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Abstract

A problem posed by H. Feichtinger (and subsequently by C. Heil and D. Larson) asks whether a
positive-definite integral operator with M; kernel admits a rank-one decomposition series that is also
strongly square-summable in M;. In this note, we approach this problem by considering its matrix
(and finite-dimensional) variant and analyzing several functionals that measure the optimality of such
decomposition. Some of the results are based on the joint work with Radu Balan.

Let X,Y be Banach spaces and let z* € X* y € Y, we write yz* = 2* @y : X — Y to denote the
rank-one operator specified by ya*(z) = &*(2)y. We define ||z, := (34—, |2(k)[")/? for z € R™ or C" with
the usual modification for p = co. We use £} to denote R"™ or C" with || ..

1 The Main Problem

Problem 1.1 (Feichtinger 04, Heil-Larson ’06). Given a positive semidefinite trace-class operator
TR o PR, o [ k)i
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with k € M1(R??), can we find (gi)ren such that the operator-norm convergent series
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Here, M;(R9) is the Li-modulation space, also called the Feichtinger algebra, and is normed by
1oy = [, Vo ()| s
R2d

where Vj is the windowed Fourier transform against a Gaussian window g(z) = exp(—= lz[%), Vof(m,w) =
Jpa €™ ¥ f(2)g(x — 7)da.

By choosing a suitable ONB associated with M;(R?) (see [3]), the problem above is equivalent to the
following.

Problem 1.2 (Heil-Larson '06). Let & = {en}, oy be an orthonormal basis for a Hilbert space H. Let
(¢mn) € £1(N?) such that cpp = Cmn for all m,n € N. Define T : H — H by T = Y m.neN Cmn€m ® €n,
convergent in both in strong operator topology and absolutely in trace-class topology. Can we find

hi, € Hi == {h eH:nlly =Y |(hen)| < oo} Caense H

n=1

such that T = Y77, h} @ hy (in suitable topology) and

(1.1) PSS (Z |<h7€n>> < oo.
k=1

k=1 \n=1



We will see that > ||hk||? < oo guarantees convergence in operator norm topology.
Proposition 1.1 ([I]). For H = {5 and e}, = 6, H = {;.
Therefore, we can state an even simpler version of the problem.

Problem 1.3. Let T : {5 — {5 be a Hermitian positive operator with » ., |(0k, T0;)| < oo (hence trace-class).
Can we find by, € £y such that T =", hxhf and ¥, ||hy||; < 00?

We now consider a finite-dimensional variant. Let Sym"(C) denote the space of Hermitian n x n matrices.
For A € Sym", we define

n

||A||1,1 = Z | A -

k=1
Let PSD™(C) denote the cone of positive semidefinite matrices. For A € PSD", define

N N
= inf {Z 2] : A = szzZ} .
k=1 k=1
Problem 1.4. Is there a universal constant Cy > 0 such that

V+(A) < Co || A]]; 47
Theorem 1.1. If Problem[I.3 is answered in the positive, then Problem is answered in the positive.

Proof. We will prove the contrapositive statement. Let A, € PSD¢(")(C) be a sequence of matrices such
that HAn||1,1 =1 but 7. (A,) > n HAnHLl' Consider an infinite block-diagonal matrix defined by A :=

@7, n"?A,,. The associated operator A : {5 — {5 then satisfies the assumption of Problem
For n € N, let P,, denote the orthogonal projection from /¢5 to the range of A,,, P, = P;. We may then

write
Z P, AP, = Z S P APanP AP,

m,n=1 m,n=1

convergent in the strong operator topology.
Let (hi) C £1 be any decomposition of A =", hih}. Then

=> P, ( hkh,*;> P, = (Pohi)(Pohy)*
k=1 n,

= k=1
and
o0
n"2 A, = (Pohi)(Pohi)*.
k=1
Note that - -
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> I Pahi]l} = Z Z |(Prtu) (0)] [(Pobi) (0)] < D [ ()] 1 ()] = [Pl -
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As a consequence,
oo oo 1
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Problem 1.5. Are Problems and [1-3 equivalent?



2 Some operator theory

Let A€ M"(C) , A= [Col1A|---|Col,A]. For 1 < p,q < oo, define

n 1/q
(2.1) 1A, , = (Z IColkAIIZ>
k=1

with suitable modification for £7,. We also think of A : £j/ — £, and define the operator norm

[Allgp := sup [[Az],.
P <P
Proposition 2.1. Let 1 <p<qg<oo, 1/p+1/¢g=1, and A € M"*(C). The following hold.

