i ∈ [p], j ∈ Si , let ψi, j : [0, 1] → R, where

ψi, j (t) = �i, j ((1 − t)x + t y) = 〈(1 − t)x + t y,Ug(t)wi 〉.

Here g(t) denotes a group element that achieves the j-th coordinate of the
sorted coorbit of the vector (1 − t)x + t y, that is, �i, j ((1 − t)x + t y) =
〈(1 − t)x + t y,Ug(t)wi 〉.

The function ψi, j is Lipschitz, being the composition of the ‖wi‖-Lipschitz map
�i, j with an affine path; hence it is absolutely continuous and differentiable almost

123



G-invariant representations using coorbits: bi-Lipschitz… Page 7 of 36    92 

everywhere. Notice that

d

dt
ψi, j (t) = 〈y − x,Ug(t)wi 〉

for almost every t . Specifically, ψi, j (t) is differentiable at all t ∈ [0, 1] such that there
exists ε > 0 so that g|(t−ε,t+ε) can be chosen to be constant. Such a choice is possible
for all but finitely many t : the N functions t 
→ 〈(1 − t)x + t y,Ugwi 〉 are affine, so
two of them either coincide identically or cross at a single point, and away from the
finitely many crossing points a single sorting permutation of the coorbit remains valid
on a neighborhood.

By the fundamental theorem of calculus, we get

�i, j (y) − �i, j (x) =
∫ 1

0

d

dt
�i, j ((1 − t)x + t y) dt .

Therefore, writing g j,t for the element g(t) chosen above, to make its dependence
on j explicit (the dependence on i is kept implicit),

�i, j (y) − �i, j (x) =
∫ 1

0
〈y − x,Ugj,twi 〉 dt .

Note that, for each fixed t , the group elements g j,t , j ∈ Si , can be chosen pairwise
distinct (choose a sorting permutation of the coorbit), so that σi (t) := {g j,t | j ∈ Si }
satisfies |σi (t)| = mi . By Minkowski’s integral inequality, applied jointly over all
coordinates (i, j) with i ∈ [p], j ∈ Si ,

‖�w,S(x) − �w,S(y)‖ =
⎛

⎝
p∑

i=1

∑

j∈Si

∣
∣
∣
∣

∫ 1

0
〈y − x,Ugj,twi 〉 dt

∣
∣
∣
∣

2
⎞

⎠

1/2

≤
∫ 1

0

⎛

⎝
p∑

i=1

∑

j∈Si
〈y − x,Ugj,twi 〉2

⎞

⎠

1/2

dt ≤ √
B‖x − y‖,

where the last inequality follows from

p∑

i=1

∑

j∈Si
〈y−x,Ugj,twi 〉2=(y−x)T

⎛

⎝
p∑

i=1

∑

g∈σi (t)

Ugwiw
T
i U

T
g

⎞

⎠ (y−x)≤ B‖y − x‖2.

Hence, choosing representatives x ∈ [x], y ∈ [y] so that d([x], [y]) = ‖x − y‖,

‖�w,S(x) − �w,S(y)‖2 ≤ B‖x − y‖2 = B d([x], [y])2.

��
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2.2 Lower Lipschitz bound

We prove the lower bound by contradiction. Assuming the lower Lipschitz constant
vanishes, we produce a pair of sequences whose �w,S-images collapse relative to
their quotient distance, concentrate them near a single unit vector z1 (Lemma 2.7),
and then, one direction at a time, extend this single direction to an orthogonal family
z1, . . . , zd along which separation keeps failing, the “robotic arm” of Fig. 2. Once the
family spans V , the vanishing of the lower Lipschitz constant forces a unit vector z̃
to be orthogonal to all relevant coorbit filters. A small translation of

∑d
r=1 zr along z̃

then yields two distinct points with the same embedding, contradicting injectivity.
Each step of this construction perturbs a partial sum

∑
r zr by a small amount, so

we first record how the sorted coorbit coordinates react to such perturbations. Two
quantities attached to each coordinate (i, j) govern this: the set Li, j (x) of group
elements that realize the j-th sorted value, and the gap 
i, j (x) separating that value
from the others. Lemmas 2.2–2.5 describe how Li, j and 
i, j behave under rescaling
and under small additive perturbations, and these are the invariances the induction
uses.

2.2.1 Geometric analysis of coorbits

First, let us introduce some additional notation. For fixed i ∈ [p], j ∈ [N ] and x ∈ V ,
we define the following non-empty subset of the group G:

Li, j (x) = {g ∈ G | 〈x,Ugwi 〉 = �i, j (x)}. (4)

This represents the collection of group elements that achieve the j-th position of
the sorted coorbit ↓ (〈Ugwi , x〉)g∈G .

Consider also the map


i, j (x) =
{
ming /∈Li, j (x)(|〈Ugwi , x〉 − �i, j (x)|) 1

‖wi‖ , if Li, j (x) �= G
‖x‖
‖wi‖ , if Li, j (x) = G.

(5)

Fig. 2 The robotic arm method
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Here and in what follows, we assume that wi �= 0 for every i ∈ [p]. This loses
no generality: a window wi = 0 contributes constant (zero) coordinates to �w,S ,
which affect neither injectivity on the quotient space nor any Lipschitz bound, so such
windows can be discarded.

Lemma 2.2 For any x ∈ V , i ∈ [p], and j ∈ [N ],
∣
∣{g ∈ G | 〈Ugwi , x〉 > �i, j (x)}

∣
∣ ≤ j − 1 (6)

and ∣
∣{g ∈ G | 〈Ugwi , x〉 < �i, j (x)}

∣
∣ ≤ N − j . (7)

Proof By definition �i, j (x) is the j-th largest among the values {〈Ugwi , x〉}g∈G .
Hence at most j − 1 of them are strictly larger than �i, j (x), which is Equation (6);
and at least j of them are ≥ �i, j (x) (the top j sorted entries), so at most N − j are
strictly smaller, which is Equation (7). ��

Note that for any w1, . . . , wp ∈ V \ {0} the subset Li, j (x) ⊂ G has the following
“nestedness” property.

Lemma 2.3 (Nestedness of active sets) For any x, y ∈ V such that ‖y‖ < 1
2


i, j (x),
we have that Li, j (x + y) ⊂ Li, j (x). Furthermore,

{g ∈ G | 〈Ugwi , x〉 > �i, j (x)} ⊂ {g ∈ G | 〈Ugwi , x + y〉 > �i, j (x + y)},

{g ∈ G | 〈Ugwi , x〉 < �i, j (x)} ⊂ {g ∈ G | 〈Ugwi , x + y〉 < �i, j (x + y)},
{g ∈ G | 〈Ugwi , x + y〉 ≥ �i, j (x + y)} ⊂ {g ∈ G | 〈Ugwi , x〉 ≥ �i, j (x)}

and

{g ∈ G | 〈Ugwi , x + y〉 ≤ �i, j (x + y)} ⊂ {g ∈ G | 〈Ugwi , x〉 ≤ �i, j (x)}.

Proof Assume there exists g ∈ G such that g ∈ Li, j (x + y) but g /∈ Li, j (x). Assume
first that 〈Ugwi , x〉 < �i, j (x); the opposite case 〈Ugwi , x〉 > �i, j (x) is handled
by the mirror argument, run with the set ∪k≥ j Li,k(x) (which contains the bottom
N − j + 1 sorted entries, hence at least N − j + 1 elements) and (7) in place of
∪k≤ j Li,k(x) and (6). So, for every h ∈ ∪k≤ j Li,k(x)

〈Uhwi , x + y〉 − 〈Ugwi , x + y〉 ≥ 〈Uhwi , x〉 − 〈Ugwi , x〉 − 2‖y‖‖wi‖
≥ ‖wi‖
i, j (x) − 2‖y‖‖wi‖ > 0.

Here the second inequality holds because 〈Uhwi , x〉 ≥ �i, j (x) while, by the defi-
nition of
i, j (x) and since g /∈ Li, j (x),�i, j (x)−〈Ugwi , x〉 ≥ ‖wi‖
i, j (x); the last
(strict) inequality follows from the assumption ‖y‖ < 1

2

i, j (x). On the other hand,

〈Ugwi , x + y〉 = �i, j (x + y). Thus,

∪k≤ j L
i,k(x) ⊂ {h ∈ G | 〈Uhwi , x + y〉 > �i, j (x + y)}.
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But the set ∪k≤ j Li,k(x) contains at least j elements (the top j sorted entries), and
so we obtain a contradiction with Lemma 2.2, Equation (6).

It remains to verify the four displayed inclusions. Inclusions three and four are the
contrapositives of the second and first, so it suffices to prove the first two. Since the
action is orthogonal,�i, j and eachmap 〈Ugwi , ·〉 are Lipschitz with constant ‖wi‖, so
both |�i, j (x + y) − �i, j (x)| and |〈Ugwi , x + y〉 − 〈Ugwi , x〉| are < 1

2‖wi‖
i, j (x).
If 〈Ugwi , x〉 > �i, j (x), then g /∈ Li, j (x) gives 〈Ugwi , x〉 ≥ �i, j (x)+‖wi‖
i, j (x),
whence

〈Ugwi , x + y〉 > �i, j (x) + 1
2‖wi‖
i, j (x) > �i, j (x + y),

which is the first inclusion; the second is identical with all inequalities reversed. ��

Lemma 2.4 For i ∈ [p] and j ∈ [N ], fix vectors x, y ∈ V and positive numbers c1, c2
such that max(c1, c2)‖y‖ < 1

4

i, j (x). Then, Li, j (x + c1y) = Li, j (x + c2y).

