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Abstract We construct uniformly bounded solutions of the equation divu = f for
arbitrary data f in the critical spaces L¢(Q), where Q is a domain of R¢. This
question was addressed by Bourgain & Brezis, [BB2003], who proved that although
the problem has a uniformly bounded solution, it is critical in the sense that there
exists no linear solution operator for general L¢-data. We first discuss the validity
of this existence result under weaker conditions than f € L4(€), and then focus our
work on constructive processes for such uniformly bounded solutions. In the d = 2
case, we present a direct one-step explicit construction, which generalizes for d > 2
to a (d — 1)-step construction based on induction. An explicit construction is also
proposed for compactly supported data in L% (Q). We finally present constructive
approaches based on optimization of a certain loss functional adapted to the problem.
This approach provides a two-step construction in the d = 2 case. This optimization is
used as the building block of a hierarchical multistep process introduced in [Tad2014]
that converges to a solution in more general situations.

1 Introduction

Let Y denote a Banach space of functions defined on a d-dimensional domain
Q c R9, where d > 2. We are concerned with the existence and construction of
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uniformly bounded solutions u to the equation,
divu= f, (D

whenever f € Y. Namely, we ask whether there exists a y > 0 such that for every
f €Y there exists a solution u = (uy,...,uy) € L*(Q) to (1) such that

allze < ¥l fly- @3]

Here for a vector valued function v = (vy,...,vq) such that each v; belongs to a
function space X, we use the simpler notation v € X and ||v||x instead of X¢. We say
the space Y is admissible if for all f € Y, (1) admits a solution such that (2) holds.

There exists of course infinitely many solutions to (1) since as soon as one exists,
we can add to it a null divergence function, for example a constant. The most natural
candidate for a solution u when given f is to solve Laplace’s equation with data f
and then to take u as the gradient of the solution. More precisely, we introduce

Y(x) =Veo(x) = &x, x eRY,
|x|4

where ¢ is the fundamental solution of the Laplacian on R4, and define the so-called
Helmholtz solution as

u(x) = ugar(x) = /Q FEW = y)dy = Fx (),

where f(x) = f(x) for x € Q and f(x) = 0 when x ¢ Q. Note that uy,; depends
linearly on f. When € is a bounded domain, it is readily seen that uy is a uniformly
bounded solution of (1) for f € LP(Q) whenever p > d, and therefore the spaces
Y =LP, p > d are all admissible.

The question of whether ¥ = L¢ is admissible was addressed in the seminal
work of Bourgain & Brezis [BB2003]. Their work studies the particular case where
Q = T is the d-dimensional torus, which leads to assume in addition that /Td f=0.
They proved that the problem (1) is critical in the sense that it admits bounded
solutions, but there is no linear solution operator from Y to L. In particular, one
cannot invoke the Helmholtz solution. We say a space Y is critical if it is admissible
but there is no linear mapping taking f € Y into a solution u € L* of (2).

The main interest of the present paper is two-fold. We first ask which of the
classical function spaces Y are admissible. Secondly, we are interested in explicit
constructions of solutions to the Bourgain-Brezis problem. In particular, can we
explicitly construct nonlinear mappings solving (2) when Y is critical. In section
2 we discuss theoretical aspects of the problem. We recall certain known results
of Meyer which show that for @ = R, the space G of all f that admit a solution
u € L™ to (2) is the dual space W}}(’)lln which is defined as the closure of the smooth
test functions for the total variation. Therefore, any admissible space ¥ must be a
subspace of G. In particular, Y is admissible if and only if Wli(’):n embeds into Y*. In
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particular, we show that not only is L admissible but also the larger space weak-L¢,
i.e. L4*(Q), is admissible, as well as even weaker Morrey spaces.

In section 3, we present explicit constructions of bounded solutions for certain
critical admissible spaces Y. We give a one step formula in the d = 2 case with
L*-data, and we treat the case d > 2 with L%-data by a (d — 1)-step construction
based on induction. | We end this section by a construction for L% *-data assuming
in addition compact support. The reader may find these constructions interesting
for their own sake. In section 4, we propose variational-based approaches for the
constructions of bounded solutions. In the case d = 2, this approach delivers the
solution in two steps. More generally, we use this optimization as the building block
of a hierarchical decomposition that was used in [Tad2014] to construct solutions
to the Bourgain-Brezis with L¢ data by a limiting process. We use this multi-step
hierarchical approach to construct solutions for more general data.

2 Theory
2.1 Existence of bounded solutions for L4-data

Let Q c R%. The space
G=G(Q):={f=div(n) : ue L¥(Q)},

of distributions # whose divergence is uniformly bounded has been studied in various
contexts, in particular image processing and nonlinear PDE’s.

As noted in [Mey2002], for the case Q = R?, the space G(R?) is the dual of
the homogeneous space Wg(’)lln (R?). The latter is defined as is the completion of the
space of test functions D (R¢) for the total variation, which defines a norm on this
space.

Let us recall that the total variation of v € BV (Q) is defined as

lolry = sup/vdivw,
w JQ

where the supremum is taken over all w = (wy, . .., wg) € D(L) such that ||w||p~ =
SUP, e IW(X)|2 < 1. An equivalent quantity is defined in terms of finite difference:

lolry ~suph™" sup [[v—v(- = Y)lIL1 ()
h>0  |y|<h

where Q;, := {x € Q : dist(x,0Q) > h}. When Vv € L', in particular when
vE W}L;rln, one simply has

! We recently learned that this type of construction was independently derived by D. Stolyarov
[Sto2024], however unpublished
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[vlry = Vol

Let us stress that Wﬁoln (R9) is strictly smaller than BV (R).

