ON THE COHOMOLOGY OF SIMPLE SHIMURA VARIETIES WITH
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ABSTRACT. We study the Scholze test functions for bad reduction of simple Shimura varieties at
a prime where the underlying local group is any inner form of a product of Weil restrictions of
general linear groups. Using global methods, we prove that these test functions satisfy a vanishing
property of their twisted orbital integrals, and we prove that the pseudostabilization base changes
of such functions exist (even though the local group need not be quasi-split) and can be expressed
in terms of explicit distributions in the stable Bernstein center. We then deduce applications to
the stable trace formula and local Hasse-Weil zeta functions for these Shimura varieties.
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1. INTRODUCTION

In this paper, we study the bad reduction of the simple Shimura varieties attached to unitary
similitude groups introduced in the work of Kottwitz [Kot92a]. Our goal is twofold. On the one
hand, we extend the results of [SS13] that require the local group to be a product of Weil restrictions
of general linear groups, instead allowing the local group to be any inner form of such a group. We
thus systematically deal with issues arising from the failure of the local group to be quasi-split.
This extension includes the proof of a vanishing property of twisted orbital integrals of various
test functions and a theory of pseudostabilization base change transfer for such functions (both
of these are new features arising for non-quasi-split groups). Further, it includes a comparison of
certain generalizations of the Scholze test functions defined in [Sch13b] with certain standard test
distributions in the stable Bernstein center detailed in [Hail4]. On the other hand, we use these
local results to describe the cohomology and the semisimple Hasse-Weil local factors of Kottwitz-
type simple Shimura varieties, generalizing previous works, such as [SS13] and [Shel8], to more cases
of bad reduction.

1.1. Main results. Let F be a CM field with totally real subfield Fy. Let (DD, *) be a division algebra
with center F together with an involution * of second kind, giving rise to the unitary similitude group
G and simple Shimura varieties Shx as in [Kot92a], where K C G(Ay) is sufficiently small compact
open subgroup. Fix a prime number p. Let E be the reflex field and p a prime of E above the
rational prime p. We assume that all places of Fo above p are split in F. In particular, Gg, is a
product of inner forms of Weil restrictions of general linear groups. Also we assume that K = KK,
for compact open subgroups K, C G(Q,) and K* C G(A}).
1
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Fix another prime number ¢ # p and let £ be an algebraic representation of G giving rise to an
¢-adic local system F¢ g on Shi. Consider the ¢-adic étale cohomology groups

Hg = @Hét(ShK ®E Q, Fe k)
K

and form their alternating sum H{ := 3, (=1)"H{ in the Grothendieck group of Qq-representations

of Gal(Q/E) x G(Ay). The main global theorem concerns the restriction of this representation to
the local Weil group Wg,. We choose a smooth Z,-model G of Gg, such that G(Z,) is a parahoric
subgroup of G(Q,), and we always assume K, C G(Z,).

Theorem 1.1.1. There is an identity in the Grothendieck group of G(AI;) X G(Zp) x Wg, repre-
sentations
HE 2= a(mp)ms @ (rop o omylwe, )| - |~ 452,
s

We refer to Theorem 4.3.1 for the more precise statement. Here we only mention that ¢, is the
semisimple L-parameter of the irreducible smooth representation m, of G(Q,). Note that by our
assumption Gg, is an inner form of a product of Weil restrictions a general linear groups, hence the
local Langlands correspondence is known for Gg,; see, e.g., [Coh18].

This result is proved by adapting Scholze’s generalization of the Langlands-Kottwitz method to
bad reduction cases as in [Sch13b]. Roughly speaking, using an Og,-model of the Shimura variety
with G(Zj)-level structure and the description of points in its special fiber, one gets the following
expression from the Grothendieck-Lefschetz trace formula:

(L.1) Te(r x hfP|HE) = Y vol(I(Q\I(A)) Oy (f7) TOs0(r,) tr€(e).-

(A,u,\)

Here 7 € Frob’ Iy, C W, for some j > 1 (where Frob € WE, is a geometric Frobenius element and
Ig, C Wy, is the inertia subgroup), h € C°(G(Z,)) is a cut-off function at p and f? € C°(G(A}))
is a function corresponding to a Hecke operator away from p. The sum runs over isomorphism classes
of virtual polarized abelian varieties (A, u, A) which, roughly speaking, parametrize isogeny classes
in the set of k,-points of the special fiber of the integral model. For each isogeny class one has an
associated o-conjugacy class § € G(Qpr) where Q, is the degree r := j[k, : F),] unramified extension
of Q, and o is the Frobenius automorphism on Q,r, and a conjugacy class v = (v¢)ezp € G(A’f’).
See §4.4.2 for details. The main ingredient in each summand is the twisted orbital integral of certain
test function ¢, 5, € C°(Q)pr) that is defined in a purely local way using certain deformation spaces
of p-divisible groups with extra structures.

Next one would like to relate the right hand side of (1.1) with the geometric side of the Arthur-
Selberg trace formula for G. The first step would be to associate a global (stable) conjugacy class
Y € G(Q) to each summand so that (y9;7,6) forms a Kottwitz triple. However, when the local
group Gg, is not quasi-split, there is an obstruction to the existence of 7. Namely, such a 7o
exists if and only if the naive norm N§ := do(8)---0"~1(5) € G(Q,r) is conjugate to an element in
G(Qp); see Proposition 4.5.2. When Gg, is quasi-split, as in [Kot92a], [Sch13b], and [SS13], this is
always true and there is no obstruction to finding 9. Now we can state our first local result, the
aforementioned vanishing result.

Theorem 1.1.2. With notations as above, if N6 € G(Qpr) is not G(Q,r)-conjugate to an element
of G(Qy), then TOs5(¢r.1) = 0.

The special case of this result where G(Q)) is the unit group of a division algebra and the
relevant cocharacter is (1,0, ...,0) is proved in previous work of Shen [Shel8]. Our approach to the
general case is different from Shen’s method. Vanishing statements like this were first conjectured
by Rapoport, for test functions for certain Shimura varieties with parahoric level structure at p
(see [Rap90, Conj.5.7]). Special cases of his conjecture were proved by Rapoport in loc. cit., and
were later generalized by Waldspurger to some additional cases (private communication), also by
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passing to the spectral side. Rapoport made a related vanishing conjecture in the framework of the
Langlands-Rapoport Conjecture, see [Rap05, Conj. 10.2].

As an immediate consequence of Theorem 1.1.2, only those isogeny classes to which we can
associate a Kottwitz triple contribute to the sum (1.1) and we get

Tr(r x hfP[HE) = > ¢(70:7,0) Oy (£7) TOso(¢r.n) tr€(70)-
(y037,6)
To proceed further, we need to know the spectral information of the test function ¢, . Let us
introduce more notations. The Shimura data determines a conjugacy class of cocharacters p of
G(C) (whose field of definition is the reflex field E) that we also view as characters of the maximal
torus T in the Langlands dual group G. Let r_, be the irreducible algebraic representation of
G x W, whose restriction to G has extreme weight —pu, such that W, acts trivially on the extreme
weight spaces. For each 7 € Wg,, let 2, _,, be the element of the (stable) Bernstein center of Gq,
that acts on any irreducible smooth representation = of G(Q,) by the scalar

Te(r|(r—p © rlwe, )| - [57")

where ¢, : Wo, — Gx Gal(Q,/Q,) is the semisimple Langlands parameter of m and p is half the sum
of positive roots of G. Here the notion of positive root is determined by a choice of Borel subgroup
B containing T, and in forming (p, ) we also choose a B-dominant representative p € X, (T) in its
Weyl-group orbit. Now we can state our second local result.

Theorem 1.1.3. The Scholze test function ¢ € C°(G(Qyr)) has matching (twisted) orbital
integrals with z _, x h € C°(G(Qp)).

This establishes a key relation between the Scholze test functions and the stable Bernstein center.
Similar relations of test functions for bad reduction with the stable Bernstein center were predicted
by the second author and Kottwitz, and later by Scholze and Shin. We refer the reader to [Hail4|
for some background on the test function conjecture and on the transfer conjectures for the stable
Bernstein center; these ideas of the second author and Kottwitz were fleshed out during the period
1998-2011. Subsequently, Scholze and Shin formulated a more flexible version (in particular allowing
for arbitrary cut-off functions h) in [SS13]. The version of Theorem 1.1.3 is adapted to the process
of pseudostabilization which can be used in the setting of this article; the above references are in the
framework of stabilization, which is more widely applicable. When G, is quasi-split, Theorem 1.1.3
was proved in [SS13]. Our proof involves a global-local argument which has the same basis as the
argument in [SS13], but which is more complicated both in terms of local harmonic analysis and the
global geometric argument, when the local group is allowed to be non-quasi-split. In particular, for
our argument it is necessary to introduce two companion global groups Gz and G’ whose roles will be
detailed later in this introduction. Roughly speaking, we will study the Shimura varieties attached
to the group Gg, and express the point-counting of their special fibers in terms of automorphic
representations attached to the other group G’ (instead of the group Gg itself).

In fact, for many cut-off functions ~ we can also find an element in the stable Bernstein center of
G(Qpr) whose convolution with certain cut-off functions on G(Q,-) have matching twisted orbital
integrals with ¢, p, see Corollary 3.4.5. As a consequence, we verify the special case of the test
function conjecture of the second author and Kottwitz in our setting; in particular this expresses
the semisimple trace of Frobenius in terms of certain functions in the Bernstein center:

Te** (Frobd, x f?| H* (Shi, » @5 Q Fereyx0)) = 3 ¢(70:7,8) O (f2) TOs5(2V) * e, ) t1€(70).
(7037,6)

Here the level K, C G(Z,) at p can be arbitrarily small, K,» C G(Q,r) is a compact open sub-
group corresponding to K, in a suitable sense, and e .. is the characteristic function of K- divided
by its volume. Further, f? € C°(KP\G(A})/KP) is any function. Finally the main ingredient is
(r) ‘

the element 2 in the stable Bernstein center of G(Q,-), which is defined similarly to 2, _,, using



4 JINGREN CHI AND THOMAS J. HAINES

the semisimple trace (which coincides with trace on inertia invariants in the current setting) instead
of the usual trace. See Corollary 4.6.2 for a complete statement and section §4.6 for the details.

The proof of Corollary 3.4.5 involves more delicate harmonic analysis than what is needed for
the proof of Theorem 1.1.3: it requires a result on the pseudostabilization base-change of the stable
Bernstein center, namely Theorem 2.5.7. The rather involved proof of this result relies on the
permanence of the vanishing property of twisted orbital integrals, with respect to convolution by
elements in the stable Bernstein center (Proposition 2.5.5), and all of these ingredients depend on
our twisted local Jacquet-Langlands correspondence (Theorem 2.4.1), which to our knowledge is a
novel result. We refer to §2 for the details.

Our debt to the ideas of Kottwitz, Rapoport, Harris-Taylor, Scholze, and Shin should be clear
to the reader. Like the related articles [Shel8, Sch13b, SS13], our method builds on Rapoport’s
extension of the Langlands-Kottwitz method to bad reduction, which proposed the idea of counting
points by weighting fixed points of Frobenius-Hecke correspondences by the (semisimple) trace of
Frobenius on the stalk of the nearby cycles of appropriate local systems on the generic fiber (see
[Rap05, §10]); but following Scholze, we avoid use of integral models except at the bottom of the
tower, where we use an integral model for parahoric level structure. Further, like the earlier articles,
we also rely heavily on the global-local arguments and Galois representation constructions of Harris-
Taylor [HTO01], in the sense that we generalize their arguments to work in our specific context.

1.2. Strategy of proof. Although the global result Theorem 1.1.1 will be an immediate conse-
quence of the local results Theorem 1.1.2 and Theorem 1.1.3, our proof of the local results is by a
global method. Starting with the original Shimura data (G, X), we construct a companion Shimura
data (Gg, Xg) whose localization at p is the same as that for (G, X), and we show that in order to
prove our local theorems, it is enough to work with (Gg, X;3) (see Proposition 3.3.3). More precisely,
the group G = GU(D, ) and the CM field F are replaced by another pair, which we denote by Gg
and F = KF,. The latter F is a CM field containing a purely imaginary quadratic extension K in
which p splits, and Gg = GU(Dg, *g) is a group like G whose signature at the archimedean places is
determined by the original y, as in our section 5.1.3 (especially Lemma 5.1.1). For this unitary group
Gg, we have the ambient group @5, the linear group of units of Dg over its center F. We establish
the required theory of base change for these unitary groups (Theorem 5.2.2) and use this to obtain
the Galois representation of Gal(F/F) attached to a cuspidal automorphic representation 7 of Gg(A)
(Theorem 5.3.1), which by construction satisfies global-local compatibility. For each relevant 7 we
induce the corresponding Galois representation using Shapiro’s Lemma to get something almost like
a global Langlands parameter, namely an admissible homomorphism ¢, (7) : Gal(Q/K) — LGz(Qy)
(see the proof of Corollary 5.3.2). We restrict this further to Gal(Q/E) where E = EK (composite
of the reflex field with K), in order to compare it with the Galois representation o ¢(7s) appearing
tautologically in the cohomology of the Shimura variety attached to Gg. Having done all that,
we are in a position to use the results of Kottwitz at the good places, and the Chebotarev den-
sity theorem, in order to prove that Theorem 1.1.1 holds for Sh(Gg, Xg), even without using the
Langlands-Kottwitz-Scholze method for this special Shimura variety. The details are given in the
proof of Corollary 5.3.2.

For the next step, we run the Langlands-Kottwitz-Scholze method for Sh(Gg, X3). This connects
the purely local test function ¢, to global cohomology groups where the Galois action is now
sufficiently pinned-down, and it would permit us to prove the desired properties of ¢, provided
that the Langlands-Kottwitz-Scholze method could be pushed to the point of stabilization. As
mentioned above, there are obstructions to converting the resulting Lefschetz trace formula of form
(1.1) into an Arthur-Selberg trace formula without knowing the validity of the vanishing property
of the test function ¢, and without being able to construct, even when the vanishing property
is known, the global elements v in the desired Kottwitz triples (y0;7,d). To surmount these
obstructions, our main innovation is to find a replacement (v(;7,d) of the usual Kottwitz triples
using an auxiliary group G’, also constructed from a division algebra with involution of the second
kind, which is quasi-split at p and isomorphic to Gg away from p and co. With this modification
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we can relate the right hand side of (1.1) to a simple trace formula for G’. Finally, by comparing
simple trace formulas for Gz and G’, we get the local results Theorems 1.1.2 and 1.1.3 and hence
we deduce the global result Theorem 1.1.1 in full generality.

1.3. Organization of the article. In §2, we establish several results in p-adic harmonic analysis.
After reviewing various notions of transfer of local test functions, we prove a twisted version of the
local Jacquet-Langlands correspondence (Theorem 2.4.1) using a global method involving twisted
trace formulae. As a consequence we deduce the technical results mentioned above concerning base
change of the stable Bernstein center and the permanence of the vanishing property.

In §3, we study the deformation spaces of p-divisible groups with EL structures and use it to
define the local test functions ¢, p, generalizing the constructions in [Sch13b]. Then we state our
local results concerning its vanishing property (Theorem 3.4.3) and its relation with certain elements
in the stable Bernstein center of the local group (Theorem 3.4.4).

In §4, we first review the construction of Kottwitz type simple Shimura varieties and their integral
models with parahoric level structures. Then we state the main global result Theorem 4.3.1 giving
the description of the cohomology, review the Langlands-Kottwitz-Scholze method, and explain the
extra ingredient needed to adapt it to our situation, that is, the vanishing property Theorem 3.4.3
of the local test function ¢, 5. After that we deduce Theorem 4.3.1 from the main local result
Theorem 3.4.4 concerning the spectral information of the test function ¢, .

In §5, we prove the local results by embedding the local situation into a global simple Shimura
variety, for which we can use several results on automorphic representations to establish the descrip-
tion of its cohomology directly, without using the Langlands-Kottwitz-Scholze method. From there
we deduce the local results concerning the test function ¢, by modifying the Langlands-Kottwitz-
Scholze method using an auxiliary group G’.

1.4. Notations. Since we work in both local and global setting and will pass back and forth between
them, to minimize confusion we distinguish different settings by different fonts. We use Roman
letters F, D, B, G etc. to denote objects over the local field Q,. But note that in §2 we use the
boldface letter G to denote an algebraic group over QQ,, whereas we use the Roman letter G = G(Q))
to denote its set of Q,-points. We use the calligraphic font G to denote a group scheme over Z,,
while blackboard bold letters F, D, B, G etc. are used to denote objects defined over the global field
Q.
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comments on the manuscript. The research of J.C. is partially supported by National Natural
Science Foundation of China (Grant No.12288201, No0.12231001), National Key R&D Program of
China (No0.2023YFA1009701), CAS Project for Young Scientists in Basic Research (Grant No.YSBR-
033). Research of T.H. is partially supported by NSF DMS-2200873. Disclaimer: Any opinions,
findings, and conclusions or recommendations expressed in this material are those of the author and
do not necessarily reflect the views of the National Science Foundation.

2. PREPARATIONS IN LOCAL HARMONIC ANALYSIS

In this section we let G be a reductive algebraic group over Q, whose quasi-split inner form G*
is isomorphic to a product of Weil restrictions of general linear groups. Let r > 1 be an integer.
Let G, := Resq,. /q, Gg,-, and let G} = Resq,. /0, G(Epr be the quasi-split inner form of G,. Fix
a generator o of the cyclic group Gal(Q,r/Q,) which induces automorphisms of the Q,-algebraic
groups G, and G that we also denote by 0. We denote G = G(Q,), G, = G, (Q,) = G(Q,r), and
similarly G* = G*(Q,), G = GX(Qp) = G*(Qpr).

2.1. Transfer of twisted orbital integrals. For each element § € G, define its naive norm to
be the element

N6 :=60(8)---0"1(8) € G,.
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Then there exists an element N,.§ € G* that is stably conjugate to the naive norm N,.§. The stable
conjugacy class of N,.6 only depends on the stable o-conjugacy class of § and we call it the norm
of 0 in G*; see [Kot82, §5]. Similarly, for § € G} we have the naive norm N0 € G and the norm
N6 € G*, the latter of which is, a priori, a stable conjugacy class in G*. We say ¢ € G, (resp.
d* € G¥) is o-semisimple if N,.§ (resp. N,0*) is semisimple.

For the groups and elements considered here, stable (0-) conjugacy just coincides with ordinary
(0-) conjugacy.

Lemma 2.1.1. (1) The map 6 — N0 defines an injection from the set of o-conjugacy classes
of o-semisimple elements of G, to the set of conjugacy classes of semisimple elements of
G*. A similar statement holds for G:.
(2) For each § € G, such that N,.6 is G.-conjugate to a reqular semi-simple element in G, there
exists 0* € G such that Np.o = N6*.

Proof. The first part follows from [AC89, Lemma 1.1] (which is stated for G} but the proof also
works for G,). In more detail, by E(ot82, Cor.5.3], the map 6 — N,.¢ induces an injection from

0-G,(Q,) conjugacy classes in G,(Q,) represented by G, (Q,) = G(Q,r) to conjugacy classes in

G*(Q,) represented by G*(Q,). It is enough to prove that if z,y € G(Q,-) are 0-G,(Q),)-conjugate
and are o-semisimple, then they are 0-G(Q,-)-conjugate (see the end of [Kot82, §5]). Viewing the
o-centralizer G, as a Q,-subgroup of G, it is enough to show that

ker(Hl (pr G"LU) — Hl (Qp? GT))

is trivial. In fact we will show that H'(Q,, G.,) is trivial. Recall that H — H'(Q,, H) is invari-
ant under inner twists of a connected reductive Q,-group H; see [Kot86b, Thm.1.2]. By [Kot82,
Lem.5.8], G, is a Q,-inner form of the centralizer G\ ., and the latter is connected and reductive
(using that N,z is semisimple and G}, = Gf.). Hence is it enough to prove that H'(Q,, G}/ ,)is
trivial. But as N,z is semisimple, the group G, . is the group of units of a semisimple Q,-algebra,
and so by a version of Hilbert’s Theorem 90, H'(Q,, G}/ ,) is trivial. This proves the assertion for
G, and the proof for G} is similar.