Proof Assume there exists g1 ∈ Li, j (x + c2y) with g1 /∈ Li, j (x + c1y). Assume first
that 〈Ug1wi , x + c1y〉 < �i, j (x + c1y); the opposite case is handled by the same
mirror argument as in the proof of Lemma 2.3, via ∪r≥ j Li,r (x + c1y) and (7). The
set ∪r≤ j Li,r (x + c1y) consists of those h with 〈Uhwi , x + c1y〉 ≥ �i, j (x + c1y),
so it contains the top j sorted entries and

∣
∣∪r≤ j Li,r (x + c1y)

∣
∣ ≥ j ; moreover g1 /∈

∪r≤ j Li,r (x+c1y), since 〈Ug1wi , x + c1y〉 < �i, j (x+c1y). On the other hand, from
Lemma 2.2, Equation (6),

∣
∣{h ∈ G | 〈Uhwi , x + c2y〉 > �i, j (x + c2y)}

∣
∣ ≤ j − 1.

Hence

∪r≤ j L
i,r (x + c1y) \ {h ∈ G | 〈Uhwi , x + c2y〉 > �i, j (x + c2y)} �= ∅.

Therefore there exists h ∈ ∪r≤ j Li,r (x + c1y) such that

〈Uhwi , x + c2y〉 ≤ �i, j (x + c2y) = 〈Ug1wi , x + c2y〉. (8)

Moreover, by Lemma 2.3, g1 ∈ Li, j (x).
But if 〈Uhwi , x〉 − 〈Ug1wi , x〉 > 0, then

〈Uhwi , x + c2y〉 − 〈Ug1wi , x + c2y〉 ≥ ‖wi‖(
i, j (x) − 2c2‖y‖) > 0,

which contradicts (8). If 〈Uhwi , x〉 − 〈Ug1wi , x〉 < 0, then

〈Ug1wi , x + c1y〉 − 〈Uhwi , x + c1y〉 ≥ ‖wi‖(
i, j (x) − 2c1‖y‖) > 0,
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which contradicts h ∈ ∪r≤ j Li,r (x + c1y). Therefore 〈Uhwi , x〉 = 〈Ug1wi , x〉 and
thus h ∈ Li, j (x). But then

0 ≥ 〈Uhwi , x + c2y〉 − 〈Ug1wi , x + c2y〉 = 〈Uhwi , c2y〉 − 〈Ug1wi , c2y〉
= c2(〈Uhwi , y〉 − 〈Ug1wi , y〉)

and

0 < 〈Uhwi , x + c1y〉 − 〈Ug1wi , x + c1y〉 = 〈Uhwi , c1y〉 − 〈Ug1wi , c1y〉
= c1(〈Uhwi , y〉 − 〈Ug1wi , y〉).

These contradict each other since c1, c2 > 0. This proves Li, j (x+c2y) ⊂ Li, j (x+
c1y); the reverse inclusion follows by exchanging the roles of c1 and c2, since the
hypothesis is symmetric in them. ��

The induction uses two kinds of perturbation of a partial sum
∑k

r=1 zr : rescaling
the components to

∑
r ar zr with each ar close to 1, and adding a small vector e.

Lemma 2.5 shows that under both of them the active sets Li, j are unchanged, while
the gaps 
i, j change by at most a fixed factor. This is what lets us carry a whole
neighborhood of

∑
r zr , rather than a single point, through the argument.

Lemma 2.5 (Perturbation of active sets and gaps) Fix wi ∈ V \ {0} and j ∈ [N ]. For
any k ≥ 1, fix z1 ∈ V of unit norm, ‖z1‖ = 1, and choose arbitrary vectors z2, . . . , zk
that satisfy only the norm conditions

‖zl+1‖ ≤ min(
1

4

i, j (

l∑

r=1

zr ),
1

4
‖zl‖) ∀l ∈ [k − 1].

Denote δi, j = min
(
1
8 ,

1
16k


i, j (
∑k

r=1 zr )
)
. For any scalars a1, . . . , ak ∈

(
1 − δi, j , 1 + δi, j

)
, the following hold:

1. If g1, g2 ∈ Li, j (
∑k

r=1 zr ) then

〈Ug1wi ,

k∑

r=1

ar zr 〉 = 〈Ug2wi ,

k∑

r=1

ar zr 〉.

2.

Li, j (

k∑

r=1

ar zr ) = Li, j (

k∑

r=1

zr ). (9)

3.
1

4

i, j (

k∑

r=1

ar zr ) < 
i, j (

k∑

r=1

zr ) < 4
i, j (

k∑

r=1

ar zr ). (10)
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4. For every e ∈ V with ‖e‖ < 1
16


i, j (
∑k

r=1 zr ),

Li, j (

k∑

r=1

ar zr + e) = Li, j (

k∑

r=1

zr + e). (11)

Remark 2.6 Note that this lemma allows us to choose arbitrary directions for the
vectors z2, . . . , zk . The conclusions of the lemma remain valid even if z2 = · · · =
zk = 0. On the other hand, the norm conditions

‖zl+1‖ ≤ 1

4
‖zl‖ and ‖z1‖ = 1

ensure that the sum
∑k

l=1 zl can never be zero. Hence,


i, j
( l∑

r=1

zr
)

> 0 for all l ∈ [k].

Proof We first record an estimate that will be used repeatedly. Since ‖z1‖ = 1 and
‖zr+1‖ ≤ 1

4‖zr‖, we have
∑k

r=1‖zr‖ < 4
3 , hence

2
k∑

r=1

|1 − ar |‖zr‖ ≤ 2 δi, j
k∑

r=1

‖zr‖ <
8

3
δi, j ≤ 1

6k

i, j (

k∑

r=1

zr ) ≤ 1

2

i, j (

k∑

r=1

zr ).

(12)
In particular ‖∑k

r=1(ar − 1)zr‖ < 1
2


i, j (
∑k

r=1 zr ), so Lemma 2.3 applies to the

perturbation
∑k

r=1(ar − 1)zr of
∑k

r=1 zr ; this is how Lemma 2.3 is invoked in part 2
below.

1. Note that by the norm conditions on zr and Lemma 2.3, if g1, g2 ∈ Li, j (
∑k

r=1 zr ),
then 〈Ug1wi ,

∑l
r=1 zr 〉 = 〈Ug2wi ,

∑l
r=1 zr 〉 ∀l ∈ [k]. Starting with l = 1 and

proceeding recursively, we get 〈Ug1wi , zr 〉 = 〈Ug2wi , zr 〉 ∀r ∈ [k]. There-
fore 〈Ug1wi , ar zr 〉 = 〈Ug2wi , ar zr 〉 ∀r ∈ [k] and so 〈Ug1wi ,

∑k
r=1 ar zr 〉 =

〈Ug2wi ,
∑k

r=1 ar zr 〉.
2. “⊂”. From Lemma 2.3, we have that Li, j (

∑k
r=1 ar zr ) ⊂ Li, j (

∑k
r=1 zr ).

“⊃”. Let g1 ∈ Li, j (
∑k

r=1 zr ). Take any g2 ∈ Li, j (
∑k

r=1 ar zr ). By Lemma 2.3,
g2 ∈ Li, j (

∑k
r=1 zr ), and from part 1 of this lemma,

〈Ug1wi ,

k∑

r=1

ar zr 〉 = 〈Ug2wi ,

k∑

r=1

ar zr 〉.

Therefore g1 ∈ Li, j (
∑k

r=1 ar zr ), which proves the other inclusion.
3. Case 1. Suppose Li, j (

∑k
r=1 zr ) = G. By part 2 of this lemma, Li, j (

∑k
r=1 ar zr ) =

Li, j (
∑k

r=1 zr ) = G, so both
i, j (
∑k

r=1 zr ) and
i, j (
∑k

r=1 ar zr ) are given by the
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Li, j = G branch of the definition, namely 1
‖wi‖‖∑k

r=1 zr‖ and 1
‖wi‖‖∑k

r=1 ar zr‖
respectively.
Moreover, since |ar − 1| < δi, j ≤ 1

8 for every r ∈ [k], we have a1, . . . , ak ∈
(7/8, 9/8). Therefore,


i, j (

k∑

r=1

ar zr ) = 1

‖wi‖‖
k∑

r=1

ar zr‖ ≤ 9

8‖wi‖

(
k∑

r=1

‖zr‖
)

<
3

2‖wi‖‖z1‖

and


i, j (

k∑

r=1

ar zr )= 1

‖wi‖‖
k∑

r=1

ar zr‖≥ 1

‖wi‖

(
7

8
‖z1‖− 9

8

k∑

r=2

‖zr‖
)

>
1

2‖wi‖‖z1‖.

Similarly,


i, j (

k∑

r=1

zr ) = 1

‖wi‖‖
k∑

r=1

zr‖ ≤ 1

‖wi‖

(
k∑

r=1

‖zr‖
)

<
4

3‖wi‖‖z1‖

and


i, j (

k∑

r=1

zr ) = 1

‖wi‖‖
k∑

r=1

zr‖ ≥ 1

‖wi‖

(

‖z1‖ −
k∑

r=2

‖zr‖
)

>
2

3‖wi‖‖z1‖.

