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Matrix Regression

For space of d; x d matrices, the one possible inner product is defined as
d dp

((A, B)) = Trace(ATB) = Z Z AjkBjk. The norm induced by the inner
j=1 k=1
d

3D (A2

j=1 k=1

product is || A||F =

Consider the Matrix Regression: We observe
Zi=(Xi,y),i=[n={1,2,---,n} where X; € R"*% are covariates and
yi € R are response variables.

For simplicity, assume we have linear link: y; = ((X;, ©*)) + w;, where w;
are noise variables.

For simplicity define the observation operator X, : R%*% — R" given by
[Xn(©)]i = ((Xi, ©)), then the full regression can be written as

y = X,(07) + W
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Matrix Regression w/ Rank Constraints

Matrix regression: y = X,(©*) + W.

In application, ©* could be low-rank or approximated by a low rank
matrix. We could apply rank penalty, which will make the regression
problem non-convex.

Instead, we use a nuclear norm penalty and have

. _ 1 )
B - Xn n nu 1
Oca mn, {5 Iy W@+ MlOlnc | ()
min(dl,d2)
where ||®||nue = Z 0j(0), i.e., the sum of singular values of ©.
=1

We take a detour to Chapter 9, to understand the nature of Eq. 1.
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General Regularized M-estimator

Given an indexed family of probability distributions {Py : 0 € Q} where 6
is the parameter to be estimated and €2 is the parameter space.

Consider an observed sample 2" = (73, 2y, ..., Z,), each of Z; € Z where
Z is the sample space. Suppose Z; ~ P = Py«, our goal is to estimate 6*.

Wainwright defines the cost function, which I'll refer to as the loss
function later, as L, : Q x Z%" — R.

The risk (called population cost function by wainwright) is defined as
L(0) =E (Ln(6;ZM)).
The target parameter 6* is then 0" = arg Bnign2 L(0).

€

Remark (language “stole” from Dr. Slud): in many settings, 6* lies in the
interior of , and it is the calculus minimizer in the sense that
VL(6*) =0.
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General Regularized M-estimator

To ensure certain imposed structure of 8* (e.g., sparsity), we introduce
appropriate penalty and have

0 € arg min {Ln (0; Z7) + An®(0)} (2)

where A, is a user defined weight parameter, ® is a proper chosen function
of 8, for example, the L, norm.
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Back to Matrix Regression
Eq. 20 € arg renig {Ln(60; Z7) + Xa®(0)}.
S

. _ 1 )
Eq. 1 — |ly— &, An n
a 16 carg_ min { oIy GO + AnlOlne |

The nuclear norm provides a natural relaxation of rank of the matrix in the
following sense: given © € R%N*%  perform the SVD: © = UDV', where
D is a diagonal matrix with entries

01(0) =2 02(0) = -+ = Omin(dy,4,)(©) = 0

Note that the rank of © is the number of non-zero singular values:
rank(©) = |{j: 0;(©) > 0}|.

The convex relaxation (particularly popular in SDP) of the rank
constraints tells us a proper ® in Eq. 2 would be the nuclear norm — the /;
norm of the vector of singular values of ©.
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Analysis of the nuclear norm regularization

Earlier this semester, Chugang talked about the Lasso regression and a
general framework relates to “decomposable” regularizers.

We now quickly state relevant definitions and results from Ch. 9 of
Wainwright book, with the proof for none of them.

To start, we mention that our goal is to bound 6 — 0.
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Decomposable Regularizers

Assume the parameter space Q C R is equipped with an inner product
(,+), and || - || is a norm induced by this inner product. (Note again that
for space of d; X d> matrices, the inner product is the trace and the norm
is the matrix Frobenius norm.)

Tak_e a pair of subspace M C M C R¢, recgll the orthogonal complement
of Mis M+ := {ve RY: (u,v) =0,Vu € M}.

Decomposable Regularizers

Given a pair of subspaces Ml C M, a norm-based regularizer ® is
decomposable with respect to (M, M~ ) if

O(a+p) =P(a) +P(B) forallaeMand e M.
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Decomposable Regularizers: Why?

Prop 9.13, Wainwright 2019

Let £, : Q — R be a convex function, let the regularizer ® : Q — [0, 00)
be a norm, and let (M,ML) be a pair of subspace of R? such that ® is

A
decomposable on this pair. Given ®*(VL,(6%)) < ?" where ®* is the
dual norm of ®, we have

~

A:é—@*e{AEQ:dJ(AML) §3¢(AM)+4¢(;§HL)}

Note: VL,(6%) is frequently referred to as the score function.

The dual norm of ®, ®*, is defined such that ®*(v) = sup (u,v).
d(u)<1
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Curvature

In classical mathematical statistics, the curvature of the loss function is
captured by the Fisher's information, and is used to quantify the variance
of MLE via Rao-Cramer Lower Bound.