(A) [ Allgmp < 1A, -
(B) 1 All,—, < 1A

q—p — co—1°
As a consequence, 74(A) 2 [[All1 1 2 [|Allosy = [1All4— -
Proof. For the first statement, let z € £,. Then
n 1/p n 1/p
| Az]l, = (ZIColk(A*)'Z|p> < (Z [[Col A™[; ||Z|§) = 1Al 12l -
k=1 k=1

Note that given z € C", ||z, > [|z]|,, and [|z], > ||zl so

inf [[Az], < inf_[[Az]; = [A]
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Incidentally, we have the following.

Theorem 2.1 (Gluskin-Tanny '20). Let A € PSD"(R). Then

(2.2) 1A]11,1 < 3rc(kA) /2 (|A]

co—1 -

Orxr 0

The dependence on (rkA)'/? is sharp, with A = [ 0 0

} where O € O(k) satisfies |Op| < k~1/2.

Definition 2.1. Let X and Y be Banach spaces. An operator A : X — Y is p-nuclear if there are sequences
(x}) C Bx=, (yx) C By, and () € £p, such that

(2.3) A= nat o
k=1

where the series is convergent in the £(X,Y") topology. Moreover,

(2.4) (A) i= inf A, -

We use NV, (X,Y) to denote the Banach space of nuclear operators from X to Y with norm v, = v,,. When
p =1, we drop the 1 in all the notation.

We mostly care about the case X = 2, Y = £}, and p = 1. In this case, (¢2)* = ¢7. In the infinite-
dimensional case, we use X = ¢y C o, s0 X* = {;.



Remark 2.1. Some facts:

e From construction, regardless of the Banach spaces X and Y and the moment 1 < p < oo, every
operator in NV,(X,Y) is the 7,-limit of finite-rank operators, and so is compact.

e Let Hy; and Hs be Hilbert spaces, then No(Hy, Hy) = Sy(Hi, Ho) isometrically. The latter consists of
2-Schatten operators or Hilbert-Schmidt operators, with norm ||A||?92 = ||AekHiI2~

Proposition 2.2 (Lemma 2.7 in [2]). Let A € M"(C), viewed as an operator from £ — (%. Then
7(A) = [|All; ;-
Proof. Fix A € M"(C). To show v < ||-[|; ;, we can write

n

A= [Coly(A)|---|Col,(A)] =D 5 ® Coly(A).
k=1

Therefore,
n n

2(4) < 3 ICol (A, 1ol = 3 ICole(A)l, = 1Al
k=1 k=1
For the other direction, let € > 0, and let (x1), (yx) C €7 with ||zg]l;,[|yxll; < 1, and A € £y, such that
A =3, Mexryy and |[A]]; < v(A) + €. Then

ANy = 1D Mezevi]| <D Il lzrilliy < D0 Il lzwly lyell, < v(A) +e.
k 1,1 k k
O
3 Preliminary properties for v,
Proposition 3.1. v, is sub-additive and positive-homogeneous on PSD™.
Proof. Let A, B € PSD", and let (z), (wy) C £} satisfies
2 2
Yolzli S ve(A) +e and Y flwrl; <54 (B) +e
k k
Concatenate and re-index z; and wy, to form (zy) C €7, so A+ B =) apxj. Moreover,
2 2 2
YA+ B) <Y llawlli =Y Izelli + D lwnlly < 74 (4) +74.(B) +2e.
k k k
Positive homogeneity is proved similarly. O

Definition 3.1. Let u : X — X be a finite rank operator. Then we can write u = 25:1 T RTy, ), € X* and
Z, € X. We can define the trace of u to be tr(u) = Y, ) (&x). This definition is invariant of representation.

Proposition 3.2. Given A € PSD", we have v(A) < v4(A) < ntr(4) < n|A], ; = ny(A).
Proof. The only nontrivial inequality is 74 (A4) < ntr(A). Fix A € PSD™(C) and let (z;)Y_, be any factor-

ization A =3, z2}. Since

lzelly = llzs - Tnlly < ally ll2elly = Vo llzell,

we have

YA <D lzlli <nd o llzlls =n ) zi(ar) = ntx(A).
2 p %



Proposition 3.3. Given A € PSD", we have v, (A) < rank(A)n/? ||All, ,, < rank(A)n'/? A, <
rank(A)n'/? ||A||1,1.

Proof. Let A = ZZ ziz; be the spectral factorization, r = rank(A), and Az, = Mgz with Ay > 0. Let
e = A,:l/sz. Then
Ak ||Zk||1 = HAzk||1 < ||A||2—>1 szHz

Rearrange, we see that
—-1/2 —1/2
lklly < A1y A 2 lerlls = A1y Ap 2.