So,
1

4

i, j (

k∑

r=1

ar zr ) <
3

8‖wi‖‖z1‖ <
2

3‖wi‖‖z1‖ < 
i, j (

k∑

r=1

zr )

<
4

3‖wi‖‖z1‖ <
2

‖wi‖‖z1‖ < 4
i, j (

k∑

r=1

ar zr ),

which is exactly (10).
Case 2. Now assume that Li, j (

∑k
r=1 zr ) �= G. By part 2 of this lemma,

Li, j (
∑k

r=1 ar zr ) = Li, j (
∑k

r=1 zr ) �= G.
For the lower bound, fix g1 ∈ G that achieves 
i, j (

∑k
r=1 ar zr ), i.e.,

1

‖wi‖ |〈Ug1wi ,

k∑

r=1

ar zr 〉 − �i, j (

k∑

r=1

ar zr )| = 
i, j (

k∑

r=1

ar zr ),

and g2 ∈ Li, j (
∑k

r=1 ar zr ). In particular g1 /∈ Li, j (
∑k

r=1 ar zr ) = Li, j (
∑k

r=1 zr )
while g2 ∈ Li, j (

∑k
r=1 zr ), hence

1

‖wi‖

∣
∣
∣
∣
∣
〈Ug1wi ,

k∑

r=1

zr 〉 − 〈Ug2wi ,

k∑

r=1

zr 〉
∣
∣
∣
∣
∣
≥ 
i, j (

k∑

r=1

zr ).
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Then, using (12),


i, j (

k∑

r=1

ar zr ) = 1

‖wi‖

∣
∣
∣
∣
∣
〈Ug1wi ,

k∑

r=1

ar zr 〉 − 〈Ug2wi ,

k∑

r=1

ar zr 〉
∣
∣
∣
∣
∣

≥ 1

‖wi‖

∣
∣
∣
∣
∣
〈Ug1wi ,

k∑

r=1

zr 〉 − 〈Ug2wi ,

k∑

r=1

zr 〉
∣
∣
∣
∣
∣
− 2

k∑

r=1

|1 − ar |‖zr‖

≥
i, j (

k∑

r=1

zr ) − 2
k∑

r=1

|1 − ar |‖zr‖ >
1

2

i, j (

k∑

r=1

zr ).

For the upper bound, we evaluate the perturbed quantity at a group element that
achieves the minimum for the unperturbed vector. Fix h1 /∈ Li, j (

∑k
r=1 zr ) that

achieves 
i, j (
∑k

r=1 zr ), i.e.,

1

‖wi‖

∣
∣
∣
∣
∣
〈Uh1wi ,

k∑

r=1

zr 〉 − �i, j (

k∑

r=1

zr )

∣
∣
∣
∣
∣
= 
i, j (

k∑

r=1

zr ),

and let h2 ∈ Li, j (
∑k

r=1 zr ), so that �i, j (
∑k

r=1 zr ) = 〈Uh2wi ,
∑k

r=1 zr 〉. By
part 2 of this lemma, h1 /∈ Li, j (

∑k
r=1 ar zr ) and h2 ∈ Li, j (

∑k
r=1 ar zr ), so that

�i, j (
∑k

r=1 ar zr ) = 〈Uh2wi ,
∑k

r=1 ar zr 〉. Therefore, by the definition of
i, j and
(12),


i, j (

k∑

r=1

ar zr ) ≤ 1

‖wi‖

∣
∣
∣
∣
∣
〈Uh1wi ,

k∑

r=1

ar zr 〉 − 〈Uh2wi ,

k∑

r=1

ar zr 〉
∣
∣
∣
∣
∣

≤ 1

‖wi‖

∣
∣
∣
∣
∣
〈Uh1wi ,

k∑

r=1

zr 〉 − 〈Uh2wi ,

k∑

r=1

zr 〉
∣
∣
∣
∣
∣
+ 2

k∑

r=1

|1 − ar |‖zr‖

=
i, j (

k∑

r=1

zr ) + 2
k∑

r=1

|1 − ar |‖zr‖ ≤ 2
i, j (

k∑

r=1

zr ).

Therefore,

1

2

i, j (

k∑

r=1

zr ) < 
i, j (

k∑

r=1

ar zr ) ≤ 2
i, j (

k∑

r=1

zr ),

which in particular implies (10).
4. By Lemma 2.3, Li, j (

∑k
r=1 zr + e) ⊂ Li, j (

∑k
r=1 zr ) and Li, j (

∑k
r=1 ar zr + e) ⊂

Li, j (
∑k

r=1 ar zr ); by part 2 these two sets coincide, so put L := Li, j (
∑k

r=1 zr ) =
Li, j (

∑k
r=1 ar zr ). Both Li, j (

∑k
r=1 zr + e) and Li, j (

∑k
r=1 ar zr + e) are thus con-

tained in L , and it suffices to show they single out the same elements of L .
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By part 1, for g ∈ L the values � := 〈Ugwi ,
∑k

r=1 zr 〉 and �′ :=
〈Ugwi ,

∑k
r=1 ar zr 〉 are independent of g. Hence for every g ∈ L ,

〈Ugwi ,
∑k

r=1 zr + e〉 − 〈Ugwi ,
∑k

r=1 ar zr + e〉 = � − �′,

a constant independent of g: the two coorbit functions, restricted to L , induce the
same order on L .
The elements ranked strictly above L are also the same for the two sums. The two
perturbations

∑k
r=1(ar − 1)zr and

∑k
r=1(1 − ar )zr have the same norm, and by

the middle estimate of (12),

‖
k∑

r=1

(ar − 1)zr‖ ≤
k∑

r=1

|1 − ar |‖zr‖ <
1

12k

i, j (

k∑

r=1

zr ) ≤ 1

12

i, j (

k∑

r=1

zr ),

while part 3 gives 1
2


i, j (
∑k

r=1 ar zr ) > 1
8


i, j (
∑k

r=1 zr ). Hence this perturba-
tion has norm smaller than half the gap at both base points, so the inclusions of
Lemma 2.3 apply at the base point

∑k
r=1 zr with perturbation

∑k
r=1(ar − 1)zr

and, in the reverse direction, at the base point
∑k

r=1 ar zr with perturbation
∑k

r=1(1 − ar )zr , yielding

{g ∈ G | 〈Ugwi ,
∑k

r=1 zr 〉 > �} = {g ∈ G | 〈Ugwi ,
∑k

r=1 ar zr 〉 > �′};

call its cardinalityM ≤ j−1. Since‖e‖ < 1
16


i, j (
∑k

r=1 zr ) < 1
2


i, j (
∑k

r=1 ar zr )
(part 3), adding e keeps each such element strictly above every element of L , for
both sums; the identical estimate keeps every element ranked strictly below L
strictly below it. Hence position j is still attained inside L (note that M ≤ j − 1
and j ≤ M +|L|, since at the unperturbed vectors the j-th sorted value is attained
on L): Li, j (

∑k
r=1 zr + e) consists of the elements of L attaining the ( j − M)-th

largest value of g 
→ 〈Ugwi ,
∑k

r=1 zr + e〉 on L , and likewise for
∑k

r=1 ar zr + e.
As these two functions differ on L only by the constant � − �′, they select the
same elements. Therefore

Li, j (
∑k

r=1 zr + e) = Li, j (
∑k

r=1 ar zr + e).

��

2.2.2 Positivity of the lower Lipschitz constant

We now prove that the lower Lipschitz bound must be positive if the embedding map
�̂w,S is injective. The proof proceeds by contradiction.

The strategy is as follows: assume that the lower Lipschitz constant is zero.

• First, we find a unit-norm vector z1 where the local lower Lipschitz constant
vanishes.
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• Next, we inductively construct mutually orthogonal vectors z2, . . . , zd such that
for each k the local lower Lipschitz constant vanishes at the sum

∑k
r=1 zr , and

the active sets Li, j of the sum are well separated (the “robotic arm” construction,
Lemma 2.14).

• When k = d, the vectors {z1, . . . , zd} form a basis of V . From the vanishing limit,
we obtain a unit vector z̃ satisfying 〈Ugwi , z̃〉 = 0 for every g in the relevant
active sets. Choosing a small ε > 0 and comparing

∑d
r=1 zr with

∑d
r=1 zr + ε z̃

yields two distinct points whose images under �w,S coincide, contradicting the
injectivity of �̂w,S .

We begin by showing that if the lower Lipschitz bound is zero, then this bound can
be achieved locally. We say that the local lower Lipschitz constant of�w,S vanishes at
z ∈ V if there exist sequences (xn)n , (yn)n in V with xn � yn for all n, limn→∞ xn =
limn→∞ yn = z, and

lim
n→∞

‖�w,S(xn) − �w,S(yn)‖2
d([xn], [yn])2 = 0.

Lemma 2.7 (Base case: Localizing the degeneracy) Fix w = (w1, . . . , wp) ∈ V p and
S ⊂ [N ] × [p]. Assume that �̂w,S is injective. If the lower Lipschitz constant of the
map �w,S is zero, then there exist sequences (xn)n, (yn)n in V such that

lim
n→∞

‖�w,S(xn) − �w,S(yn)‖2
d([xn], [yn])2 = 0

and which, additionally, satisfy the following relations:

1. (convergence) They share a common limit z1,

lim
n→∞ xn = lim

n→∞ yn = z1, (13)

with ‖z1‖ = 1;
2. (boundedness) For all n:

‖xn‖ = 1 (14)

‖yn‖ ≤ 1 (15)

3. (alignment) For all n:

‖xn − yn‖ = min
g∈G‖xn −Ugyn‖ (16)

‖xn − z1‖ = min
g∈G‖xn −Ugz1‖ (17)

‖yn − z1‖ = min
g∈G‖yn −Ugz1‖. (18)
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Proof Because the lower Lipschitz bound of the map �w,S is zero, we have that

inf
x,y∈V
x�y

‖�w,S(x) − �w,S(y)‖2
d([x], [y])2 = 0.

Thus, we can find sequences (xn)n, (yn)n in V such that

lim
n→∞

‖�w,S(xn) − �w,S(yn)‖2
d([xn], [yn])2 = 0.

Now, notice that for all t > 0, we have �w,S(t x) = t�w,S(x) and d([t x], [t y]) =
t d([x], [y]). So, for every t > 0,

‖�w,S(xn) − �w,S(yn)‖2
d([xn], [yn])2 = ‖�w,S(t xn) − �w,S(t yn)‖2

d([t xn], [t yn])2 .

By setting

t = 1

max(‖xn‖, ‖yn‖) ,

we can assume without loss of generality that both xn and yn lie in the unit ball.
Moreover, since the formulas are symmetric in the two sequences, we can further
assume that one of them, say (xn)n , lies on the unit sphere. That is,

‖xn‖ = 1 and ‖yn‖ ≤ 1 for all n ∈ N.

