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truncation. Even in that ÒsimpleÓ case, the behavior at largeKG

is far from obvious. Indeed, there are known instances where
an energy-conserving modiÞcation of the inviscid Burgers
equation with a small parameter is found not to converge1 to
the inviscid limit [6,7] (see also [8]). Hence, caution is needed
and we discuss this issue further below.

There is also an important practical reason to be interested
in Galerkin-truncated hydrodynamics. Spectral methods (and
their pseudospectral variants) are among the most precise
methods for the numerical integration of hydrodynamical
equations [9]. By necessity, a Þnite resolution must then be
used. In other words, one integrates not the full hydrody-
namical equations but their Galerkin-truncated modiÞcations.
If the high-wave-number modes are sufÞciently damped by
viscous dissipation the difference may be extremely small. Yet
the desire to push the Reynolds number can lead to serious
truncation errors. Furthermore, in investigations of the blowup
problem for the 3D Euler equation (cf., e.g., Refs. [10,11] and
references therein) it is important to be able to distinguish
genuine blowup from truncation effects.

We had one additional reason to investigate what exactly
are the consequences of Galerkin truncation. M. E. Brachet
[12] informed us about a strange phenomenon observed when
Galerkin truncation is used in conjunction with the 1D inviscid
Burgers equation:

∂tu + u∂xu = 0; u(x,0) = u0(x). (1)

The initial conditionu0(x) has just a few Fourier harmonics
and the number of retained Fourier modes is large. The Þrst
symptom of Galerkin truncation found by Brachet was a
spurious oscillation in physical space, seemingly born not at
all where one would expect it, namely, in the neighborhood
of genuine small-scale structures such as shocks and their
precursors called preshocks, but completely Òout of the blueÓ at
a place having no particular small-scale activity, as illustrated
in Fig. 1.

In this paper we understand why this happens, both for the
Burgers equation and for the Euler equation (so far mostly
in 2D). The phenomenon is here calledtyger after William
BlakeÕs poem for reasons given later. Before proceeding to
explain the organization of the paper, it is useful to deÞne our
Galerkin-truncated problem more precisely for the case of the
Burgers equation (the 2D Euler case is formulated in Sec.II C).
We restrict ourselves to 2π periodic solutions which can be
expanded in a Fourier series:

u(x) =
�

k=0,±1,±2...

eikx öuk. (2)

LetKG be a positive integer, here called the Galerkin truncation
wave number. We deÞne the Galerkin projector P

KG
as the

low-pass Þlter which sets to zero all Fourier components with
wave numbers|k| > KG. In other words,

P
KG

u(x) =
�

|k|� KG

eikx öuk. (3)

1In a weak or distributional sense, that is, after multiplication by
suitable smooth test functions and integrations by parts.

The (untruncated) inviscid Burgers equation, written in con-
servation form, is

∂tu + ∂x(u2/2) = 0; u(x,0) = u0(x). (4)

The associated Galerkin-truncated (inviscid) Burgers equation
whose solution is denotedv(x,t) is obtained by applying the
low-pass Þlter to both the initial condition and the nonlinear
term [13]. It reads

∂tv + P
KG

∂x(v2/2) = 0; v0 = P
KG

u0. (5)

As is well known, the gradient∂xu of the solution to the
inviscid Burgers equation with smooth initial data typically
blows up after a Þnite timet�. At t� the solutionu has a
cubic-root singularity, called a preshock [14,15]. Beyond t�
the solution can be continued by introducing a small viscous
term into the right-hand side of (1); in the limit of vanishing
viscosity one obtains what we here call the inviscid-limit
solution, which has one or several shocks [16]. This is
a generalized solution which satisÞes the inviscid Burgers
equation only in a weak sense. The inviscid-limit solution
has adissipative anomaly; that is, it dissipates energy even in
the limit of vanishing viscosity. In contrast, the solution to the
Galerkin-truncated equation (5) stays smooth and conserves
energy forever.

This paper has two main parts: SectionII deals with the
numerical exploration of the tyger phenomenon and includes
soft phenomenological interpretations of our various Þndings.
More speciÞcally, in Sec.II A we identify the resonant particle-
wave interaction mechanism responsible for the birth of tygers.
In Sec.II B we present the whole temporal scenario from the
birth of tygers to full thermalization. In Sec.II C we show
that the 2D incompressible Euler equation also gives rise to
tygers by a mechanism similar to what we Þnd for the Burgers
equation. In Sec.II D we investigate the energetics (dissipative
anomaly) and the issue of the (weak) limit of the truncated
solutions whenKG → ∞. SectionIII is restricted to the birth
of tygers for the Burgers equation; it involves state-of-the-art
simulations of the scaling properties withKG up to 40 000
and also a fair amount of analytic theory. Open problems and
conclusions are presented in Sec.IV. There are four technical
appendices.

