Calculus 120, section 6.5 Applications of the Definite Integral

notes by Tim Pilachowski

So far in this class, we have spent chapters 1 through 5 beginning with a function that represents an amount.
The derivative (= slope of the curve) gives us a rate of change.

In chapter 6, we are beginning with a rate of change and use the integral (= area under the curve) to determine
an amount.

In applications, it is first important to determine the question—to identify what sort of answer you are looking
for: Is it an amount or is it a rate of change? Next identify the nature of the information you have: Is it an
amount or is it a rate of change?

Example A: For a retail company, the monthly marginal cost when x units have been purchased is 50 — 0.08x
dollars. Their monthly fixed costs are $700. a) Determine the cost for producing x units. b) What is the cost of
raising monthly purchases from 10 to 15 units?

For part a) we want to know a cost, the amount of money needed to purchase items. The cost to purchase x units
is the Cost function C(x). The information give is a rate of change—the marginal cost is C’(x), the derivative

of the Cost function. “Monthly fixed costs are $700” is an amount when x = 0, i.e. C(0) = 700. We can find C(x)
from C’(x) using the integral. Answer: C(x)=—0.04x> +50x + 700

For part b) we want to know a cost, an amount. The information involves a rate of change: raising the number
of units from 10 to 15. The numbers 10 and 15 set definite boundaries for us. We need a definite integral.
Answer: $245

Example B: An object falls from a high-altitude balloon with a speed of 327 feet per second. How far does the
object fall during the first 4 seconds?
“How far” asks for a distance, which is an amount. The velocity is a rate of change of distance with respect to

feet . changein distance . . .
is £ . “The first four seconds” gives us boundaries of t =0 and ¢ = 4.

time: v(¢) in —
second change in time

Answer: downward 256 feet



Example C: The rate at which gasoline was consumed in the U.S. was approximately r(¢) = 0.075¢ + 1.7 billion
gallons per year from 1964 (# = 0) to 1976. Find the number of gallons of gas consumed from 1964 to 1976.
The equation give is a rate of change of consumption. The “number of gallons” asked for is an amount. “From
1964 to 1976 gives us boundaries: =0 to t = 12. We need a definite integral. Answer: 25.8 billion gallons

Another application using integrals comes from the business world. The text does a consumer surplus problem
as Example 4. The explanation below is designed to add to your understanding of why the process works the
way it does. Let p = price and x = the number of units sold. A demand curve illustrates
the reality that as price of goods increases, fewer people will buy, and the demand goes
down. The function p = f(x) will have a negative slope. A predictable number of items
x = A will be sold if the price is set at a particular level B = f{A). The area of the
rectangle in the picture has area A * B = number sold times price = revenue generated
by sales. Note that the top edge of the rectangle is the horizontal line function p = f(A)
= B. The area under the curve above the rectangle represents the money saved by the
people who were willing to pay a higher price: the consumer’s surplus. We already
know that area under a curve can be found by integrating. Thus

consumer’s surplus = area under demand curve — area of rectangle

= [area under p = f(x)] — [area under p = f(A) = B]

= [ 1 (x)-Blax
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Example D: Let p = 15 — 0.5x represent a demand function where p is price in dollars and x is the number of
units sold. Let the level of demand = 7. a) What was the price? b) How much revenue was generated? c¢) What
was the consumer’s surplus? Answers: $11.50; $80.50; $12.25

You’ll need Example 5 and the formula at the top of the page following it in the text to do some of the assigned
homework. It is similar to the continuous compounding done in section 5.2, but instead of one deposit there are
a series of deposits (a continuous income stream) that increase the balance along with the interest. If you think

of each new deposit as an A = Pe”! calculation where A = accumulated balance, the sum of balances from each
deposit forms a Riemann sum, i.e. an integral calculation.



For our final applications of integrals, we’ll take a little piece from chapter 12 — probability.
Textbook practice homework for probability: from section 12.2 — 1, 3, 5, 13, 19; from section 12.4 — 25, 27

Example E. Suppose we measure the heights of 25 people and we define X = height in inches rounded to the
nearest integer and get the following results:

height (in.) 64 65 66 67 68 69 70

frequency 5 7 6 4 1 0 2

probability

The probability histogram would look like this:

64 65 66 67 68 69 70

We can calculate probabilities for various values of X.

a) The probability that X is not more than 66 is

b) The probability that X is at least 68 is

The areas of the rectangles in the probability histogram represent probabilities. Note that the sum of the areas of
all of the rectangles = 1.

{area of each bar} = {percentage of people having that height}
= {relative frequency of that height}
= {probability of a person picked at random having that height}.