By compactness, we can find a convergent subsequence (xnk )k of (xn)n with xnk →
x∞. Similarly, we can find a convergent subsequence (ynkl )l of (ynk )k with ynkl → y∞.
Clearly, xnkl → x∞. For ease of notation, we denote the sequences (xnkl )l and (ynkl )l
by (xn)n and (yn)n , respectively.

Next, suppose that x∞ � y∞. Then,

‖�w,S(x∞) − �w,S(y∞)‖2
d([x∞], [y∞])2 = lim

n→∞
‖�w,S(xn) − �w,S(yn)‖2

d([xn], [yn])2 = 0,

and thus, �w,S(x∞) = �w,S(y∞), which contradicts the injectivity assumption.
Hence, x∞ ∼ y∞.

Now, let us denote by g∞ a group element such that x∞ = Ug∞ y∞. Observe
that limn→∞‖xn −Ug∞ yn‖ = 0. For each n ∈ N there exists at least one element
gn ∈ G that achieves the quotient distance between xn and Ug∞ yn , i.e., satisfying
d([xn], [Ug∞ yn]) = ‖xn −Ugng∞ yn‖. But G is a finite group, so there must exist an
element g0 ∈ G for which gn = g0 for infinitely many n. Let (nm)m be the sequence of
all such indices. We see that d([xnm ], [Ug∞ ynm ]) = ‖xnm −Ug0g∞ ynm‖ for allm ∈ N.
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Finally, for every m ∈ N, let gm ∈ G be a group element that achieves the quotient
distance between xnm and x∞, that is,

d([xnm ], [x∞]) = ‖Ugm xnm − x∞‖.

DenoteUgm xnm by xm andUgmg0g∞ ynm by ym ; for ease of notationwe re-index these
sequences by n and keep denoting them (xn)n and (yn)n . So far we have obtained two
sequences (xn)n and (yn)n that satisfy (13–17).Now let hn ∈ G denote a group element
such that d([yn], [z1]) = ‖yn −Uhn z1‖. Since G is finite, pass to a subsequence
(again indexed by n) so that hn = h0 for some h0 ∈ G. Therefore d([yn], [z1]) =
‖yn −Uh0 z1‖ ≤ ‖yn − z1‖. But limn→∞ yn = z1. Thus, Uh0 z1 = z1. This shows
(18), and the lemma is proved. ��

In what follows, we will denote by H(z) the stabilizer group of z; recall that

H(z) = {g ∈ G | Ugz = z}.

For a fixed nonzero vector z, we define the strictly positive number

ρ0(z) =
{
ming∈G\H(z)‖z −Ugz‖, if H(z) �= G
‖z‖, if H(z) = G.

The following elementary observation shows that a sufficiently small perturbation
cannot enlarge the stabilizer.

Lemma 2.8 (Small perturbations do not enlarge the stabilizer) Let z ∈ V \ {0} and
e ∈ V with ‖e‖ < 1

2ρ0(z). Then, H(z + e) ⊆ H(z).

Proof If H(z) = G then ρ0(z) = ‖z‖, so ‖e‖ < 1
2‖z‖ and z + e �= 0; the claim

H(z + e) ⊆ G = H(z) is trivial. Otherwise, let g ∈ G \ H(z). Then,

‖Ug(z + e) − (z + e)‖ ≥ ‖Ugz − z‖ − ‖Uge − e‖ ≥ ρ0(z) − 2‖e‖ > 0,

so g /∈ H(z + e). Hence H(z + e) ⊆ H(z). ��
Remark 2.9 Consequently, if z1, . . . , zk satisfy ‖zl+1‖ < 1

2ρ0(
∑l

r=1 zr ) for all l ∈
[k − 1], then, applying Lemma 2.8 repeatedly with z = ∑l

r=1 zr and e = zl+1,

H(
∑k

r=1 zr ) ⊆ H(
∑k−1

r=1 zr ) ⊆ · · · ⊆ H(z1).

In particular, every g ∈ H(
∑k

r=1 zr ) fixes each partial sum
∑l

r=1 zr , and hence
fixes each increment zl = ∑l

r=1 zr − ∑l−1
r=1 zr : Ugzl = zl for all l ∈ [k].

Assume N0 is large enough so that ‖xn − z1‖ < 1
8ρ0(z1) and ‖xn − yn‖ < 1

8ρ0(z1)
for all n > N0. Then,

‖yn − z1‖ ≤ ‖yn − xn‖ + ‖xn − z1‖ <
ρ0(z1)

4
.
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Remark 2.10 InFig. 3,we illustrate how the sequences (xn)n and (yn)n are constructed.

Lemma 2.11 (Alignment) Let z ∈ V \ {0} and let u, v ∈ V with ‖u‖, ‖v‖ < 1
4ρ0(z).

Let x = z + u and y = z + v. Then, the following properties hold:

1. d([x], [z]) = ‖u‖ and d([y], [z]) = ‖v‖, and
2. d([x], [y]) = ming∈H(z)‖u −Ugv‖ = ming∈H(z)‖Ugu − v‖.
Proof 1. If u = 0, then the claim is trivial. If u �= 0, then d([x], [z]) =

ming∈G‖x −Ugz‖ = ming∈G‖z −Ugz + u‖ ≤ ‖u‖. On the other hand, suppose
the minimum is achieved for some g ∈ G. If g ∈ H(z), then d([x], [z]) = ‖u‖. If
g /∈ H(z), then

d([x], [z]) = ‖z −Ugz + u‖ ≥ ‖z −Ugz‖ − ‖u‖ ≥ ρ0(z) − ‖u‖ > ‖u‖,

since ‖u‖ < 1
4ρ0(z); this contradicts d([x], [z]) ≤ ‖u‖. Hence the minimum is

achieved on H(z) and d([x], [z]) = ‖u‖. The claim for y is identical.
2. First, for every g ∈ H(z), we have ‖Ugx − y‖ = ‖Ugz − z +Ugu − v‖ =

‖Ugu − v‖, and therefore d([x], [y]) ≤ ming∈H(z)‖Ugu − v‖. On the other hand,
for g ∈ G \ H(z) and any h ∈ H(z),

‖Ugx − y‖ = ‖Ugz − z +Ugu − v‖
≥ ‖Ugz − z‖ − ‖u‖ − ‖v‖
≥ ρ0(z) − 2‖u‖ − 2‖v‖ + ‖Uhu − v‖
≥ ‖Uhu − v‖,

Fig. 3 Local analysis of sequences xn and yn converging to z1
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where we used ‖Uhu − v‖ ≤ ‖u‖ + ‖v‖ and 2‖u‖ + 2‖v‖ < ρ0(z). Hence
the minimum of ‖Ugx − y‖ over g ∈ G is attained on H(z), and d([x], [y]) =
ming∈H(z)‖Ugu − v‖. The second equality in the statement follows by replacing
g with g−1, since H(z) is a group and each Ug is orthogonal.

��

Remark 2.12 Applying Lemma 2.11 to two sequences (xk)k and (yk)k that satisfy
(13–16) in Lemma 2.7, it follows that d([xk], [z1]) = ‖xk − z1‖ and d([yk], [z1]) =
‖yk − z1‖ for k large enough. Hence alignment must occur from some index on.

Lemma 2.13 Let (xn)n, (yn)n be two arbitrary sequences in V . For each i ∈ [p] and
j ∈ Si , we denote by g1,i, j,n a group element that achieves �i, j (xn) and by g2,i, j,n
a group element that achieves �i, j (yn). That is, �i, j (xn) = 〈Ug1,i, j,nwi , xn〉 and
�i, j (yn) = 〈Ug2,i, j,nwi , yn〉.

We can find a sequence of natural numbers (nr )r such that g1,i, j,nr = g1,i, j and
g2,i, j,nr = g2,i, j ∀r ∈ N, i ∈ [p], j ∈ Si .

Proof Fix an enumeration (i1, j1), . . . , (im, jm) of the index set S. Since G is finite,
for the first pair (i1, j1) there is a subsequence (xnt )t such that g1,i1, j1,nt = g1,i1, j1 for
every t ∈ N. Similarly, for the second pair (i2, j2), we can find a further subsequence,
which we denote (xnl )l , such that g1,i2, j2,nl = g1,i2, j2 , ∀l ∈ N. So, by induction, after∑

i∈[p] mi = m steps, we construct a subsequence of (xn)n , which we denote (xnt )t ,
such that g1,i, j,nt = g1,i, j for every i ∈ [p], j ∈ Si . Starting from the sequence (ynt )t ,
we repeat the same procedure, obtaining a subsequence (ynr )r such that g2,i, j,nr =
g2,i, j for every r ∈ N, i ∈ [p], j ∈ Si . Notice that the sequences (xnr )r and (ynr )r ,
which from now on, wewill call (xn)n and (yn)n for ease of notation, have the constant
achievers claimed in the statement. ��

For the sequences (xn)n , (yn)n and the vector z1 defined above, let un = xn − z1
and vn = yn − z1. Notice that

‖�w,S(xn) − �w,S(yn)‖2 =
p∑

i=1

∑

j∈Si
|〈Ug1,i, j wi , xn〉 − 〈Ug2,i, j wi , yn〉|2

=
p∑

i=1

∑

j∈Si
|〈Ug1,i, j wi −Ug2,i, j wi , z1〉

+〈wi ,Ug−1
1,i, j

un −Ug−1
2,i, j

vn〉|2.

This sequence converges to 0 as n → ∞, while also un, vn → 0. So we conclude
that for each i ∈ [p] and j ∈ Si , 〈Ug1,i, j wi −Ug2,i, j wi , z1〉 = 0. Therefore

‖�w,S(xn) − �w,S(yn)‖2 =
p∑

i=1

∑

j∈Si
|〈wi ,Ug−1

1,i, j
un −Ug−1

2,i, j
vn〉|2.
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Thus, we have

lim
n→∞

∑p
i=1

∑
j∈Si |〈wi ,Ug−1

1,i, j
un −Ug−1

2,i, j
vn〉|2

‖un − vn‖2 = 0, (19)

where ‖un‖, ‖vn‖ → 0, so for large enough n, we have ‖un‖, ‖vn‖ ≤ 1
4ρ0(z1).