For the second part, we argue as in [AC89, Lemma 1.3]. By construction G (resp. G*) is the unit
group of a semisimple Q,-algebra B (resp. B*). Note that B* is a product of matrix algebras. Let
B, := B ®q, Qp and B} := B* ®@qg, Q,r. Let u = N6 = 60(8)---0"~1(6). By assumption, there
exists h € G, such that huh~! € G. Note that huh™' = N,.(hda(h)~!) so replacing 6 by hdo(h)~! we
may assume that u € G. Let L be the centralizer of u in B. Then L, := L ®q, Q,- is the centralizer
of u in B,. Since 5 'ué = o(u) = u, we have § € L,. Choose an embedding of Q,-algebras
L — B* and let u* be the image of u. Let ¢* be the image of § under the resulting Q,--algebra
embedding L, — B;. Then u* € G* is stably conjugate to u and since Ny, _/1(6) = N,(6) = u we
get N7 (5%) = Ny, /1.(6°) = u. O

Definition 2.1.2. For any ¢ € C°(G,), we say that a function ¢* € C°(G*) is a stable base
change transfer of ¢ € C°(G,) if for any § € G, with semisimple norm N,.§ =: v* € G* we have
e(Gso) TOs50(9) = e(G%+) Oy« (¢*), whereas if a semisimple element 7* € G* is not conjugate to a
norm from G,, then O« (¢*) = 0. Here e(Gs,) is the Kottwitz sign of the o-centralizer of ¢, viewed
as a group over Q,. (See §4.5.3 for some reminders about the Kottwitz sign.)

Remark 2.1.3. In making this definition, we choose Haar measures on G, Gs;, G*, G, such
that the measures on G, and its inner form G7. are compatible. The notion of matching depends
on these choices.

Remark 2.1.4. Since our group G is an inner form of a product of Weil restrictions of GL,,, stable
conjugacy coincides with conjugacy due to vanishing of Galois cohomology as in the proof of Lemma
2.1.1. This justifies that our notion of transfer is compatible with the general definition as in [Lab99,
§3.2], for example.
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The existence of stable base change in general is established in [Lab99, §3.3.1]. It is a special
instance of twisted endoscopic transfer.
The following definition plays a key role in this article.

Definition 2.1.5. We say that a function ¢ € C°(G,) has the vanishing property if TOs,(¢) =0
for any o-semisimple element § € G, such that N,.§ is not G,-conjugate to an element in G.

2.2. Reduction to matching at regular elements. It is well-known principle that in order to
check the matching of (twisted) orbital integrals on all semisimple elements, it should suffice to
check the matching on regular semisimple elements. We include a proof of this fact in our setting,
following the arguments of [Clo90, Prop. 7.2].

Proposition 2.2.1. Let ¢ € C°(G,) and ¢* € C°(G*). Suppose that for any regular semisimple
element v* € G* we have O+ (¢*) = 0 if v* is not a norm from G,, while if v* = N,.0 we have

04+(¢") = TOs5(9).
Then ¢* is a stable base change transfer of ¢ at all semisimple elements v*. (Note that the usual

sign e(Gsy) which would appear is trivial under our assumption that v* is reqular semisimple, since
Gso 18 a torus.)

Proof. We start by recalling some facts about Shalika germs. Suppose v* = N,.§ is a semisimple
element in G*, not necessarily regular. By [Kot82, Lem.5.8], once we fix a Qp-inner twisting
Y+ G — G* there is an Qp-inner twisting Gs, — G, canonical up to inner automorphisms by
Gf/*((@p). For any maximal Q,-torus T C Gy, (T need not be Q,-elliptic), we may assume our
chosen inner twisting v gives a Q,-embedding ¢ : T = T* — G. C G*, by [Kot82, Cor.2.2].
We can arrange (by conjugating ¢ by G*(Q,)) that ¥(N,.0) = v*. Then we can further assume
(conjugating v if necessary by an element in Gi"y*(@p) and using [Kot82, Cor.2.2]) that ¢ gives a
Q,-isomorphism ¢ : T = T* C G.. Then we have N,.d € T' and ¢(N,6) ="

Fix a Haar measure dt on T := T(Q,). Let {u;} be a set of representatives of unipotent
conjugacy classes in G,. It follows from [Rog90, Proposition 8.1.1] that there is a sufficiently small
neighborhood 0 € Q C Lie(T") such that

e the exponential map defines an isomorphism from ) to an open neighborhood of 1 in T

o Let Q' C Q be the open subset consisting of elements X € Q such that exp(X) € T is
regular. Then a)’ C Q' for any 0 # a € Zy;

e The germ expansion holds on ', ie.for all 0 # t € Z, and any X € ', denote z; :=
exp(tX), then we have

TO04,60(¢) = > TG (240) TOuys0(¢), Yo € C°(G,)
i

where the Shalika germ T',; is a function on exp(2')d that depends on the Haar measure on
T = Gy,60 = (Gso )z, and the Haar measure on G50 used to define the orbital integrals.

By [Rog90, Proposition 8.1.2(b)], the function ng is homogeneous of degree 3d,,; := 3 dim(Gs0/Gu,s0)
in the sense that for all X € Q" and 0 # t € Z,, we have
TS (exp(tX)8) = [t| 2™ TS ((exp X)d).
There is a similar Shalika germ expansion

Ow(exp(rtX))'y* (¢*) = Z F%t (T/’(QXP(WX))V*) Ou]*.,"/* (¢*)7 V0 7é te Z;D'
j/

Here {u;, }j+ ranges over the set of unipotent conjugacy classes in G+, and the other notation is
as before. Like the above, the Shalika germs here enjoy a similar homogeneity property.

Now we prove the vanishing statement. From the definition we verify easily that for any X € Q’
and 0 # t € Z, we have N, (exp(tX)d) = exp(rtX)N,0 and hence under our embedding 7" — G
we have N, (exp(tX)d) = (exp(rtX))y*. Therefore if the semisimple element v* € G* is not a
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norm from G, then ¥ (exp(rtX))y* is also not a norm from G,. Then by the definition of stable
base change transfer we have Oy (exp(rtx))y+(¢*) = 0. Looking at the degree 0 term in the germ
expansion we get that O« (¢*) =0

Next we again assume that v* = N,.§ is a norm. We consider 1, T, and T* as above. We assume
moreover that T is a Qp-elliptic torus in Gs,. Then T* is also a Qp-elliptic torus in the inner form
Gi';* of G(;g.

By Harish-Chandra descent of (twisted) orbital integrals, there exists ¢; € C°(Gs,) and ¢F €
Cg°(G%.) such that for all X € ' and 0 # t € Z,, sufficiently close to 0 we have
(2.1) TOG, 1x050(6) = 05553 (61)s - Otexptrixyn (67) = Oy pirany (1).
See, for example, the proof of [Rog90, p.114, proof of Proposition 8.1.2], or [AC89, p.23-24].

By the descent property of Shalika germs (see [Rog90, Proposition 8.1. 2( )]) we have

(2.2) T¢((exp(tX))8) = T (exp(tX)), T ($(exp(rtX))y") = Iy (¢(exp(rtX))).
Comparing the degree 0 terms of the germ expansions in (2.1) we get
(2.3) TOs55(¢) = ¢1(1),  Oy-(¢") = ¢1(1).

On the other hand, by assumption we have TOexp(tX)aa(¢) = Oy(exp(rtx))y- (¢*) and hence by (2.1)
we get

a*

exp(tX <¢1> exp(rtX))(d)l)
Then looking at the degree 0 terms of the germ expansion and using (2.2), (2.3) we get

G N
77 (exp X) TOs0(9) = Iy ™" (1(exp(rtX))) Oy (67)
We note that GJ. is the quasi-split inner form of Gs,. Now we claim: since T is elliptic in G,

¢4 and F?:* are constant functions of X and they differ by the factor e(Gs,). Then we would
get that Oy« (¢*) = e(Gso)TOs0 ().

It remains to prove the claim above. Since T is Qp-elliptic in Gs,, the main theorem of [Rog81]
shows that

D557 (exp X)) = (=1)1%5)d(Gs,) 7Y, VX €
where ¢(Gso) is the Qp-rank of the derived group of Gs, and d(Gss) is the formal degree of the
Steinberg representatlon of Gs, (with respect to a chosen Haar measure on Gs,). There is a
similar result for F . In [Kot88], the measures on the groups are determined from Euler-Poincaré
measures on the adJ01nt groups, in which case d(G3.) = (=1)7%5+) by [Bor76] (see also [GRI10,
§7.1]). Then by [Kot88, Theorem 1], if the measures on G5, and G%. are chosen as in [Kot88], we
have d(Gs,) = d(G?.). Finally we note that since G. is the quasi-split inner form of Gs,, we have
e(Gz.) = 1 and e(Gs,) = (—1)2(Gs0)=a(G5) " This completes the proof of the claim, and hence of
the proposition. O

2.3. A reinterpretation of stable base change transfer. When ¢* € C°(G*) is the stable base
change transfer of a function ¢, € C°(G,), we will write this as ¢, «+— ¢*. When ¢* is the usual
base-change of a function ¢} € C°(G}), then we write BC(¢)) = ¢*. (By “usual base-change”, we
just mean what is described in Definition 2.5.3 below, when all groups in sight are quasi-split.) We
now define a variant of the first relation.

—reg

Definition 2.3.1. For ¢, € C2°(G,) and ¢ € C(G}), we write ¢, <5 ¢* when the following
property holds for every o-regular semisimple element 6* € G}

o If there is a § € G, such that A;.§ = A0", then TOST (6%) = TOS" (¢,).
e If there is no such ¢, then TO(;* (¢px)=0.

Lemma 2.3.2. Fiz ¢, € CX(G,) and ¢* € C(G*).
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(1) If ¢, < ¢*, then there exists a function ¢* € C°(G*) such that ¢, “—= ¢* and BC(¢?) =
o

(2) Conwversely, if there exists a ¢* with ¢, = ¢* and BC(¢%) = ¢*, then ¢, < ¢*.

(3) If G: = (G*)", and if ¢* € C°(G*) is a Jacquet-Langlands transfer of ¢ € C(G), then ¢*
is a stable base change transfer of ¢, = pRe®---@e € C(G"), where e € C°(G) is an
idempotent such that ¢ x e = ¢.

Proof. (1). Suppose ¢, «— ¢*. We first claim that ¢* = BC(¢}) for some ¢} € C°(G?). Suppose
~v* € G* is regular semisimple. If v* is not a norm from G}, then it is not a norm from G, (use
Lemma 2.1.1(2)) and hence Og: (¢*) = 0. This proves the claim thanks to [AC89, Prop.1.3.1]. Next

we claim that ¢, P @k. Suppose that §* € G is o-regular semisimple, and write N,.0* = v* € G*.
If there is a § € G, with N,.§ = N,.0%, then we have

TOSr (¢,) = 05 (¢%) = TOS™ (67),

as desired. Now suppose that there is no such §. Then we claim that v* is not a norm from G,.,
since if v* = N..4, then by Lemma 2.1.1(2), § gives rise to §** € G with N,.6 = N,.6**, and then by
injectivity of the A, for G%, this forces 6* to be G:-o-conjugate to 6**, which then implies that ¢*
comes from d, a contradiction. The claim being proved, we see that TOg:(7 (pr) = OAC/’V: (¢*) =0, the
first equality following from ¢* = BC(¢;). This completes the proof of (1).

(2). Suppose that ¢*, ¢*, ¢, satisfy the given hypotheses. We need to verify the condition defining
¢, <— ¢* at any semisimple element v* € G*. By Proposition 2.2.1, we may assume * is regular.
Suppose v* = N.. for § € G,; let §* € G be an element associated to § as in Lemma 2.1.1(2).
Then N,.6* = ~* and our hypotheses give

05 (9°) = O, (67) = TOS; (41)-
Now suppose that v* is not a norm from G,.. We claim that O,?: (¢*) = 0. If 4* is not a norm from
G, we are done using ¢* = BC(¢F). If v* = N,.0*, then this §* does not come from any § € G,
and hence Og: (¢p*) = Togfa (¢r) = 0, as desired.

(3). Define ¢F = ¢*®e*®---®e*, where e* € C°(G*) is an idempotent with ¢*xe* = ¢*. By the
proof of [AC89, §I.5], we see that ¢ ¢ #, in the obvious sense adapted to functions in C(G*)
resp., C°(G"). By [AC89, §1.5] again, we also have BC(¢*) = ¢*, again in the obvious sense for
the groups in question. Then by the same formal argument as in (2), the assertion follows. U

Corollary 2.3.3. If a function ¢* € C°(G*) is a stable base change transfer of a function on G.,.,
it is also a stable base change transfer of a function on G.

2.4. Local stable base change.

Theorem 2.4.1. Let m* be an irreducible tempered representation of G* and let II* be the base
change lift of 7, which is by definition a o-stable representation of G with canonical intertwining
operator I, see [AC89, §I.2].

(1) If II* has a Langlands-Jacquet transfer to an irreducible tempered representation Il of G,.,
then II is o-stable and we can choose an intertwining operator I, on Il such that for any
¢ € CX(G,) with stable base change transfer ¢* € C2°(G*) we have

Tr(¢15[1) = e(G,)Tr(¢7|7").

(2) If IT* does not have a Langlands-Jacquet transfer to G, then for any ¢ € C°(G,) with
stable base change transfer ¢* € C°(G*) we have

Tr(¢*|7*) = 0.
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2.4.1. Remark on o-stability. Suppose Il is any irreducible tempered representation of G, with
Jacquet-Langlands transfer the irreducible tempered representation II* of G. Then II is o-stable
if IT* is o*-stable (the latter being automatic if IT* is the base-change of an irreducible tempered
representation 7 of G*). To see this, we interpret o-stability in terms of Harish-Chandra characters:
IT is o-stable if and only if O (o(y,-)) = On(y.), for every regular semisimple 7, € G,; similar
statements hold for IT* and Oy« and regular semisimple elements v € G}.. Moreover, the transfer
relation v, — 7 is equivalent to o(y,) — o*(7)). So II* = II* o ¢* implies the following for all
v — % as above:

(2.4) On(yr) = e(Gr,)On-(77) = e(Gr,)On- (07 (7;)) = Oulo (),

in other words, it implies Il Il o 0.

2.4.2. Proof of part (2). We can write IT* as a normalized parabolic induction IT* = ZIGDZ (marz) for
some Fj-rational parabolic subgroup with Levi decomposition P} = MIN and with F,.-points
P = MNy, and with 7y a discrete series representation of M. If M} transfers to an F,-Levi
subgroup M,. of G, (a Levi factor of an F.-parabolic P,. C G, with F.-points P.), then 7y has
a Langlands-Jacquet transfer mp;, on M,. The representation zg: (g, is irreducible and tempered
by [Tadl5, Cor.6.3], and hence is a Langlands-Jacquet transfer of II*. So the only obstruction to
transferring I1* is the failure of M to transfer.

Moreover, note that a tempered irreducible 7* = iG. (0*) has base-change lift of the form IT* =
ZIGJ (mar: ), where 7y« is the base-change lift of o*.

n light of the above, we need to prove the following twisted version of a result of Badulescu (see
[Bad03, Lem. 3.3]). For H the rational points of p-adic group over a p-adic field, let II(H) denote
the set of isomorphism classes of smooth irreducible representations of H.

Lemma 2.4.2. Let ¢ € H(G*). Suppose O+ (¢) = 0 for all semisimple elements v* € G* which
are not norms from G,. Then Tr(p|m*) = 0 for all 7* € II(G*) which are normalized parabolically
induced representations wF = zg* (o*) where P* = M*N* is a standard parabolic subgroup of G*
such that M}T = M* ®p F, does not transfer to Gp, = G @f F,, and c* € II(M*).

Proof. Let K* C G* be a hyperspecial maximal compact subgroup in good position with respect to
P*, so that an Iwasawa decomposition holds: G* = M*N*K*. Then define the normalized constant
term ¥ € H(M*) by the formula

* K*
where dk* and dn* are Haar measures on K* and N* normalized by
volgpx (K*) = volgp« (N* N K*) = 1.

Let Dgear-(m*) denote the normalized absolute value of det(1 — Ad(m*~!) |Lie(G*)/Lie(M*)).
Then

(2.5) Te(y |iE. (07)) = Te("" |0¥)

(2.6) OG- (1) = Dgtay. (m*) OMI (™), ¥m* € G*™* N M*
where G*™ N M* is the set of elements of M* which are regular semisimple in G* (see e.g. [Lau96,
Prop. 4.3.11; Lem. 7.5.7]).

If (2.5) is not zero, then applying the Weyl integration formula to ¥ ", we see that there must
exist m* € G*™ N M* such that O,,-()"") # 0; hence by (2.6), OS~ (1)) # 0. Then by assumption
m™* is a norm from G,., say of § € G,.

Using Lemma 2.1.1(2), choose ¢* € G such that N,6* is stably-conjugate to N,.d; then m* is
Gr-conjugate to N,.0*; we may thus assume that N,6* = m*. By replacing M* and m* by G}-
conjugates (which would mean our new m* might only be in M instead of M*, which is harmless)
the proof of Lemma 2.1.1(2) shows that we may assume the inner twisting Gr, — GJ. takes d to
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d*. We get an inner twisting and hence an isomorphism between the Fy-tori Gf_,,. and Gp, n,s,
which are maximal F,-tori in M}, (resp.,Gp,). Therefore the F,-split component Ang: of the
center of M7 transfers to G, , which means that M7, itself transfers to Gp,, a contradiction. [

2.4.3. Remark on a relative version of (1). In various reductions coming into the proof of (1), we
need to be able to change the group and the field of definition. In fact we will prove a more general
version, where the base field Q) is replaced by any finite extension F thereof. We can consider
E-inner forms G, G*, giving rising as above to inner forms G, and G}, corresponding to a degree
r’ unramified extension field F,. of E. The statements are then the obvious analogues of (1) above,
with o replaced by any generator og of Gal(E, /E). Note that or (not o) is then used in the
definition of twisted orbital integral and the notion of stable base change, when working relative
to the extension E,./E. Although our proof will establish this more general version, to keep the
notation simple we shall explain the proof over E' = Q,, and after making the reductions in which
Q, is possibly replaced by a larger extension, we will then pretend that we are again working over
Q, and r is once again r’.

2.4.4. Reduction to a totally ramified Weil restriction. First we may assume that G* = Resp/q,GLy,
where F'is a finite extension of Q,. By Shapiro’s Lemma, any Q,-inner form of G* = Resg/q, GLn
is of the form G = ResF/@pGl where g1 is an F-inner form of GL,,.

Let F/E/Q, be the unique subextension with F'/E totally ramified and E/Q, unramified. For
any field K with Q, C K C @p, let ' = Gal(@p/K) be its absolute Galois group, viewed as a
subgroup of I'g,. By transitivity of Weil restriction, we have

G = Resp/g,G1 = Resg/q, (ResF/EGq) =: Resg/q, (G')

where this defines G’. Let G’ = Resp/gGL, r be the quasi-split inner form of G’ over E. Then
G* = Resg/q, G is the quasi-split inner form of G.

Suppose E = Qps is the unique unramified extension of Q, of degree s > 1. Let d := ged(r, s)
and write r = dr’, s = ds’. Let E,» = Qs = Qo be the unique degree r’ unramified extension of
E = Qp-, which is also the unique degree s’ unramified extension of Q,. Choose a,b € Z such that
as + br = d, or in other words as’ + br’ = 1.

Lemma 2.4.3. There exists an isomorphism of algebras E @g, Qyr = (E.)* under which 1 ® o
corresponds to

(@1, .y 2q) = (22,...,2q,7(21))
where T = 0% = (0°)°.

Proof. There is an obvious isomorphism Qps ®q, Qpr = Qs ®Q,q (de ®q, Qp,). There is an
isomorphism
(2.7) Qpe ®q, Qpr - (Qp’")d

z@y = (0~ (@) )i,

under which id ® o goes over to the automorphism

(x1,29,...,2q) = (0(x2),0(x3),...,0(xq),0(x1)).
If we post-compose (2.7) with the automorphism of the algebra (Q,)? given by
(l’l, 2, ... axd) = (.2?1,0’(332), v 7Ud_1(xd))7

then id ® o on Qpa ®q, Qpr is identified with the automorphism of (Qpr)? given by
(x1,22,...,2q) — (x2,23,...,7(x1)).
This map is now Q,q-linear and furthermore since 0" = id, we see 0% = (¢*)*. Therefore id ® o on
d d
E ®q, Qpr = Qps ®de (@p") = (stwd)

is given by the same formula. O
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We will view 7 := 0¢ = (%)% as a generator of Gal(E,/E) (note that since o° is a generator and
a is relatively prime to r/, 7 is also a generator).
This leads to the decompositions

G, :=Resg,, /0,Gq, = (Resgg,G)?,  Gi = (Resgg,Gr)?

where G/, := Resg ,/p(G’ ®g E,v) and G} := Resg,/p(G"™ ®g E,/). The o-actions on the right
hand sides are given by the same formula as above.

The o-stable representation I1* of G = G*(Q,) is decomposed into IT* = (II"*)®4, where II'* is
a T-stable representation of G/¥(E) = G™(E,). Let I be the canonical intertwining operator on
IT"*. Then the canonical intertwining operator I’* for IT* is given by

D@ Qug) =02 Q- Qv @ LFvy, Yvr,...,vq €.
For any function ¢ = ¢; ® -+ ® ¢g € C°(GE) = CZ(G*(E,))®%, let ¢’ := ¢ -+ x g be the
convolution product of the factors. Then by [AC89, §1.5], the functions ¢ and ¢’ have matching

twisted orbital integrals and hence they have the same base change transfer ¢* € C°(G*). On the
other hand, by the Saito-Shintani formula (see for example [Fen20, Lemma 6.12]) we deduce that

Tr(¢I;|11") = Tr(¢' L7 [IT™).
Indeed, to show this we are reduced to the case where for each 1 < ¢ < d, ¢; is the characteristic
function of a coset g; K for g; € G*(E,») where K C G*(E,~) is a normal open compact subgroup.