Therefore, every f in a function space Y of locally integrable functions defined
on R? admits the representation f = divu with a uniformly bounded u satisfying
the bound (2) if and only if for any test function g € D(R?) one has

| [, 76 < sl lgirv. @

Note that this is equivalent to the condition that

| [ £ < A lpere), @

for all open sets E of finite perimeter. Indeed the above is obtained from (3) by taking
g = ¢ * YE Where ¢, is a mollifier and letting € — 0. But from the coarea formula

+00
elrv = [ perE)dn Epi= tx : g2 1) )
see [EG1992], it also implies (3) for any g € D(RY). Note that here, the perimeter
per(E) coincides with the Hausdorff measure ¢! (9E) only for sufficiently nice
sets (for example with Jordan domains with rectifiable boundaries). More generally
it should be be defined as |yg|ry or equivalently as H~!1(JE*) where OE* is the
so-called reduced boundary as introduced by de Giorgi.

Remark 2.1 The co-area formula also shows that (4) actually implies the validity of
(3) for any g € BV(R?). Therefore any f € G that is in addition locally integrable
is also an element of the dual of BV. We give further in Remark 2.5 an example of a
distribution that belongs to G but are not in the dual of BV.

For Y = L4(R9), the validity of (3) is ensured by the Sobolev embedding of
BV(RY) into LY (RY) where L + 4 = 1. Since for a general domain Q, we can
trivially extend any f € L¢(Q) by 0 to obtain a function of L(R¢) with the same
norm, this implies that ¥ = L¢(Q) is admissible.

In [BB2003], the same result is given in the periodic context, where Q = T4 s
the d-dimensional torus. In this case, Y = L¢ () is modified into

Y:L;’(Td)z{feLd(Td) : /szo}

As shown in Proposition 2 therein, there exists no linear solution operator f €
LI(T?) +— u € L*(T%). Indeed, restricting attention to the simpler case of the
two-dimensional torus, if K : Lﬁ(Tz) — L®(T?) would be such a linear solution
operator so that div K = 1 is the identity, then so is



Constructions of Bounded Solutions of divu = f in Critical Spaces 181

K = / 7_yKtydy,
yeT?

which averages K over all 2D translations 7,. Now K is translation invariant and
it has a symbol, A(n) := (1;(n), A2(n)) such that K(e*) = A(n)e'™™. Since K
is assumed to boundedly map L? to L*, one should have (A(n)),czz € €>(Z?).
However, since div K = divK =1, that is n - A(n) = 1, this implies A(n)|, > ﬁ
which is a contradiction to (A(n)), <z € £*(Z?).

The lack of linearity is attributed to the general fact that the problem of solving
Lu = fwithu € Xiscritical if Ker(£) has no complement in X [BB2007, Aji2009].
This is the case of div in L®. One of the main themes in [BB2003] is the existence
of solution with further Wl’d-regularity, similar to the Helmholtz solution ug; that
cannot be ensured to be uniformly bounded since it depends linearly on f.

2.2 Existence of solutions for L% data.

One first observation is that the Bourgain-Brezis problem has also a positive answer
for the larger Lorentz space Y = L%*(Q). Recall that a measurable function f is in
L%>(Q) if and only if [{x € Q : [f(x)| > t}| < C%~%, ¢t > 0, and the smallest C
for which this holds is its L%* () norm.

Theorem 2.1 There exists a constant y = yq such that for any f € L (Q), there
exists u € L (Q) satisfying

divu=f, |ufl> <yl fllpas(q)- (6)

Proof. By definition of ¥ = L%*(Q), one has for any f € ¥ and measurable E,

funi=[ e irwis s [ mingen .t
E >0 >0

d d-1
< — w|E| 4
ol |E]

Therefore (4) follows by application of the isoperimetric inequality with y4 = ﬁKd
where K is the isoperimetry constant [Fed1969, 3.2.43]. |

Remark 2.2 An equivalent proof consists in establishing that BV (R?) has continuous
embedding in the dual Lorentz space Y* = L4 (R9), that is

gl a1 (ray < Balglrv . (M

This readily follows by using the expression of the L%!(R¢) norm through the
distribution function
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(o]
d-1
gl ey = d’/ reQ : le()] > 1|5 dr,
0

see e.g. [BC2011], and invoking the co-area formula and isoperimetric inequality to
bound this quantity by the total variation of g.

Remark 2.3 The property assering that

/ 7] < ClE|
E

holds for all measurable sets E is actually equivalent to the membership of f in
L%*(Q). The smallest C for which this is valid gives an equivalent norm for L¢*.
We shall use this norm in going forward in this paper.

2.3 Beyond L%

What is the largest Banach space Y of Borel measures u which can be expressed as
divergences of uniformly bounded u? Placing ourselves in Q@ = R4, we know that
such a Y should be embedded in G (R?) the dual of Wﬁ(’)rln (R?), that is, forall u € Y

and g € W}L’)in(Rd) one has

[, edu < vidulylglrv. ®)
R4
Using the co-area formula, this is ensured in particular if

lu(E)| < vllully per(E) (€))

for all sets E < R of finite perimeter.
Let us introduce the linear space of measures S¢(R?) that satisfy the condition

lul(B) < CR™', R >0, (10)
for all balls B or radius R, equipped with the norm
lullsa = sup R'|ul (B), (11

where the supremum is taken over all balls B. For a general domain €2, we define
54(Q) in a similar manner, replacing B by B N Q, and observe that any measure in
this space has its extension by 0 contained in S¢(R¢) with a smaller or equal norm.