In high dimensional settings, strict convexity in all directions are often
prohibited.

We follow Section 9.3 and discuss two restricted curvature conditions, and
corresponding results.
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Restricted Strong Convexity

Given any differentiable loss function, we look at the 1st order Taylor
Expansion error

En(D) = Lo (0" + D) — L (07) — (VLA (67), D)

Restricted Strong Convexity

For a given norm || - || and regularizer ®(-), the loss function satisfies a
restricted strong convexity condition with radius R > 0, curvature x > 0
and tolerance 72 if

En(D) > gHAHz — 720%(A)  for all A € Bg(0)

Combined with the decomposability of the regularizers, the following
theorem achieves our goal (bounding 6 — 6*)
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Restricted Strong Convexity

Theorem 9.19, Wainwright 2019

Assume that the loss function is convex, satisfies the restricted strong

convexity condition with parameters above, and ® is decomposable over
(M, ML), then

(a) Any optimal solution satisfies the bound

® (57 9*) <4 {\U(M) Héf 6"

+ 0 (6.
(b) If (M, M) satisfies 72W?(M) < & and ¢, (M, M) < R, we have

6| <3 ot nat

)
where V(S) = sup O and
uA0ues [|ul

2
&2 (W, M*) = 9%w2(m + % D0 (0751 ) + 167202 (65,.))}
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®*-Norm Curvature Condition

An alternative way to look at the curvature of the loss function:

®*-Norm Curvature Condition

The loss function satisfies ®* curvature condition with curvature x > 0,
tolerance 7, > 0 and radius R if

O*(VLn(0" + A) — VLA(67)) > £O*(A) — 7,0(A)

for all A € {# € Q: d*(8) < R}.

With this we have
Theorem 9.24, Wainwright 2019

Suppose ® is decomposable over (M, ML), W2 (M) < % and the event
An R
{d*(VLL(07)) < 7} N{®*(0 —6*) < R}:

3\n
K

d*(0 —0%) <
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Finding subspaces that || - ||,,c is decomposable

To apply the results above, the we need to find subspaces M C M of
R%*% sych that || - ||nuc is decomposable over this pair.

Given @ € R%*% et rowspan(@) C R?% and colspan(®) C R% be the
row space and column space of @, respectively. For low-rank purpose, let

r < min(di, d») be a positive integer, which will be the rank of our
estimator ©.

Let U,V be r-dimensional subspace of vectors of appropriate dimensions.
Define

M(U,V) := {G) € RM*%| rowspan(@) C V, colspan(@®) C [U}
ML([U,V) = {O e R4*%| rowspan(@) C V+, colspan(@) C UL}

We will omit (U, V) when the context is clear. Also note that
L
M=) .
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Finding subspaces that || - ||,,c is decomposable

Note that for the choice of the pair of subspaces, we have M C M.

To see this, let d = min(dy, db), let U € R4*9 V € R%*? be matrices
with orthonormal columns. If we set U be the span of first r columns of U,
V be the span of first r columns of V.

. — 1 .
For matrices A € M, B € M, some easy linear algebra shows

A=U *A 0r><(d/_r) :| VT_ B=uU |: 0/, 0r><(d’—r) VT
O@—ryxr O(@—nx(a-n ' O(—nxr *B
Also, for any Ac M, A=U [*Al *A2 } v’
*a3 O(d—n)x(d—n)

Note that *. means a block matrix with arbitrary entries, so indeed we
have M C M.

Zhirui Li (University of Maryland) RIT Slides November 20, 2024 15/34



Finding subspaces that || - ||,,c is decomposable

Finally, note that given A € M|, B € ML, we have (where VT is short

hand for (VT)71)

IA + Bllnuc

Zhirui Li (University of Maryland)

|lUtAV T+ U tBY ||

nuc

xa 0 n 0 0

0 0 0 =g,

*A 0 0 0

0 0 nuc 0 *B nuc

*A 0 T 0 0 T
U |:O 0:| V nuc + U [0 *B:| V nuc
[Allnue + 1| Bllnuc
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Restricted Strong Convexity and Error Bounds

Our gerneral objective function, Eq 2, is pasted again

©carg min {L,(O)+ \|[Onuc }
eeRdlxd2

To apply Theorem 9.13, the first assumption we need is

An
" (VL,(OY)) < ER Here note that || - |[nuc = || - |2

By Prop. 9.13, we have that:

For \p > 2|[VL,(©%)]|2, let A = 6 — ©*, and Ay denote the projection
of A onto M, then

HAMJ_

<38
nuc

nuc

+4]0%

nu
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Restricted Strong Convexity and Error Bounds

When the loss is the standard L, loss, the objective becomes Eq 1:

1 2
O car_min, {5 Iy= (@) + MOl |

The the restricted strong convexity condition amounts to lower bounding

[ Xn(A )Hz
2n

With this, we assume

[EACSI
2 > AR -
2n 2

the term

d + d
COMHAHMC, for all A € R%*%
n
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Restricted Strong Convexity and Error Bounds

We are ready to state Theorem 9.19 in the context of matrix regression:

Prop. 10.6, Wainwright 2019

Suppose that X, satisfies the restricted strong convexity condition with
parameter £ > 0. Then conditioned on the event {||1 Y7, wXj|, < 21,

any optimal solution to nuclear norm regularized least squares satisfies the
bound

2

’ i )\2 . 32 d- d. d

oo 35* r+ 42 Z o)+ Z2lAra | 57 o)
Z n j=r+1

for any r < g tdray-
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®*-Norm Curvature Condition

For the ®*-Norm Curvature Condition, the assumption in the context of
matrix regression with ® being the nuclear norm becomes

1

Hxn*xn(A)H > kl|All2 = Tal|Allnue  for all A € R
n 2

And Theorem 9.24 becomes

Prop. 10.7, Wainwright 2019

Assume the ®*- Norm Curvature Condition above, consider a matrix @*
with rank (@") < gz—. Then, conditioned on the event {H X*Hz < 21,
any optimal LS solution of Eq. 1 satisfies the bound

Hé _e| <3valn
2 K
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Applications: Multivariate Regression

We again take a detour to Ch. 9 and discuss the general setup of
multivariate regression.

Suppose we observe (z;,y;) € RP x RT, i € [n]. Then write
Y € R™ T, Z e R"™P such that y;, z; are respectively their i-th row. For
simplicity assume the linear model

Y=20"+W

where ©* € RP*T is the matrix of regression coefficients, and W'is the
noise matrix.

Mentioned in the book, a naive approach would be to decompose the
problem into T sub-problems

Yor= 205+ Wy, tel[T]

This approach lacks the consideration that columns may have interactions.
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Applications: Multivariate Regression

Instead, consider the M-estimator approach. Assume that S is a subset of
[n] such that ©[S, ] is significant predictor, i.e., © is a row sparse matrix.
To ensure this row sparsity, we use

o©)= > le;l-
j=1

———

£1 norm of row-wise ¢, norm

Group Lasso: Let G = { Gy, Gy, -+, GT} be a disjoint partition of the
index set [d], i.e., {UG; = [d]} A{GiN Gj=0,i# j}.

Given 6 € RY, let

0 = {0|i-th component of 0 is 0 if i ¢ G; is 0; if i € G}.

For any given norm, the group lasso norm is defined as

®(0) := Z l0gll, i.e., the ¢1 norm of the ¢ norm with-in each group in G
Geg
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Applications: Multivariate Regression

The multivariate regression problem with low-rank constraint on © can
also be solved via the matrix regression.

To this end, write y; = ((X;,©)) + W, i=1,2,...,nT.
Let Ej/ e RM<T = [ﬂj/], )<j/ = ZTEJ'/ and YjI = [Wj/'
The matrix regression problem is thus

yir = (X5, ©7)) + Wjy

It's easy to see in this case, the observation operator X,(©*) is simply
Z0*.

So the model Y= Z0* + W is our model for the multivariate regression
problem.

1
Also, the Lease-Square loss has the form £,(©) = %HY— 20|k
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Applications: Multivariate Regression

Cor. 10.14, Wainwright 2019

Suppose ©* € RP*T has rank at most r, and the noise matrix W has i.i.d.
T

entries that are zero-mean and o-sub-Gaussian. Let & = == be the

n
sample covariance matrix. Then any solution to least square objective with
Ay = 100\/fymax(f) <\/pJ;T + 5> satisfies the bound

71/ Ymax(Z) T
| <30V2 i ; (w’”{; +5>

He o

7mm(z

with probability at least 1 — 2200 Moreover, we have

< 321|[|6 — ©*|».

nuc

oo

< 4@“@ — o
F 2

and Hé -0

~v(X) is the set of eigenvalues of X.
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Applications: Multivariate Regression

Proof:

VL (O +A)—VL,(0%) = EZT(ny(O*JrA))f%ZT(ny@*) TN N

n n
For any u € R7, we have ||§Au||2 > 'ym;n(f)HAuHQ, thus

IZAl2 = sup [EAul2 > ymin(E) sup [ Aullz = ymin(E)A]2

[lulla=1 [Julla=1

So the ®* norm curvature condition
[HVE,,(@*;L A) = VL,(O%)|2 > E||All2 + TallAllnuc] is satisfied with
K = Ymin(X) and 7, = 0.

Now in the theorem, A\, has been specified, and we can show (detail

omitted)
- > L
4 WH2 > 504/ Ymax(Z) (,/ — 5>
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Applications: Multivariate Regression

Proof continued: So with probability at least 1 — 272 \ve have

1 A
IV£a(©7)]2 = H ZTM

- < Zn
n 5

All conditions of Prop. 10.7 have been met, and the 2-norm bound
follows.

