Problem Sheet 2 (Do Carmo: Chapter 3, Chapter 1)
Differentiable Manifolds, Calculus of Differential Forms

I have used Al tools to help me edit this document.

I. Examples of Differentiable Manifolds

1. Real projective space. Define real projective n-space by

R]Pm — (RnJrl \ {(]})/N7
where
(Toy -y xn) ~ (Axo, ..., Axp), A e R\ {0}.
Write [z : - - : xy] for the equivalence class of (zg,...,z,). For i =0,...,n, let
V;:{[:Eo:-~-:xn] ERIP’”:L-#O}.
Define ¢; : V; — R™ by dividing all coordinates by x; and omitting the ith coordinate.
(a) Prove that ¢; is well defined and bijective, and write down ;' explicitly.
(b) Prove that the sets Vp,...,V, cover RP".
(c) For i # j, determine the open set ¢;(V; N V;) € R™ and compute the transition map
piow;i(Vin Vi) — ¢ (Vin V).
Prove that this transition map is smooth.

(d) Conclude that the charts (V;, ;) give RP™ the structure of a differentiable n-manifold.
(e) Show that RP! is diffeomorphic to the circle S.

2. The product of two differentiable manifolds. Let M™ and N" be differentiable manifolds.
Suppose that

{(UaaSOa)} and {(Vﬁ’wﬁ)}
are differentiable atlases for M and N, respectively. For each pair («, 3), define
Do : Uy x Vg — R™H"
by
Dap(p,q) = (valp): ¥s(a))-

(a) Prove that the sets U, x Vg cover M x N and that each ®,43 is a homeomorphism onto
an open subset of R”7,

(b) Compute the transition map between two overlapping product charts and prove that it is
smooth.

(c) Deduce that M x N has a natural structure of a differentiable manifold of dimension
m—+n.



(d) Prove that the coordinate projections
M X N — M, an:MxN—->N

are smooth.

II. Foundations of manifolds

Two Definitions of a Smooth Manifold

Do Carmo’s definition. An n-dimensional smooth manifold consists of a set M together with a
maximal family of injective maps

fo: Qo — M, Q4 € R"™ open,
called parametrizations, satisfying the following conditions:
(i) the sets Uy = fo(Qq) cover M;
(ii) whenever U, NUg # @, the sets

fo'UanUs) and  f5'(Ua NUp)

are open in R™, and the change-of-parameters maps fﬁ_ Lo f, and filo f3 are smooth on their
respective domains.

This family induces a topology on M: a subset A C M is declared open if

fa ' (ANT)
is open in §2, for every «. Following Do Carmo, we assume that this topology is Hausdorff and has
a countable basis.
Topology-first definition. In class, we said that an n-dimensional smooth manifold is a Hausdorff,
second-countable topological space M together with a maximal family of charts

Vo Uy — Qo TR,

such that the sets U, are open and cover M, each ¢, is a homeomorphism onto an open subset of
R"™, and all transition maps

50wy
are smooth wherever they are defined.

The next problem shows that these two definitions are equivalent.

3. Equivalence of the two definitions.

(a) Begin with a manifold in Do Carmo’s sense. Let 7 be the collection of subsets A C M
such that
Joa (AN U)

is open in €2, for every a.



Prove that 7 is a topology on M. Prove also that every U, is open and that
fa:Qa — Uy,
is a homeomorphism. Conclude that
Yo =f31 1 Us — Qu

defines a smooth atlas on (M, 7T), hence Do Carmo’s definition implies the one we used in

class.

(b) Conversely, begin with a manifold in the topology-first sense and a smooth atlas {(Uq, va)}-

Define
Qo = 0a(Ua), fao=93t: Qq — M.

Prove that the maps f, satisfy Do Carmo’s covering, openness, and change-of-parameters
conditions.

4. Second countability and countable atlases. Suppose that M is Hausdorff and locally
Euclidean, where second countability is not assumed. Prove that the topology of M is
second-countable if and only if M admits a countable atlas of parametrizations

fk:Qkak(Qk)CM, kGN,

where each ; C R" is open.

IT1. Calculus of differential forms

5. Exterior products and exterior derivatives. On R?, with coordinates (x,%, z), consider

the 1-forms
a=xzdy —ydr+ zdz, B=zdr+xdz.

(a) Compute ae A § and write the answer in the ordered basis

dx N dy, dx N dz, dy N dz.

(b) Compute da and df.
(c) Compute d(a A ) directly from your answer in part (a).

(d) Verify explicitly the graded Leibniz rule

dlaNp)=daNpf—aNndp.

6. Pulling back differential forms. Let
F:R? — R3, F(u,v) = (ucosv,usinv,v),
and let (z,v,2) denote the standard coordinates on R3. Consider

w=xdy —ydx +dz, n=drANdy+dzAdz.



(a) Compute F*(dz), F*(dy), and F*(dz).
(b) Compute and simplify F*w and F*n.
(c) Compute dw and verify directly that
d(F*w) = F*(dw).

(d) Explain why F*7 = 0 for every 3-form 7 on R3.

7. Powers of the standard 2-form. On R?>” define
QO =dry Ndrs +dxs ANdxy + - -+ + dxon—1 N dxoy,.
For k > 1, write
QF=QA---AQ.
—_——
k factors
(a) Prove that if v is a differential form of odd degree, then v A~ = 0.
(b) Prove that, for 1 < k <n,
OF = k! Z (dl‘gjlfl A dngl) VANEEIVA (daj‘ijfl A d:L'ij).
1<ji<<jg<n

(c) Deduce that
Q" = nldxi Adxo A -+ Adxay,

and that Q"1 = 0.

8. Jacobian determinants and volume forms. Let U C R" be open and let
G:U— R", G=(G,...,G"),
be smooth. Denote the standard coordinates on the target by (y1,...,y,) and those on the
domain by (z1,...,Z,).
(a) Prove that
G*(dyi A -+ Ndyy,) = det(DG) dzy A - -+ A dxy,.
(b) Let
P:(0,00) x R — R? P(r,0) = (rcosf,rsinf).
Compute P*(dx A dy).
(c) Let
S :(0,00) x (0,7) x R — R3

be the spherical-coordinate map

S(p,,0) = (psingpcosb, psinpsinb, pcosp).

Compute
S*(dx Ndy N dz)

as a multiple of dp A dp A df.

(d) Explain how the answer in part (c¢) changes if the last two parameters are written in the
order (0, ¢) instead of (¢, 8).