Since xn − yn = un − vn , the alignment property (16) of Lemma 2.7 shows that the
denominator in (19) satisfies ‖un − vn‖ = ‖xn − yn‖ = d([xn], [yn]).

The next lemma is the inductive step of the robotic-arm construction: it produces a
vector zk+1, orthogonal to z1, . . . , zk , along which the ratio still vanishes.

Lemma 2.14 (Induction step: the robotic arm) Fix p ∈ N,w ∈ V p and S ⊂ [N ]×[p].
Let 
 : V → R be defined by 
(x) = min(i, j)∈[p]×[N ] 
i, j (x), where the map 
i, j

is defined in (5). Fix nonzero vectors z1, . . . , zk ∈ V such that

‖z1‖ = 1, 〈zi , z j 〉 = 0 ∀i, j ∈ [k], i �= j

and

‖zl+1‖ ≤ min

(
1

4

(

l∑

r=1

zr ),
1

4
‖zl‖, 1

4
ρ0(

l∑

r=1

zr )

)

∀l ∈ [k − 1].

Assume that the local lower Lipschitz constant of�w,S vanishes at z1+z2+· · ·+zk ,
and that �̂w,S is injective. If k < d, then there exists a nonzero vector zk+1 such that:

(i) 〈zk+1, z j 〉 = 0 ∀ j ∈ [k];
(ii) ‖zk+1‖ ≤ min

(
1
4
(

∑k
r=1 zr ),

1
4‖zk‖, 1

4ρ0(
∑k

r=1 zr )
)
; and

(iii) The local lower Lipschitz constant vanishes at z1 + z2 + · · · + zk+1, i.e., there
are sequences of vectors (xn)n, (yn)n such that

lim
n→∞ xn = lim

n→∞ yn =
k+1∑

r=1

zr

and

lim
n→∞

‖�w,S(xn) − �w,S(yn)‖2
d([xn], [yn])2 = 0.

Proof Let (xn)n, (yn)n be two sequences that both converge to
∑k

r=1 zr and achieve
lower Lipschitz bound zero for the map�w,S . We align the sequences (xn)n and (yn)n
by the same construction as in Lemma 2.7, now with base point

∑k
r=1 zr in place

of the unit vector z1: for each n, we replace yn by the orbit representative Ugn yn
closest to xn , so that d([xn], [yn]) = ‖xn − yn‖, and we pass to a subsequence along
which gn ≡ g0 is constant. This changes neither the ratio, since �w,S is G-invariant
and d depends only on orbits, nor the common limit: from xn, yn → ∑k

r=1 zr and
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‖xn −Ug0 yn‖ → 0, we get Ug0
∑k

r=1 zr = ∑k
r=1 zr , i.e. g0 ∈ H(

∑k
r=1 zr ). We

denote by an = PEk xn and bn = PEk yn the orthogonal projections of the sequences
(xn)n and (yn)n respectively, on the linear subspace Ek = span{z1, . . . , zk}⊥.

Claim 1: First, we will show that ∃M0 such that ∀n ≥ M0, an �= 0 or bn �= 0.
Assume otherwise; then there are two sequences of vectors xn = ∑k

r=1 cr ,nzr and
yn = ∑k

r=1 dr ,nzr , where limn→∞ cr ,n = limn→∞ dr ,n = 1, ∀r ∈ [k] that achieve
lower Lipschitz bound zero. Consequently, there is M0 ∈ N such that

|1 − cr ,n |, |1 − dr ,n | < min

(
1

8
,

1

16k

(

k∑

r=1

zr )

)

≤ δi, j

for all n ≥ M0, r ∈ [k] and (i, j) ∈ S, so part (2) of Lemma 2.5 applies and gives,
for all n ≥ M0 and (i, j) ∈ S,

Li, j (

k∑

r=1

cr ,nzr ) = Li, j (

k∑

r=1

dr ,nzr ) = Li, j (

k∑

r=1

zr ).

Note that xn−yn = ∑k
r=1(cr ,n−dr ,n)zr �= 0, since xn � yn . Pass to a subsequence

(nm)m alongwhich the unit vectors
∑k

r=1(cr ,n−dr ,n)zr
‖∑k

r=1(cr ,n−dr ,n)zr‖ converge, and denote their limit,

a unit vector, by z̃. Then, for gi, j ∈ Li, j (
∑k

r=1 zr ),

0 = lim
n→∞

‖�w,S(xn) − �w,S(yn)‖2
d([xn], [yn])2

= lim
n→∞

∑p
i=1

∑
j∈Si |〈Ugi, j wi , xn − yn〉|2
d([xn], [yn])2

≥ lim
m→∞

∑p
i=1

∑
j∈Si |〈Ugi, j wi ,

∑k
r=1(cr ,nm − dr ,nm )zr 〉|2

‖∑k
r=1(cr ,nm − dr ,nm )zr‖2

=
p∑

i=1

∑

j∈Si
|〈Ugi, j wi , z̃〉|2.

Since the choice of gi, j ∈ Li, j (
∑k

r=1 zr ) was arbitrary (neither the subsequence
(nm)m nor z̃ depends on it), the computation above shows that 〈Ugwi , z̃〉 = 0
for every g ∈ Li, j (

∑k
r=1 zr ), i ∈ [p], j ∈ Si . We now choose ε > 0 with

∑k
r=1 zr �

∑k
r=1 zr + ε z̃: for each g ∈ G the equation

∑k
r=1 zr + ε z̃ =

Ug(
∑k

r=1 zr ) forces ε z̃ = Ug(
∑k

r=1 zr ) − ∑k
r=1 zr , which, as z̃ �= 0, determines

at most one value of ε; since G is finite, at most N values are excluded, so we
may also require ε‖z̃‖ < 1

4
(
∑k

r=1 zr ). For every (i, j) ∈ S, Lemma 2.3 gives

Li, j (
∑k

r=1 zr + ε z̃) ⊂ Li, j (
∑k

r=1 zr ), so evaluating �i, j at any g in the smaller
set yields �i, j (

∑k
r=1 zr + ε z̃) = 〈Ugwi ,

∑k
r=1 zr 〉 + ε〈Ugwi , z̃〉 = �i, j (

∑k
r=1 zr ).
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Hence

�w,S(

k∑

r=1

zr ) = �w,S(

k∑

r=1

zr + ε z̃),

which contradicts the injectivity property. This establishes Claim 1.
Now, we can assume that for all n ≥ M0, an = PEk xn �= 0 or bn = PEk yn �= 0.

If need be, pass to a subsequence and/or switch the definitions of xn and yn , so that
‖bn‖ ≥ ‖an‖ for all n; in particular, bn �= 0 for all n ≥ M0.

Let cr ,n, dr ,n be the unique coefficients determined by xn = ∑k
r=1 cr ,nzr + an ,

yn = ∑k
r=1 dr ,nzr + bn . Note limn→∞ cr ,n = limn→∞ dr ,n = 1.

Let en = ∑k
r=1(dr ,n − cr ,n)zr + bn and

sn =
min

(
‖zk‖,
(

∑k
r=1 zr ), ρ0(

∑k
r=1 zr )

)

16‖en‖ .

Note ‖en‖ ≥ ‖bn‖ ≥ ‖an‖ for all n, and en �= 0 for all n ≥ M0; discarding the
finitely many terms with n < M0, sn is well defined.

Claim 2: The sequences x̃n = ∑k
r=1 zr + snan and ỹn = ∑k

r=1 zr + snen satisfy

lim
n→∞

‖�w,S(x̃n) − �w,S(ỹn)‖2
d([x̃n], [ỹn])2 = 0.

Note that sn‖en‖ = 1
16 min

(
‖zk‖,
(

∑k
r=1 zr ), ρ0(

∑k
r=1 zr )

)
for every n, and

hence max(‖snan‖, ‖snen‖) ≤ 1
16 . Pass to a subsequence so that both (snan)n and

(snen)n converge, and let α = limn→∞ snan and β = limn→∞ snen . Notice that
‖β‖ = limn→∞ sn‖en‖ > 0, so β �= 0.

The limits

lim
n→∞ cr ,n = lim

n→∞ dr ,n = 1, ∀r ∈ [k] and lim
n→∞ an = lim

n→∞ en = 0

imply that ∃m0 ∈ N such that ∀n ≥ m0 and ∀r ∈ [k]

1. |1 − cr ,n| < min
(
1
8 ,

1
16k
(

∑k
r=1 zr )

)

2. |1 − dr ,n| < min
(
1
8 ,

1
16k
(

∑k
r=1 zr )

)

3. |cr ,n − dr ,n| < min
(
1
8 ,

1
16k
(

∑k
r=1 zr )

)

4. ‖an‖ < 1
16k
(

∑k
r=1 zr )

5. ‖en‖ < 1
16k
(

∑k
r=1 zr )

Since 
(
∑k

r=1 zr ) ≤ 
i, j (
∑k

r=1 zr ) for every (i, j), conditions 1–3 place the
scalars cr ,n , dr ,n and 1 + dr ,n − cr ,n in the range (1 − δi, j , 1 + δi, j ) required by
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Lemma 2.5, while, by the definition of sn ,

max(‖snan‖, ‖snen‖) ≤ 1

16

(

k∑

r=1

zr ) ≤ 1

16

i, j (

k∑

r=1

zr ).