Now since rank(M) < 2r, we know (where o;(-) denotes the i-the singular
value)

N 1/2
Bl = 3" o(d) < av2r (z[amz) _ Al
I =1

Therefore,

1Al = (A, A) < [|AllnucllAll2 < 4v2r| Al FlIA]]2
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Applications: Low Rank Matrix Completion

Another application is Low Rank Matrix Completion. The goal is to
estimate @* € R%*% based on noisy observations of some of its entries.
We need to assume @ is low rank, or can be well-approximated by a low
rank matrix.

To formulate the goal into a matrix regression problem, assume we observe

L,ie [n], where a(i), b(i) is the indices in @ of the
did>

i~th observation and w; is the noise. The normalizing constant v/did>
ensures E||X,(©%)[|3 = n||©*||%

¥i = O5.60)

Let X; € R %% be the matrix with 0 everywhere except for
Xa(i),b(i) = /didb, and let y; = \/didby;, it is clear that

yi= (X, @%)) + w;
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Applications: Low Rank Matrix Completion

In high dimensional setting, n << did>. The first issue arises when, for

100 --- 0

0 0O 0
example, ©F = 000 0].

0 0O 0

For this matrix, we have X,(®5) = 0 with high probability.

To mitigate this issue, the book suggested to impose the so-called matrix
incoherence condition, which ensures the singular vectors of @* are
relatively spread out (entries have absolute values close to each other).
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Applications: Low Rank Matrix Completion

Rigorously speaking, let @ = UDVT be its SVD, then columns of U, V are
normalized. If the entries of such columns are perfectly spread out, then
each entry will have absolute value 1/1/d; for U and 1//d5 for V.

As a result, rows of U will have Euclidean norm /r/d;. Note that uuT
has diagonal entries corresponding to the norm of rows of U, so the matrix
incoherence condition imposes

T_r Vr
[ — < -
|UU a [ max < 1 o

where v is called the incoherence parameter.

Y

r r
Analogous algebra motivates the other condition || VAVZ d—IHmaX < ud—.
p) p)
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Applications: Low Rank Matrix Completion

Another issue before we state the formal result is that the matrix
incoherence condition is not robust under n0|se As an example, let
z:[O 11 --- ]E]Rd consider Z* = Zz,ltcan be shown Z* is

rank 1 (trivially) and satisfy the incoherence condltion with properly
chosen p (details omitted).

Let M =(1-9)2"+ 6@5B for some 0 < § < 1, we can verify

ef=[100 - 0 T is always an eigenvector of [* (trivial:
Z*e; = 0), so the incoherence condition is violated.

To address this issue, define the spikeness ratio

\/dld2||GHmax

“(©) = el
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Applications: Low Rank Matrix Completion

Vd1d2||eHmax
Qep(@) = Y12l FlImax
»(9)= "o
d d
Since @] =Y 0% < d1c2[|®][2,,,, we know ag(©) > 1.
j=1 k=1

Since [|O||max < [|O||F, we know asp(©) < +/d1db.
As a remark, for the matrix I'*, we have

o (1—08)+4d
() < 1050
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Applications: Low Rank Matrix Completion

The following theorem gives a form of the restricted strong convexity
condition for the matrix completion problem:

Thm. 10.17, Wainwright 2019

Let X, : R%*% —; R” be the random matrix completion operator formed
by ni.i.d. samples of rescaled mask matrices X;. Then there are universal
positive constants (¢, ¢p) such that

enuc ¢d|0gd /d|0gd
S ClaSp(e) HHGHHF n +C20£§p(@) < n + 4

1
for all non-zero @ € R4 %% with probability at least 1 — 2e~ 29198 d—nd

11 X:(0)113

~1
n O]
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Applications: Low Rank Matrix Completion

With the theorem above, we have the following result that follows from
Prop. 10.6

Cor. 10.18, Wainwright 2019

Consider the n observations of y; = 92(;),b() + \/W such that @ is with
rank at most r, elementwise bounded as |@%| ., < a/v/d1d>, and i.i.d.
additive noise variables {w;}_; satisfy the Bernstem condition with

parameters (o, b), i.e., ’E[ w; — E(w;)) ” < EU 2pk=2 k> 2.

. . 2 . —
Given a sample size n > %dlog d, if we solve the least square objective

function with \2 = 25”2‘“%] + 62 for some § € (0, gb) then any optimal

solution © satisfies the bound

A 2 |
HO - O . < ¢ max (02,a2) r(dC)gd + 52>

n

né2 1
with probability at least 1 — e Tea — 2~ 2l08d=nd
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Thank youl!

7

ANY QUESAﬁONS?
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