Remark 2.4 General conditions of the form p(B) < CR*® were introduced by Otto
Frostman in the study of fractional dimension of sets. In dimension d = 2, for positive
measures, the specific condition ¢(B) < CR was studied by Guy David for Dirac
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measures on a curve I'. He proved that this condition is equivalent to the Ahlfors
regularity of I' and to the boundedness of the Cauchy integral operator acting on
LT, o).

A distinction should be made between S¢(Q) and the Morrey space M?(Q) that
consists of all locally integrable f such that, for all ball B of radius R,

f |f] < CR, (12)
BNQ

with norm defined in a similar manner. This space is included in $¢(Q) with equal
norm when u is of the form f dx, but the inclusion is strict: consider for example
u to be the Dirac measure on a segment of the plane in the case d = 2. In view of
Remark 2.3, we have

L c M c 59,

and these inclusions are strict. The following result that follows the arguments from
[Mey2002] and [PT2017], shows that the Bourgain-Brezis problem has also a positive
answer for Y = M4(Q) and Y = S4(Q).

Theorem 2.2 There exists a constant y = yq4 such that the following holds. For any
f € M4(Q), there existsu € L®(Q) satisfying

divu=f, |lulles <yl fllpa 13)
For any 1 € S4(Q), there exists u € L™ (Q) satisfying
diva=p, |lullL> < yllullsa. (14)

Proof. Without loss of generality we work on Q = R, As a first step, we use the
boxing inequality [PT2008, Theorem 2.11] that states that any open set E ¢ R? of
finite perimeter can be covered by balls B; of radius R; such that

Z RY™" < Cper(E), (15)
7

where the constant C depends only on d. This shows that for any f € M¥(RY), we
have

/E |Fldx < C|f Ingaper(E).

which implies (4) and therefore proving (13).
Similarly, for any u € S¢(R9), we have

|ul(E) < Cllpllsaper(E).

For any test function g € D(R?), we write g = g, — g_ and

| / sdn < / gudlul + / ¢-dlul.
R4 R4 R4
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For the first term, we have

/ gudlp = / II(Edr < Cllullga / per(E,)
R4 0 0

where E; := {x : g(x) > t}. With a similar treatment of the second term and using
the co-area formula, we reach

| [ sa] < Cllalisalglrv
R

which shows that i belongs to the space G(R?) and thereby proves (14). a

Remark 2.5 We stress that, in contrast to the functions of M4 (Rd), the measures of
54 (R4) belong to G(R?) but not to the dual of BV (R?). This is due to the fact that
the trace of a BV function on a d — 1 dimensional surface could be meaningless. For
example if yu is the Dirac measure on a segment of the 2d plane, we cannot apply it
to the BV function g = yo where Q is a square that admits this segment as one of
its side.

Remark 2.6 As pointed out in [Mey2002] in the case d = 2, a positive measure
belongs to G(R?) if and only if it belongs to S¢(R?). Indeed, on the one hand the
above result shows that S¢(R¢) is contained in G(R¢). On the other hand, if y is
a positive measure that is contained in G (R¢) then to any ball B = B(xo, R) we
associate the W'! function

g(x) = max {(),2 - i _x0|}

R

Since y is positive and belongs to G(R?), and since g is positive and larger than 1
on B, we find that
u(8) < [ gdu < Clalry.

On the other hand, it is easily checked that |g|ry < C4R" where Cy only depend
of d, therefore proving that u € S¢(R?).

3 Explicit constructions of bounded solutions

3.1 A one-step explicit construction for L2-data

What follows is probably the simplest and most instructive construction of bounded
solutions to the Bourgain-Brezis problem (1), at least in the d =-case with Y = L*(Q).
Again, without loss of generality we will work on Q = R.

For any (x,y) € R? and any fixed f € L?(R?), we define
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+00

V2(x) = / FyPdy, HAy) = f Feyld  (16)

00 00

and
V(x)

H(y)+V(x)’
We then consider the splitting f = f| + f> where

Blx.y) = —)

T HO VG o

a(x,y) =

fl(x’y) = a/(x,y)f(x,y), and f2(xvy) = ,B(X,Y)f(x,Y), (]8)

and we define

X y
un(x.y) = / filsy)ds and ws(x,y) = / Aod  (19)

Therefore u = (u1, uy) satisfies divu = f; + f» = f and it remains to check that u is
uniformly bounded. Let us bound |u; (x, y)| for any arbitrary but fixed (x, y) € R2.
If H(y) = 0, then obviously u; (x, y) = 0 for all x so we assume H(y) # 0. Then, for
any x we have

|u1(X,y)|<[ |f1(s,y)|dg<[ lf(s’y”[‘-/[g))

o 12/ moo 12
<H(y>‘([ |f<s,y>|2ds) (/ V<s>2dv)

o0 1/2
= ([ V(s)? df) = [1fllz22)-

00

ds

In a similar way, we obtain the bound |uz||L~ < || f]lz2(r2), and so u is a bounded
solution to the Bourgain-Brezis problem for f.