Let VX be the space of K-invariants in II’*. Then after dividing the volume factor vol(K)? the
identity above becomes

Te((91 @+~ @ ga) L5 | (VF)®Y) = Te(gr - gal;|VF)
and this follows from [Fen20, Lemma 6.12].

In particular, we see that IT"* is the base change lift of 7* with respect to the extension E,//FE.
Moreover IT* has a Langlands-Jacquet transfer to G, if and only if II'* has a Langlands-Jacquet
transfer to G, (F) = G/(E,+) by part (2), which we already proved above.

Now suppose that the theorem is true for the data (G, (E), 7 € Gal(E,//E)).

Suppose IT* has a Langlands-Jacquet transfer to G,. Then II'* has a Langlands-Jacquet trans-
fer II', which is a representation of G/, (E) = G'(E,/). By the validity of part (1) for the data
(Gl.(E), T € Gal(E,/E)), the representation I’ is 7-stable and there is an intertwining operator
I, such that

Te(6/ [ I1) = (G ) Te(67| ")
for all ¢’ € C°(G’'(E,+)) with stable base change transfer ¢* € C°(G*). Let II := (II')®? be the
representation of G, = G/, (E)? and define an endomorphism I, on II by the formula

Li{nn®@ - @) =02® - Qug @ Lrv1.

Then one checks that II is o-stable and I, is an intertwining operator. Since II’ is the Langlands-
Jacquet transfer of IT"*, it follows that IT = (II')®? is the Langlands-Jacquet transfer of IT* = (IT'*)®4,
For any ¢ = ¢1 ® -+ ® ¢g € C°(G,) with ¢’ := 1 * - - - x ¢4, by the Saito-Shintani formula again
we get
Te(1,|TT) = Te(¢/ L |IT) = (Gl ) Te(@" )
where in the first equality we use that ¢ and ¢’ have the same stable base change transfer ¢* (by
the same reasoning as in [AC89, §1.5]).
From [Kot83, Corollary on page 295] we have the following identities of Kottwitz signs:

e(Gr) = e(G)" = e(G)"
e(GL) = e(G)".

In other words, we have e(G,) = e(G",)%. In case e(G,) # e(G’,), we must have e(G’,) = —1 and
d is even. Then r = r'd is also even and we can replace I, by —I,, to get

Tr(pl, 1) = e(G, ) Tr(p*7*)
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and hence part (1) for the data (G,,o € Gal(Q,-/Q))) follows.

We have now reduced the proof of the Theorem for the data (G,(Qp),o € Gal(Q,r/Qp)) to the
proof of the Theorem for the data (Gl (E),7 € Gal(E, /E)). In this way we reduced from the
group G over Q, to the group G’ over E, which is a Weil-restriction for a totally ramified extension
F/E. So we now abuse notation and pretend we are in the situation where G = Res r/Q,G1 and
F/Q, is totally ramified. The arguments below work the same way in the actual situation where we
would be working over the base field £ instead of Q,.

2.4.5. Analysis of F//Q, totally ramified case. In view of our reduction above to the case where F'/Q,,
is totally ramified, we may assume F' ®q, Q,» = F;. is the unique degree r unramified extension of
F. For the rest of this section we fix the following notations. Let B = M (D) be a central simple
algebra over F of dimension n?, where D is a division algebra over ' of dimension d?, so that sd = n.
Let B, := B®p F, and write B, = M;(D) where D is a division algebra over F,. of dimension d? so
that td = n and d divides d. Then G = B* and G, = B are the unit groups. More precisely, we
view B> (resp., B)S) via Weil restriction as an algebraic group over Q, (resp. Q).

The proof of (1) will occupy the rest of this subsection. It will involve a global method and will
rely on a comparison of twisted trace formulas. We first observe that in the current situation the
sign in part (1) is

e(G,) = (=1)" "
Indeed, this follows from part (6) of the Corollary on p.295 of [Kot83] and the discussion at the
bottom of p. 296 of loc. cit. Thus the identity to be proved becomes

Tr(¢l,|m) = (—=1)""Tr(¢”|r")

For simplicity, in the proof we will view G and G, as algebraic groups over F without further
comment.

2.4.6. Remark on central characters. Our next task is to introduce the global method, relying on the
Deligne-Kazhdan very simple trace formula. A technical point is that this formula (and its twisted
version) is valid only for automorphic forms which transform by a unitary central character under
translation of the argument by the center. The groups we work with are not adjoint, but have split
connected centers. For these particular groups, by a twisting argument we can assume without loss
of generality that the local representations 7*, I, IT* we start with, as well as all global automorphic
representations, have trivial central characters, and that the functions we encounter are smooth,
transform by the trivial character, and have compact support modulo center. (For more details on
the twisting argument, see [Hai09, §5.3], in particular [Hai09, Lem. 5.3.1(i)].) We will assume these
conventions for the rest of this section without further comment. For any nonarchimedean local field
F, we write H(G(F)) for the Hecke algebra of smooth functions on G(F') having compact modulo
center support, and which transform by the trivial character of the center.

2.4.7. Approzimation by automorphic representations. Let F/IF be a cyclic degree r extension of
number fields and vy a place of F such that

e v is inert in F and the completion F,, /F,, is isomorphic to F,/F;

e All archimedean places of F are complex.
We can choose a central division algebra D over I such that

° DUO =~ B;

e Let S(D) = {vg,v1, - ,um} be the set of places where D is ramified. We may arrange that

for all 1 <14 < m, the place v; splits completely in F and D,, is a division algebra.
The existence of D follows from the local-global exact sequence for Brauer groups in global class
field theory, see for example [Mum08, §21, p.196].
Denote D := D RF F. Then by the second assumption above, D is a central division algebra over

F. Let G := D* be the unit group of D and G:= Resﬁ/Fﬁ)X. Then G is an inner form of G* := GL,,

and G is an inner form of G* := ResF/FGLn. We fix an isomorphism @Uo ~G,.
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Moreover we choose two non-archimedean places vy,41, Umt2 of F not in the set {vg, -+, v}
such that v,,4+1 splits completely in F and U2 is inert in F.

Fix a supercuspidal representation p of GLy,(F,,,,,). For later purposes, choose a matrix coeffi-
cient f, of p and an idempotent e, € H(GL, (F,,,.,)) such that f, xe, = fp

Let A* be the set of o-stable cuspidal automorphic representations II* of G*(AF) = GL,(Ag)
satisfying the following conditions:

o ﬁ;ﬁo is d-compatible in the sense of [Bad08]: there exists a regular semisimple element
v* € G*(F,,) which is a transfer of an element in G(F,,), such that ©. (v*) # 0;
5

e For all 1 < ¢ < m, at any place w of F above Vi, ﬁ;’jj is isomorphic to the Steinberg

representation;
e At any place w above vy,11, II}, is isomorphic to the supercuspidal representation p fixed
above.

e At the unique place of F above V42, II* is isomorphic to the Steinberg representation.
Note that, like any local component of a cuspidal automorphic representation, ﬁ,ﬁo is unitary and
generic. We remark here that since ﬁvo is generic and o-stable, it is the base-change of a generic
representation of G*, characterized by Harish-Chandra character identities (see [AC89, p. 59-60] and
[Zel80, Thm. 9.7]). We will see in Proposition 2.4.7 below that the set .A* is nonempty.

By [Bad08, Thm.5.1 and Prop.5. 5] such a II* has a global Langlands-Jacquet transfer to a
discrete automorphic representation II of G and moreover I is cuspidal. Let A be the set of
automorphic representations of G that are global Langlands-Jacquet transfers (in Badulescu’s sense)
of representations in A*.

Lemma 2.4.4. The set A consists of o-stable cuspidal automorphic representations II of @(AF)
such that

e Foralll <i<m, at any place w ofﬁ above v;, ﬁw is the trivial representation;

o At any place w above V41, 1L, is zsomorphzc to the supercuspidal representation p.

o At the unique place ofIF above V42, II is isomorphic to the Steinberg representation.

Proof. Let II € A be the global Jacquet-Langlands transfer of II* € A*. Then clearly IT satisfies
the stated conditions at the places w above the places v;, 1 < i < m + 1. The fact that e A
is o-stable follows using Remark 2.4.1 along with Flath’s article [Fla79]. In the other direction,
[Bad08, Appendix| shows that every cuspidal representation II arises as a Badulescu-Langlands-
Jacquet transfer of a cuspidal representation I* whose local factors are all d-compatible. If the
local factors of II satisty the properties above, then IT* must satisfy the four properties defining A*.
Further, the o-invariance of II forces, by injectivity of Badulescu’s map G~! in [Bad08, Prop. 5.5],
that II* is also o-invariant. Hence II belongs to A. O

Remark 2.4.5. Note we did not impose a condition at vg in Lemma 2.4.4. In fact II € A forces ﬁvo
to be an irreducible unitary representation which is in the image of a d-compatible representation
of @*(]FUU) under the map |LJ“|,, of [Bad08, Prop.3.10]. But not every irreducible generic unitary
representation of G(F,,) is in the image of [LJ%|,,; see [Bad08, Lem.3.11]. Hence this property
of ﬁvo is highly non-obvious, and ultimately follows from the results of [Bad08, Appendix], by the
argument above.

Lemma 2.4.6. Let II* be a o-stable cuspidal automorphic representation of G* in the set 4* Let
Ty, be an irreducible generic smooth representation of G*(F,,) whose base change to G*(F,,) =

@*(Fvo) is ﬁ:o Let I1 € A be the Badulescu-Langlands-Jacquet transfer of II* € A*. Then we can

normalize the intertwining operator I, on the o-stable representation IL,, of @(FUU) = G(IE,O) such
that

Tr(¢oy L |TLuy) = e(Gy)Tr (¢}, |75 )-
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for every ¢, € H(G(F,,)) whose stable base change transfer is By, € H(G*(Fyy))-

Proof. We consider test functions ¢ = ®,¢, € H(G(Ar)) = H(G(Az)) that satisfy the following
conditions (here w runs over all places of f‘)

e For any 1 < i < m, fix one place w; of F above v;. For any place w|v; different from w;,
¢w = €y, is an idempotent such that ¢, * e,, = ¢y,, where e,, and ¢,,, are understood
as functions on G(F,,) under fixed isomorphisms F,, = ﬁw ~ F w;- We assume that the
support of ¢,,, is contained in the elliptic regular semisimple locus of G(F,,).

e Fix a place w,,+1 above Vmt1, We requlre Gw,, t0 be a matrix coefficient of the supercusp-

idal representation p & va o = Hjj - and for any w|vp, 1 different from wy, 41, ¢y is the
idempotent e, so that ¢, , * xep = D1+

e At the unique place w2 of F above Um+2, We require ¢, ., to be a pseudo-coefficient of

m—+42
the Steinberg representation of G(F omia) = G(Iﬁ‘wm+2)
e For any non-archimedean place v ¢ {v; }o<i<m+2, v is in the unramified Hecke algebra and

is the unit element for all but finitely many such v.

For each place v of F, let ¢; € H(G*(F,)) be the stable base change transfer of ®,,,¢., and
let ¢* := ®,¢;. (In particular, at v = v, the ¢; and ¢,, range freely over all matching pairs
of functions.) Then we can apply the simple twisted trace formula to the test functions ¢, ¢*.
Comparison of the geometric sides leads to the identity

(28) T TI'(R@ Cusp((b)la) = TI‘(R(G*,cusp((b*))

for all pairs ¢, ¢* we consider. Here I, on the left hand side refers to the canonical intertwining
operator on L2?-functions given by the action of o on the argument. To prove (2.8) we follow the
reasoning of [AC89, p.44], making use of Lemma 2.1.1. Then following the arguments in [ACS89,
bottom of page 55], we deduce® that there is a cuspidal automorphic representation 7* of G*
satisfying

(2.9) Te(¢1,|TT) = Tr(¢*|7").

For each 1 < i < m, we fix the local intertwining operator Iy, On ﬁ = ﬁ®r to be given by
the cyclic permutation I, (21 ® -+ @ z,) =22 @23 ® - - - T, ® 1. Let [ be a Jacquet Langlands
transfer of ¢,,,. Then by Lemma 2.3.2(3) — rather by its tr1V1al central character variant, see Remark
2.3.2- ¢y,, is a stable base change for the local test function ¢,, = ¢y, @ €,; ® - -+ ® e,,. Moreover,
we have

Tr(pu, oo, ﬁm) = Tr(duw, ﬁwl) = (=" 1Tf(¢ T, )-
The first equality follows from the Saito-Shintani formula. For the second equality we have used that
II is the Badulescu- Langlands-Jacquet transfer of a unique I+ € A*, and by construction 7 = H*

is the local Jacquet-Langlands transfer of Hwi.
For any place v of F not in the set {v;,0 < i < m}, we have G(F,) = GL,,(F ®f F,) and we fix
the intertwining operator I, , on II, as in [AC89]. We claim that at the place v,,12 we have

Tr(¢wm+2 I07wm,+2 |me+2) Tr(¢vm+2\ vm+2)

where I1,,, . 1s isomorphic to the Steinberg representation of G(F.,, +2) =2 GL, (Fo,, .») by assump-
tion. By our assumption on ¢, ,,, its stable base change transfer ¢j, .. 18 a pseudo- coefficient of
the Steinberg representation of G(Fy,,,,) = GLn(Fy,,,,). Therefore as the factor Tr(¢; (77 . .)

appearing in (2.9) is not zero, we must have that 7 4o 18 the Steinberg representation. Then the

Steinberg representation II is its base-change lift, and we get the identity above.

Um+2

11t is for this step that we need to use the inert place v,,4+2. We also use Corollary 2.3.3 in the course of the
argument.
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On the other hand, at any place v of F not in {v; }1<i<m+2 such that ﬁv is unramified, I, , is

the identity on the one dimensional space of spherical vectors ﬁS(OF’”). These choices determine
uniquely an intertwining operator I, ,, on IL,, so that

Tr(fug Lo [Ty ) = (= 1) D Te(6], (7))

where (7*),, is the vg-component of 7*, which despite our notation is a priori different from the
representation 7, we started with.

Next we show that the sign (—1)™(~1) differs from the desired sign e(G,) = (—1)"~* by an r-th
root of unity. Recall the notation from §2.4.7. In particular we have n = td. First suppose that n
is odd, so t is also odd. Then m(n — 1) — (n — t) is even and we are done.

We assume from now on that n is even. Recall that D, = ﬁ)vo = B. Write its invariant as
nv(B) = % = % where a is coprime to d =n/t. For each 1 < i < m, write inv(D,,) = % where a;
is coprime to n. In particular, a; is odd for all 1 < ¢ < m. The sum of local invariants of D vanishes,
which implies that

at+r(a; +-+ -+ ayn) =0 mod n.
Suppose t is even, then we get that rm is even. If r is odd then m must be even and hence
m(n —1) — (n—t) is even. If r is even, then —1 is an r-th root of unity and we are done.

Finally if ¢ is odd, then d is even and a is odd (since it is coprime to J) Then the congruence
above implies that rm is odd, so in particular m is odd. Then m(n — 1) — (n —t) is even and we
are done.

Consequently after multiplying by an r-th root of unity if necessary, we get an intertwining
operator I ,, on ﬁﬂo such that

(2.10) Tr(Goo o0 Muy) = (G ) Tr(d7, [(T7 )y )-
By the (twisted) Weyl integration
formula and Lemma 2.3.2, this implies that ﬁjjo is a base-change lift of (7*),,. Therefore 7 and

We regard (2.10) as equation in all matching pairs ¢y, ¢

vo "
(7*)y, differ by a character of I\ . Using that vg is inert in [F, we replace 7* by its twist by the
corresponding character of AX. By the fact that every component of the global ¢* is in the image

of the base-change map (see Corollary 2.3.3), this twist does not affect the validity of (2.9). We
thereby arrange that the vo-component of 7* is exactly the given 7 , and the Lemma is proved. [

Let Ay (resp. Ay,) be the subset of Irr(Gy) (resp. Irr(G,)) consisting of vy components of the
automorphic representations in A* (resp. A).

Let G3(G,) be the set of equivalence classes of pairs (L, D) where L is a Levi subgroup of
G, defined over F, and D is an X (L)-orbit of a discrete series representation of L. For each
(L,D) € G2(G,), let V(L, D) be the corresponding component in the L?-Bernstein variety of G,..
By the local Jacquet-Langlands correspondence, we also view V (L, D) as a component in the L2-
Bernstein variety of G. We refer to [Shil2, §2] for more details.

Proposition 2.4.7. For each o-stable pair (L, D) € G2(Gy), the set Ay NV (L, D) is Zariski dense
in V(L, D).

Proof. Suppose on the contrary that the intersection is not Zariski dense. Then by the twisted
version of the trace Paley-Wiener theorem [Rog88] (see also [AC89, Prop. 2.9, Cor. 2.10]), there exists
a function fo € H(G;) whose twisted character vanishes on A3 N V(L, D) and all other Bernstein

components, but does not vanish identically on V' (L, D). In particular, there exists dg € @*(IE‘UO)
such that

T'Osy0(fo) # 0
We consider test functions ¢ = ®, ¢, € H(@*(AF)) satisfying the following conditions:
L d ¢’U0 = an
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e For any 1 < i < m, at one place w above v;, ¢, = fs¢ is a matrix coefficient of the Steinberg
representation and at the remaining r — 1 places above v;, the corresponding local factor of
¢ equals to an idempotent es; in the local Hecke algebra such that fst * est = fsi;

o At one place w above vy41, ¢ = f, is a matrix coefficient of the supercuspidal represen-
tation p and at the remaining r — 1 places above v,,11, the local factor of ¢ equals to the
idempotent e;

e At the unique place wy, 42 above vy, y2, Qu,, ., is a pseudo-coefficient of the Steinberg rep-
resentation.

e Let S be a finite set of finite primes of F disjoint from all the places fixed above, and
containing an additional prime vy, 43 of F distinct from {v; |0 < i < m+ 2} and totally split
F. For every v € S we consider a pair of matching functions ¢,, f, which are supported
on the set of (o-)regular elements, and assume that ¢,,, ., fu,.,, are supported on the
(o-)elliptic elements.

By [AC89, Lemma 2.5], we have the simple twisted trace formula

(2.11) > Tr(¢I|TT) = > esTOs0(9)
Ti* s
where the left hand side runs over o-stable cuspidal automorphic representations of @*, the right
hand side runs over semisimple conjugacy classes § in @*(IF) = GL, (ﬁ) such that N, is regular
elliptic in G*(F) = GL, (F) and ¢;s is a certain nonzero volume factor.
Note that any II* which contributes to the left hand side belongs to A*. By our choice of ¢, the
left hand side vanishes. We can choose § € G* (F) satisfying:

e At v, 4 is sufficiently close to &g in G(F,,) so that TOs, (¢, ) # 0;

e For 1 <i<mori=m++2, at any place w above v;,  is strongly o-regular and o-elliptic,
and is sufficiently close to 1 above vp,+1 so that TOse(¢y,) # 0 (by our choice of ¢,
TOso(¢y,;) equals to the character of the Steinberg or the supercuspidal representation p at
N6).

For functions having given support, the number of terms appearing on the right hand side of (2.11)
is finite. By enlarging the set S if necessary and by choosing the functions ¢,,, f, for v € S appro-
priately, we can arrange that the only term which appears is our chosen § (see [Clo90, p.295] and
[KROO, p.812-813]). Then the right hand side of the simple twisted trace formula has precisely one
nonzero term corresponding to § and we reach a contradiction. O

2.4.8. Finishing the proof of Theorem 2.4.1. Let (L*, D*) € &(G%) be a o-stable pair corresponding
to (L, D) € &(G,) under the Jacquet-Langlands transfer. Let 7, be an irreducible discrete series
representation in the orbit D. We know from Proposition 2.4.7 and Lemma 2.4.6 that the set of
o-stable irreducible generic representations in the component V (L, D) of the L?-Bernstein variety
for G, is Zariski dense. This implies that all irreducible generic representations in V(L, D) are
o-stable. Indeed, for any ¢ € C2°(G,.), the trace of ¢ and ¢ define regular function on the variety
V(L, D), where ¢ (g) := ¢(c71(g)). Since they coincide on a Zariski dense subset, they are equal
on V(L, D). This means that the character of any irreducible generic representation in V' (L, D) is
o-stable and hence the representation is o-stable by Remark 2.4.1.

