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Handout on Wald, Score and LR Test Asymptotics

As described in class, we consider parametric statistical problems with
itd data Xy, Xo, ..., X,, for large n, where X; ~ f(z,9) and ¢ €
int(©), © C R?, p> 1, and we consider estimates and hypothesis tests
related to the question of whether the governing parameter vector ¢ actually
lies in the lower-dimensional parameter subset 0y =© N (R? x 0,_,), i.e.,
whether the final p — ¢ coordinates of 1 are 0, where ¢ < p.

Denote by U the usual ML estimator, and by ﬁ(r) the so-called restricted
Mazimum Likelihood Estimator,

19(,,) = argmax, e, > log f(Xi, )
i=1

We assume that 9 is consistent for the true parameter vector o (whether
Y € ©p or not) and that whenever ¢ € ©y the restricted MLE ¥, is
consistent for .

We further assume that all of the large-sample regularity conditions used
in MLE theory are valid for the densities f(z,1), both in the p-dimensional
parameter space © and its g-dimensional subspace ©,. Among these
conditions (or consequences of them), the information matrix

10) = = B(V* log f(X,.0) = Eol(¥ log j0x0)) = (2 )

is positive definite and continuous as a function of . In the final term
of the last display, we have block-decomposed the symmetric p x p matrix
I(Y¥) into an upper-left ¢ x ¢ block [;; which is the information matrix
for the parameter subvector ¥g = (V1,...,9,) when ¥ € ©p, along with
qx (p—q) block @s, and Iy; = 1%, and (p—q) X (p—¢q) lower block 5.

Define the further notations

n (1)
; V log f(X;,0) = ( 5(2)223 )

ﬂ\



where UM (¥9) is the vector of the first ¢ derivatives of log-likelihood and
U (Y) the vector of the last p — ¢ derivatives. Moreover, let s be
the vector of the first ¢ coordinates of 9y (i.e., the nonzero ones), and

Y1t with corresponding estimator @tst be the sub-vector of the last p —g¢q

~

coordinates respectively of ¢ and 9.

Then the consequences of asymptotic MLE theory that we use are the
following, holding under Py as n — oo :

V(0 —9) 25 N0, (I(W)™) V¥V 9e6 (1)

U@W) = N, I(0)) ¥V 9e€0 (2)

Vi (Dt = Vi) = N0, (1(9))")22) ) vV 7€0 (3)
UPW) 25 N(0, Iy) ¥V 9€6 (4)

Vi@ =) = (I@0)'UW) +op(l) ¥V 9O (5)

VI (D gy — D) = (1) 2T (@) + op(1) vV 9eB, (6)
The other ingredient we need for our manipulations is the linear-algebraic

identity

(2,2) . (Inp — Ion1yy' I1p) ™
blocks of (I(%9 = ~ _
(2,1) [ Plocksof (I()) — Iy — Iy I o)~ Iy I

As an immediate consequence of this identity and (5), we have under 9 € ©,

Vi (Vs —Vist) = (Ip—Io I Ti2) ™! (U(2)(79) —In I} U(l)(ﬁ)) +op(1) (7)

Next, we check by Taylor-expanding U (ﬁ(r)) around ¢ € Oy using

nTEVEUW,) = 0 VY log f(XG, 0) = —1(0) + op(1)

i=1

when v, - 19 as n — oo, that

q qﬁsu — Vsu
U(Q)(ﬁ(r)) — U(Q)("ﬁ) _ ([21‘[22) nl/2 < b 0 b) + op(1)
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= U(Q)(’l?) — 121 Il_llU(l)(’ﬁ) + Op(l)

where we have used (6) in the last line. Finally, the right hand side of the
last equation is obviously multivariate normal with mean 0 and variance

Iyy — I ]ﬂl LIy — Io (In [ﬂl)tr + In [ﬂl I Iﬂl Lo

-1

= Iy LI T = (((100))22)

Note that this argument together with (7) shows that

A A 1
(Too—In I;1' [12)1/2 Vi (Uese—Vsst) = (Ioo—1Io1 I 11 [12)71/2 u® (V) + OP(E)
(8)

Our objective has been to demonstrate the equivalence of the three hy-
pothesis tests (one-sided, versus alternatives Hy : 9, > 0) with approximate
large-sample significance level o of Hy: 9, =0 : Wald, Score, and (Gen-
eralized) Likelihood Ratio, in this setting, when p = ¢+ 1.

Wald Test rejects when  v/n (9p—1,) > 2 - \/(I(9) )9y = \/] Z]a =T
22 — do1lyy Lo

(9)
Score Test rejects when U® (1%) >z - \/122 — Inli' s (10)

. - F(Xi,0) ) 1,
LR Test rejects when E log | m————=| [;; > —z 11
: i=1 ¢ <f(Xi,19r) WUp>0l = g 7 ()

When p = ¢+ 1, the one-sided test (9) is simply the test based on
the standardized estimator of ¥,. On the other hand, (8) shows that the
standardized Score Statistic is asymptotically equivalent (up to op(n~'/?)
remainders) to the Wald statistic. It remains only to complete the verification
of asymptotic equivalence for the Likelihood Ratio Statistic, which we do in
class in the course of proving the Wilks Theorem on asymptotic chi-square
distribution of LR tests.