Remark 3.1 The above splitting of f into f; and f is designed to ensure that the
univariate primitive u; and u; are uniformly bounded. An interesting variant consists
in taking

f(y) = fLxEO)<v oy and  H(x,y) = Gy xiviog<ay)y  (20)

for which it is easily checked that the solution u also has each component #; and u,
uniformly bounded by || f||;2. The extra feature of this choice is that f; and f, have
disjoint supports. As we discuss next, in the more general d-dimensional case with
Y = LY(R?), it is possible to explicitly construct a splitting f = f + - -- + fy also
with disjoint supports and such that the univariate primitive u; of f; with respect to
x; are uniformly bounded.
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3.2 A (d - 1)-step explicit construction for L¢-data

We now consider the general d-dimensional case with data f € LY(R?) . Given any
such f, we construct d pairwise disjoint sets Q; = Q;(f) with RY = ;'1:1 Q;, so
that the functions f; := fxq, satisfy f = fi +--- + f; as well as

/|fj(161,---,)C]'—1,S,Xj+1,-~-,)Cd)|dY < Allpagay, Jj=1,....d. 2D
R
In turn the functions
xj
ui(xy,...,xq) :=/ fiGen, oo xjo 8, X541, .. xq)ds,  j=1,...,d, (22)

satisfy [|u;l|pra) < || fllpera)- Hence, w = (uy, ..., ug) is a solution to (1) with
lullpemay < 1 fllpemay-

The construction proceeds by induction on d. When d = 1, given any f € L' (R),
we define Q; = R in which case the above claim is obvious. We assume we have
shown how to construct such sets ;(g). ..., Qq_1(g) whenever g € L4 (R4 1)
and give the construction of Q; (f), ..., Qu(f) whenever f € L4(R?). Without loss
of generality, we can assume || f|pa(ga) = 1.

We write any vector x € R? as (x1,y) where y = (x2,...,xg) € R?"! and define
the thresholds

H(y)d! = /R £ (e, y)[9des, v € RO,

Let
Q:=Q(f) =={x=(x1,y) eRY: [f(x1. )| > 7N}, (23)
and Q] be its complement in RY. We define
Ji=fxq and g:=f-fi=fxq. (24)

This determines u; and for any x = (xy, y) € R9, we have

d-1
/m(s Wlds < /If( ('f(s y)') :z<y>“d/R|f<s,y>|dds:1.

1(y)
This shows that (21) holds for fi and ||u;||z~®) < 1 as desired.
We proceed to construct the set €, ..., Q. For any fixed x; € R, we consider

the function g (x1, y) as a function of y € R4-T, We have

[ gty < [ o)y = 11 = @5)
RA-1 R4-1

From the induction hypothesis, we can apply our construction to g(xp, -) which is a
function of d — 1 variables y = (y2,...,yq). This gives d — 1 disjoint sets £;(x1)
for j = 2,...,d whose union is R4~ and for which the above results are valid.
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Therefore g(x1, -). is split into functions g;(x1,-) = g(x1, ~))(gj(xl) which satisfy

/|gj(x1,y2,.--,)’j—l,s,yj+1,--.,Yd)|d9 <1, j=2,....d (26)
R
We now define

Qi =Q;(f) ={(x1,y)): x1 €R, y e Q;(x1)}, j=2,...,d.

This completes the definition of the sets £2; and the functions f; and u;. We are left
to check (21) for j # 1. Since f;(x1,y) = g;(x1, ), it suffices to write

/|fj(x1,...,xj_l,s,xj+1,...,xd)|ds
R
=/|gj(x1,y2,---,yj—1,S,yj+1,--~,yd—1)|d?< 1.
R

This establishes the properties we want of our construction for d dimensions.

3.3 A constructive decomposition for L%

We know from the theoretical results of §2, that the space Y = L% (Q) is admissible
whenever Q ¢ R¢ is measurable. In this section, for any 7 > 1 and any bounded
measurable set Q@ ¢ RY, we give an algorithm that takes any f € L%*(Q) and
constructs a solution u to (1) such that |[ul[z~ < 7| f|| .~ . For the sake of notational
simplicity, we detail the construction in the case d = 2 and sketch its generalization
tod > 2.

We fix Q and f in going forward. We assume without loss of generality that
Q = [-R, R]?, for some R > 0 and | fll 20 @) = 1. We define f to be zero outside
of Q. We construct a disjoint splitting Q = 1 U €, and f; := f/\/gj, j=1,2,and
take

X y
wey) = [ A6 wen= [ peos e
Thus div (u) = f when u := (u1, u;), and the only issue will be to show that
/ Ifi(s, y)lds < 7, / |f2(x,8)|ds <7, (28)

forallx,y e R.
Let us first note that f € L' (R?) and

M = || flip g2 = /Q If1 < 12, (29)
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where we used Remark 2.3. We define the horizontal line Ly (y) := {(x,y) : x €
[-R, R]} atlevel y and the vertical line Ly (x) := {(x,y) : y € [-R, R]} at level x.
For any measurable function g that is supported on Q, we define the energies

En(g.y) :=/ lg(x,y)| dx, y € [-R, R], (30)
H Y

Bv(en) = [ leuy)ldy x € [-R R,
Ly (x)

which may be infinite.
Here is the first step of our construction. Let A := {y € [-R,R] : Eu(f,y) <7}
and A’ :={y € [-R,R] : Eyg(f,y) > 7} and

Qu = {(x,y) eR*: En(f,y) <7} = | | Lu ().
yeA

We define f; := f on Qg and f; := 0 on Q. Notice that we have

/ Alsld <t yeA. 31)

This means that (28) is satisfied for y € A.
We proceed to the second step of our construction. Let B := {x € [-R,R] :
Ev(f,x)<t}land B :={x € [-R,R] : Ev(f,x) > 7} and

Qv ={(x,)) €Q: Ev(f.x) <7} =[] Lv(x).

xX€eB

We define f> = f on Qy \ Qg and fj is defined to be zero on this set. We have

/y |f2(x,s)|]ds <71, x€B. 32)

(o8]

Thus far, we have defined fi and f, on Qg U Qy. Let Q' := Q\ (Qy U Qy).
The important thing to notice is that Q’ is gotten from € by removing horizontal
and vertical strips. The following lemma shows that we have removed a significant
portion of Q in this construction.