For the other copy of |zx||;, use Holder’s inequality again to get ||zx||; < v/n| 2k|l5. Therefore,

2 2 X
74+(A4) < Z lzell; < \/EHAH2—>1 Z lewlly = v llAllo, tr (Z ekek)
k=1 k=1 k=1

= rk(A)vn [|All,_,; < tk(A)Vn Al ;-

4 Duality

Let S7 denote the unit sphere in £}. Let M(S7') denote the cone of positive Borel measures on S}, and let
M (ST) denote the space of signed Borel measures on S{. By the Riesz-Markov-Kakutani representation
theorem,

C(S7)" = Mx(SY).
We also have the duality of the positive cones
CLL(S7)" = M(SP).

Theorem 4.1 (R. Balan). For any A € PSD"(C),

7+(A):inf{ dp:A:/
sp s

Consider the dual pairs (M (S7),C(ST)) and (Sym"(C), Sym"(C)), where the bilinear forms are given
by the natural duality pairing, so that we equip M1 with the weak star topology, C(S7) with the weak
topology, and Sym™(C) with the Euclidean topology.

Consider the map

z2"dp, p € M(S?)}

n
1

D ML(ST) = Sym™(C) pw— ®(p) = /s" zz"dp.
i
The adjoint of ® (with respect to the duality pairing) is given by
®* : Sym"(C) —» C(ST) T+ @*(T)(2) =tr(T - 22") = (2,T%).
By linear duality theory, the following functional on PSD™(C)
04+ (A) :==sup {tr(AT) : T € Sym"(C) and (2,Tz) < 1Vz € ST}
is the dual linear program of that associated with ..

Theorem 4.2. For all A € PSD"(C), §+(A) = v4+(A).

One direction is simple.



Lemma 4.1. 64 < 7.

Proof. Fix A € PSD™ and let e > 0. Let A = Zgzl 21z}, be a decomposition such that ), sz”? < i (A)+e.
Note that for any T'= 7™ with (z,Tz) <1 for all z € S},

z Tz
tr(AT) = tr (wa) = (e, T Zn 213 (o T <3 el < e (A) +e
k k k

[EA sznl

O

Theorem 4.3 (Hahn-Banach Separation Theorem). Let V' be a topological vector space over R and let
K,L C V be disjoint conver subsets of V with L compact. Then there exists a bounded linear functional
¢ € V* and a real number o such that

o) <a<dly) foralzeK,yeL.
For the reverse direction, consider the convex body
K ={(@u), (1) +r): p€ M(S7), r = 0} C Sym™(C) xR
equipped with the induced topology.
Lemma 4.2. Let A € PSD"(C). Suppose 5, (A) = M, then (A, M) € K.

Proof. Suppose towards a contradiction, that (A, M) ¢ K. Then (A, M) is separated from K by a hyperplane,
i.e., there exists some (Tp, A) € Sym"(C) x R such that

((A, M), (To, N)) < (K, To).

More explicitly,

(4.1) tr(ATy) + AM < tr (To . / zz*du) + A [ dp+ Mrforall pe M(ST) and r > 0.
i ST

By setting © = 0 and r = 0, we see that
(4.2) tr(ATy) + AM < 0.

Note that we must also have
(4.3) tr <T0 . / zz*du) + )\/ du+ A r>0 forall pe M(ST) and r > 0.
IL ;{L

By setting » = 0 in (4.3) and let p range over all possible Borel measures, we have
(4.4) O*(T)(2) = (2,Toz) > =X for all z € ST.

By setting p = 0 in (4.3]), we have
A>0.

e Suppose A > 0. Then —\"'Ty € Sym™(C) and (2, —A"1Tp2) = —A"1{(2,Tpz) < 1 by (4.4). Therefore,
—A"1Ty is feasible for 6,. By (4.2),
tr(A(=A"1Tp)) > M,

contradicting M being the supremum.



e Suppose A =0. Let T € Sym"(C) with (z,Tz) <1 for all z € S7'. It is clear that T—aT, € Sym"(C)
for all a > 0. Since ®(7p)(z) > 0 for all z € ST, we have (z, (T — aT)z) <1 for all z € ST and o > 0.
Therefore, T' — a7y is feasible for 64 for all & > 0.

Since tr(A(T — aTy)) < 64 (A) = M < co, we must have tr(ATy) > 0. This contradicts (4.2).

In either case, we arrive at a contradiction. Therefore, (A, M) € K.

Lemma 4.3. K is closed.

Proof. Let (A;, M;); be a sequence in IC converging to (4, M) € Sym™(C) x R. By definition, there exists

a sequence u; € M(S7) and r; = M; — fsn du; € R, such that A; = fsn zz"dp;. We may, without loss of

1 1

generality, assume that |, gn dpy < 100M. By weak-star compactness, we can replace p; by a subsequence,
1

such that p; — p € M(ST) in the weak-star topology. Integrate against zz*, we have [q, zz*du = A.

1

Integrate against the constant function 1, we have M = fS" dp + lim;r;. Since r; > 0, lim;r; > 0.
1
Therefore, (A, M) € K. O
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