Consequently the G,-conjugacy class of (L, D) is o-stable. Let P be a parabolic subgroup of G,
containing L. Then there exists w € G, such that wo=!(P)w™! = P, wo~}(L)w~! = L, together
with an operator I{ on 7y, such that

IInp(wo(h)yw™t) = nr(h)If, YheEP.
Define an intertwining operator I, on the induced representation m = igﬂL by
(s f)(g) = Igf(wa_l(g)), Vg € G.

Then we have I,7(g) = w(o(g))Is for all ¢ € G,. Moreover, the same formula defines an inter-
twining operator, still denoted I, on (the Jacquet-Langlands transfers of) any irreducible generic
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representation in the component V(L, D), since such representations are full induced modules by
Zelevinsky’s theorem ([Zel80, 9.7]).

For any ¢ € C°(G,), the trace of ¢, defines a regular function on the variety V(L, D). Therefore
the twisted character identity for any representation in V(L, D) can be reduced to representations
in the Zariski dense subset A,, NV (L, D) that we proved in Lemma 2.4.6. Therefore we get

Tr(pl,|1) = e(G,)Tr(¢*|7™)

for any irreducible tempered representation 7* of G* whose base change IT* has a Langlands-Jacquet
transfer IT (in the sense of Badulsecu), which is an irreducible admissisble representation of G,..

2.5. Transfer of the Bernstein center. We first recall some standard facts about the (stable)
Bernstein center from [Hail4]. In what follows, we work over a p-adic field F', freely using the
analogues of the statements above which were proved for the case F' = Q,. In this context F,
denotes the unique degree r unramified extension of F' in a fixed algebraic closure of F'. To simplify
notation, we will use regular roman letters to denote both algebraic groups and their F-points
(bearing in mind G, is also the set of F-points for a Weil-restricted group over F).

Let LG = G x Wg be the Langlands dual group of G. A semisimple L-parameter for G is a
continuous homomorphism A : Wr — LG whose image consists of semisimple elements and whose
projection to the second factor is the identity map. The set of G-conjugacy classes of semisimple
L-parameters has the structure of an infinite disjoint union of algebraic varieties, which we refer to
as the stable Bernstein variety of G and denote by 9%. The stable Bernstein center 3% is defined to
be the ring of regular functions on Y. In particular, the stable Bernstein center for G is canonically
identified with the stable Bernstein center for its quasi-split inner form G*. For any Z € 3%, we
sometimes denote by Z* the corresponding element in 3%..

There is a morphism of algebraic varieties 9% — Q‘)SCEVT defined by restricting a semisimple L-
parameter to the subgroup Wr, C Wp. This induces the base change homomorphism of stable
Bernstein centers:

(2.12) b: 3% — 38

In our setting, since G* is a product of Weil restrictions of general linear groups, the local
Langlands correspondence is known and there is a quasi-finite map from the stable Bernstein center
355 to the Bernstein center 3¢ which is an isomorphism if G = G*. A good reference for these
facts is [Coh18]. In particular, we can view an element Z € 3% as a distribution on the group G
acting on any irreducible smooth representation 7 of G by a scalar Z(w). In particular, if 7 is
the Jacquet-Langlands transfer of 7, then Z*(7*) = Z(r). Moreover, for any Z € 3% and any
tempered irreducible representation 7* of G* we have

Z(BC(m")) = b(Z)(x")
where BC(7*) is the base change of 7* whose existence is established in [AC89].

Theorem 2.5.1. Let ¢ € C°(G,) and let ¢* € C°(G*) be its stable base change transfer. Then
forany Z € 3%, b(Z)* x ¢* is a stable base change transfer of Z x ¢.

Proof. Let ¢* be a stable base change transfer of ¢ and let (Z % ¢)* be a stable base change transfer
of Z x ¢. By Kazhdan’s density theorem it suffices to show that

Tr(b(Z)" * ¢*[7") = Tr((Z * ¢)*|7")

for any irreducible tempered representation 7* of G*.
Fix such a 7*. Let IT* be the base change lifting of 7* to G} as in [AC89, Theorem 6.2]. If IT*
does not have a Langlands-Jacquet transfer to G, then both sides are 0 by Theorem 2.4.1(2).
Now suppose that II* has a Langlands-Jacquet transfer II, which is an irreducible admissible
representation of G,. By part (1) of Theorem 2.4.1 we know that II is o-stable and we can choose
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the intertwining operator I, so that
Te((Z 5 9)*7) = e(G)Te((Z # )1, |T1) = e(G,) Z(T)Tr(6 1, 1)
— o(G) Z(IT*)TH($1,|11) = b(Z)* (7 ) Te(" [7*) = Te(b(2)" 6" |°).
O

Lemma 2.5.2. Let ¢ € CX(G(F;)) and let ¢* € C(G*(F)) be its stable base change trans-
fer. Then ¢ has the vanishing property if and only if Tr(¢*|7n*) = 0 for any irreducible tempered
representation 7 of G*(F') that does not have a Langlands-Jacquet transfer to G(F).

Proof. We start with some preliminary remarks. Any irreducible tempered representation 7 of
G(F) (resp.7* of G*(F)) can be written as a normalized induction zggg (o) (resp. zg*gg (c*)) of an
essentially discrete series representation o (resp. o*) of M (F) (resp. M*(F)) for a Levi factor M C P
(resp. M* C P*); see [Tad90]. The property that 7* does not have a Langlands-Jacquet transfer to
G(F) is equivalent to the condition that M™* does not transfer to G (comp. [Bad03, p. 105]). Indeed,
if M* does transfer to an F-Levi M C G, then ¢* has a discrete series transfer o on M(F), in

which case 7* is the Jacquet-Langlands transfer of the tempered representation zggg(o) for any

F-parabolic P having M as F-Levi factor (see [Badl8, Prop.7.1(b)]). Conversely, if M* does not
transfer, then 7* cannot be the Jacquet-Langlands transfer of a tempered irreducible representation
= zgg;(a), where ( = LU is a Levi factorization of an F-parabolic and o is a discrete series on

L(F). If 7* were the transfer of such a 7, then we would have 7* = zg*gg(a*) where o* is a discrete

series transfer of o, and where Q* = L*U* is a transfer of ) = LU. By uniqueness of the discrete
series inducing data of tempered representations of G* ([Zel80, Thm.9.7]), we must have M = L*,
contradicting our assumption that M does not transfer.

In a slightly different direction, Badulescu defined an injective map on representation rings

JL: R(G) — R(G"),

and termed the condition that 7* not lie in the image by 7* € Sg» . Badulescu also proved that,
for ¢* € H(G*(F)), the property that

Tr(¢*|*) = 0, V1t € Sgr.a
is equivalent to the property that
O,-(¢") =0, vyt e GUR(F\G(F)

that is, for all regular semisimple v* which do not transfer to G(F'); see [Bad03, Lem. 3.3]. This
statement is clearly related to what we wish to prove, but it is not quite sufficient.

We now give the proof, which is quite analogous to [Coh18, Lem. 8.2]. First suppose that ¢ has
the vanishing property. Then the orbital integral of ¢* vanishes on any regular semisimple conjugacy
class v* of G* that does not transfer to G. In fact, if such an element v* is not a norm from G, then
O4+(¢*) = 0 by the definition of stable base change transfer; while if 4* = N, for some 6 € G,
then N,.d is not G,-conjugate to any element of G (since otherwise v* would transfer to G), so
that Oy« (¢*) = TOs,(¢) = 0 by the vanishing property of ¢. By the Weyl integration formula,
this implies that Tr(¢*|7*) = 0 for any tempered irreducible representation 7* of G* that does not
have a Langlands-Jacquet transfer to G. In fact, by the preliminary discussion above, any such
representation 7 is a representation induced from a Levi subgroup M* C G* that does not transfer
to G, and the character of such a representation has (its regular-semisimple) support consisting of
regular semisimple elements v* that are conjugate to elements in M* and hence do not transfer to
G(F). Here we use the observation in [Bad03, p.105] that if M* does not transfer to G(F), then
no element of G*™(F) N M™* can transfer. (Alternatively, one can use the argument at the end of
the proof of Lemma 2.4.2.)

Next we prove the implication in the reverse direction. Assume that Tr(¢*|7*) = 0 for any
representation 7* of G* that does not have a Langlands-Jacquet transfer to G. Suppose § € G(F}.)
is a o-semisimple element such that N,.d € G(F}) is not conjugate to any element in G(F'). There
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is a semisimple element v* € G*(F') that has the same characteristic polynomial as N,.J. Then the
conjugacy class of v* does not transfer to G(F'). Note that v* is an elliptic element in an F-Levi
subgroup M* of G*, and M* does not transfer to an F-Levi subgroup in G (because elliptic tori
transfer to any inner form of M*, see for example [Kot86b, §10]).

Let P* be an F-parabolic subgroup of G* with F-Levi factor M*. Any irreducible tempered
representation 7* of M* is induced from a discrete series representation of a Levi subgroup L* of
M*. By induction in stages we see that zgiggw* is tempered, and it is irreducible by a result of

Bernstein-Zelevinsky. It does not have a Langlands-Jacquet transfer to G(F): this is because M*
does not transfer to G(F'); use [Bad18, Prop. 7.1(a)]. Hence

Tr((¢*)"")|7*) = Te(¢*|ifp. {p)7™) = 0

by assumption and the character descent formula. This implies that Og/f “((¢*)F")) = 0 by Kazhdan’s
density theorem and hence O,«(¢*) = 0 by the descent formula for orbital integrals. Then we get

TOs55(¢) = £04+(¢7) =0
from which we conclude that ¢ has the vanishing property. ([

Definition 2.5.3. Let ¢ € C°(G,). A function f € C°(G) is called a base change transfer of ¢ if
for any semisimple element v € G, we have e(G,)O~(f) = e(Gs5)TOso(¢) if v is Gr-conjugate to
the naive norm N,.¢ of some o-semisimple element 6 € G,, and O(f) = 0 otherwise.

Lemma 2.5.4. If ¢ € C>*(G,) has the vanishing property, then it has a base change transfer
felx(a).

Proof. Let ¢* € C2°(G*) be a stable base change transfer of ¢. Let v* € G* be a semisimple element
that is not stably conjugate to any element of G. If 4* is not the norm of any element in G,., then
by definition O.«(¢*) = 0. If v* = N,.§ for some ¢ € G,, then by the vanishing property we have
O4-(¢*) = £T05,(¢) = 0. Thus ¢* has a Jacquet-Langlands transfer f € C2°(G) by [DKV84].
Then f is a base change transfer of ¢ by definition. (|

Proposition 2.5.5. If ¢ € C°(G,) has the vanishing property (in the sense of Definition 2.1.5),
then so does Z x ¢ for any Z € 3% .

Proof. Let ¢* be the stable base change transfer of ¢ and let (Z * ¢)* € C°(G(F)) be the stable
base change transfer of Z * ¢. By Lemma 2.5.2, it suffices to show that

Te((Z % ¢)*|*) = 0

for any irreducible tempered representation 7* of G* that does not have a Jacquet-Langlands transfer
to G.

Fix such a 7*. Let II* be the base change of 7 to G} as in [AC89, Theorem 6.2]. If II* does not
have a Langlands-Jacquet transfer to G,., then we are done by Theorem 2.4.1.

Now suppose that IT* has a Langlands-Jacquet transfer II, which is an irreducible tempered
representation of G,. By part (1) of Theorem 2.4.1 we know that II is o-stable and we choose the
intertwining operator I, as in loc. cit so that

Tr((Z * ¢)*|7*) = Tr((Z = ¢) I, |II).
This vanishes since the right hand side is a scalar multiple of
Tr(pl,|1I) = e(G,)Tr(¢*|x") = 0.

Here the first equality follows from Theorem 2.4.1 and the second equality follows from Lemma 2.5.2.
O

We mention the following Corollary.
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Corollary 2.5.6. Let G be a smooth group scheme over O with geometrically connected fibers such
that the generic fiber of G is isomorphic to G. Then Z x 1g(o,) has the vanishing property for any
Ze3r.

Proof. This follows from Proposition 2.5.5 and a result in [Kot86a]. More precisely the group G (13' ),
where F' is the completion of the maximal unramified extension of F, satisfies the properties (a),(b),
(c) on page 240 of loc. cit. Hence by the discussion after the Corollary on page 244 of loc. cit. we
get that 1g(o,) has the vanishing property. O

Theorem 2.5.7. If ¢ € C°(G,.) satisfies the vanishing property and has a base change transfer
[ € CX(G), then b(Z) * f is a base change transfer of Z x ¢ for any Z € 3% .

Proof. Let ¢* € C2°(G*) be the stable base change of ¢. Then it is a Jacquet-Langlands transfer of
f, as follows from the definitions. Thus b(Z)* * ¢* is a Jacquet-Langlands transfer of b(Z) * f, by
the case r = 1 of Theorem 2.5.1. On the other hand, b(Z)* x ¢* is a stable base change transfer of
Z % ¢ by Theorem 2.5.1. Keeping in mind that Z x ¢ satisfies the vanishing property by Proposition
2.5.5, this implies that b(Z) * f is a base change transfer of Z * ¢. (]

3. p-DIVISIBLE GROUPS WITH ELL STRUCTURE AND TEST FUNCTIONS
In this section we follow [Sch13b, §3,84] and generalize some results there to our situation.

3.1. EL data. We start with a list of data in the local setting. Let B be a semisimple Q,-algebra
and V a finitely generated left B-module. We get a semisimple Q,-algebra C := Endg (V) and an
algebraic group G over Q, whose points in any Q,-algebra R is defined by G(R) = (C ®q, R)*, the
group of units of the algebra C'®q, R.

Let ji be a G(Q,)-conjugacy class of cocharacters p : G, — G@p. The local reflex field E C Q,
is defined as the field of definition of the conjugacy class . Let O C FE be the ring of integers and
kg the residue field. We assume that i is minuscule. In other words, after choosing a representative
w of i, only weight 0 or 1 occurs in the corresponding weight decomposition of V@p. Fix such a
representative p and write Vg = Vi & V2 where p(t) acts by ¢ (resp. 1) on Vi (resp. V2) for each
t € Q,.

We also fix integral data consisting of a maximal Z,-order Op C B and a periodic chain £ =
{A;,i € Z} of Op-stable Z,-lattices in V. These allow us to define a Z,-model G, of G whose points
in any Zj,-algebra R is Go(R) := Autp,Lr. Here L := {A ®z, R,A € L} and Autp, LR consists
of a family of automorphisms of the Op ®z, R-modules A ®z, R for each A € L that preserves the
natural morphisms among the lattices in £. In particular, G is a product of Weil restrictions of
inner forms of general linear groups and P, := G.(Z,) is a parahoric subgroup of G(Q,). More
generally for each integer r > 1, we denote P, := G.(Z,r) the corresponding parahoric subgroup
of G(Qpr). We let D = (B,V,Op, L, i) denote this list of data.

3.2. Deformation spaces of p-divisible groups.

Definition 3.2.1. For any scheme .S on which p is locally nilpotent, a p-divisible O g-module over S
is a pair (H, i) consisting of a p-divisible group H over S together with a Z,-algebra homomorphism
it : Op — End(H). An isogeny or quasi-isogeny between p-divisible Og-modules is required to
commute with the O pg-action.

Definition 3.2.2. Let S be an Og-scheme on which p is locally nilpotent. A p-divisible group with
D-structure Hqo over S consists of the data of

e A collection of p-divisible Og-modules Hy for each A € L. Denote the Lie algebra of the
universal vector extension of Hpy by Mjy;
e For each inclusion A C A’ of lattices in £, an isogeny par.a : Hy — Hy/

satisfying the following conditions
(1) For any triple of lattices A C A’ C A” we have par o © par A = PArA;
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(2) For any inclusion of lattices A C A’, the cokernel of the induced map M — My, is locally
on S isomorphic to (A'/A) ®z, Os as Op ®z, Os-modules;
(3) For each A, we have an equality of polynomial functions on Op:

deto, (b; Lie(Hy)) = det(b; V4).

(4) For any b € B* that normalizes Op and any A € £, a periodicity isomorphism 6, : H} —
Hya. Here HY is the p-divisible Op-module with the same underlying p-divisible group as
H) but with the action map iy : Op — End(H,) replaced by the composition of iy with
the automorphism of Op defined by  + baxb~1.

Remark 3.2.3. By the discussion in [RZ96, §3.23 ¢)], condition (3) implies that for each A € L,
My is locally on S isomorphic to A ®z, Os as an Op ®z, Os-module.

Let k be a perfect field of characteristic p, viewed as an Og-algebra via a homomorphism O — &.
Let H, be a p-divisible group with D-structure over k.

Definition 3.2.4. The deformation space X, of H, is the functor that associates to any Artin
local Og-algebra R with residue field x the set of isomorphism classes of p-divisible groups with

D-structure H, over Spec(R), together with an isomorphism H,®rk = H,, i.e. an isomorphism of

p-divisible O g-modules Hy@pk = H A for all A € £ that commute with the isogenies corresponding
to the inclusions among various A’s.

Theorem 3.2.5. The functor Xg, is representable by a complete noetherian local Og-algebra Ry,
with residue field k.

Proof. By [Sch13b, Theorem 3.6], the deformation functor of each single Hy is representable by a
complete noetherian local Og-algebra Ry, with residue field x. Then by the periodicity condition
(4), the functor Xy, is representable by a quotient of the completed tensor product of finitely many
such Opg-algebras. O

Let Xg, be the rigid generic fiber of Xg,. Then Xy, is a rigid analytic space over the discrete
valued field W, (m)[%], where Wo,, (k) := W(k) ®z, Op. Moreover, it is smooth by the same
reasoning in [Sch13b, Theorem 3.8]. For each compact open subgroup K C G.(Z,), we have an
étale cover Xy, g of Xy, parametrizing level-K structures of the universal p-adic Tate module.

For each lattice A € £, the covariant Dieudonné module My is an Op ®z, W (x)-module that
is free of finite rank as W (x)-module. Moreover, the B ®q, W(/{)[%]—modules MA[%] for various
A’s are canonically identified by the isogenies among them and we denote this common object by
Vi, . Now suppose Xy, # @; then Vp, is isomorphic to V ®z, W (x) as B-module. We can choose
an isomorphism Vg, = V ®z, W(x) such that the Op-module M, is mapped isomorphically to
A ®z, W(k) for each A € L. Under this identification, the Frobenius operator F' on Vy, has the
form F' = pdo where o denotes the Frobenius automorphism of W (k) and ¢ € G(W(K)[%D satisfies
pA C pdA C A for all A € L. A different choice of isomorphism changes § by a o-conjugate under
Ge(W (k).

To state a further condition satisfied by ¢ we introduce more notations. Let B(G) be the set of o-
conjugacy classes in G(W(K‘)[%]) In [Kot90, §6] Kottwitz constructs a map kg : B(G) — X*(Z(G)")
where I' = Gal(@p /Q,). We choose a representative p of the conjugacy class i and view it as a
character of the dual group. Then the restriction p; € X*(Z(G)T) of u depends only on the

conjugacy class ji.

Proposition 3.2.6. For any perfect field k of characteristic p equipped with a ring homomorphism
Op — K, the association He — § € G(W(m)[%]) described above defines an injection from the set
of p-divisible groups with D-structures He over k such that Xy, # @ to the set of G (W (k))-0-
conjugacy classes 0 € G(W(H)[%]) such that kg (pd) = —p1 and pAw .y C pdAw () C Aw(w) for all

A€ L, where Ay () := A ®z, W(k).
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Proof. The injectivity follows from classical Dieudonné theory. The identity kg(pd) = —u1 follows
from [RZ96, Proposition 1.20], see also [Sch13b, Proposition 3.9]. O

3.3. Test functions. Fix an integer j > 1 and an element 7 € Frob’ Iz C Wy in the Weil group of
E (here I is the inertia subgroup of Wg and Frob € W is a geometric Frobenius element). Set
r = jlkg : Fp] and view F,r as a degree j extension of kg. Let h € C(G.(Z,)) be a Q-valued
function. Our goal is to define a test function ¢, p in C°(G(Q,r)) that enters the Lefschetz trace
formula for the special fiber at p of the relevant Shimura varieties, and also a test function qb;:) that
is relevant for the description of semi-simple local factor of the Shimura varieties.

Let H, be a p-divisible group with D-structure over a perfect field x of characteristic p equipped
with a ring homomorphism O — k. Recall that for any compact open subgroup K C Gz(Z,), we
defined a rigid analytic space Xp, i over the field k := Wo, (n)[%] Following [Sch13b, Definition
3.11], we say that He has controlled cohomology if Xp, i has controlled ¢-adic étale cohomology for
any normal pro-p open subgroup K C G(Z,) and any prime ¢ # p. We refer to [Sch13b, §2] for the
notion of rigid analytic spaces with controlled cohomology.

Definition 3.3.1. Let § € G(Q,-). If ¢ is associated to some p-divisible group with D-structure
H, over F)- as in Proposition 3.2.6 such that H, has controlled cohomology, we define

$rn(0) = tr(r x h|H"(Xp, k @1 k,Qr))
and
¢§:)(6) = tr°(Frob’ x h|H* (X, k ®k l?:, Qo))
where K C G.(Z,) is any normal pro-p open compact subgroup such that h is K-biinvariant and
¢ # p. For any other § € G(Q,r), define ¢, 5(J) and qﬁg)(é) to be 0.