So, for any (i, j) ∈ S,

Li, j (xn) = Li, j (

k∑

r=1

cr ,nzr + an) = Li, j (

k∑

r=1

zr + an)

= Li, j (

k∑

r=1

zr + snan) = Li, j (x̃n) ⊂ Li, j (

k∑

r=1

zr ) = Li, j (

k∑

r=1

cr ,nzr ).

Here, the second equality follows from Lemma 2.5 (part 4), the third equality from
Lemma 2.4, the inclusion from Lemma 2.3, and the last equality from Lemma 2.5
(part 2).

Similarly,

Li, j (yn) = Li, j (

k∑

r=1

dr ,nzr + bn) = Li, j (

k∑

r=1

(1 + dr ,n − cr ,n)zr + bn)

= Li, j (

k∑

r=1

zr + en) = Li, j (

k∑

r=1

zr + snen) = Li, j (ỹn)

⊂ Li, j (

k∑

r=1

zr ) = Li, j (

k∑

r=1

cr ,nzr ).

Here, the second equality follows from two applications of Lemma 2.5 (part 4),
with e = bn and scalars dr ,n , respectively 1 + dr ,n − cr ,n (note ‖bn‖ ≤ ‖en‖); the
third equality is the identity

∑k
r=1(1+dr ,n −cr ,n)zr +bn = ∑k

r=1 zr +en ; the fourth
follows from Lemma 2.4; the inclusion and the last equality are as before.

We now express both ratios through the perturbations an, en .

(i) Numerators. The elements g1,i, j ∈ Li, j (xn) and g2,i, j ∈ Li, j (yn) that achieve
�i, j (xn) and �i, j (yn) satisfy g1,i, j , g2,i, j ∈ Li, j (

∑k
r=1 zr ) by the inclusions

displayed above, and by Lemma 2.13 they may be taken independent of n along a
subsequence. The same inclusions give Li, j (xn) = Li, j (x̃n) and Li, j (yn) =
Li, j (ỹn), so these elements also achieve �i, j (x̃n) and �i, j (ỹn). For n large,
cr ,n, dr ,n ∈ (1 − δi, j , 1 + δi, j ), so part 1 of Lemma 2.5 yields both

〈Ug1,i, j wi ,
∑k

r=1 cr ,nzr 〉 = 〈Ug2,i, j wi ,
∑k

r=1 cr ,nzr 〉 and

〈Ug1,i, j wi ,
∑k

r=1 zr 〉 = 〈Ug2,i, j wi ,
∑k

r=1 zr 〉.
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Using xn = ∑k
r=1 cr ,nzr + an , yn = ∑k

r=1 dr ,nzr + bn , en = ∑k
r=1(dr ,n −

cr ,n)zr + bn , the first identity gives

�i, j (xn) − �i, j (yn) = 〈wi ,Ug−1
1,i, j

an −Ug−1
2,i, j

en〉,

and, since x̃n = ∑k
r=1 zr + snan and ỹn = ∑k

r=1 zr + snen , the second identity
gives

�i, j (x̃n) − �i, j (ỹn) = sn〈wi ,Ug−1
1,i, j

an −Ug−1
2,i, j

en〉.

Writing Mn := ∑p
i=1

∑
j∈Si

∣
∣〈wi ,Ug−1

1,i, j
an −Ug−1

2,i, j
en〉

∣
∣2, we thus have

‖�w,S(xn)−�w,S(yn)‖2 = Mn and ‖�w,S(x̃n) − �w,S(ỹn)‖2 = s2nMn .
(ii) Denominators. Recall an − en = xn − yn , so x̃n − ỹn = sn(an − en). Since

(xn)n, (yn)n are aligned by the construction at the beginning of this proof,
d([xn], [yn]) = ‖xn − yn‖ = ‖an − en‖ for all n; hence the hypothesis reads

lim
n→∞

Mn

‖an − en‖2 = 0.

We use here that the stabilizer of
∑k

r=1 zr fixes each zr (this argument follows the
one in [11]). Indeed, the vectors zr satisfy ‖zl+1‖ ≤ 1

4ρ0(
∑l

r=1 zr ), so Remark 2.9

gives Ugzr = zr for every g ∈ H(
∑k

r=1 zr ) and every r ∈ [k]. Consequently, for any
such g, expanding xn = ∑k

r=1 cr ,nzr + an and yn = ∑k
r=1 dr ,nzr + bn , and using

Ugzr = zr together with en = ∑k
r=1(dr ,n − cr ,n)zr + bn ,

an −Ugen = an +
k∑

r=1

(cr ,n − dr ,n)zr −Ugbn

=
( k∑

r=1

cr ,nzr + an
)

−Ug

( k∑

r=1

dr ,nzr + bn
)

= xn −Ugyn .

Hence, by the alignment of (xn)n and (yn)n arranged at the beginning of this proof,

‖an −Ugen‖ = ‖xn −Ugyn‖ ≥ d([xn], [yn]) = ‖an − en‖,

with equalitywhen g is the identity element. Therefore theminimumover H(
∑k

r=1 zr )
is attained at the identity:

min
g∈H(

∑k
r=1 zr )

‖an −Ugen‖ = ‖an − en‖.
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Finally, sn‖an‖ ≤ sn‖en‖ = 1
16 min(‖zk‖,
(

∑k
r=1 zr ), ρ0(

∑k
r=1 zr )) <

1
4ρ0(

∑k
r=1 zr ), so Lemma 2.11 (with z = ∑k

r=1 zr , u = snan , v = snen) yields

d([x̃n], [ỹn]) = sn min
g∈H(

∑k
r=1 zr )

‖an −Ugen‖ = sn‖an − en‖.

Since an − en = xn − yn and xn � yn , this quotient distance is positive:
d([x̃n], [ỹn]) = sn‖xn − yn‖ > 0, so x̃n � ỹn for every n, as required by the definition
of the vanishing local lower Lipschitz constant.

Combining (i) and (ii), the factor s2n cancels and

‖�w,S(x̃n) − �w,S(ỹn)‖2
d([x̃n], [ỹn])2 = s2nMn

s2n‖an − en‖2 = Mn

‖an − en‖2 −−−→
n→∞ 0,

which proves Claim 2.
Since x̃n → ∑k

r=1 zr + α and ỹn → ∑k
r=1 zr + β, while, using that

d([x̃n], [ỹn]) = ‖snan − snen‖ ≤ 1
8 is bounded (by max(‖snan‖, ‖snen‖) ≤ 1

16 )
and Mn/‖an − en‖2 → 0,

‖�w,S(x̃n) − �w,S(ỹn)‖2 = s2nMn = d([x̃n], [ỹn])2 Mn

‖an − en‖2 −−−→
n→∞ 0,

continuity of �w,S gives

�w,S(

k∑

r=1

zr + α) − �w,S(

k∑

r=1

zr + β) = 0.

Since �̂w,S is injective,

k∑

r=1

zr + α ∼
k∑

r=1

zr + β.

Let g1 ∈ G denote a group element that realizes this equivalence, i.e.,

k∑

r=1

zr + α = Ug1(

k∑

r=1

zr + β).

Note that g1 ∈ H(
∑k

r=1 zr ) because otherwise

0 = ‖
k∑

r=1

zr + α −Ug1(

k∑

r=1

zr ) −Ug1β‖ ≥ ‖
k∑

r=1

zr −Ug1(

k∑

r=1

zr )‖ − ‖α −Ug1β‖

≥ ρ0(

k∑

r=1

zr ) − ‖α‖ − ‖β‖ > 0,

where the last inequality comes from the fact that ‖α‖ ≤ ‖β‖ ≤ 1
16ρ0(

∑k
r=1 zr ).
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Additionally, α = Ug1β because

0 = ‖
k∑

r=1

zr + α −Ug1(

k∑

r=1

zr ) −Ug1β‖ = ‖α −Ug1β‖.

In particular ‖α‖ = ‖β‖ > 0, so α �= 0.
Claim 3: The two vectors α and β are equal, α = β.
Indeed, since g1 ∈ H(

∑k
r=1 zr ), part 2 of Lemma 2.11 and the identity

d([x̃n], [ỹn]) = sn‖an − en‖ established in (ii) give, for all n,

‖snan − snen‖ = d([x̃n], [ỹn]) ≤ ‖snan − snUg1en‖.

Letting n → ∞ and using α = Ug1β,

‖α − β‖ ≤ lim
n→∞‖snan − snUg1en‖ = ‖α −Ug1β‖ = 0.

We conclude that α = β �= 0.
Set zk+1 = α = β �= 0. We verify the three assertions. (i): each an lies in the

closed subspace Ek = span{z1, . . . , zk}⊥, hence so does zk+1 = limn→∞ snan . (ii):

‖zk+1‖ = ‖β‖ = 1
16 min

(
‖zk‖,
(

∑k
r=1 zr ), ρ0(

∑k
r=1 zr )

)
. (iii): the sequences x̃n

and ỹn converge to
∑k

r=1 zr +zk+1 = ∑k+1
r=1 zr and, by Claim 2, achieve the vanishing

limit. ��

Remark 2.15 Our construction produces zk+1 with norm equal to

1

16
min

(

‖zk‖,

(

k∑

r=1

zr

)

, ρ0

(
k∑

r=1

zr

))

.

In particular ‖zk+1‖ ≤ 1
16ρ0(

∑k
r=1 zr ), so the hypothesis ‖zl+1‖ ≤ 1

4ρ0(
∑l

r=1 zr )
needed for Remark 2.9 is automatically maintained along the recursion.

Remark 2.16 (The condition ‖zl+1‖ ≤ 1
4ρ0(

∑
r≤l zr ) cannot be dropped) The step

d([x̃n], [ỹn]) = sn‖an − en‖ in the proof above uses, through Remark 2.9, that
H(

∑k
r=1 zr ) fixes each zr . Without a smallness condition of this type the identity fails:

the quotient distance between the rescaled perturbations can be arbitrarily smaller than
sn‖an − en‖, and no lower Lipschitz information can be transferred. We illustrate this
with an example.