Lemma 3.1 The measure of Q' satisfies
Q'] < t7%|Ql. (33)
Proof: To prove this claim, we observe that
Q :={(x,y) €eQ:Ey(f,y)27and Ey (f,x) > 1} = A’ X B'.

Leta := |A’| and b := |B’| be the univariate Lebesgue measure of these sets. Then,
we have
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ar < /Qlf(x,y)l drdy < |QI'2. (34)

A similar argument gives bt < |Q|'/2. Hence, we have
Q| = ab < 772|Q), (35)
which proves the lemma. O

After applying the first step of our construction, we have defined f; and f, outside
of Q. Let Q' := Q" and let us repeat our construction for the set Q! in place of Q.
This gives a new set Q> := [Q']” ¢ Q! and thereby give the definitions of fi, f>
outside of Q. The new residual set Q satisfies |Q?| < 772|Q!| < 774|Q|. Iterating
this procedure gives in the limit a definition of f; and f> on all of Q except for a set
of measure zero. One easily checks that (28) holds. For example to check this for
f1, we note that if f] is defined to be nonzero on on a line Ly (y) then at the (first)
step k where it is defined to be nonzero it is completely defined on this line and (28)
holds on this line.

The generalization of the construction to d > 2 with Q = [-R, R]¢ is based on a
similar process assuming || f|| .« q) = 1: introducing the energies

R
Ei(f, X1, Xic1, Xitls - - - Xg) IZ/ |f(x1,. .. xq)|dxy
-R

and comparing them with the level 7, we reccursively define fi, f,..., fg on Q\ Q’,
where

Q ={(x1,...,x3) €Q : Ei(f,X1,...,Xi_1,Xit1s-..,Xq) 2T, i=1,...,d}.

In order to conclude, we prove a contraction property similar to Lemma 3.1. For each
i=1,...,d, wedenoteby Q/ € [-R, R]¢ the projection of Q on the d— 1-hyperplane
orthogonal to the x; axis, and invoke the Loomis-Whitney inequality

N

Q1 < T 19, (36)

i=1
see [LW1949]. Obviously we have
Ql’ c {('x17 ces X1 Xl e s ’xd) € [_R? R]d_l :
Ei(f7x19 e X1 Xitls e o e ,Xd) > T}’
and therefore

, d-1
19 < / F G xa)] < 1014
Q

Combining with (36), we obtain the contraction property |Q’| < 77¢|Q]| allowing us
to conclude in a similar manner.
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Remark 3.2 Note that the final result is independent of the support [R, R]¢, but
the above construction does not seem to generalize in a straighforward manner to
Q = R? which is left as an open problem.

4 Variational-based constructions
4.1 Minimization problems

One natural way of approaching bounded solutions to (1) for data f € Y (Q) is to
consider the minimization of functionals of the form

V() = Va(w) = [[ullp> + Al f ~ divully (37

for some fixed p > 1. Indeed, one intuition is that if a uniformly bounded solution
to (1) exists, the minimizer of V; should tend to the solution u of (1) with minimal
L* norm as 4 — oo.

We shall first see that in the case of ¥ = L? and p = 2, it is possible to avoid letting
A — oo through a two-step constructive approach. We then discuss more general
situations where we can construct a uniformly bounded solution u by a hierarchical
decompositions based on iterated minimizations of the above functional.

Before going further let us observe that the existence of a minimizer for V can
be derived by the elementary arguments under a mild assumption on the space Y.

Lemma 4.1 Assume thatY = Z' is a dual space of distribution, so that

lvlly = max{{v, @)y .z : ¢ € D(Q), ll¢llz <1},
then there exists a minimizer uy of V

Proof. Consider a minimizing sequence u”, therefore such that ||u”||z~ and
||divu™|ly are are uniformly bounded. Then, up to a subsequence extraction, we
have the following properties :

(i) Both || f — divu®||;2 and ||ju"||.~ have limits A and B such that A + AB is the
infimum of V.
(i) u" converges in the L* weak-* sense to some u; € L.
(ili) divu” converges in the Y weak-+ sense to the (weak) divergence divu; € L2.

From this and the properties of weak lower semi-continuity of norms, it readily
follows that u; is a minimizer of V. a

Existence is therefore ensured for reflexive spaces Y such as L4(Q) in the d-
dimensional case, but also for ¥ = L%* which we have seen earlier to be an
admissible choice for the existence of uniformly bounded property. We stress that
uniqueness of minimizers, is in general not ensured, however in the case where Y is
strictly convex, such as L4, we find that div (uy) is unique.
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Note that the minimization of ¥V may be computationally intensive, depending
on the form of the ¥ norm. In the particular case of ¥ = L, it can be computed by
solving relatively simple Euler-Lagrange equations, see [TT2011].