In other words, we can equate probability with the idea of “area under the curve”.



If we were to measure to the nearest half-inch, or tenth of an inch, or hundredth, or thousandth, etc., etc., etc.,
we’d get ever-more-narrow rectangles, and would get something more like a curve:
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64 65 66 67 68 69 70

The area under the curve for a given interval would be the probability of people having heights within that
interval. How can we find “area under the curve”? Integration!

For a continuous random variable X, with a probability density function f(x), the probability that X will take on

b
a value in an interval a < X <bhis P(a< X Sb):j flx)dx.
a
Example F: A continuous random variable has a probability density function f (x)=12x(1-x) ? on the interval

0<x<1. 1)Show that [ 12x(1-x)" dx=1. 2)Find P(0< X <1). answer: 11 =0.6875

Example G: Show that f (x) =2x—2 is a probability density function for 1 <x<2.



Example H. For a particular machine, its useful lifetime (random variable 7)) is modeled by probability density

function 0.1¢™*", <7< oo .Find the probabilities that the machine will last 1) less than 2 years, 2) more than

2 but less than 4 years, and 3) more than 4 years.
answers: a) —e 2 +1=20.181,b) —e " +¢7%%2 2 0.148,¢) ¢ ** 2 0.670

Side note: The three probabilities add to 1, as they should. (We must add the exact values, because the
approximate answers have a rounding error.)

Exponential probability distributions have very nice characteristics that make them easy to work with. If we
replaced the coefficient above 0.1 with k, we would get the general form of an exponential probability density

function, f(7)=ke ~*'In addition, for exponential probability, it is always true that the mean of random

variable X (that is, the arithmetic average or expected value) is E(X ) = 1 .

k

Example H revisited. For a particular machine, its useful lifetime (random variable 7) is modeled by probability

density function 0.1¢ ", 0<t<c0.What is the expected lifetime of this machine? (Note: The phrases

99 <<

“expected lifetime”, “average lifetime” and “mean lifetime” are equivalent.) answer: 10 years

Example I: The mean time (expected value) between hits at a website is 0.5 seconds. Find the exponential
probability density function f{x) for random variable X = time between hits. (Note: Once we have the probability

density function, we can use it to answer any questions about probability.) answer: f(t)= e



Another often-useful probability density function is the normal density function, which graphs as the familiar

bell-shaped curve. If we consider the special case where E(X) = ¢ = 0 and standard deviation = o= 1, we get
I 2

1 -—x

what is called the standard normal distribution, f (x)= \/2_ e 2, withits graph called the standard normal
V4

curve. There is no method for integrating to find area under the curve (and thus probabilities) of this standard
normal probability density function, but a calculation using one of the more sophisticated approximation
methods (covered in Math 121) has been done to construct tables of values.

Rather than approximate values for every possible normal density function, the common practice is to convert
everything to a standard normal distribution and use the same normal distribution table over and over. In the
science of statistics, where things such as sampling distributions are normally distributed, data will be converted

. X -
to the standard normal random variable Z, where Z = H .

o

**Important note: For this Lecture, I won’t be using the version of the standard normal probability table that is
in the Appendix of your text. Instead, I’ll be using the (much more common) version that is found at the end of

this Lecture outline. This more common version is called a “cumulative probability distribution”, and relies on

b b
the Fundamental Theorem of Calculus: J-a flx)dx=F (x)| = F(b) - F(a). Rather than find an antiderivative
a

formula, we’ll first look up the number values for F(b) and F(a) in the table, then use a calculator/computer
function to do the same calculation for us.

Examples J: (source http://www.cdc.gov/nchs/data/ad/ad347.pdf) “During the last 2 decades the prevalence of
obesity and overweight has increased in the United States. This is in part due to a shift in the distribution of
BMI (weight in kilograms divided by height in meters squared) of the entire population...Between the
early1960s and 1999-2002 mean BMI for men 20-74 years of age increased from just over 25 to almost 28.
Similarly, for women mean BMI increased from almost 25 to just over 28.” Distribution is approximately
normal. Using data from Table 10 of this report, in 1999-2002 mean BMI for adults 20 years and over = 27.95,
with a standard deviation of 0.15.

a) Find the probability that an adult selected at random has a BMI between 27.7 and 28.3.

answer: 0.9426




b) Find the probability that an adult selected at random has a BMI greater than 28.3.
answer: 0.0099

Textbook practice homework: from section 12.2 —19, 20 25a; from section 12.4—-5,7,9, 25, 27
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Area Under a Standard Normal Curve to the Left of z [P(Z < 2)]
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