LetV = R
3 with standard basis e1, e2, e3, fix 0 < ε < 1, and set z1 = e1, z2 = εe2,

Z = z1 + z2. Let G = {I , R} where R is the rotation by π about the axis RZ ; then R
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acts orthogonally, H(Z) = G, but URz1 �= z1. Let W be a unit vector orthogonal to
Z in span{e1, e2}, so URW = −W and URe3 = −e3. For αn ↓ 0 put

qn = √
αn W , an = αne3, en = α2

nW − αne3,

xn = Z + qn + an, yn = Z + qn + en .

Then, an = αne3 and bn := −αne3 both lie in span{z1, z2}⊥, the in-plane coeffi-
cients converge to 1, and xn, yn are aligned as in (16) for n large, because ‖xn − yn‖ =
αn

√
4 + α2

n while ‖xn −URyn‖ = 2
√

αn + α2
n . Nevertheless URz1 �= z1, and

an −URen = α2
nW , so

ming∈H(Z)‖an −Ugen‖
‖an − en‖ ≤ α2

n

αn
√
4 + α2

n

−−−→
n→∞ 0.

Here 2‖z2‖ = 2ε > ρ0(z1) = 2ε/
√
1 + ε2, i.e., the condition ‖z2‖ ≤ 1

4ρ0(z1)
fails. It is exactly this configuration, in which an element of the stabilizer of Z moves
the plane span{z1, . . . , zk}, that the hypothesis excludes.

Now, we can complete the proof of Theorem 1.5.

Proof We argue by contradiction. The upper bound was established in Lemma 2.1,
so it suffices to show the lower Lipschitz constant is strictly positive. Assume, to the
contrary, that it is zero.

Then, by Lemma 2.7, there is a unit vector z1 and sequences (xn)n , (yn)n converging
to z1 that achieve lower Lipschitz bound zero. Starting from z1 and these sequences,
after d − 1 steps of the algorithmic construction of Lemma 2.14, we obtain d nonzero
vectors {z1, . . . , zd} and a pair of sequences (x̃n)n , (ỹn)n such that

(i) 〈zi , z j 〉 = 0 ∀i, j ∈ [d], i �= j ;
(ii) ‖zr+1‖ ≤ min( 14
(

∑r
l=1 zl),

1
4‖zr‖, 1

4ρ0(
∑r

l=1 zl)) ∀r ∈ [d − 1]; and
(iii) limn→∞ x̃n = limn→∞ ỹn = ∑d

r=1 zr and

lim
n→∞

‖�w,S(x̃n) − �w,S(ỹn)‖2
d([x̃n], [ỹn])2 = 0.

Let x̃n = ∑d
r=1 lr ,nzr and ỹn = ∑d

r=1 tr ,nzr . Notice that limn→∞ lr ,n =
limn→∞ tr ,n = 1, ∀r ∈ [d].

Consequently, there is M0 ∈ N such that

|1 − lr ,n|, |1 − tr ,n| < min

(
1

8
,

1

16d

(

d∑

r=1

zr )

)

≤ δi, j

for all n ≥ M0, r ∈ [d] and (i, j) ∈ S, so part (2) of Lemma 2.5 applies and gives,
for all n ≥ M0 and (i, j) ∈ S,

Li, j (

d∑

r=1

lr ,nzr ) = Li, j (

d∑

r=1

tr ,nzr ) = Li, j (

d∑

r=1

zr ).
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Fix gi, j ∈ Li, j (
∑d

r=1 zr ). Since z1, . . . , zd are d mutually orthogonal nonzero
vectors in the d-dimensional space V , they form a basis; hence x̃n − ỹn = ∑d

r=1(lr ,n −
tr ,n)zr , and d([x̃n], [ỹn]) ≤ ‖x̃n − ỹn‖ = ‖∑d

r=1(lr ,n − tr ,n)zr‖. Note that x̃n −
ỹn �= 0, since x̃n � ỹn . Pass to a subsequence (nm)m along which the unit vectors
∑d

r=1(lr ,n−tr ,n)zr
‖∑d

r=1(lr ,n−tr ,n)zr‖ converge, and denote their limit, a unit vector, by z̃. Then, using the

cancellation of the constant terms exactly as in Lemma 2.14,

0 = lim
n→∞

‖�w,S(x̃n) − �w,S(ỹn)‖2
d([x̃n], [ỹn])2

= lim
n→∞

∑p
i=1

∑
j∈Si |〈Ugi, j wi , x̃n − ỹn〉|2
d([x̃n], [ỹn])2

≥ lim
m→∞

∑p
i=1

∑
j∈Si |〈Ugi, j wi ,

∑d
r=1(lr ,nm − tr ,nm )zr 〉|2

‖∑d
r=1(lr ,nm − tr ,nm )zr‖2

=
p∑

i=1

∑

j∈Si
|〈Ugi, j wi , z̃〉|2.

Since the choice of gi, j ∈ Li, j (
∑d

r=1 zr ) was arbitrary (neither the subse-
quence (nm)m nor z̃ depends on it), the computation above shows 〈Ugwi , z̃〉 = 0
for every g ∈ Li, j (

∑d
r=1 zr ), i ∈ [p], j ∈ Si . We now choose ε > 0 with

∑d
r=1 zr �

∑d
r=1 zr + ε z̃: for each g ∈ G the equation

∑d
r=1 zr + ε z̃ =

Ug(
∑d

r=1 zr ) forces ε z̃ = Ug(
∑d

r=1 zr ) − ∑d
r=1 zr , which, as z̃ �= 0, determines

at most one value of ε; since G is finite, at most N values are excluded, so we
may also require ε‖z̃‖ < 1

4
(
∑d

r=1 zr ). For every (i, j) ∈ S, Lemma 2.3 gives

Li, j (
∑d

r=1 zr + ε z̃) ⊂ Li, j (
∑d

r=1 zr ), so evaluating �i, j at any g in the smaller
set yields �i, j (

∑d
r=1 zr + ε z̃) = 〈Ugwi ,

∑d
r=1 zr 〉 + ε〈Ugwi , z̃〉 = �i, j (

∑d
r=1 zr ).

Hence

�w,S(

d∑

r=1

zr ) = �w,S(

d∑

r=1

zr + ε z̃),

contradicting the injectivity of �̂w,S . This contradiction shows that the lower Lipschitz
constant is strictly positive, and Theorem 1.5 is proved. ��

3 Dimension reduction using linear maps

In the previous section, we considered an embedding

�̂w,S : V̂ → R
m

that is injective on the quotient space V̂ . The dimensionm of R
m may be very large. In

this section, we show that the nonlinear map �̂w,S can be further processed through
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a linear map into a lower-dimensional space while preserving both injectivity and the
bi-Lipschitz property.

The idea of using linear maps for dimensionality reduction has a long history. The
well-known Johnson–Lindenstrauss lemma [24] provides a nearly isometric projection
for finite metric spaces. More recently, [14] showed that a linear dimension-reduction
map preserves the Lipschitz properties of translation-invariant polynomial embed-
dings.

The first result combining sorted coorbits with linear maps was established in
[8] for the symmetric group G = �n acting by left multiplication on n × d real
matrices, i.e., V = R

n×d . In that setting, the dimension of the intermediate coorbit
space was n(1+ (d − 1)n!), while the final target space was shown to have dimension
2nd = 2 dim(V). The authors of [20] demonstrated that the intermediate embedding
can insteadbe realized in dimension (2nd+1)n,with thefinal target space of dimension
2nd + 1.

A more refined analysis by Matthias Wellershoff [37] showed that 2nd + 1 can be
further reduced to 2nd − d. In the Ph.D. thesis [32], one of the authors explained that
this reduction from 2nd to 2nd − d corresponds to the dimension of a certain joint
eigenspace of the representation.

The precise statement of our dimension reduction result is provided in Theorem 1.7.
To prove Theorem 1.7, we first need to construct several preliminary objects.
Let D : V × V → R

m be the nonlinear map D(x, y) = �w,S(x) − �w,S(y).
Its range E is defined by E = Ran(D) := {�w,S(x) − �w,S(y) | x, y ∈ V} =
Ran(�w,S) − Ran(�w,S).

Fix an enumeration g1, . . . , gN of the group elements. Define λi, j : V → R by
λi, j (x) = 〈Ugi w j , x〉, so that the first index i ∈ [N ] is a group index and the second
index j ∈ [p] is a window index. Notice that λi, j is a linear map (unlike �i, j ) and
also that

�w,S(x) − �w,S(y)

= [λν1(1),1(x) − λνp+1(1),1(y), . . . , λν1(m1),1(x) − λνp+1(m1),1(y),

. . . , λνp(1),p(x) − λν2p(1),p(y), . . . , λνp(mp),p(x) − λν2p(mp),p(y)]

for some permutations ν1, . . . , ν2p ∈ �N that may depend on x and y. Here m j =
|S j | = |{k ∈ [N ] | (k, j) ∈ S}| so that m1 + · · · + mp = m.

Now, fix permutations π1, . . . , π2p ∈ �N and let Lπ1,...,π2p : V ×V → R
m denote

the linear map

Lπ1,...,π2p (x, y) =[λπ1(1),1(x) − λπp+1(1),1(y), . . . , λπ1(m1),1(x) − λπp+1(m1),1(y),

. . . , λπp(1),p(x)−λπ2p(1),p(y), . . . , λπp(mp),p(x)−λπ2p(mp),p(y)]

Define
F = ∪π1,...,π2p∈�N Ran(Lπ1,...,π2p ).

Notice that F is a finite union of linear subspaces and that E ⊂ F . For fixed
π1, . . . , π2p, themap (x, y) 
→ Lπ1,...,π2p (x, y) is linear in (x, y), Lπ1,...,π2p (v, v) = 0

123



G-invariant representations using coorbits: bi-Lipschitz… Page 31 of 36    92 

for all v ∈ VG , and from the rank-nullity theorem, we have

dim(Ran(Lπ1,...,π2p )) ≤ 2d − dG .