Here tr*® denotes semi-simple trace, for whose definition and properties we refer to [HN02, §3].
In particular, it follows by definition that for all § € G(Q,r) we have

(31) SR O

where dr is the translate of the Haar measure on Ig having total volume 1; comp., [HR20, §8.2].

Since the alternating sum H*(Xp, x ®k k,Q)) is a virtual continuous f-adic representation of
the Weil group Wg, the action of the inertia Ir on its semi-simplification factors through a finite
quotient and the above integral reduces to a finite sum multiplied by a nonzero rational number.

Proposition 3.3.2. The functions ¢, and gbg) are well-defined locally constant Q-valued functions

with compact support on G(Qpr) and they are independent of £. Moreover, ¢, and (,25;:) are Go(Zyr)-
o-conjugation invariant and their supports are contained in the set of elements § € G(Qpr) such
that kg(pd) = —p1 and pA, C pdA, C A, for all A € L, where A, := A @z, Zpr.

Proof. By (3.1), it suffices to prove the results for ¢, . The same proof in [Sch13b, Proposition 4.2]
shows that ¢ j, is well-defined, has value in Q and independent of £. The local constancy is proved in
the same way as [Sch13b, Proposition 4.3]. The second statement follows from Proposition 3.2.6.

Proposition 3.3.3. The function ¢, depends only on the data (Gz, i, T, h), and is independent of
the choice of EL-data D giving rise to them.

Proof. We may assume that B is a simple algebra whose center F' is a finite extension of Q,. Then
we can choose an isomorphism B 2 M,,(D) sending Op to M,,(Op) where D is a division algebra
and Op is the unique maximal order in D. Let W = D™ be the unique simple left B-module.
There is an isomorphism V 2 W™ of B-modules which induces isomorphisms C' = M,,(D°?) and
G = Resp/q,GLn (D). Let € € Op be the idempotent corresponding to the matrix whose (1,1)
entry equals to 1 and all other entries equal to 0. Let B = D and V' = ¢V = D" viewed as a
left B’-module. Then the group of B’-automorphisms of V' is canonically isomorphic to G. Let
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Op' = Op be the unique maximal order and £’ = €L := {eA,A € L} be the Op/-lattice chain
in V' corresponding to £. Then the O-group scheme G,/ constructed from the data (Op/, L) is
canonically isomorphic to G,. Let D' := (B’,V',Op/, L', i). Then there is an equivalence between
the category of p-divisible groups with D-structure and those with D’-structures. Indeed, for any H,
in the former category, H, := eH, is an object in the latter category. Conversely, for any H, in the
latter category, He := (H_)™ defines an object in the former category. In particular, corresponding
objects defined over a perfect field xk of characteristic p are parametrized by the same invariant
J € G(W(Ii)[%]), defined up to G, (W (k))-o-conjugacy and have isomorphic deformation spaces.
Therefore the function ¢’T7 ,, defined from the data D’ is the same as the function ¢, j, and the claim
follows. ([

3.4. Statement of the main local theorem. Choose a representative p of the conjugacy class
fu of cocharacters of Gg and view it as a character of the standard maximal torus T in G. Let
Tyt G — GL(V_,) be the irreducible algebraic representation of G with extreme T—Weight —p. In
other words, the extreme weight of r_, is the dominant representative in the Weyl group orbit of
—p. By [Kot84, Lemma 2.1.2], for any choice of Wg-invariant splitting of G, r_, extends uniquely
to a representation
r_, LG =G x Wy — GL(V_,)
such that Wg acts as the identity on the corresponding highest weight space.
Fix r € Frob%IE C Wg and set r := j[kg : Fp] as before.

Definition 3.4.1. Let 2z, _,, be the element in the stable Bernstein center of G' whose value at any
semisimple Langlands parameter ¢ : Wg, — Lg=Gx Gal(Q,/Q,) is given by

tr(r|(r—p o @lws)| - 157"

where p is half the sum of all positive roots of G. By [Hail4, §5.3]%, this defines a regular function
on the stable Bernstein variety.

Next we define the semisimple version of the element z, _,. Let E; C Qp be the degree j
unramified extension of E. Then we have 7 € Wg, C Wg. After identifying Q,- with the maximal
unramified extension of Q, in Ej, we get a natural inclusion Wg, C Wq,, which allows us to view

7 also as an element in Wy . By [Hail4, §5.4] there is an element zYZ ., in the stable Bernstein

center of Gg,, such that b(z(r) ) = zr—,. In fact, for any irreducible smooth representation II of

T,—H

G(Q,r) with semisimple L-parameter
©O11 - WQPT — é X W@pr,
(r)

the element 2z~ , acts on II by the scalar

tr(7|(r—p o pnlwip, )| - [,
We also define a closely related element zgz in the stable Bernstein center of G(Q,~) that acts on
any irreducible smooth representation II of G(Q,r) with semisimple L-parameter ¢ by the scalar

tr(Frob|(r_, o nlwi, )| - [5).

z(_ri = / zy)_ Ldr
Frobgz Ig ’

where dr is the Haar measure of total volume 1 and the integral is actually a finite sum. When
(1)

-

Then we have

r = 1, we also simply denote z_, 1= z

2Due to printing errors in the published version, all citations for this article refer to the online version,
arXiv:1304.6293.
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Remark 3.4.2. Above we are implicitly using the ring homomorphism from the stable Bernstein
center to the usual Bernstein center; see [Hail4, §5.5]. In order to make sense of the Bernstein center
(which requires a notion of normalized parabolic induction) and also in order to make sense of the
ring homomorphism, we must fix a choice of |/p € Q. We use the same choice to define the symbol

. —{p:1) (r)
|- |e

appearing above. In this way we see that z; _, and 2> are independent of the choice of

\/D- See [HR21, Thm. 7.15].
Now we can state our main local results.

Theorem 3.4.3. The functions ¢, and (;5;:) have the vanishing property in the sense of Defini-
tion 2.1.5.

As a consequence, by Lemma 2.5.4, both functions have base change transfers to C°(G(Q,)).
The next result provides a particular base change transfer with specified spectral information.

Theorem 3.4.4. For any h € C*(G(Zy)), the function z, _, x h € C°(G*(Qp)) is a base change
transfer of ¢ € C2(G(Qpr)). Similarly, z—, * h is a base change transfer of QS;LT).

These results will be proved by global methods in §5. Here we record the following consequence
that will not be used in what follows but is of independent interest.

Corollary 3.4.5. Suppose that h € CX(G(Zy)) is a base change transfer of a function h e
C(G(Qpr)) that has the vanishing property. Then for any § € G(Qpr) such that N,.J is semisimple,

we have TOso(¢r1) = TOs0 (zy)_“ * iL) and TOgs,( Ef)) =TOs4 (z(_?L * l~1)

Proof. By Theorem 3.4.3 and Proposition 2.5.5, both functions ¢, ; and zﬁ’"l L «h have the vanishing

property. By Theorem 3.4.4 and Theorem 2.5.7, both functions have base change transfer z, _,, * h,

in the sense of Lemma 2.5.4. Thus the two functions have the same twisted orbital integrals. The

identity for qﬁg) and z(fZL * h is proved similarly. (]
4. SIMPLE SHIMURA VARIETIES OF KOTTWITZ TYPE

In this section we prove our main global result (Theorem 4.3.1) on the description of the coho-
mology of the simple Shimura varieties studied by Kottwitz in [Kot92a]. Our result generalizes the
main result from loc. cit. to many cases of bad reduction.

4.1. Basic setup. First we recall the basic setting from [Kot92a], cf. also [Hai05, §5.2].

4.1.1. Shimura data. Let F be a CM field with totally real subfield Fy. Denote by ¢ € Gal(F/Fy)
the complex conjugation. Let D be a central division algebra of dimention n? over F and * an
anti-involution of the second kind on D. Let G be the Q-group whose points in any commutative
Q-algebra R are given by
G(R) = {r € D®q R|zz* € R*}

The map x — xz* defines the similitude homomorphism ¢ : G — G,,, whose kernel Gg is an inner
form of (the restriction of scalars of) a unitary group associated to the quadratic extension F/Fy.

Let hyg : C — D ®g R be an R-algebra homomorphism such that ho(z) = ho(z)* for all z €
C. Assume moreover that x +— ho(i)'a*hg(i) defines a positive involution on D ®g R. Let h :
Resc/rGrn — Gr be the inverse of the restriction of hy to C* and let X, := G(R)/K4 be the
conjugacy class of h in G(R), where K, is the centralizer of h in G(R). Fix an isomorphism
C ®g C = C x C where the first (resp. second) copy of C on the right hand side corresponds to
the identity (resp. complex conjugation). Restricting h¢ to the first factor, we obtain a cocharacter
i : Gy ¢ = Ge. Then the pair (G, X)) is a Shimura datum. Let E be its reflex field, i.e. the field
of definition of the G(C)-conjugacy class of u. Then we get a tower of Shimura varieties Shy for
neat compact open subgroups K C G(Ay), each of which is a projective smooth algebraic variety
over E.
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4.1.2. PEL data. The Shimura variety Shyi (more precisely a finite disjoint union of copies of it)
can be realized as a moduli space of abelian varieties with extra structures involving polarizations,
endomorphisms and level structures. To achieve this we first define the corresponding PEL datum.

Let B := D°P and V = D the left B-module via right multiplication. As explained in [Hai05,
§5.2.1], we can find £ € D* such that £ = —¢ and the involution { on B = D°P defined by
x = €2*¢71 is positive. Then the pairing (-,-) : V x V — Q defined by

(z,y) == trp g(xy")

gives V the structure of a non-degenerate {-Hermitian B-module. Moreover, replacing & by —¢ if
necessary, we may assume that (-, ho(4)-) is positive definite.

The cocharacter p induces a decomposition of B-modules V¢ = Vy @V, where p(2) acts by 2~
(resp. 1) on Vy (resp. Vi) for all z € C*. The reflex field E is also the field of definition of the
B-module V;.

1

Remark 4.1.1. Our convention on the cocharacter y is consistent with [Kot92b], [Hai05, §5.2.2],
[SS13] and is opposite to [RZ96], [Sch13b].

4.1.3. Integral data. Fix a prime p such that F/Fy is split above any prime of Fy over p. Let p be a
prime of E over p and let E, be the p-adic completion of E. To define integral models of the Shimura
varieties over Spec Og, we fix integral PEL data as follows. Let Op be a maximal Z,)-order in D
that is stable under the involution { and let O := OpF. Denote B = B ®g Q,, V = V®g Q, and
Op = O ®z Zy,. Then Op is a maximal Z,-order in B. Let vy, ..., v, be the places of Fy above p.
For each 1 <17 <'s, there are two places w;, w§ of F above v;. Let B; :=B®QpFy,, Vi :=V Qp Fy,
and Op, = Op ®o, (’)Fwi. Then the involution T induces isomorphisms OOBIZ = O ®o, Or,. and
B® 2 B ®p Fe. The alternating form (-,-) on V induces isomorphisms V ®@p [Fy,e = V;* where %
is the Q,-linear dual of V;. Consequently we get isomorphisms

Go(Qy) = [[BS. G(Qy) =Go(Q,) x Q.
=1

Foreach 1 <i <s,let £; = {A;;,j € Z} be an Op,-lattice chain in V; where we label the lattices
so that A; ; C A; j41 for each j € Z. We extend this to a self-dual multi-chain of Op-lattices £ in V'
as follows. For each i, we extend £; to a (-, -)-self dual lattice chain £; in V; @ V;* using the method
of [Hai05, §5.2.3]; this depends explicitly on the choice of the element & above. We let £ be the set
of Op-lattices in V = [[/_, (Vi ® V;*) of the form [[;_; A where A € £ for eachi=1,...,s.

The stabilizer P, of £ in G¢(Qp) is a parahoric subgroup and K, := P, x Z, is a parahoric
subgroup of G(Qp). The corresponding Z,-model of G (resp. Gg) will be denoted by G, (resp.
G..,0). Finally we fix a neat open compact subgroup K? C G(A];).

4.2. Integral models. We will define integral models of Shimura varieties with level K = KPK
structure.
For any scheme S, let AVp, (S) be the Z,)-linear category in which:

e The objects are pairs (A,4) where A is an abelian scheme over S and i : Oy — End(A) ®Z)
is a Zp)-algebra homomorphism;

e The morphisms between two objects (A,i) and (A’,4’) form the Z,)-module Home, (4, A")
consisting of elements in Hom(A, A") ® Z,) that commute with Op.

For each object (A,4) in AVp,(S), let A be the dual abelian scheme and iV (b) := i(b)V for all
b € Op. Then (AY,i¥) is also an object in AV, (S). A polarization of (A,1) is an isomorphism
A:A— AY in AVp,(S) such that nX is induced by an ample line bundle on A for some positive
integer n. In particular, A induces the Rosati involution 5 on End(A) ® Z,) and i(b') = i(b)*> for
all b € Op. Note that what we call a polarization is called principal polarization in [RZ96, §6].

To define the moduli problem, recall from [RZ96, Definition 6.5] that an £-set of abelian varieties
Ae = {Ar, A € L} in AVp,(S) is a functor from L to AVp,(S) satisfying a periodicity condition
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and a condition on the height of the isogenies among the Ap’s. For each L-set A,, there is a dual
L-set Ay and we have the notion of a polarization \ : Ay — A,, cf. [RZ96, Definition 6.6].
We define the functor Mg, k» on the category of Op,-schemes that associates to a test scheme
S the set of isomorphism classes of the following objects:
e An L-set of abelian varieties Ay = (Ao, %e) in AV, (S);
e A polarization \ of A,;
e A KP-level structure on A,, i.e. a KP-orbit of isomorphisms of skew-Hermitian B-modules

n: Hi(Ae, AT) = V® AL mod K?

that respect the bilinear forms on both sides up to a constant in (A?)X. More precisely, we
consider such isomorphisms 7 : Hy (A s, AZJZ) = VA? for every geometric point s of S, and we
require that 7 is fixed by m1(5, s) (see [Kot92b, p. 390]).

Moreover we require A, to satisfy the usual Kottwitz determinant condition, i.e.,an equality of
polynomial functions

det(b; LieAy) = det(b; V1)
for all A € £ and all b € Op.

Proposition 4.2.1. The functor Mg . k» is representable by a projective scheme over Spec O,
whose generic fiber is isomorphic to a disjoint union of |ker' (Q,G)| copies of Shg, kr.

Proof. Each lattice A € L determines a maximal parahoric subgroup K, whose corresponding
moduli functor Mg, x» parametrizes a single object in AVp,(S) with polarization and level KP-
structure, satisfying the determinant condition. By [Sch13b, Theorem 5.2], Mg, k» is representable
by a projective scheme (’)Ep. Note that Mg, x» embeds as a closed subscheme of a product of
finitely many M, k»’s, hence is also a projective scheme over Og,. The description of the generic
fibre of Mg, ke follows from [Kot92b, §8]. O

4.3. Description of cohomology. Let £ be an irreducible finite dimensional algebraic represen-
tation of G that is defined over a number field L. Fix a place A of L above a rational prime £ # p,
then by the construction in [Kot92b, §6] we obtain f-adic local systems F¢ x (resp., F¢ k. kxv») on
Shk (resp., the integral model My, k») together with Hecke correspondences among them. Taking
cohomology in degree i > 0, we get Gal(Q/E) x G(A )-representations

Hg = ligﬂHét(ShK ®E Q, Fe k)
K

where Q is the algebraic closure of Q in C. Here K C G(Aj) ranges over all neat compact open
subgroups of the form K = K,K?, where K, C K is a normal compact open subgroup. We also
form the virtual Gal(Q/E) x G(A j)-representation

Hf = (-1)'H{
i
where the alternating sum is taken in the corresponding Grothendieck group. Then we have a
decomposition

Hf = @ﬂ'f ® o¢(my)
Ty

where 77 ranges over irreducible admissible representations of G(A¢) and o¢(7y) is a virtual finite
dimensional representation of Gal(Q/E). Now we can state our global main result, which gives a
nearly complete description of the restriction of o¢ () to the local Weil group at p.

Theorem 4.3.1. For any self-dual Og-lattice chain L in V with associated parahoric subgroup
K, C G(Qp) as in §4.1.3, we have an equality in the Grothendieck group of G(AZJZ) x Kp x Wg,

representations
— dim Sh/2
Hg :Za(ﬂf)ﬁf®(r_uowﬂp‘WEp)| : |EF /

Tf
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where a(my) € Z is defined in [Kot92a, p.657].

Remark 4.3.2. As remarked in [SS13, §5], we expect this to be an equality in the Grothendieck
group of G(Ay) x Wg, -representations. Under some extra assumptions the expectation is true. We
refer to [SS13, Theorem 5.2, Corollary 5.3] for details.

The proof of Theorem 4.3.1 will be finished in §4.5, as a consequence of the local results Theo-
rem 3.4.3 and Theorem 3.4.4.

First we record its implications for the semisimple local L-factors of the Shimura varieties Shy
at p. We introduce more notations, following [Hail4, §6.3]. Let r, : G' Wo, — GL(V;,) be the

algebraic representation defined by
G><1Wn

Tp 1= Inde‘WEp T_p
where r_,, : G % Wg, — GL(V_,) is the representation defined in §3.4. For an irreducible smooth

representation 7, of G(Q,) = G(Qp), let vy, : Wo, — G % Wq, be its semisimple L-parameter.
Then the semisimple local L-factor of m, with respect to the representation r, is defined by

I
L (s, mp,mp) = det(Id — p~*ry (D,); Vi, )
where Ip, C Wq, is the inertia subgroup and @, € Wy, is a geometric Frobenius element.

Corollary 4.3.3. Let K C G(Ay) be any sufficiently small compact open subgroup which factorizes
in the form K = K,K? specified above. Then the semisimple local Hasse-Weil factor of Shi at the
place p of E is given by
dim Sh LK
;S(ShK,S) _ HLSS(S _ 5 K,?Tp,’l"p)a(ﬂf)dlmﬂf )
mf
Proof. We denote E = E, and d := dimShg. Let Ey be the maximal unramified extension of Q,
in E. Write K = K,K? where K? C G(A’;) and K, is contained in a parahoric subgroup K. in
G(Qp) associated to some Op-stable lattice chain £ in V. Recall from [Hai05, Definition 9.4] that
ss - ss j * N]J gs
IOng (ShKvs) = ZTI’ (CI)?MH ( Q?@Z))
j=1
where the semisimple trace Tr®® is (by definition) the trace of @f; on the Ig-invariant subspace of
the semisimplification of the corresponding Wg-representations. 4
We take £ to be the trivial representation and apply Theorem 4.3.1. Then for any 7 € <I>{JI E CWg,
where ®, € W is a geometric Frobenius element, we get that

Tr(r, H* (Shy 5, Q) = Y almy) dim(mf ) Tr(r_ o o, (7)) (Np) 742,

Integrating both sides over the coset 7 € CI),J;I £ (against the Haar measure on Ix with total volume
1) and taking the sum over j we get

(Np)~7*

(4.1) log ¢3°(She. s — g) = 3 alr) dim(mf) 30T o, (8). 1)

71'f j=1
The semisimple trace on the right hand side of (4.1) coincides with the trace on the inertia invariant
subspace since ¢, is the semisimple L-parameter so that the representation r_, o ¢r |w is such
that inertia acts through a finite quotient. In other words we have

T (0, (9),7-) = Tr(ipr, (D)) Ir15)).
On the other hand, recall from [Hai05, Definition 9.8] that

log L (s, mp, 1) ZTTSS (om, (@) Vi, )p
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By [Hail4, Lemma 6.3.1] we have

[Eo : QI Tx* (o, (®3),725)  if r = j[Ep : Q)

T (e, (9)); i, ) = {o it (B Q) 7

E GNWE . . . .
where 727, 1= IndGX‘WEO r_y. Since the extension E/Ey is totally ramified, we have
G X WE
I, /Ip = ——+
G X WE

from which we deduce that (r 0) 10 = rl Z and hence

Trss(%p(@fa),r_u):Tr(%p(@%),(rf,‘l)l%) Tt(pr, (29),715) = Te** (0r, (), 7—p0)-

Therefore we get

SS - SS i p J[EO Qp . Np 7j8
(12) o L (s, ) = DT (o, (#)),753) = > o, (),
i=1 =
Now the result follows by comparing (4.1) and (4.2). O

4.4. Counting points. Let & = E,. Fix an integer j > 1 and an element 7 € FrobiJIE Cc Wg.
Denote r := j[kg : Fp] where kg is the residue field of E and set k, := F,-, which is a degree j
extension of kp. Let h € C°(K,) and fP € C2°(G(A%)). Our goal is to calculate Tr(r x hfP|H{) by
the Grothendieck-Lefschetz trace formula. We mostly follow the exposition of [Sch13b]. Without loss
of generality, we may assume that f? is the characteristic function of a double coset KPgP KP divided
by the volume of KP? for a neat compact open subgroup K? C G(A’}), and h is the characteristic
function of K,g,K, divided by the volume of K, for some normal open subgroup K, C K, and
gp € K.