4.2 A two-step approach for L>-data

Consider the case of a domain Q ¢ R? and Y = L?(Q). With the choise p = 2, the
functional of interest is therefore

V() = [[ull +ALf - divull7, (38)
An interesting property of the minimizers is given by the following.

Lemmad4.2 Fix A > 0 and let ry = f — divu, be the residual of the equation (1)
for a minimizer u, of (38). Then r, belongs to BV (Q) with

1
< —. 3
[ralrv 1 (39)

Proof. For any z € D(Q) and € > 0, we have
V(up) = llwalles +Allf = divugll]> < [y + ezllzs + Al f = div (wy +ez)ll7

< lupllpe + €l|z]| L +/1||r,1||i2 - 2/16/ radivz + o(e).
Q
=V(uy) +€llz||L~ — 2/16/ radivz + o(e)
Q
and by letting € | 0 we find that

1
‘/Qr,ldl'vl < ﬁ”l”p@, 40)

for all z € D(Q), which shows that r, € BV(Q) with bound (39) for its total
variation. a

Note that we also have the trivial bounds

Irallze < I fllz2 and - lullzs < 111172, (41)

by comparing V(u,) with V(0). However Lemma 4.2 shows a “regularization
effect” f € L2+ r, € BV. As noted in Remark 2.2, the space BV has a continuous
embedding in the Lorentz space L>! which is strictly smaller than L.

This effect leads us to a direct construction of a bounded solution. Without loss
of generality, we again work on Q = R?, and denote by u; the minimizer and
r1 = f — divu; the residual, when taking the particular value A := || f |IZ§ Using
both (39) and (7), we have on the one hand
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B2 B
Irillies < Balrilry < 55 = Z2 1Al (“2)
and on the other hand
gl < I fllg2s (43)

in view of the second bound in (41). We then write r; = divu,, where

I x
u2::w*rlzﬂw*rl, (44)

is the Helmholtz solution for the data r;. Since ¢ € L>* and r| € L', it is readily
seen that u; is uniformly bounded by

ol < [l llp2elirtllzzr < Cliflle, €= %Ilwllmw- (45)

Thus we end up with
Uosep = Up + U, (46)

as a two-step construction of a uniformly bounded solution to (1) which satisfies (2)
withy =1+C.

Remark 4.1 A similar regularization effect takes place in the d > 2 case for data
felLd
feLlyQ) - r el (Q).

However, since iy € L%, this is not enough to derive a similar two-step construction
by applying the Helmoltz solver to the residual. Instead, this will be addressed by
the multi-step construction in the next section below.

Figure 1, quoted from [TT2011, Section 6], shows the two-step solution of the
example due to L. Nirenberg, [BB2003, Remark 7], which demonstrates the unbound-
edness of ||uge||~ solved for u € Li( [-1, 1]%) with periodic boundary conditions,
given by

1
f=AM  o(x,x) =xilloglx|'Pe(xl), () =xine 2. (4T)

In this case, Helmholtz solution, uge; = VV, has a fractional logarithmic growth at the
origin, which should be contrasted with the hounded two-step constructed solution
shown in figure 1. Table 1 reports that the ratio between N X N grid discretization
of |julYf Hllz and || fN|;2 remains bounded when N is large, in contrast to the

2ste
computed solution of Helmholtz.
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Fig. 1: Solution of Bourgain-Brezis problem with 2D data in (47).
Helmholtz solution, uye; (top), vs. two-step solution, Uagep (bottom).

The N x N grid 50 x 50 100 x 100 200 x 200 400 x 400 800 x 800

laly e
— N 0.2295 0.2422 0.2540 0.2650 0.2752
TRIE
[T
N 0.2096 0.2128 0.2144 0.2151 0.2154
TRl

Table 1: L® norm of numerical solutions for different grids: Helmholtz vs. the
two-step solution of (47) for different grids.

4.3 Hierarchical constructions for data in Fréchet differentiable spaces.

We now work with general data f € Y (R9). In this section, we use a hierarchical

approach to construct uniformly bounded solution, under the assumption that the Y
norm is Frechet differentiable.
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Assumption (Fréchet differentiablity). The Y-norm is Fréchet differentiable,
namely — there exists ¢ : Y — Y’ such that

[|lv+ ewlly = ||v|ly + e{¢p(v),w) +0(e) forall v,weY, v+#0. (48)

As an immediate consequence of this assumption, for any p > 1, the application
v ||v||}‘!,7 is also Fréchet differentiable and its derivative is given by

¢p(0) = pllollZ ™ p(v).

As we discuss further, spaces admitting Fréchet differentiable norms are for example
Y=L%aswellasY = L% when 1 < g < oo,butnotY = L4,

Let us now consider for a p > 1 the general functional V; of (37), assuming
as before that Y is a dual space. In the sequel we use the following two results
which makes use of ¢,. The first is the generalization of Lemma 4.2 that shows a
regularization effect, now on ¢, (ry) where rj = f — divu, is the residual.