II. SIMULATIONS AND PHENOMENOLOGY

A. Tygers and resonance

Henceforth, when we write about a or the Òuntruncated
solution of the Burgers equation,Ó without specifying more, it
is the inviscid limit of the untrucated Burgers equation which
is understood. A particularly simple 2π -periodic solution of
the Burgers equation is obtained with the initial condition

u0(x) = sinx, (6)

which has two stagnation (zero-velocity) points,x = 0 with
positive strain (gradient) andx = π with negative strain. The
latter gives rise to a cubic-root preshock singularity at the time
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If τ is small, as in Figs.1 and3, the region of resonance will
be conÞned to a small neighborhood of the point of resonance.
In Sec.III B we see that around the time of appearance of
a preshock the width of the associated resonance regions
is typically the order ofKG

−1/3. Outside of such regions,
including near the preshock, the effect of truncation waves is
just a small-amplitude oscillation at the Galerkin wavelength,
which on Figs.1 and3 shows up as a thickening of the line
with respect to the inviscid-limit solution.

Actually, only resonance points with positive strain produce
tygers. In a region of negative strain a wave of wave number
close toKG will be squeezed, potentially acquiring a larger
wave number and thus disappearing beyond thetruncation
horizon, which acts as a kind of black hole.

Observe that in the immediate neighborhood of a preshock
or of a nascent shock the strain is also negative and actually
very large. Although the strongest truncation waves are
generated near such points (as one would infer by a Gibbs-
phenomenon argument), their growth is severely hampered
by the negative strain. Hence, the bulge near the preshock
grows in time much more slowly than that at the positive-strain
resonance point, as illustrated in Fig.2. Actually, the effect of
truncation near a shock will remain very small (and almost
invisible without zooming) until the tyger has fully spread
out on the ramp (cf. end of Sec.II B). This situation is in
contrast with what one observes with other energy-conserving
semidiscrete schemes,7 such as the dispersive one studied by
Goodman and Lax [7].

B. From tygers to thermalization: The temporal evolution

It is well known that the Galerkin-truncated solution of
the Burgers equation will eventually thermalize to a Gaussian
state. The simplest case is when the initial velocityv0
integrates to zero over the spatial period. An ergodicity
argument, supported by numerical simulations, suggests that
the thermalized state has equipartition of energy between all
Fourier modes and thus is just low-pass Þltered white noise in
thex variable [13,21].

How does the highly organized and localized tyger structure
seen in Figs.1 and3 evolve into such a totally random state?

The birth of tygers around the timet� of the Þrst preshock
is studied in Sec.III . In particular, in Sec.III A , we present
evidence for scaling properties withKG of both tyger amplitude
and width att = t�. Here we focus on the temporal evolution at
later times. The panels of Fig.5, corresponding to the single-
mode initial condition andKG = 700, show the evolution of
the tyger in terms of the discrepancy÷u = v − u from t = 1.07
to t = 1.50, shortly after its birth aroundt� = 1. The Þrst
few panels display very symmetrical (even) bulges whose
amplitudes grow in time, because truncation wave input has
accumulated, while their width decreases (thinning), as a
consequence of phase mixing. Rather quickly, the decrease
in width leads to a collapse of the tyger aroundt = 1.19.
This is preceded and accompanied by a growing asymmetry
of the tyger for which we offer the following interpretation.
The tyger contains kinetic energy in the form of modulated

7A semidiscrete scheme is continuous in time and discrete in space.

oscillations at the Galerkin wavelength (we shall see that this
increasing energy compensates the loss of energy in shocks).
Over scales large compared to the Galerkin wavelength but
small compared to the tyger width, this kinetic energy gives
rise to anx-dependent Reynolds stress, which pulls the tyger
envelope up where the envelope has a negative slope and down
where the slope is positive. The resulting asymmetry becomes
very conspicuous after the collapse, as seen in the last panel of
Fig.5. This panel has at least two other noteworthy features. To
the right and left of the central pointx = π we see two pieces
that look like a portion of (KG-truncated) white noise; this is
the very beginning of thermalization. Observe that the right
piece is shifted vertically with respect to the left one and that
the transition looks almost like an antishock (a shock which
goes up rather than down, as prescribed by the inviscid limit).