4.4.1. Frobenius-Hecke correspondence. We will analyze the cohomological correspondence on Shc, k»
that gives rise to the action of 7 x hf?P on Hg. The first step is to consider the induced correspon-
dence on the “base level” Shg . x», which extends to the integral model Mg, x», and describe its
fixed points in the special fiber. More precisely the action of hf? is defined by a correspondence

(43) mKﬁKp (ﬁ mKLKgPp ;D_z} mKLKP

where
o K2, = K70 gPKP(g") "
e pi is the composition of the natural projection My, v — My, goxcr(gry)—1 With the iso-
g
morphism My, gp v (gry-1 — Mr, kv induced by (“right multiplication by”) g?
e po is the natural projection.
Our convention is slightly different from both [Sch13b] and [Kot92b].

4.4.2. Fized points of correspondence. Let Fix; £(g?) denote the set of fixed points of 7 x hf? in
Me k7, (Fp). The notation is meant to suggest that it is independent of g, € K, and the choice of
g

7 in the coset Frob%[ . To describe it we consider the following correspondence of the special fiber

Fr{E opi

(44) mKﬁKp QR KE mKﬁKgp R KE p_z) E)JIKﬁKp R KE

where p1, p2 are the special fibers of the corresponding maps in (??) and Frg denotes the geometric
Frobenius endomorphism of My, xr @ kg. Then Fix; »(¢?) is the fixed point set of the above corre-
spondence, which consists of points (4., A, 77) in meaKg’p (F,) such that (Ae, A, %) and 0" (As, A, 7gP)
define the same point in My, x»(F,). Here o (-) means base change along p"-th power map of F,.

Then for each i € Z, there exists an isomorphism w; : 0" (A4;) — A; in AV, (F,) sending o” (1gP) to 7
and compatible with the isogenies among the A;’s. Moreover, there is a number ¢y € Z(p) NR< g such
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that u§Ao = coo(Ao). Then (Ao, uo, Ao) is a p"co-polarized virtual Og-abelian variety over Fy,- up to
Zp)-isogeny in the sense of [Kot92b]. The inverse of the Frobenius endomorphisms on A; define a
conjugacy class v = (V1)izp € G(A?) and a g-conjugacy class 6 = (d1,00) € G(Qpr) = G(Qpr) x Q-
such that oo (do) - -+ 0"~ 1(80) = p"co.

Via w;, the p-divisible groups A;[p>°] over E, descend to I, and the resulting p-divisible Og-
module decomposes according to the isomorphism O ® Z,, =~ Op x OF’. Let H; be the factor of
A;[p™] corresponding to Op. Then H; is a p-divisible Og-module over F,-. The isogenies between
A;’s induce isogenies between H;’s so that they form a p-divisible group with (Op, p1, £)-structure
over Fp,-, where I, is given the strucuture of O algebra by viewing it as a degree j extension of the
residue field kg. Here uy is the coweight of GO’@p defined as follows: we choose a field isomorphism

Q, = C and interpret p as a coweight of Gg - Then p is the first factor of 1 under the canonical
D
isomorphism G@p = Go,@p X va@p.

4.4.3. Fized points in an isogeny class. Let (A, u, \) be a p"co-polarized virtual Op-abelian variety
over Fr. Let I(4.,,1) be the Q-algebraic group of self quasi-isogenies of A compatible with u, .
Let Isog(A,u,A) be the subset of Fix; (¢g?) consisting of points (A, A,7) lying in the closure
of the generic fiber® whose associated polarized virtual Op-abelian variety (described as above) is
isomorphic to (A, u, ).
Proposition 4.4.1. There is an injection
Isog(A, u, A) = Tiauxn (Q\(Y, x YP)

where

o Y, :={9g€G(Qpy)/Kc, | pgA C pdogA C gA, VYA € L}

o Y7 :={z € G(A})/K}, | v~ vz € gPKP}.
Proof. The proof is similar to [Sch13b, Proposition 6.5], but we take into account our slightly differ-
ent convention for the Frobenius-Hecke correspondence. A fixed point for the Frobenius-Hecke cor-
respondence is a point (A, ie, A7) =: (Ae, A, ) € My, K?, (F,) such that there is an isomorphism
(Ae, A, 77) =2 0" (Ae, A\, mgP) in Mg, k»(Fp). The condition that o”(7gP) = i as KP-level structures
translates to the condition v 'zg? K? = xKP, or x~ ‘vz € g? KP. The rest of the argument is as in
[Sch13b, Proposition 6.5]. O

Corollary 4.4.2. We have the following equality
Te(r x hf?|Hg) = D vol((@\I(Ay)) O5(f7) TOs0(¢r) tr& ()
(A,u,\)
where the sum runs over isogeny classes of polarized virtual Og-abelian varieties (A, u, \) over Fpr
and I = I( 44,5 is the automorphism group of (A, u, \).
Proof. Let m : Shk k» — Shg,kr be the natural projection. By the proper base change theorem,
we have
H* (SthKp ) E, ]:5) = H*(ShKEK:D (29} E, 7T*.7:5) ~ q* (SﬁKLKp Rpp Fp, R¢7T*]:§).

Under this isomorphism, the action of 7 x hf? is defined from the composition

(Fr), o p1)* Ry, Fe = pt (Frhy)* Ry, Fe 5> pl Ry, Fe 2N ph Ry, Fe

By [Sch13b, Proposition 5.5], there is a canonical isomorphism Rym,Fe = F¢ ® RyYm,Qy, under
which the second map above factorizes as the tensor product of the cohomological correspondence
on F¢ induced by g” and the cohomological correspondence on Rm,.Q, induced by g,. For a more
thorough discussion of these points, we refer the reader to the forthcoming work of the second author
with Rong Zhou and Yihang Zhu [HZZ].

3Note that the results of Pappas-Rapoport [PR03] show that the parahoric-level integral models we use, sometimes
called naive, need not be flat.
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Then the (naive) local trace of 7 X hf? on Rym,Fe at a fixed point = (4., A, 7) is given by

(4.5) Tr(r X hfP|(RYmFe)e) = Tr(§(ye)) Tr(r x AfP[(RYm.Qp)a).
By the version of Lefschetz trace formula in [Var07, Theorem 2.3.2 (b)] and (4.5), we get
Tr(r x hfP|HZ) = > Tr(r x hf?|(Rym.Fe)a).

z€Fix;, £ (gP)
We break the sum according to the partition Fix; »(¢gP) = | | Isog(A4, u, A) into isogeny classes labeled
by isomorphism classes of polarized virtual Op-abelian varieties (A, u, A) over Fpr.
Following the discussion in [Sch13b, §6.6], The contribution of Isog(A,u, ) to the summation
above is equal to

vol(I(Q\I(Ay)) O (f7) TOs6(drn) tr&(e).
Indeed, this follows from (4.5) and Proposition 4.4.1 by noting that if (g,z) € Y, x YP satisfies

Grnlg~ " 60(g)) # 0,

then (g, z) lies in Isog(A, u, A). Let us explain this last assertion. We denote by (A, A, 77) a point in
Fix; £ (g”) giving rise to the isogeny class (A4, u, A) and the pair (v, ); we may assume that it maps
to the pair (1,1) € Y, x Y? under the injection of Proposition 4.4.1. Now the data (g, x) such that
ér.1(g7 50 (g)) # 0 give us an L-set of polarized abelian varieties A, and a quasi-isogeny Ay — A,
which we use to transport the Op-action ¢ on A, to an action i’ on A,. Similarly, the K gp—level
structure is transported using z. By construction we get (AL, N, 7). Once we know it satisfies the
Kottwitz determinant condition, we will know it is a point in our moduli problem, and thus a point
in Isog(A,u, ), which maps to (g, x) under the injection of Proposition 4.4.1. But in this situation,
the determinant condition is reflected exactly by the relative position of the lattices required in the
definition of Y}, as explained in [Hai05, §11.1.1]. O

4.5. Pseudo-stabilization.

4.5.1. Kottwitz triples. To proceed further, we first recall the notion of Kottwitz triple as stated in
[Sch13b, Definition 5.6].

Definition 4.5.1. Let j € Z>; and set r := j[xg, : F,]. A degree j Kottwitz triple (yo;7, d) consists
of

e A semisimple stable conjugacy class 7o € G(Q) that is elliptic in G(R),
e a conjugacy class v € G(AIJZ) that is stably conjugate to 7o,
e a o-conjugacy class § € G(Q,r) whose naive norm N,.§ = §o(J)---0"~1(d) is stably conju-

gate to 7o, such that rg,, (pd) = p# in X*(Z(G)'®), where I'(p) := Gal(Q,/Qp).

Proposition 4.5.2. Let x € Fix; £(gP) with associated polarized virtual Og-abelian variety (A, u, \)
over Fy,r, giving rise to conjugacy class y € G(AZ}) and o-conjugacy class § € G(Qpr). Suppose that
the naive norm N,8 = 60(8)---0""1(8) € G(Qpr) is G(Qpr)-conjugate to an element in G(Qy).
Then there exists a unique semisimple conjugacy class vo € G(Q) such that (v9,7,9) is a degree
j-Kottwitz triple.

Proof. This is claimed in [Shel8, Lemma 5.3], but the proof given there contains a gap, and in fact
does not use the strong hypothesis on §. We will prove this by generalizing the argument of Kottwitz
in [Kot92b, §14]. Let I be the reductive Q-group of automorphisms of (A, u, \). Kottwitz chose an
arbitrary maximal Q torus 7" C I and showed that it can be embedded in G, and he then took g
to be the inverse of the Frobenius endomorphism m4. To make the Kottwitz argument work in our
situation, we make the further assumption that Tg, is elliptic in Igp,. One can see that such Q-tori
exist by [KPS22, Lemma 1.2.2] (and the references there). The assumption that the conjugacy class
of N..4 contains an element defined over Q, implies that Ig, is an inner form of a subgroup of Gg, -
Then we use the fact that an elliptic torus in Ig, transfers to any of its inner forms to remove the
assumption in [Kot92b, §14] that G, is quasi-split. More precisely, this assumption is used at two
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places: first on p.420, paragraph above Lemma 14.1, to show that the centralizer N of T in Endg(A)
can be embedded in C' locally at p; then on p.421 where one shows that Tj transfers to A, at p.

Let us elaborate more on the first point. We let I = Endp(A)* (resp., G = C*) be the Q-group
of units of the semisimple algebra Endp(A) (resp.,C = Endg(V)). Then I (resp.,G) is a closed
subgroup of I (resp., é) By assumption there is an element v, € G(Q,) that is stably conjugate
to N.6. Then the centralizer G, (resp.,é,yp) is an inner form of Iy, = Gso (resp.,f@p = (:750).
Moreover, the class of évp in H(Q,, fad) is equal to the image of the class of G, under the natural
map H'(Qp, Lag,) — Hl((@p,fad’@p); see the proof of [Kot82, Lem.5.8]. Let T = Resy/oGm be
the centralizer of T in I. Let Thq (resp.,Taq) be the image of T (resp.,Taq) in the adjoint groups
T (resp., fad). Then we have a commutative diagram

Hl(@pu Tad) E— Hl(@p» Iad)

J J

Hl(@pa Tad) E— Hl (@;m jad)-

Since Tg, is elliptic in Ig,, it transfers to the inner form G, and hence the class of G, lies in the
image of the upper horizontal arrow. From the commutativity of the diagram we see that the class
of é% lies in the image of the lower horizontal arrow, which means that T@p transfers to the inner
form Gg, = Cg,- ~ )

Now we get an embedding T, — Gg, which on Q,-points gives rise to a group homomorphism
¢ Ny — C’(Sp. We want to show that ¢ extends to an embedding of Qp-algebras N, — Cq,.
Recall that N is a finite product of fields (cf. [Kot92b, p.420]). Take an element v € NGP such

that Ng, = Qp[y], and note that v is automatically a regular semisimple element in I (Qp): its
centralizer in I is precisely the maximal torus T, thanks to the double centralizer theorem applied
to N in Endg(A). Let f,(X) € Q,[X] be the characteristic polynomial of -y, viewed as an element
in the semisimple Qp-algebra Endp(A4)g,. Then f,(X) is also the minimal polynomial of v and
we have Ng, = Q,[X]/(fy(X)). By the definition of transfer of semisimple elements, f.,(X) is the
characteristic polynomial of ¢(7) € Cgp, and hence f,(¢(7)) = 0 by the Cayley-Hamilton theorem.
Thus ¢ extends to an embedding of Q,-algebras Ng, = Q,[X]/(fy(X)) — Cg, and we are done. [

Conversely, the construction in [Kot92b, §18] shows that every Kottwitz triple comes from a po-
larized virtual Og-abelian variety, keeping in mind that in our situation the invariant a(vo;7,d) is
automatically trivial (see [Kot92a]; one checks that the arguments in [Kot92b, §18] go through with-
out the assumption made in [Kot92b, §5] that Bq, is a product of matrix algebras over unramified
extension of Q). Altogether, combined with the vanishing property Theorem 3.4.4 we can follow
the procedure in [Kot92b, §19] and convert the sum in Corollary 4.4.2 to a sum over equivalence
classes of degree j Kottwitz triples:

(4.6) Te(r x hfP[HE) = > e(30;7,6) O5(f7) TOs6 (¢r,1) tr&(70)
(7057,9)
where ¢(70;7,0) is the product of vol(I(Q)\I(Ay)) and the order of the finite group
ker[ker! (Q, Iy) — ker' (Q, G)].

Note that we do not need to multiply the right hand side of (4.6) by the order of ker! (Q, G), as this
group is trivial for our choice of G. (See, for example [Sch13a, proof of Proposition 3.2].) By the
discussion in [Kot90, §4] and the fact that in our situation |R(Ip/Q)| = 1 in the notation of loc.cit.
(cf.[Kot92a]), we have

(4.7) c(70:7,0) = 7(G) vol(Ag(R)°\I(R))~".
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4.5.2. Pseudo-coefficients. Recall from [Kot92a] that the algebraic representation £ of G(C) deter-
mines a discrete series L-packet of G(R). We let f([;joo be (—1)%(©®) times the sum of pseudo-coefficients
for representations in this L-packet, divided by the cardinality of the L-packet. Here ¢(G) is half
the real dimension of the symmetric space associated to G(R). By [Kot92a, Lemma 3.1], for all
semisimple elements v, € G(R), we have SO,_ ( fg’oo) = 0 unless v is elliptic, in which case

(4.8) SO, (feoo) = tr€(vo0)vol (Ag (R)\I(R)) " te(I5 )

where I is the inner form of the centralizer of 7, in G(R) that is anisotropic modulo the center
of G and e([ ¢ ) is its Kottwitz sign whose definition we recall next. Actually we have IS = Ig.
Indeed, Iy is an inner form of Ggr,, (see [Kot92b, p.423]) and we point out below that Iy is
anisotropic mod the center of Gg.

4.5.3. Kottwitz sign. In [Kot83], Kottwitz defines a sign e(H) € {£1} for any connected reductive
group H over a local field, which equals to 1 if H is quasi-split. Moreover, by the main theorem of loc.
cit., if H is a reductive group over a global field F', then there is a product formula [], e(H,) =1,
where the product is over all places of F.

In our situation, for any Kottwitz triple (yo;7, ) there is a reductive group I over Q such that

o for any prime [ # p, I; = G,,, the centralizer of y; in G(Qy);
o I, = Gy,, the o-centralizer of § in G(Q,r);
e [y is anisotropic mod center.

The existence of I is proved in [Kot90, §2] (the condition a(vyo;v,d) =1 in loc. cit. is automatic in
our situation, cf. [Kot92a]). In fact, I is the automorphism group of a polarized virtual Og-abelian
variety whose Kottwitz triple is equivalent to (v0;7,6). Let e(v) := [];, e(G,,) (product over all
finite primes different from p) and e(6) := e(Gs,). Then by the product formula, we have

e(7)e(d) = e(Ir).
4.5.4. Finishing the proof of Theorem 4.3.1. By Theorem 3.4.4 we have
(4.9) e(6)TOs0(dr,n) = SO+, (frn)
where 7, € G(Q,) is stably conjugate to N'6 = da(d)---0""1(§) and frp 1= 2r_, * h.
Combining all the discussions above we get
Te(r x hf?[HE) = 7(G) ) SO (frnf? fEoc)
Yo

where the sum runs over stable conjugacy classes in G(Q) (which are automatically semisimple since
G is anisotropic mod center). Then by [Kot92a, Lemma 4.1] and the simple trace formula for G we
get

Tr(r x hfP|H{) Zm Ytrw(frnf? f& )= Za(ﬂ'f)trﬂ'f(fnhfp)

Tf

= > a(mp) te(7)(r—p © om, I, )| - |7 2) tr (Bl

f

(4.10)

where the first sum runs over automorphic representations = of G, m(m) denotes the automorphic
multiplicity, while the second and third sums run over irreducible admissible representations of
G(Ay). The second equality uses the definition of a(ny) from [Kot92a, p.657):

(4.11) a(ny) = Zm(ﬂf ® Too) tr Woo(fgoo).

The third equality uses the definition of the element z, _,, in the stable Bernstein center of G(Q,).
This finishes the proof of Theorem 4.3.1.
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4.6. Lefschetz number via central functions. In this section we record some results of inde-
pendent interest. We express the Lefschetz number in (4.6) and its semisimple variant in terms of
elements in the Bernstein center instead of the function ¢, p.

As usual, we fix an integer j > 1, an element 7 € Frob%IE C Wg and let r = j[kg : Fp]. Recall
from §3.4 the element 2" ., in the (stable) Bernstein center of G(Qpr).

T,—

Proposition 4.6.1. Suppose that h € C°(G(Zy)) is a base change transfer of a function h e
C(G(Qyr)) that satisfies the vanishing property in the sense of Definition 2.1.5. Then we have the
following formula for the Lefschetz number

Te(r x hfP|HE) = D c(70;7,8) Oy (fF) TOs6 (27, # 1) tr€(70)
(037,6)
where the sum runs over equivalence classes of degree j-Kottwitz triples.

Proof. This is an immediate consequence of Equation (4.6) and Corollary 3.4.5. O

In [Kot86a], for certain pairs of compact open subgroups K, C G(Q,), K,» C G(Q,) satisfying
the axioms in loc. cit. p.240, Kottwitz shows that the idempotent ey, = ml K, is a base change
transfer of the idempotent ey, = ml &, and that the latter has the vanishing property (see
the discussion on loc. cit. p.244, the paragraph above §2). For example, if G is a smooth connected
group scheme over Z, with generic fibre Gg,, then K}, = G(Z,) and K,r = G(Z,-) satisfy the axioms
of Kottwitz.

The following consequence verifies a conjecture of the second author and Kottwitz (cf. [Hail4,

(r 27 ,d7 in the (stable)

Conjecture 6.1.1]) in our situation. It involves the element z_; = fFrob{EIE o

Bernstein center of G(Q,-) defined in §3.4.

Corollary 4.6.2. Let K, C G(Qp,) and K,r C G(Qp) be compact open subgroups satisfying
Kottwitz’s axiom as above. Let KP? C G(A’;) be a sufficiently small compact open subgroup and
fP € CX(KP\G(A})/KP) a test function bi-invariant under K?. Then we have

TrSS(Frobf; x fP|H*(Shk,k» @& Q, Fxrk,) = Z c(v0;7,9) Ow(fp)TO(;g(z(_T})L * epeor ) tr€(Y0)
(7057,6)
where the sum runs over equivalence classes of degree j-Kottwitz triples.

Proof. This follows by integrating the equation in the previous Proposition 4.6.1 over 7 € Frobi;] E
and taking h = eg, (so that h can be taken to be ey, by Kottwitz’s result in [Kot86al). O

5. PROOF OF THE LOCAL RESULTS

In this section we prove Theorem 3.4.3 and Theorem 3.4.4 by a local-global argument. It suffices
to prove the local result for the group G = ResF/QpGLm(D) where F' is a finite extension of
Qp and D a division algebra with center F. Then G is an inner form of the quasi-split group
G* = Resp/q,GL, where n = m(dimg D)=. By Proposition 3.3.3, we may assume B := M,,(D)°P
and V = M,, (D) viewed as a left B-module via right multiplication. Then C' = M,, (D) acts on V
by left multiplication.

Let Op be the unique maximal order in D and take Op := M,,(Op)°P. Asin §3.1 we are given a
chain of Op-lattices £ in V giving rise to a Z,-model G of G so that G, (Z,) is a parahoric subgroup
of G(Qp). B

Let ®p := Homg, (F,Q,). We can choose a representative x of the conjugacy class fi of the form

(5.1) w:Gy g, — Gg, = Ile, Gl g,
t— (/’[’T<t))TE‘I>F

where for each 7 € ®p, u,(t) = diag(t,...,t,1,...,1) in which ¢ occurs a, times. The conjugacy
class [ is then uniquely determined by the tuple of integers (a;)redy-
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5.1. Globalization.

