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Abstract

In large-sample statistical theory based on estimating equations (e.g., Generalized Esti-
mating Equations [GEE], quasi-likelihood, and generalM -estimation), evaluating model ad-
equacy or testing nested parameter restrictions H0 : γ = 0 presents distinct challenges com-
pared to classical maximum likelihood estimation. Because no true joint likelihood function
generally exists, standard Likelihood Ratio Tests (LRT) and Analysis of Deviance are unde-
fined or invalid unless information equality holds. This paper synthesizes the formulation,
asymptotic behavior, and practical software implementations of the three main large-sample
test families: the Wald-type test, the Generalized (Rao) Score-type test, and Distance-type /
Quasi-Deviance tests. While the Wald and Generalized Score tests are asymptotically equiv-
alent under model misspecification (A ̸= B) via empirical sandwich variance estimation, the
raw distance test is not. Sandwich-based eigenvalue adjustments (e.g., Rotnitzky–Jewell
rescaling) are required to restore chi-square asymptotics and equivalence. Finally, we pro-
vide a targeted, annotated bibliography highlighting specific monograph chapters that treat
estimating-equation variants of these tests for applied and theoretical statisticians.

1 Introduction and Theoretical Framework

Consider an independent sample of n observations X1, X2, . . . , Xn. In M -estimation and Gen-
eralized Estimating Equations [1], parameter estimation proceeds via an estimating function
vector Un(θ) =

1
n

∑n
i=1 ψ(Xi; θ) = 0, where θ = (βT , γT )T ∈ Rp represents the parameter vec-

tor. Here, β ∈ Rp−q denotes nuisance parameters under a restricted null model H0 : γ = 0,
while γ ∈ Rq represents additional parameters added to test model adequacy.

Under standard regularity conditions, the estimator θ̂ satisfies large-sample asymptotic nor-
mality:

√
n(θ̂ − θ0)

d−→ N (0, V (θ0)) , V (θ) = A(θ)−1B(θ)A(θ)−T (1)

where A(θ) = E
[
−∂ψ(X;θ)

∂θT

]
is the sensitivity matrix (bread) and B(θ) = E

[
ψ(X; θ)ψ(X; θ)T

]
is the variability matrix (meat).

When information equality holds (i.e., A(θ) = B(θ)), such as in correctly specified likeli-
hoods, the asymptotic variance simplifies to A(θ)−1. However, in general estimating equations
where working correlation or variance structures may be misspecified, A(θ) ̸= B(θ), necessitat-
ing empirical sandwich estimators V̂n = Â−1

n B̂nÂ
−T
n to maintain valid asymptotic inference.
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2 Large-Sample Test Families for Model Adequacy

To test the adequacy of a restricted model H0 : γ = 0 against an expanded model H1 : γ ̸= 0,
three principal test construction methods exist.

2.1 The Wald-Type Test (W )

The Wald test requires fitting the full, unconstrained model H1 to obtain the estimate θ̂ =
(β̂T , γ̂T )T . Extracting the submatrix of the sandwich variance corresponding to γ, denoted V̂γγ ,
the Wald statistic is:

W = γ̂T
[
V̂γγ

]−1
γ̂ (2)

Under H0, W
d−→ χ2

q as n→ ∞, regardless of whether A = B.

2.2 The Generalized (Rao) Score-Type Test (S)

The Generalized Score test [2] requires fitting only the constrained null model H0, yielding
θ̃ = (β̃T , 0T )T . Evaluating the score component for γ at the constrained estimate, Uγ,n(θ̃) =
1
n

∑n
i=1 ψγ(Xi; θ̃), the score statistic is:

S = nUγ,n(θ̃)
T
[
V̂score

]−1
Uγ,n(θ̃) (3)

where V̂score accounts for the estimation of nuisance parameters β using sandwich components

evaluated at θ̃. Under H0, S
d−→ χ2

q .

2.3 The Distance-Type / Pseudo-LRT Test (D)

When estimating equations stem fromminimizing a contrast objective functionMn(θ) =
1
n

∑n
i=1 ρ(Xi; θ),

the analogue to the Likelihood Ratio Test is the objective difference:

D = 2n
[
Mn(θ̃)−Mn(θ̂)

]
(4)

3 Asymptotic Equivalence and Sandwich Adjustments

3.1 Equivalence of Wald and Generalized Score Tests

Via a Taylor expansion of the estimating equations around θ0, it is straightforward to establish
that under H0:

W − S = op(1) (5)

Because both W and S incorporate empirical sandwich covariance matrices, both test statistics
converge to the central χ2

q distribution and are asymptotically equivalent even when A ̸= B.