Lemma 4.3 Ifu, € L™ is a minimizer of (37) with residual ry = f — divuy € Y

then
1

lop(r)lrv < T (49)

Proof. For any test function z € D(Q), we have

Va(wp) = [[uallee + Al f = divually < |lug+ ezl + Al f ~ div (wy + ez) ||y
< llwallze + el - lzllzs + Allrally = 2e(dp (r2), divz) + o(e).
= Va(wa) + el - ||zl — A€, (ra), divz) + o(e),
Jodp(ra)dive |

and by letting € | O we find |¢, (ra)lrv = sup —F—F— < - O
042D (Q) l|z|| L~ A

Remark 4.2 Note that when A < m, we then have a trivial minimizer u; = 0
and r, = f. Lemma 4.3 is relevant when A is large enough

1
Y 16, Dy

Then u, # 0, and (49) asserts the BV regularity of ¢, (7). In fact, for large enough
A, one has the equality |¢,(ra)|rv = 1/4, and the minimizer u, with residual r, is
characterized as an exteremal pair in the sense that

(50)

w2l
ﬂ 9

/ divwz6,(r2) = [ualeol6p (r)lry = 1)

see [Mey2002, Theorem 3],[Tad2014, Lemma A.3].
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We also need a second priori estimate which will be useful as a closure bound
for the iterative procedure of hierarchical construction described below.

Lemma 4.4 Assume that Y has a Fréchet differentiable norm and that BV is em-
bedded in Y’ in the sense that

lolly: < Blolrv, ve BV(RY). (52)
Then, the following a priori bound holds
lolly™ <nlgp v, vey, (53)
withn = B/p.
Proof. Fixing v € Y and comparing the first order terms in
(I+e)Pllolly = llo+evlly = llvlly + e(¢p(v),0) +0(e),
implies p|lo|ly = (¢, (v), v). Therefore

plolly < ligp @)y llvlly < Blgp@)lrvIvlly,
which yields (53). m|

Remark 4.3 Recalling that ¢, (v) := p ||v||5_1¢(v), (53) amounts to the lower bound,
lp(V)|lry = é, which indicates that the Fréchet differential must be oscillatory.
Combining with lemma 4.3 we find

2 1
=|lrally <2|lrallylé(r)lrv = l¢2(r)lrv < =. (54)

B A

This means that given f € Y then minimization of the functional (38) yields a
residual ) € Y with the closure bound ||r,|ly < /4. In section 4.5 below we show
that in case of ¥ = L9, the mapping f + r is not only bounded but in fact, it is
Holder on L9,

Following [Tad2014], we fix the value p = 2 and for a given sequence (4;);>1,
we define iteratively u; as the minimizer of

Vi) = [lullps +4;lrj-1 - divully, (55)

and r; = r;_1 — divu;. The following result shows that, with a proper choice of 4;,
the sum of the u; admits a limit which is our desired uniformly bounded solution to
(.

Theorem 4.1 Consider a Fréchet differentiable space Y such that (52) holds and
set Aj = 12771 where 2, = ”;ﬁ Then, for any given f € Y, the sum of the u;
converges in L™ to a limitu = 2;’;1 u; which is solution to (1) and satisfies

lall= <28l flly- (56)
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Proof. Comparing u; with the 0 solution, we find that
2
lajlle < V;i(0) = A;llrj-1lly,

and in particular
2
il < Al flly-

On the other hand, combining the closure bound (53) and the regulatization bound
(49), we find that

Irj-illy < mla(rj-lry < 7. (57)
j-1
Therefore, for j > 2
A 8y .
Ay < 2 ) = D7J
R T

and 3,72, u; thus converges to a uniformly bounded limit with

4772
lullz < 4l flly + S nllflly =28 £y,

where we have used the chosen value of A;. In addition, a telescoping sum of
rj=rj_1 —divu; yields f = div (¥;_, wg) +r; and the residual ; tends to 0 in Y.
This proves that div (u) = f. O

Remark 4.4 Theorem 4.1 extends the hierarchical construction of Bourgain-Brezis
problem in [Tad2014] for Y = L%-data with p = d. In fact, the choice of the parameter
p > 1 need not be tied to Y, which led to the simpler choice of p = 2 in (55).

Remark 4.5 The closure (53) implies that our choice of 1, is admissible in the sense
that (50) holds,
= 21 > 21 > ! .

Iflly — nlg2(Nlrv — |¢2(H)lrv

In other words — already the first variational iteration produces a non-trivial mini-
mizer, u; # 0. In fact, one can underestimate 1; < B/|| flly in case 8 in (52) is not
accessible, and yet the variational iterations become effective after the first log(8)
iterations with zero minimizers.

A4

Example 4.1 Inspired by [Mey2002], we demonstrate the hierarchical constriction
of theorem 4.1 in the two-dimensional example of f = ayg, where « is a fixed
constant and yg is the characteristic function of the ball of radius R. Of course, in
this case of BV function we can simply solveu = VA~ f = a% Xr- The minimization

with A > 1/(4na) yields

. _ X . 1
f=divag+ry, wy=(a—B)VA g = (a—ﬁ)EXR and ry = Byr with 8 := i

This is verified by checking that |r,|lry = B27R = 2]—/1, and the extremal property

(see remark 4.2),
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. R R
divwyry = (@ = B) = = Walslralry,  ale = (@ = B) 7.

Iterating we find (for a > 87)

1\x .
. (AT
81/ 2
I
=1

1 x

R )
4x2i 2XR

The above theorem can be used to construct uniformly bounded solutions to (1)
for data f in Lorentz spaces ¥ = L%9(R9) when |1 < ¢ < co. Indeed, since L4
is reflexive, they qualify as Asplund spaces with Fréchet differentiable norm, see
[Asp1968] or [Phe1993, thm 2.12]. Except for the case ¢ = d corresponding to the
space Y = L9, the Fréchet derivative of the L%4 does not have a simple explicit
form, however we note that this is not required for defining the hierarchical solution.
Other applications of hierarchical constructions in inverse problems that arise in
image processing can be found in [MNR2019].