We will use the following standard transversality fact from algebraic geometry
(see, e.g., [23]), which we state in the form convenient for our setup. Let r , s,m be
non-negative integers with r + s ≤ m, and let {Fa | a ∈ [T ]} be a finite collection of
linear subspaces of R

m of dimension at most s. Then, a generic r -dimensional linear
subspace K of R

m satisfies

K ∩ Fa = {0}, ∀a ∈ [T ]. (20)

Here “generic” means holding on an open dense subset in the Zariski topology
on the Grassmannian of r -planes. Indeed, the union ∪a Fa is an algebraic variety of
dimension at most s in R

m , i.e. a projective variety of dimension at most s − 1 in
P
m−1; a generic linear subvariety of P

m−1 of dimension r − 1 misses it whenever
(s − 1) + (r − 1) < m − 1, that is, s + r ≤ m.

We now apply this fact to our setup.

Corollary 3.1 Consider the (N !)2p linear maps Lπ1,...,π2p : V × V → R
m introduced

before. Then, for a generic � : R
m → R

2d−dG ,

ker(�)
⋂

∪π1,...,π2p∈�N Ran(Lπ1,...,π2p ) = {0}.

Proof If m ≤ 2d − dG , then the conclusion is satisfied for any full-rank �. Therefore
assume m > 2d − dG . A generic linear map � : R

m → R
2d−dG is full-rank. Hence

dim(Ran(�)) = 2d − dG , and thus dim(ker(�)) = m − 2d + dG . Recall from above
that each Ran(Lπ1,...,π2p ) has dimension at most 2d − dG . Applying the transversality
fact (20) with K = ker(�), r = m − 2d + dG , s = 2d − dG , T = (N !)2p, and
{Fa} = {Ran(Lπ1,...,π2p )} (so that r + s = m), for a generic �, we obtain

ker(�) ∩ Ran(Lπ1,...,π2p ) = {0}

for every π1, . . . , π2p ∈ �N . ��
Lemma 3.2 Let {Fa}Ta=1 be a finite collection of linear subspaces ofR

m, and � : R
m →

R
s be a full-rank linear transformation with m ≥ s. Let Qa denote the orthogonal

projection onto the linear space Fa and Q� denote the orthogonal projection ontoker �.
Let ca,� = (1 − ‖QaQ�‖2)1/2, and c� = mina∈[T ] ca,�. Here ‖QaQ�‖ denotes the
operator norm of QaQ�, i.e., its largest singular value. Set F = ∪T

a=1Fa. Suppose that
ker(�) ∩ F = {0}. Note that then ‖QaQ�‖< 1 for every a ∈ [T ], since Fa ∩ ker(�) =
{0} and both subspaces are finite dimensional; in particular c� > 0. Then,

inf
x∈F

‖x‖=1

‖�(x)‖ ≥ c�σs(�), (21)
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where σs(�) is the smallest strictly positive singular value of � (it is the s-th singular
value).

Proof Notice that for each a ∈ [T ], the unit sphere of Fa is a compact set. Thus,

inf
x∈F

‖x‖=1

‖�(x)‖ = min
x∈F‖x‖=1

‖�(x)‖ = ‖�(y∞)‖

for some a ∈ [T ] and some y∞ ∈ Fa with ‖y∞‖ = 1. Let y∞ = ∑m
k=1 γkuk ,

where uk are the normalized right singular vectors of � sorted by singular values
σ1 ≥ σ2 ≥ · · · ≥ σs > σs+1 = · · · = σm = 0. Notice that

∑m
k=1 γ 2

k = 1 and
∑s

k=1 γ 2
k = 1 − ‖Q�y∞‖2 ≥ 1 − ‖QaQ�‖2 ≥ c2� . Thus,

‖�(y∞)‖2 = ‖
m∑

k=1

γk�(uk)‖2 = ‖
s∑

k=1

γk�(uk)‖2

=
s∑

k=1

γ 2
k σ 2

k ≥ c2a,�σs(�)
2 ≥ c2�σs(�)

2

which proves the lemma. ��
Proof of Theorem 1.7 If m < 2d − dG , then a generic linear map � : R

m → R
2d−dG

is injective on all of R
m , and both conclusions follow at once, with lower Lipschitz

constant σm(�) a; so assume m ≥ 2d − dG .
Corollary 3.1 shows that a generic linear map � : R

m → R
2d−dG satisfies

ker(�) ∩ Ran(D) = {0}. Thus, if x, y ∈ V are such that �w,S,�(x) = �w,S,�(y),
then �(D(x, y)) = 0. Therefore D(x, y) = 0. Since �̂w,S is injective, it follows that
x ∼ y. Thus, �̂w,S,� is also injective.

From Theorem 1.5, we have that if the map �̂w,S is injective, then it is also bi-
Lipschitz. Let a ≤ b denote its bi-Lipschitz constants.

The composition of two Lipschitz maps is Lipschitz, hence �w,S,� is Lipschitz.
Furthermore, an upper Lipschitz constant of �w,S,� is ‖�‖b, where ‖�‖ = σ1(�) is the
largest singular value of �.

Finally, from Corollary 3.1 and Lemma 3.2 with s = 2d − dG , T = (N !)2p,
Fa = Ran(Lπ1,...,π2p ), we have that for a generic linear map �, for all x, y ∈ V ,

‖�w,S,�(x) − �w,S,�(y)‖ = ‖�(D(x, y))‖ ≥
c�σ2d−dG (�)‖D(x, y)‖ ≥ c�σ2d−dG (�)a d([x], [y])

where a is the lower Lipschitz constant of �̂w,S . Therefore the map �̂w,S,� is bi-
Lipschitz with lower Lipschitz constant c�σ2d−dG (�)a. ��
Remark 3.3 We proved that if �̂w,S is injective then for almost any linear map � :
R
m → R

2d−dG , �̂w,S,� is bi-Lipschitz. This left open the question whether, for an
arbitrary such nonlinear embedding �w,S,�, injectivity implies bi-Lipschitz stability.
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We settle it positively in our joint paper withMatthiasWellershoff [11]. Notice that, in
general, if themap f : X → Y is bi-Lipschitz and the linearmap � : Y → R

q is so that
� ◦ f is injective, then � ◦ f may not be bi-Lipschitz. Example: f : [−1, 1] → R

2,
f (t) = (t, t3), � : R

2 → R, �(x, y) = y; here f is bi-Lipschitz on the bounded
interval, while � ◦ f (t) = t3 is injective and fails the lower Lipschitz bound at t = 0.
(On all of R the map t 
→ (t, t3) is not even Lipschitz.)

4 Universality of the representation

In the previous sections, we constructed the embedding

�̂w,S : V̂ → R
m

of the quotient space V̂ into a Euclidean space. In this section, we prove Theorems 1.8
and 1.9, which show that whenever �̂w,S is injective, every map defined on V̂ factors
through �̂w,S : in Theorem 1.8 for Lipschitz maps into a real Hilbert space, and in
Theorem 1.9 for continuous maps into a locally convex topological vector space.

The proof of Theorem 1.8 relies on the Kirszbraun extension theorem, in the
Hilbert-space form due to Valentine [25, 34], which we restate here for the reader’s
convenience:

Theorem 4.1 (Kirszbraun–Valentine extension theorem [25, 34]) Let E ⊂ H1 be an
arbitrary subset of a Hilbert space H1 and f : E → H2 be a Lipschitz function to
another Hilbert space H2. Then, there exists an extension F : H1 → H2 of f to the
entire space H1 that has the same Lipschitz constant as the original function f .

Proof of Theorem 1.8

1. Let t : �w,S(V) → H be defined by t(�w,S(x)) = F([x]). This is well defined:
if �w,S(x) = �w,S(y) then a d([x], [y]) ≤ 0, so [x] = [y]. Denote u = �w,S(x)
and v = �w,S(y). Then,

‖t(u) − t(v)‖ = ‖F([x]) − F([y])‖ ≤ Lip(F)d([x], [y])
≤ 1

a
Lip(F)‖u − v‖.

By the Kirszbraun–Valentine extension theorem, there exists T : R
m → H such

that

(a) T |�w,S(V) = t
(b) Lip(T ) = Lip(t)

Therefore, F([x]) = T (�w,S(x)) for all x ∈ V , and Lip(T ) ≤ 1
a Lip(F).
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2. Part 2 is straightforward. Let x, y ∈ V . Then,

‖F([x]) − F([y])‖ = ‖T (�w,S(x)) − T (�w,S(y))‖
≤ Lip(T )‖�w,S(x) − �w,S(y)‖
≤ b Lip(T ) d([x], [y]),

where the last inequality uses that b is the upper Lipschitz constant of �̂w,S . Hence
Lip(F) ≤ b Lip(T ).

��
The second universality result, Theorem 1.9, applies to the class of continuous

functions rather than Lipschitz functions.
The proof of Theorem 1.9 follows from the following extension of Tietze’s theorem

[19, 33].

Theorem 4.2 (Dugundji–Tietze [19]) Let X be a metric space and A a closed subset
of X. Let L be a locally convex topological vector space. Given a continuous map
f : A → L, there exists a continuous extension F : X → L such that F(X) is a
subset of the convex hull of f (A).

Proof of Theorem 1.9 Let Y = �w,S(V) ⊂ R
m . Note that Y is a closed set as �̂w,S is

bi-Lipschitz and V̂ is complete. Let t : Y → L be defined by t(�w,S(x)) = F([x]),
for all x ∈ V . Note t is continuous since �̂w,S is bi-Lipschitz on V̂ . By Theorem 4.2,
appliedwith X = R

m and the closed subset A = Y , there exists a continuous extension
T : R

m → L of t that satisfies the convex hull property. ��
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