3.2 Non-Equivalence of the Raw Distance Test when A ̸= B

When model or correlation misspecification causes A ̸= B, the raw distance test D is not
asymptotically equivalent to W or S. Instead of a χ2

q limit, D converges in distribution to a
weighted sum of independent chi-square variables:

D
d−→

q∑
j=1

λjZ
2
j , Zj

iid∼ N(0, 1) (6)

where λ1, . . . , λq are eigenvalues of the matrix A−1
γγBγγ .
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3.3 The Adjusted Distance Test (D∗)

To restore asymptotic equivalence, the distance statistic must be rescaled using sandwich com-
ponents [3]. Using a Satterthwaite or Rotnitzky–Jewell correction factor λ̄ = 1

q

∑q
j=1 λj , the

adjusted statistic:

D∗ =
D

λ̄

d−→ χ2
q under H0 (7)

With this adjustment, D∗ becomes asymptotically equivalent to both W and S.

Table 1: Comparison of Large-Sample Test Families in Estimating Equations (A ̸= B)

Test Family Point of Evalua-
tion

Null Limit (A ̸=
B)

Equivalence to
Wald?

Wald Test (W ) Full Model (θ̂) χ2
q Reference

Rao-Score Test (S) Restricted Null (θ̃) χ2
q Asymptotically

Equivalent

Raw Distance (D) Both (θ̃ and θ̂)
∑q

j=1 λjZ
2
j Not Equivalent

Adjusted Distance (D∗) Both + Sandwich
Matrix

χ2
q Asymptotically

Equivalent

4 Software Implementations

In practice, applied practitioners cannot use traditional analysis of deviance when using GEE or
general estimating equations because no joint log-likelihood exists. Standard implementations
across major environments include:

� R Environment: The glmtoolbox package [4] provides comprehensive capabilities for
comparing nested GEE models using robust Wald tests and generalized score tests. The
geepack package [5] provides ‘geeglm‘ object fitting with sandwich-based Wald inference.

� SAS System: PROC GENMOD with the REPEATED statement provides robust empirical
sandwich variance estimates and supports Wald-type hypothesis tests (‘CONTRAST‘ /
‘TYPE3‘) as well as score statistics.

� Stata: The xtgee command fits GEE models and offers robust variance computation
(vce(robust)), with linear hypothesis testing via post-estimation test syntax.

5 Recommended Literature & Annotated Bibliography

While many advanced asymptotic texts detail generalM -estimation asymptotics, applied practi-
tioners and biostatisticians often struggle to find texts that specifically treat estimating-equation
variants of Wald, score, and quasi-deviance tests. Below is a curated, annotated guide to tar-
geted monograph chapters that address these exact methods.

5.1 Theoretical & Methodological Monographs

D. D. Boos & L. A. Stefanski (2013) — Essential Statistical Inference: Theory and
Methods, Chapter 7 (M-Estimation and Estimating Equations)
This chapter provides the definitive theoretical exposition of estimating equations and gen-
eralized score tests. Building on Boos (1992) [2], it explicitly derives the generalized score
test statistic S under nuisance parameter estimation, demonstrating why it maintains valid χ2

q
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asymptotics under sandwich covariance estimation without requiring full likelihood specifica-
tions.

P. McCullagh & J. A. Nelder (1989) — Generalized Linear Models (2nd ed.), Chap-
ter 9 (Quasi-Likelihood Functions)
The foundational source for pseudo-LRT and analysis of quasi-deviance. McCullagh and Nelder
define quasi-deviance D(y; µ̂) = 2

∫ y
µ̂

y−u
V (u)du as the direct estimating-equation analogue to like-

lihood deviance, providing the mathematical underpinning for quasi-likelihood ratio testing.

P. X.-K. Song (2007) — Correlated Data Analysis: Modeling, Analytics, and Ap-
plications, Chapters 3 & 4
Provides rigorous derivations of vector quasi-likelihood estimating equations, sandwich variance
estimators, generalized score tests, and quadratic distance statistics specifically under correlated
data settings where information equality fails (A ̸= B).

5.2 Applied & Software-Oriented Textbooks

J. W. Hardin & J. M. Hilbe (2012) — Generalized Estimating Equations (2nd ed.),
Chapters 4 & 5
The premier applied textbook dedicated to GEE. Chapters 4 and 5 explicitly detail why tradi-
tional likelihood ratio tests fail under GEE, detail the mechanics of robust Wald and generalized
score tests, and explain Pan’s Quasi-Likelihood Information Criterion (QIC) as the primary
practical surrogate for deviance in GEE model selection.

G. M. Fitzmaurice, N. M. Laird, & J. H. Ware (2011) — Applied Longitudinal
Analysis (2nd ed.), Chapters 12 & 13
An exceptionally clear guide for applied biostatisticians. It explicitly warns against using stan-
dard analysis of deviance in marginal models, provides intuitive derivations of robust Wald and
score tests for nested GEE models, and illustrates their implementation in standard software.
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