5.1.1. CM fields. Starting from the local objects above, we are going to define some global objects,
in particular a global field F and a group G over it, among others; we warn the reader that despite
the common notation, these objects will not be the same as the ones defined in the Shimura variety
context (see section 4.1.1).

Let Fy be a totally real field such that there is a unique place v of Fy above p and the v-adic
completion Fy, is isomorphic to the local field F. The existence of such an F, is guaranteed by
[Far04, Lemme 8.1.2]. Let K be an imaginary quadratic field in which p is split and let F = FgK be
the CM field with maximal totally real subfield Fy. The complex conjugations on K, F and C will
all be denoted by the letter “c”. Fix a place w of F above v. Then v splits in F as v = ww®. We fix
field isomorphisms F,, = Fq, = F.

Fix a field embedding 7 : K < C and let ® = {¢ € Homg(F, C)|¢g = 7k} be the CM-type of F
determined by 7. In particular, we have a decomposition Homg(F,C) = & L c¢®.

For each place = of Q, we fix a field isomorphism ¢, : C = Q.. Then the isomorphism Lp
induces a bijection ® = & = Homg(F, @p) which permits us to associate to any 7 € ® an integer
ar € {0,--- ,n} occurring in the definition of the local cocharacter y in (5.1).

5.1.2. Division algebras with involution. We write the invariant of the local division algebra D in
the form inv(D) = & for some a € Z.

Let D be a central division algebra of dimension n?

over [F satisfying the following conditions:

(1) The opposite algebra DP is isomorphic to D®g K (where both sides are viewed as algebras
over K).

(2) Dy, & B°? = M,,(D);

(3) At any place z # w, w® of F that is split over Fy, D, is either split or a division algebra and
there is at least one such place x such that D, is a division algebra;

(4) At any place = # w,w® of F that is not split over Fy, D, is split;

(5) If n is even, then a + [Fo : Qn/2+ )" .4 ar is congruent modulo 2 to the number of places
v’ # v of Fy such that D is ramified at some place of F lying above v'.

Let B :=D°P and let V = B be viewed as a left B @ B°P-module via left and right multiplication.
That is, for by, bo,x € B, the action is given by (b ® bs)(x) = biabs, the product in B. Note that
this is equivalent to the set-up in §4.1.2, although the conventions look superficially different.

We choose a positive involution T on B of the second kind (i.e. 1 restricts to complex conjugation
on the center F and for any = € B* we have Trg,q(zz") > 0). This is possible by condition (1) and
(4), see the discussion on [HT01, page 51-52]. The condition in (3) that I is a division algebra over
at least one place = of I that splits over Fy will be needed in the proof of Theorem 5.2.2: it comes
from an assumption in [Lab99, Théoreme A.5.2].

5.1.3. Unitary similitude groups. Above we consider the pair (B, ) where { is a positive involution
of the second type on B = D°P. We next need to reverse the procedure used in sections §4.1.1,4.1.2,
and construct from this a suitable involution *g on I (which is not necessarily positive).

For any invertible element 0 # € B such that 87 = — we can associate the following objects:

e An involution of the second kind x5 on B defined by
b*e = BbIB~" Vb eB.
o A non-degenerate alternating pairing (-,-)g on V defined by
(r1,22)p := tr]B/Q(xlﬁxg) V1,29 € V.

Then for all by, by € B we have (bjz1bs, 22)5 = (z1, bil‘gb;ﬂ)/@.
o A Q-algebraic group Gg defined as the subgroup of AutgV preserving the form (-,-)g up to
a scalar in Q. Since Endg(V) = D, for any Q-algebra R we have

Gp(R) ={g € D®q R|xz™ € R*}.
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The map g — gg*# defines a homomorphism of Q-algebraic groups c : Gg = G,,. Let Ggo C Gg
be its kernel. In other words, for any Q-algebra R we have

Gp,o(R) ={g € B? ®¢ R|zz™® = 1}.

Let G%d be the adjoint group of Gg,o (and also Gg). Sometimes we also view Gg and (G?Bd as
algebraic groups defined over Fy.

Lemma 5.1.1. There exists 0 # 3 € Bf==1 such that
o At any finite prime that is non-split in K, Gg and Gg o are quasi-split;
o For any infinite place T : Fg — R, the pairing (-,-)g on

VeeR= [ Ver-R
T€Homg (Fo,R)

has invariant (a-,n — a;) at the factor corresponding to 7.

Proof. We follow the proof of [HT01, Lemma 1.7.1]. First pick any 0 # By € Bf=~!. In this proof,
we view the associated groups Gg, o and Ggg as algebraic groups over Fy. We aim to twist all the
objects defined by 3y by a cohomology class in H'(F/F, G%‘;) so that the conditions in the lemma
are satisfied. Concretely, such a cohomology class is represented by an element 0 # o € B with
a*fo = o and the twisted objects will be associated to 8 = afy. In particular, Gug,,0 is the inner
form of Gg, o classified by [a] € H'(Fo, G%}).

When n is odd, the natural map of pointed sets

H'(Fo, G5l — @ H' (Fo ., G),

is surjective. Here the direct sum is over all places of Fy, Hence there is no local-global obstruction
to finding 8 with prescribed local conditions.
From now on we assume that n is even. Then there is an exact sequence of pointed sets:

(5.2) HY(Fo,G3) — @D H (Fo0, G) 22 /27 — 1

where Obs is the sum of local obstruction maps Obs, : H'(Fy ., Gg‘g) — 7,/27 whose definition we
recall next.

If xz is a finite place of Fy that splits into two different places y,y“ in F, then Obs, is the
composition of the isomorphisms

H'(Fo.,G¥) = H'(F,,G%)) = H*(Fy, pin) = Z/nZ

with the natural projection Z/nZ — Z/27Z.

If = is a finite place of Fy that does not split in F, then Obs, is the natural isomorphism
HI(FLO,G%‘S) >~ 7./27.

If x is an infinite place of Fy, then H'! (Fz 0, Gg‘j) is identified with the set of unordered pairs of
non-negative integers (ay,b,) with a, + b, = n. Then the map Obs, sends such a pair (a,, b,) to
Gy — g0 mod 2, where (az,0,n — ag0) is the signature of Gg, at .

For any place = of Fy, let u, € H*(Fy.0, (G%(j) be the class of the quasi-split inner form of Gg, o.
Since u, comes from the global cohomology class for the quasi-split inner form of Gg, ¢ over Fy, we
have >~ Obs,(uz) = 0.

Let Splg,r, be the set of (finite) places of Fo that are split in F. Let s be the number of places in
Splg/,, different from v, above which D is ramified. By our assumption, s > 1 and for any place y
of F above such a place = of Fy, D, is a division algebra so that Obs,(u,) = 1 since n is even. Also

a

we recall that by assumption Inv(D,) = % so that Obs,(u,) = a. Thus we get
Z Obs,(uz) =a+s

€SPy /g,
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For any infinite place x, u, corresponds to the pair (3, §) and hence Obs,(uz) = az,0— 4§ = az,0+
Therefore we get

(5.3) a+ s+ [Fo: Q]n/2+ZaT70+ Z Obs, (uz) = 0.

7|oo ¢ Sply g, ;200

n
R

To finish the proof we need to show the existence of a global class [a] € H*(Fy, G%‘;) whose image
in H'(Fo ., G%) equals to
e 0if z € Sply/p,;
e wu, if x is a finite place of [Fy not in SplF/FO;
e (az,n — a,) if x is an infinite place.

By the exact sequence (5.2) it suffices to show that

D (ar+ar)+ Y. Obsy(u,) =0.

T|oo @ ¢Splg /g, ;200
But this follows from (5.3) and assumption (5) in §5.1.2. O

5.1.4. The PEL data (B,1,V,(-,-),hg). From now on in section §5, we fix an element S as in
Lemma 5.1.1 and we often simply write *, G, G instead of xg, Gg, Gg,o. We also fix an isomorphism
By, = M,,(D)°? which induces isomorphisms Gg g, = Resp/q,G and Gg, = Resg/q,G X Gy, where
here G = GL,,,(D) is regarded as a group over F' = F,,. Let us recall the global setup of §4.1 in this
special case.

Let Op be a Zy)-order in B such that Og Rz, Op, =2 Op. Then we have an isomorphism

O ®Z, =0 x OF = M, (OF) x M;,,(Op)

where the first factor corresponds to w and the second factor corresponds to we.

Recall that in this setting V = B is endowed with a symmetric pairing (z,y) = trg,g(zy’). In
producing the positive involution t we may assume we started with an involution of the 2nd type *
on D := B°P and then found, using the argument mentioned in §4.1.1, an element 0 # 3y € B*=~1
such that z — zf = ﬂox*ﬁo_l is a positive involution on B. Then we use By to define the Q-valued
alternating form (-,-) on V = B, by the formula (z,y) = trg/g(zBoy*). From Sy, we then construct
[ as in Lemma 5.1.1.

From the lattice chain £ in V 2 Vf_, we obtain a (-,-)-self-dual chain E;r of Og-lattices in
Vg, =VEg, ®Vg,.=2VoOV" following the method from §4.1.3.

5.1.5. The Shimura data. We now consider a Shimura data (G, X), where as above G = G =
GU(D, ) and where X comes from a choice of *-homomorphism hg : Res¢/r(Gm) — Gr, which
may be constructed as in [HTO01, p.91-92] using our choice of CM-type ® we fixed above. The
PEL data for this Shimura variety is given by the tuple (B, 1,V =B, (-,-), ho). Then this choice of
Shimura data gives rise to a conjugacy class of cocharacters

pc : C* —— G(C) = [[4 GL,(C) x C*
2 ((pe,r(2))rea, 2).

We can choose a representative uc such that for any 7 € ®, uc () = diag(z, ..., 2,1,...,1) where z
occurs a, times (see Lemma 5.1.1). The global reflex field E is the field of definition of the conjugacy
class pc.

The isomorphism ¢, : C = @p determines a finite place p of E above p. The completion E, is
isomorphic to the local reflex field £ and we fix a field isomorphism E, = E. Then the isomorphism
tp takes the conjugacy class (uc -(2))rea of cocharacters of Go(C) to the local conjugacy class fi of

GO (@p)

5.2. Base change of automorphic representations.
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5.2.1. The Langlands dual group. Let Gk be the base change of G to K and denote G:= Resg oGk
The complex conjugation ¢ € Gal(K/Q) induces an automorphism 6 of G defined over Q and G is
the closed subgroup of G consisting of 6-fixed elements. There is a natural isomorphism

(5.4) G~ BP x Resg /oG

whose composition with the embedding G — G is given on points by g — (g,gg*) where the
second factor lies in G,, C Resg/9G,,. Here and throughout this subsection, we abbreviate by

writing ¢* in place of g*#. Using this isomorphism, the automorphism 6 of G can be described
by 0(g,A) := (AX°g™*,A°) where c denotes the automorphism of Resk,9G,, induced by complex
conjugation in Gal(K/Q).

The Langlands dual group “G = GY x Gal(Q/Q) is described explicitly as follows. Using the
CM-type @, its identity component can be described by GY = []4 GL,(C) x C* and the action of
o € Gal(Q/Q) on GV is defined by o((gy)pea: z) = ((hy)pew, 2’) where

b Jo—1g ifo~lpe®
v wntgc_gl_lww;l ifo~lp¢ @
(here wy, is the n x n matrix with entries (w,);; = (—1)*0,41-:,;) and
2=z H det g,.
pEP,0- gD
Similarly, the Langlands dual group of Gis LG =GV x Gal(Q/Q) where
G'= ][] GLi(C)xC*xC*
Homg (F,C)

and the action of Gal(Q/Q) factors through the quotient Gal(K/Q) with the complex conjugation
acting by
C((gtp)tpa 21, 22) = ((gctp)ipa 22, Zl)

Define an L-embedding npc : ‘G — LG by

((gLP)LPEqu) X o= ((hcp)4p6<1>|_lc<1>727z H det(ggp)) X o

ped
where
I ifoed
L t,—1,,—1 if P
Wn " Gep Wny if ¢ .

Our goal is to define base change of automorphic representations of G to G for the L-embedding
nBcC-

5.2.2. Local base change at split primes. Let x be a prime of Q that splits in K as x = yy°. The
canonical isomorphism Q, = K, allows us to view Q, as a K-algebra and from (5.4) we obtain an
isomorphism

(5.5) G(Q.) = (B)* x Q.
Let m be an irreducible admissible representation of G(Q,). Then we can decompose it as m =
Ty ® Xz Where 7, is an irreducible admissible representation of (Bj?)* and x, is a character of Q.

Let wy be the central character of m and decompose its restriction to K = K; X K;C as Wy y QWr ye.
Similarly, let wr, be the central character of 7.

Lemma 5.2.1. With notations as above, we have Xz = wr ye and wqy = Wr, Wr ye, all viewed as
X ; ; ; o~ [~ ) (=3
characters of Q wia the isomorphisms Q, = K, = Kye. In particular, we have m = Ty @ Wy ye.
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Proof. Any (ay,a2) € K = K x K. embedded in the center of G(Q.) acts on the representation
7 by the scalar 7(a1,a2) = wry(a1)wxye(az). On the other hand, under the isomorphism (5.5),
(a1,az) is sent to (ar,araz) € (ByP)* x Q} and hence from the decomposition 7 = 7, ® x, we get
m(a1,az) = wr, (a1)xz(a1az). Consequently, after the identifications Q, = K, = K, we obtain

Wr,y(a1)wnr,ye (az) = Wr, (a1)xz(a1a2), Vai,az € Q,

Let a; =1 we get Xy = wrye and let ag = 1 we get wry = W, W ye. O

We define the local base change of 7 to be the representation
BC(m) = my @ ”j ® (wr,ye 0 ¢) @ (wWry © C)
of
G(Qz) = G(Ky) = (BP)™ x (By2)* x Kjf x K.
where wf(g) =y (g77).
Let wy,...,ws be the primes of F above y. Then we have a decomposition B, = Hle B,

and 7, = ®;_;m,, where m,, is a representation of (ByP)*. Consequently corresponding to the
decomposition

G(Q.) = [[®%) H RYOx K x K
i=1

we can write
BC(m) = ®@;21 BC(T)w, @ @;_1 BC(T)ws @ XBC(r).y ® XBC(n).ye

where BC/(m)w, = Tw,, BO(T)we := T, XBC(r),y = Wrye © € and XBo(x),ye = Wry © C.

5.2.3. Unramified local base change at inert primes. Now let  be a prime of QQ such that

e r is inert in K and unramified in F;

o (B, %) = (M,(F,),t) where g' := w,'gw; L.
The isomorphism ¢, : C = Q. induces an embedding from the Weil group Wy, into Gal(Q/Q)
(here Q is the algebraic closure of Q in C). We use ¢, to identify the CM-type ® with the subset of
Homg, (F,,Q,) consisting of homomorphisms ¢ such that ¢|x = t5 o 7x.

The group G(Q,) is unramified and contains a standard maximal torus T, and Borel subgroup

B, defined over Q,, consisting of diagonal and upper triangular matrices. The torus 7T, can be
described as

Ty =A{(t1,... . tnito) € (F)" x Q) |to = tity, 1 _;,Vi=1,...,n}.
Similarly, G, = GL,(F,) x KX contains the diagonal maximal torus T, 2 (FX)" x KX and standard
Borel subgroup B, = B, (F,) x KX where B, (F,) is the group of upper triangular matrices in
GL,,(F.). The automorphism 6 on G induces automorphisms of T, and B, so that T, = T9 and
B, = éﬁ are identified as the fixed point subgroups.

For any smooth irreducible unramified representation = of G(Q,), there is an unramified char-
cater x of T, such that 7 is the unique unramified subquotient of the normalized parabolic induc-
tion ¢ (Qz)x. The character x corresponds to an element o = ((01,, ..., p)pecad; ) € TV =
H¢e¢(CX) x C*. More precisely, if t = (t1,...,tn;to) € T, then

X(t) = agalm(to) H 1_[(04z (P)Valz(bzogp(ti))

pedi=1
where val, denotes the z-adic valuation on Q,.
The Langlands parameter for 7 is the conjugacy class of unramified L-homomorphism ¢, :
Wao, — GY x Wy, such that ¢ (Frob,) = a x Frob, for any geometric Frobenius Frob, € Wy, .

The base change BC(r) is the unramified representation of G, = GL, (F,) x KX whose Langlands
parameter is ¢ © ¢. In other words, BC(w) is the unique irreducible unramified subquotient of
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the normalized induction z~ X where y is the character of T, corresponding to npc(a) € TY. More

explicitly, for any (¢q, .. tn,to) (FX)™ x KX, we have
Kt tste) = X5t /S - 5t 155 tolS).

Let wy,...,ws be the primes of F above z. For each i = 1,...,s, let ®,,, :={p € ®,p|r, #* 0} so
that ® = L_;®,,,. Corresponding to the decomposition F, = szl F,,, we have an 1somorphlsm

IIGL ) x K

which induces a decomposition

BC(m) = ®;—1BC(7)w; ® XBC(r)

where
e For each i = 1,...,s, BC(m)y, is an unramified representation of GL, (F,,) with Satake
parameter
H alwanw,... H O‘nwauo
Qae@wl <Pe¢’w1
where the j-th coordinate is H¢€¢ o, @anH _jp forany 1 <j <mn;

® XBC(r) is the unramified character of KX sending a uniformizer to o3 [}, [Toco @i

5.2.4. Global base change. Let £ be an irreducible algebraic representation of G(C) on a finite di-
mensional C-vector space. Recall that we have a decomposition

G(C) = G(K ®¢ C) = G(C) x G(C)

where the first factor corresponds to the embedding 7x and the second factor corresponds to 7.
With this identification, we define {x to be the representation & ® & of G(C).

Theorem 5.2.2. Let m be an irreducible automorphic representation of G(A) whose archimedean
component To is cohomological for . Let wr denote the central character of w. Then there is a
unique irreducible automorphic representation BC(m) = (II,w) of G(A) = (B ®g A)* x A such
that

1) w=uwt |A>< and wS, (£|KX)_1

2) For any place x of Q that splits in K, BC(r), = BC(my)
) For all but finitely many places © of Q that are inert in K, we have BC(r), = BC(n,);

) s is cohomological for &k ;

) If wn is the central character of 1, then wH\Ax = ww

) 11

# = 11 where 17 (g) := (g~ ).

Proof. This is basically Theorem VI.2.1 of [HT01], which improves upon Theorem A.5.2 of [Lab99].
We briefly review the argument here.
First one reduces to base change for the unitary group G, instead of the unitary similitude group
G. More precisely, one shows that there exists an automorphic representation 7’ of G1(A) such that
e For any place z of Q that splits in K, 7}, = 7,|g, (q,)
e For all but finitely many places z of Q that are inert in K and unramified in F, #/, is the
unique unramified subquotient of 7.|g, (q,)-
Then one applies Theorem A.5.2 of [Lab99] (which is slightly generalized in the proof of Theorem
VI.2.1 of [HTO01]) to 7’ to obtain II. The crucial ingredient in this result is a comparison of a
simple twisted trace formula for @1 := Resg /@GLK = B°P>* and a simple trace formula for G;. The
comparison goes by equating both trace formulas with the stable trace formula for the quasi-split

inner form G7 with suitable choice of test functions. More precisely, we choose ¢ = ®,¢, € C°(Gq)
and f = ®,f, € C°(Gy) satisfying:
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e For each place v, ¢, and f, have matching stable (twisted) orbital integrals;
® ¢ is the Lefschetz function assosciated to { and the automorphism 0 on G; o and foo;
e . is, up to a positive constant multiple, the Euler-Poincaré function associated to &.

It follows from Theorem A.1.1 and Corollaire 1.2 of [Lab99] that ¢, and f., have matching stable
(twisted) orbital integrals and the unstable twisted orbital integrals of ¢, vanishes. We remark
that in [Lab99] it is assumed that £ is trivial and this assumption is removed in [CL11] (which
also corrects some sign errors in [Lab99]). The vanishing of unstable twisted orbital integrals of
¢oo implies that the twisted trace formula for (@1 equals a stable trace formula for Gj. From the
assumption that B, is a division algebra for some place = of F that splits over Fy, it follows by
an observation of Kottwitz that the trace formula of G; equals the stable trace formula for Gj.
Combining these two comparisons one obtains the sought-after comparison of simple (twisted) trace
formulas of G; and G as in Theorem A.3.1 of [Lab99].

Using this comparison one proceeds as in the proof of Theorem VI.2.1 of [HTO01] to get the
automorphic representation II satisfying the desired properties. We remark that property (2) is not
explicitly stated in [Lab99] but follows from the generalization of its arguments in [HTO01]. O

5.3. Description of Cohomology. The following result establishes the existence of Galois rep-
resentations (satisfying suitable local-global compatibility conditions) associated to cohomological
automorphic representations of G.