Let us also observe that around the time of collapse there
is an apparent change of symmetry. Since the single-mode
initial condition is odd (after shifting the origin of thex axis
to the center of the tyger) it stays odd at all later times. This
is, however, a statement about the full solution, down to the
Galerkin wavelength. If we concentrate on the larger-scale
aspect (the envelope of the bulge), we Þnd that the discrepancy
is even until somewhat before collapse and odd after collapse.

For later phases of the tyger growth, it is better to show
simultaneously the truncated solution and the untruncated one.
Also, we switch to the three-mode initial condition which has
less symmetry and is thus more generic. Figure6 shows the
evolution fromt = 0.3, slightly after the Þrst singularity att� =
0.2218, tot = 4.5 when the solution of the truncated problem
is basically completely thermalized. Fromt = 0.3 to t = 0.8
we observe that the chaotic-looking thermalized regions born
after collapse are growing in extent and are affecting more
and more of the ramplike structures which are a well-known
feature of the solution of the untruncated Burgers equation
after the formation of shocks. In short, we say that Òthe tyger
spreads out on the ramp.Ó

As long as signiÞcant tyger activity has not reached the
shocks, their positions, amplitudes, and motions are correctly
described by the Burgers equation, down to the Galerkin
wavelength. We have checked that during this phase even
shock merger is unaffected by truncation (an instance is seen
aroundt = 1.0). Later, strong tyger activity near the edges of
shocks is able to shift them slightly (this is visible att = 1.3).
Once the shock amplitude has decayed to values much less than
the tyger ßuctuations, the solution looks globally thermalized
(t = 4.5). It must be noted that the mechanism which prevents
thermalization in the Fermi-Pasta-Ulam problem [22] does not
seem to be present here.

C. 2D Euler

So far we have worked with a very special hydrodynamical
equation: The Burgers equation is integrable and compressible
and its solutions generically blow up after a Þnite time.
Is the tyger phenomenon also present when none of these
properties hold, as is the case for the 2D incompressible Euler
equation with smooth (analytic) initial data and space-periodic
boundary conditions?

The short answer is Òyes.Ó We have numerically investigated
quite a number of different initial conditions, including the
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FIG. 7. (Color online) (a) Contours of vorticity with random initial conditions: positive values in dark blue (black); negative values in light
blue (light gray). (c) Same at timet = 0.66 (before appearance of tygers). (b),(d) Contours of the Laplacian of the vorticity at timest = 0 and
t = 0.66, respectively. Notice the thin elongated red (black) ÒcigarsÓ which play here the role of the preshocks/shocks in the Burgers case.

It is also of interest to show truncation effects and tygers
in Fourier space. Figure10 shows, at various times, the
moduli of the Fourier coefÞcients in the (k1, k2) plane on
a logarithmic scale. The lowest value contours are at the
10−15 level, while rounding errors are about 10−16. Note that
the Fourier-space picture is organized in the form of one
main lobe, perpendicular to the physical-space central cigar
and secondary lobes associated to less intensive small-scale
structures. At the earliest timet = 0.4 no truncation effect
near |k| = KG = 342 is visible.10 At t = 0.49, long before
tygers become visible on the Laplacian of the vorticity in
physical space, Fourier-space truncation becomes visible. This
truncation at Þrst affects the wave vectors in the direction
of the main lobe that is perpendicular to the central cigar.
Truncation effects then spread progressively to other angular
directions but appear to do so continuously, in contrast to
physical space where tygers are born out of the blue. We can
actually see such early truncation effects in physical space by

10With much higher precision, truncation effects would become
visible.

taking more spatial derivatives and thus putting more weight
on high wave numbers. Att = 0.49, Fig.11shows contours of
the tri-Laplacian (∇2)3ω with wiggly tygers. By performing
various cuts (not shown), we checked that the spatial variation
is mostly perpendicular to the cigar.

Recently we checked that many features observed for 2D
incompressible Euler tygers are also present in the 3D case.
The details will be reported elsewhere.

D. The dissipative anomaly and the lack of weak limit

Earlier in this paper, we saw that for large values of the
truncation wave numberKG, the Galerkin-truncated solution
remarkably preserves many features of the inviscid limit such
as shocks and their dynamics. So we ask the following: Could
it be that the Galerkin-truncated Burgers equation converges
in a suitable sense to the inviscid limit solution asKG →
∞? This question was actually the main motivation of the
present work. We shall see that the answer is Òno,Ó but a
qualiÞed no.