In contrast, the space ¥ = L% (R?) does not have a Fréchet differentiable norm,
as seen by the following counter-example due Luc Tatar, [Tar2011]. The purpose is
to show that there exists f, g and @ > 0 such that

IS + €gllfpe > IfIIfpe + tlel (58)

proving that || - || i’p,m is not Fréchet — not even Gateaux differentiable. To this end

one restrict attention to the unit interval (0, 1). Set f(x) := X7 and
(o] K ~ ~
g(x) = D (=DF2r I (), T = (27D, 27K,
k=0

The second rearrangement of f is given by f™(¢) = th‘/%, 0 <t < 1. Since

lg(x)| < f(x) it follows that F := f + eg > O for |e| < 1, and hence
t
If + egllre >I%F**(z)=f‘+%/ F*(5)ds
0
“ied [ St [T St [T
>t r / F(s)ds =t P/ f(s)ds + et P/ g(s)ds (59)
0 0 0

t
= || fllpe + et / g(s)ds forall ¢ < 1.
0

It remains to lower bound the term on the right. We compute

[ s =0f2bin = 0kt p =2 <,

I
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27k (_1)k pk L t
It follows that /0 g(s)ds = T implying that et~ +F/0 g(s)ds |k =

1
(-1ke —k i k
2o and (58) follows from (59) at t = 27% with (=1)*e > 0 and @ = 1/(1+p).
Je

4.4 A hierarchical construction for general data.

Finally, we work with general data f € Y(Q) for some Q € R?, without making
assumption on the Fréchet differentiability of the ¥ norm, but instead taking as a
prior assumption that Y is a space such that uniformly bounded solution to (1) exist
with the bound (2) for some y > 0.

We also assuming that Y is a dual space so that there exists a minimizer to the
functional F having the general form (37). Here we use the exponent p = 1 so that

V() =Va(u) = |lulz= + Al|diva - flly (60)

For a value of 1 to be fixed later, we denote by u; is the minimizer and r; = f—divu,
the residual. In addition to the trivial bound

lrilly < |Iflly and [lullze < Al flly, (61)

that are obtained by comparison of ¥V (u;) and V(0), we can also compare V (u;)
with V (u) where u is a solution to (1) satisfying the bound (2). It follows that

Allrilly < fhajllz= < ¥l flly- (62)

Therefore, taking A > y, we obtain a contraction property

lrilly < pllflly, (63)

withp =y/A < 1.

This suggests a hierarchical construction that was proposed in a more general
context in [Tad2014]: with this fixed value of A, we define iteratively u; as the
minimizer of

Vi(a) = |[uflL> + Al[rj—1 — divally, (64)

and r; = rj_; — divu;. By recursive application of the above contraction principle,
it follows that
Irilly < pllrj-illy <---<p’llflly. (65)

as well as .
lujll < ylirj-illy < v/~ Iflly- (66)

From this it follows that the hierarchical construction

up+up e tu e, ©7)
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converges to a uniformly bounded u that satisfies the equation (1) and the bound

Y
l-p

Il f1ly - (68)

lullze <

4.5 Holder continuity

A main ingredient in the hierarchical decomposition is to secure that the mapping
T : f — risbounded on Y. This is carried out in lemma 4.3 and 4.4 and clarified in
remark 4.3. We show that the (nonlinear) mapping 7 is Holder on Y = L¢. Indeed,
given f € Y and f’ € Y with the corresponding minimizing pairs (u,,r,) and
(u/, 7). These pairs are characterized by the extremal property (51). In particular

|u/l|oo

/ divwidp(ry) < ualeldp (Flry = 2k / divuidp(r2)

A
|0 |oo

/ divw) b, (r2) < [Wyloldp (r)lry = “ﬂ = / divw)y, (r}).

This implies the monotonicity
0 < (divuy —diva), ¢, (ra) — ¢, (),
or, given that divu = f — ry and divuw’ = /' — r/’l,
(ra=rhdp(ra) = ¢p(r)) <{f = [/ ¢p(ra) = ¢p(r)))- (69)

We now specify the case Y = L¢ with Fréchet differential (to simplify we switch
from p =2to p =d) ¢py(r) = dsgn(r)|r|?"", for which

(r=9)(ga(r) = ¢a(s)) = dlr —s|*,  ¢a(r) =dsgn(r)|r|*".
Then, the left of (69) admits the lower-bound
(ra =1 da(ra) = 6a(r)) > dlira = il

On the other hand, since [[¢,(r)ll .« < Blop(ra)lrv < B/A, the right of (69)
admits the upper-bound

4 4 ’ 4 2 ’
f=1opra) =¢p(r))) <llpa(ra) = da(r)lipa Il f = fllpa < jBIIf—f llzas
and we conclude d||ry — rjl||id < 273||f — f'|la. Thus, the mapping T : f +> r is

Holder of order 6 = 1/d:

z_ﬁ)g

ITf ~TfNpa < Callf = F%.  Ca= (dﬂ
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clearly, by successive application of 7" with an increasing sequence of A’s, one
recovers the solution of Bourgain-Brezis with L¢-data. Note that when Y is a Hilbert
space, e.g., in the two-dimensional case, then T is in fact Lipschitz on L2,
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