Theorem 5.3.1. Let m be an irreducible automorphic representation of G(A) such that Too 18
cohomological for &. There exists an n-dimensional (-adic Galois representation oo(mw) of Gal(F/F)
such that

(1) For any place w of F that splits over Fy, the restriction of o¢(m) to the Weil group of Fy, is
isomorphic to the {-adic representation associated to the irreducible smooth representation
mw of BSP* under the local Langlands correspondence.

(2) For all but finitely many places w of F such that w is inert over Fy and unramified over
Q and 7 is unramified at x = w|g, the restriction of oy(n) to the Weil group of F,, is the
unramified representation corresponding to the irreducible smooth representation BC(my)w

of GL,(Fy,).

Proof. Consider the base change BC(7) = (II,w) from Theorem 5.2.2. Let JL(II) be the automor-
phic representation of GL, (Ar) associated to II by the global Jacquet-Langlands correspondence
established in [Bad08] (note that IT is automatically cuspidal). Then JL(II) is conjugate self-dual
and the archimedean component JL(II) is regular algebraic. Moreover, by our choice of B, there
is a place = of F that splits over Fy such that B, is a division algebra, hence JL(IT), is square-
integrable. Thus we can apply Theorem VII.1.9 of [HT01] to JL(II). In the notation of loc.cit. we
obtain an ¢-adic Galois representation oy(m) := Ry(JL(IT)) that satisfies the conditions. O

We will apply the above to get an understanding of the cohomology of the Shimura variety
Sh(Gg,X) described in §5.1.4. This is another simple Shimura variety of the type considered by
Kottwitz, but unlike the original general set-up we started with, the nature of the group G = G in
this special case allows us to exploit the Galois representations mentioned above.

Let Hj . := H*(Sh(Gg, X)g, L¢). We have a decomposition

Hp ¢ = On,mp @ 05¢(7s)
where o ¢(my) is a virtual representation of Gal(Q/E).

Corollary 5.3.2. In the setting of §5.1, there is an isomorphism of virtual W = Wg, representa-
tions

>~

)| . |7dimSh(Gg,X)/2'

08,¢ (7Tf)|W[Ep a(Trf)(T—H © P, ‘Wu«:,,

Proof. Let E be the composite of E and the imaginary quadratic field K in C where we use the
embedding 7k fixed in § 5.1.1 to view K as a subfield of C. Since p is split in K, there is a place p
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of E above p and an isomorphism E; = E,. Using Theorem 5.3.1 and the arguments in the proof of

[Far04, Theoremé A.7.2], one can construct an ¢-adic representation of Gal(Q/E) that agrees with
op,e(my) at all unramified places, then we can conclude by the Chebotarev density theorem. See
also [SS13, proof of Theorem 8.1].

Let us explain the arguments in more detail. Let o¢(7) be the n-dimensional representation of
Gal(F/F) from Theorem 5.3.1. Under the Shapiro isomorphism, o, (7) corresponds to a (conjugacy
class of) homomorphism(s):

©o(m) : Gal(Q/K) = GL,, (Q,)"™*(FQ % Gal(Q/K) = GL, (Q,)® x Gal(Q/K).

Let w, be the central character of 7 and let w = w’cf‘Aﬁ be as in Theorem 5.2.2. Then w is an
algebraic Hecke character and let oy(w) : Gal(Q/K) — Q; be the associated (one-dimensional)

(-adic Galois representation. Combining the restriction of @y(7) and o4(w) to Gal(Q/E) we get a
homomorphism

@e(m) : Gal(Q/E) —» Gy = (GL,(Q,)* x Q; ) x Gal(Q/E).
By construction, for any finite prime q of E with residue characteristic q, we have
Go(m)lg, = em,lg,
Consider the virtual representation R(w) of Gal(Q/E) defined by
R(m) = a(my)(r—p 0 gg(m))| - |~ St 072,

For any prime q of E with residue characteristic g such that 7, is unramified and the Shimura variety
has good reduction at ¢, we have og¢(7y)|z. = R(n)|; by Kottwitz [Kot92a]. By the Chebotarev
q q

density theorem we get og ¢(my)] Gal@/F) = R(m) (at least when restricted to all local Weil groups
and after semisimplifying the Weil group actions). In particular restricting to the Weil group of
E; = E, we get the desired isomorphism. ([

Recall from Definition 3.4.1 the element z, _, in the stable Bernstein center of G(Q,).

Corollary 5.3.3. Let r > 1 be an integer and T € Frobylp C Wg, where E = E, is the local reflex
field. For any h € C(Gc(Zy)) and [P € CF(G(AY)), we have

(7 < B [H ) = D m(m) Te(frn f? féoelm)

where frn = z7 _, * h and the sum ranges over automorphic representations of G.

Proof. By Corollary 5.3.2, the left hand side is equal to

> a(mp)Te(frnfP|mp).

Tf

This is equal to the right hand side by the definition of a(my), see (4.11). O

5.4. Fixed points via generalized Kottwitz triples. We would like to proceed from Corol-
lary 4.4.2 and find an expression of the right hand side in terms of a trace formula, without knowing
the vanishing property of the test function ¢, ;. For this purpose, we will associate to each fixed
point of the Frobenius-Hecke correspondence a substitute of the Kottwitz triple defined using an
auxiliary group G’ that is constructed in a similar way to G.
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5.4.1. An auziliary group. Let B’ be the division algebra over IF that is split at w, w® and isomorphic
to B = D°P at all other finite places of F. Choose a positive involution 1" of the second kind on
G’. Analogously to the construction of G in Lemma 5.1.1, we can find an element 0 # 3 € B
that, together with the positive involution i/, gives rise to an involution ', a {’-Hermitian pairing
on V' =B, and a group G’ such that

° Gbp = Resp/q, GLn X Gy, is the quasi-split inner form of Gg,;
e For any finite prime ¢ # p, we have (Gr(’@z = Gq,;

Note that we do not put any condition at the archimedean places.

5.4.2. Generalized Kottwitz triples.

Definition 5.4.1. Let j € Z>; and set r := j[kg, : F,]. A degree j generalized Kottwilz triple
(7;7,9) consists of

e A semisimple stable conjugacy class v € G'(Q) that is elliptic in G'(R),
e a conjugacy class v € G'(A’}) = G(AZ}) that is stably conjugate to 7},
e a o-conjugacy class § € G(Q,-) whose naive norm N,.0 = 6o (d)---o"~1(§) is stably conju-

gate to 7y, such that kg, (pd) = —u# in X*(Z(G)F'®), where I'(p) := Gal(Q,/Qy).

Remark 5.4.2. Recall that G(Q,r) = (D, ®q, Qpr)* x Q. We call the image of N,.d in Q. its
similitude factor. On the other hand, the first factor of N,.d has a characteristic polynomial which
is a monic polynomial of degree (dimp ID))% with coefficients in F'®q, Qp (recall that D,, has center
F., = F). We refer to this simply as the characteristic polynomial of N,.0. Similarly, for any element
in G'(Q,) = GL,(F) x Q) we have its characteristic polynomial (defined by the first factor) and its
similitude factor. In the definition of generalized Kottwitz triples, the condition that N,é € G(Qpr)
is stably conjugate to 7, € G'(Q,) simply means that they have the same characteristic polynomial
and similitude factor.

Let z = (Ao, A\, %) € Fix; £(g”) be a fixed point in the closure of the generic fiber as in §4.4.2.
Then we have associated to = a polarized virtual Og-abelian variety (A4, u,A) over F,r, giving rise
to a conjugacy class v € G(AI;) = G’(A’Jﬁ) and a o-conjugacy class § € G(Qpr).

Lemma 5.4.3. There exists a unique semi-simple stable conjugacy class v € G'(Q) such that
(9377, 6) forms a degree j generalized Kottwitz triple.

Proof. The arguments in [Kot92b, §14] go through in our situation with slight modifications.

First we construct a candidate 4, € G'(Q). Starting with a maximal semisimple subalgebra N of
Endg(A) containing the Frobenius endomorphism 74, we seek an algebra embedding from N into
C’ := Endp/ (V') = (B')°P compatible with the Rosati involution *) on N and the involution %" on
C’, and take v to be the image of 7@1 under this embedding. To show the existence of such an
embedding, one replaces the algebra C in loc.cit. by our C’ everywhere in pages 420-422. This
works in our setting because B’ and hence C’ splits at any place of F above p.

Next we check that (v(); v, §) forms a generalized Kottwitz triple. For each £ # p, over the algebraic
closure @, we have an isomorphism G'(Q,) = GL, (Qg)"o™Fo:Q) x Q). Under this isomorphism,
each GL,, factor of 7, and 7 have the same characteristic polynomial, which is the image of the
characteristic polynomial of 71'21 in the semisimple F-algebra N under suitable embeddings of F into
Q. Also they have the same similitude factor in Q°, which equals to (mam’y*)~!. Hence v and 7
are stably conjugate in G'(Qg) = G(Qy).

At p, it is clear that the naive norm N,§ € G(Q,r) and v} € G'(Q,) have the same similitude
factor, which equals to (7 Aﬂ'j"\)_l. Next we recall that there is an B ®g Q,r-module H, such that
H,.®q,- @p is isomorphic to the covariant rational Dieudonné module of the p-divisible group A[p*°].
The element § € G(Q,r) is defined by choosing an isomorphism of B ®g Q,-modules H, = V®gQ,-
(which exists by the assumption that the fixed point z = (A,, A, 7)) lies in the closure of the generic
fiber). Under the natural embedding Endg(A) — Endg(H,) = Endp(V ® Q,-) we have N,.6 = 7"
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So the characteristic polynomials of N,.§ and v both equal to the characteristic polynomial of ’/TZl
in the semisimple F-algebra N. Hence N,.¢ and - are stably conjugate.

Finally, the fact that rg,, (pd) = —u follows from the determinant condition for the fixed point
x = (As, \, 7). O

5.4.3. Virtual abelian varieties constructed from generalized Kottwitz triples. As a converse to Lemma
5.4.3, starting from a generalized Kottwitz triple (v);~, d), we will contruct a c-polarized virtual B-
abelian variety up to isogeny. The crucial ingredient will be Lemma 5.4.4, which implies vanishing
of the Kottwitz invariant in our setting.

Let Iy be the centralizer of +) in G'. It is a connected reductive group over Q with simply
connected derived group. As usual, we let Iy be the neutral component of the Langlands dual
group of Iy and put I' := Gal(Q/Q). Recall that we have canonical I'-equivariant isomorphism
Z(G") = Z(G), which leads to a canonical M-equivariant embedding Z(G) ¢ Z(Iy).

Using Honda-Tate theory, one constructs from +{, a c-polarizable virtual B-abelian variety (A, 1)
over F,» up to isogeny as in [Kot92b, p.438-439], with slight modifications. More precisely, let
f € F[T] be the characteristic polynomial of (74)~! € B’. For any root « of f in F, one first
checks that « is a c-number in the sense of loc. cit. page 405, paragraph above Lemma 10.4, where
¢ = (vv*)~ . Then one checks that the multiplicity m(a) of the root « is divisible by (dimp B)2z
and the quotient annihilates certain invariants at each place v of F[a]. The arguments on loc. cit.
page 438 go through in our slightly modified setting. Indeed, if v is a place above a prime £ # p,
then we have B’ ®r Fla|, = B ®r F[a],; whereas if v divides p, we use that N6 € G(Q,r) has the
same characteristic polynomial as v} € G'(Q,). Finally if v is archimedean, then v is complex and
there is nothing to check.

Let m4 be the Frobenius endomorphism of the virtual abelian variety A. For each prime £ # p,
the B[ra]-modules Hy := H;(A, Q) and V; := V ®q Qy are isomorphic where w4 acts on V; by
vt € G(Q).

Choose a c-polarization A of (A,4). Let I := Aut(A, 4, \). By the same reasoning as in [Kot92b],
last paragraph on page 423, I is an inner form of Iy so that we have a canonical I'-equivariant
isomorphism Z(I) = Z(Iy).

Next we would like to adjust the polarization A by a class in H*(Q, ) so that the resulting
c-polarized virtual B-abelian variety gives rise to the generalized Kottwitz triple (v(;~,d). This
is done by constructing local classes in H'(Q,,I) at each place v that “measure the discrepancy
between (4,4, \) and (,d) at v” and show that this collection of local classes comes from a global
class.

First consider a prime ¢ # p. The c¢-polarization A induces a *-alternating form (-,-), on the
Bra]-module Hy, where we extend the involution * to B[r] by requiring 7% = cr ;. By [Kot92b,
Lemma 10.7] we know that Ig, is the automorphism group of the skew-Hermitian B[m4]-module
H,, where automorphisms are only required to preserve the form (-,-)x up to a scalar in Q,°. Fix an
isomorphism of B[r4]-modules o, : H; = V; where 74 acts on V; by ’y[l. It takes the »-Hermitian
pairing (-,-) on V to a xx-Hermitian pairing ¢}(-,-) on Hy. There exists z; € Autpy,(H; @ Q)
such that z}¢;(-,-) = (+,-)r. For each 6 € Gal(Q,/Qy), let a¢(6) := z40(x¢)~'. Then a; defines a
class in H'(Qg, ) and its image under the map

Invy : HY(Qq, I) — X*(Z(Io)"*)
equals
Inve(ar) = ae(vh; A, A, 0) — (7537, ).
Here ay(v4; A, A, 7) is the invariant defined in [Kot92b, Page 424] which measures the difference be-
tween the skew-Hermitian B[ 4]-modules H, and V; where 74 acts on V; by (v4)~*; while ap(v4; 7, 6)
is the invariant defined in [Kot90, §2] that measures the difference between the conjugacy classes 7,
and ~y inside the same stable conjugacy class of G(Qy).

Next consider the prime p. The covariant rational Dieudonné module of A defines a skew-
Hermitian isocrystal (H,,®) over Q,~ where ® is the inverse of the Verschiebung operator. By
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[Kot92b, Lemma 10.8], Ig, is isomorphic to the automorphism group of (H,®) and hence is an

inner form of products of Weil restrictions of general linear groups by our assumption that p splits

in the imaginary quadratic extension K. Hence H'(Q,,I) = 1 and we let a, be the trivial class.
The following observation of Kottwitz is the key to finding the desired global cohomology class

HI(Q.1).
Lemma 5.4.4. We have Z(Io)" = Z(G)T.
Proof. This is contained in the proof of [Kot92a, Lemma 2]. O

Corollary 5.4.5. There exists a cohomology class a € ker(H*(Q,I) — HY(R,I)) such that for all
finite primes v of Q, its image in H(Q,,I) equals to the class a, defined as above.

Proof. By Lemma 5.4.4, we have Z(Iy)T = Z(G)''. Moreover, since a, = 1, to show the existence
of the class a, it suffices to show that the sum over all finite primes ¢ # p of the restrictions of
Inv(ag) to X*(Z(G)T) is trivial. As in [Kot92b], we can choose a maximal CM subfield N of B
that also embeds into Endg(A). Under a suitable isomorphism B @g N = M, (N), the c-polarized
virtual B-abelian variety (A,4,\) over Fp- is decomposed as A = Aj where Ay is a c-polarised
abelian variety with CM by N. As in [Kot92b, Lemma 13.2], by lifting CM abelian varieties to
characteristic 0 we can prove the vanishing of ), 2p Qe (76, Ao)| 2(@)r which implies the vanishing of

>0 e (705 A, A 1)| 7 gyr- On the other hand, by definition, a(v9;7,6) is trivial on Z(G) since by
construction (cf. [Kot90, §2]) it belongs to ker(H(Qp, Iy) — H*(Qy, G')). Thus we get the desired

vanishing statement. O

We represent the cohomology class a € ker(H'(Q,I) — H*(R,I)) by a cocycle of the form
x710(x) for all # € Gal(Q/Q), where z € Endg(A) ® Q. From the proof of [Kot92b, Lemma 17.1]
we see that some scalar multiple N\’ of X := ZAz defines a c-polarization of the virtual B-abelian
variety (A,4) and the generalized Kottwitz triple associated to (A,7, A”) is (7(;7, ).

5.5. Finishing the proof of the main local theorem. For each generalized Kottwitz triple
(79377, 9), choose a polarized virtual Op-abelian variety (A, A,4) that maps to it as in §5.4.3. Let
I = I a,5,) be the automorphism group of (A4, A, 7). Define the number c(vy;7,d) to be the product
of vol(ZI(Q)\I(Ays)) and the cardinality of the finite set

ker[ker' (Q, Ip) — ker! (Q, G')]

By the discussion in [Kot90, §3], the (isomorphism class of the) group I is independent of the choice
of (A, A, 4) and thus c(v(;7, ) is well-defined.

Theorem 5.5.1. The following equality holds
Tr(r x hfP[Hp o) = Y c(70:7:0) O5(f7) TOsq (6.0 tré(75)
(¥637,6)

where (v;7,0) ranges over equivalence classes of generalized Kottwitz triples such that the image of
o i G'(Qy) is transferred from Gg(Qpr).

Proof. For each (A,u,\) we associate a generalized Kottwitz triple (v(,7,0) and the number of
(A, u, \) associated to a given triple (v),,0) is equal to ker[ker' (Q, Iy) — ker'(Q,G’)]. Then the
identity follows from Corollary 4.4.2. O

Let fr, € C2°(G'(Qp)) be the stable base change transfer of ¢ 5 € C2°(Gs(Qpr)). Then for any
conjugacy class v, € G'(Q,) = GL,(F) x Q; which is the norm of § € Gg(Q,r), we have

505, (f70) = O, (f71) = €(0)TOs6(d7,)
where e(d) = e(Gg,55) € {£1} is the Kottwitz sign; see §4.5.3.
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Corollary 5.5.2. We have the following equality
Te(r x hf?|Hj ) = Y m(n)twn' (£ f7 fEo)

where the sum runs over automorphic representations 7' of G' and m(x’") denotes the automorphic
multiplicity.

Proof. This follows from Theorem 5.5.1 by the pseudo-stabilization process in §4.5. 0

Combining Corollary 5.3.3 and Corollary 5.5.2, we will be able to deduce our main local theorems.
We claim that for any irreducible generic representation 7, of G'(Q,) which is not transferred
from Gg(Qp), trm,(f;,) = 0. Since the L?-Bernstein variety for Gg(Q,) is a union of connected
components of the L2-Bernstein variety for G'(Q,), the property of not being a transfer from Gz(Q,)

is Zariski closed. Thus by [Shil2, Proposition 3.1], to prove the claim we may assume that 7, is

the local component of an automorphic representation 7’ of G’ such that tr«’_( fg’;o) # 0. Choose
fP € C(G'(A%)) such that its trace on (')P> is nonzero and its trace on all other irreducible
admissible representations of G'(A%}) = Ggz(A%) vanishes. Then by Corollary 5.5.2, Tr(r x hfP|Hf)
is a nonzero multiple of tr ), ( . »)- If this is nonzero, then by Corollary 5.3.3 (with the same choice
of fP), there is an automorphic representation = of G such that 77> = (7/)»>°. But then by
Theorem 5.2.2 and strong multiplicity one, 7 and 7’ have the same transfer to an automorphic
representation of GL,, r and hence 7, is the Jacquet-Langlands transfer of m,, contradicting our
assumption at the beginning. This proves our claim and then Theorem 3.4.3 follows by Lemma 2.5.2.

Next we consider an irreducible generic representation 7, of Gg(Q,) and let 7, be its Jacquet-
Langlands transfer to G'(Q,). We claim that

tr(2r,—p * hlmp) = tr(f7 plmp)-

We may assume that 7, is the local component of an automorphic representation 7 of Gg(A) such
that trwoo(fg’oo) = 1. By Theorem 5.2.2, [Bad08, Theorem 5.1] and [HT01, Theorem VI.2.9], 7,

is the local component of an automorphic representation ' of G’ such that tr«’_( fg’;o) =1 and
W? = (m)P. We choose f? that singles out 71'? as before, then the claim follows from Corollary 5.3.3
and Corollary 5.5.2. Combined with the previous claim we proved (that trm,(f7,) = 0 if 7, is not
transferred from Gg(Q,)), we see that f7y 1s a Jacquet-Langlands transfer of z- _, * h. For any
semisimple v € Gg(Q,) = G(F) let v* € G*(F) be a matching element. If v = N,J and hence
v* = N6 for some 6 € Gg(Q,r) = G(F,), we have

e(Gy)O0y (27, x h) = Oy (f7 1) = €(Gs0)TOs6(¢r,1)-
If ~ is not conjugate to a norm from G(F)), then +* is also not a norm from G(F,) and hence we
have
e(Gy)O (27 % h) = Oy (f:,h) =0.
This shows that z, ,*h is a base change of ¢, ; in the sense of Definition 2.1.2, and hence this finishes
the proof of Theorem 3.4.4.
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