First, for the kind of analytic initial conditions considered
here that go singular at some Þnite timet�, the answer to the
above questions is actually ÒyesÓ for times 0� t < t�. At such
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that complex-space singularities approaching the real domain
within one Galerkin wavelength are the triggering factor, as in
the 1D Burgers case.

Now, a few remarks about tyger purging, which is deÞnitely
not the central issue of the present investigation. We have seen
in Sec. II that tygers, being born far from shocks, do not
modify shock dynamics but do modify the ßow elsewhere
because the tygers induce Reynolds stresses on scales much
larger than the Galerkin wavelength; hence, the weak limit of
the Galerkin-truncated solution asKG → ∞ is deÞnitely not
the inviscid limit of the untruncated solution. Can we Òpurge
tygers awayÓ and thereby obtain a subgrid-scale method which
describes the inviscid-limit solution right down to the Galerkin
wavelength?

How can this be done practically? Several ideas come
to mind. One is simply to apply some amount of viscosity.
If the viscosity is sufÞciently large, the truncation becomes
irrelevant but the solution thus obtained will not coincide with
the inviscid limit down to the Galerkin wavelength or anywhere
close to it. A second idea is to look for embryonic tygers in
physical space and selectively abort them. This can perhaps be
done by a suitable wavelet or Þltering technique but may be
tricky.19 A simpler idea is to purge the boundary layer nearKG

at each time step. However, this amounts to applying a Galerkin
truncation with a slightly smallerKG and will produce more
tygers. A more subtle way worth exploring is to wait until
a low amplitude tyger has appeared that is concentrated in a
sufÞciently narrow boundary layer nearKG

20 and then to per-
form the purging, an operation which clearly should not take
place too often. Such ideas will, of course, have to be tested
carefully in future work. One may also wonder to what extent
such a purging technique can be carried over to 2D and 3D
incompressible ßow. We have already checked that for the case
of 2D and 3D incompressible ßow, the birth of the tyger takes
place in a narrow boundary layer near the Galerkin truncation.
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FIG. 18. (Color online) Plots of the solutionv(x) of the Galerkin-
truncated Burgers equation, withKG = 85, using two different num-
bers of collocation points, namely,N = 16 384 (black continuous
line) and with red solid circles (black circles) forN = 256 for
the single-mode initial conditionv0(x) = sin(x − π/2) shown at
time t = 1.10. This plot illustrates the stroboscopic effect, a purely
graphical interpolation artefact, caused by insufÞcient resolution for
a givenKG.

APPENDIX A: NUMERICS AND GRAPHICAL
REPRESENTATION

With the exception of the inviscid-limit solutions of the
untruncated Burgers equation which were obtained by the fast
Legendre transform method [36], all the numerical simulations
presented in this paper used the pseudospectral method [9], in
combination with a fourth-order Runge-Kutta time marching
with a time step 10−4 for KG � 5000 and 10−5 for KG > 5000.
Up to 216 collocation points were used. In order to implement
Galerkin truncation it was essential to remove aliasing.
In principle, this can be done by the so-called two-thirds
rule, KG � (2/3)Kmax = N/3, where N is the number of
collocation points. This allows a calculation of the solution
at collocation points which suffers only from double-precision
rounding errors and temporal truncation.

However, when it comes to representing tygers graphically,
using the two-thirds rule can produce a stroboscopic graphical
artefact, illustrated in Fig.18. Since in the presence of tygers
there is a strong excitation at and near the truncation wave
numberKG, the velocity is very close to a sine wave with
Galerkin wavelength. Unless proper interpolation is used,
such a sine wave cannot be correctly represented using only
three points per wavelength. Otherwise the rapid oscillations
disappear in favor of an illusory triple valuedness. One easy
way to do the interpolation is to use a much higher number of
collocation points whenever graphical output is needed.

APPENDIX B: REAL AND COMPLEX SINGULARITIES
FOR THE BURGERS EQUATION

As is well known, the solutions of hydrodynamical equa-
tions such as the Burgers or Euler equations in any dimension
with space-periodic and analytic initial data, remain so for
at least a Þnite time (cf., e.g., Refs. [10,11] and references
therein). In the 1D Burgers case, a real singularity appears after
a Þnite time (Þnite-time blowup). For 2D Euler, analyticity is
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